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In the present report, the initial value problem
W™ = f(tu,. .. u™D), (1)
wV(@)=0 (i=1,...,n) (2)

is considered, where n is an arbitrary natural number, —0co < a < b < +o00, while f : [a,b] xR" — R
is a continuous function. We are interested in the case where the function f with respect to the phase
variables does not satisfy the Lipshitz condition in the neighborhood of the point (0,...,0) € R™.
In this case, as far as we know, the questions on the unique and multivalued solvability of problem
(1), (2) remain actually open. The structure of a set of solutions of that problem is insufficiently
studied as well (see, e.g., [1-5] and the references therein). The results given below fill to some
extent this gap. Those cover the case where the function f admits one of the following four
representations:

ftme, ... xn) = folt, @1, ... 2p) +Zn:gi(t)|x,-y*f, (3)
fltzn,. . an) = folt,xy,... @ —|—Zgz w(|a;)), (4)
Ftan, .. en) = folt, o1, . xn) + z;gi(t)m]’\i +g(t), (5)
oy, an) = folt,an, ...z +Zgz w(|zi|) + g(t). (6)

Here \; €]0,1[ (i =1,...,n),
1

. for 23>0,
w(x): ln(l—i—l/x)
0 for x =0,
while fy : [a,b] x R" - Ry, ¢; : [a,b] = Ry (i =1,...,n), ¢g: [a,b] = Ry are continuous functions.

It is also assumed that the function fp on the set [a,b] x R™ satisfies one of the following two
conditions:

fot,0,...,0) =0, folt.ar,..,ma) < (14D |l (7)
i=1

fo(t,0,...,0) =0, ‘fo(t,azl,...,xn) —f(t,yl,...,yn)‘ §r2|xi—yil, (8)
=1
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where r is a positive constant.
We use the following notation.

Ry = [0, +o0[;

D"(la,b[;9) = {(t,xl,...,:cn) €la,b[ xR": z; > (nii)!/(t—s)"_ig(s) ds (i= 1,...,n)};

a

S¢(la,b];to), where tg € [a,b], is the set of solutions of problem (1), (2) defined on the interval
[a, b] and satisfying the conditions

u D) =0 for a<t<ty, uV({E)>0 for tg<t<b (i=1,...,n);

S¢([a,b]) is the set of all nontrivial solutions of problem (1), (2) on the interval [a, b].

Theorem 1. Let
f(t,0,...,0) =0 for a<t<b,

and let on the set [a,b] x R™ one of the following two conditions

ngtnxm < fanm) (14 Y Jail),

@ i=1

Zgz w(lzs|) < f(t, xl,...,xn)§r<1+2]asi\)
i=1

be satisfied, where \; €]0,1[ (i = 1,...,n) and v > 0 are constants, and g; : [a,b] = Ry (i =
1,...,n) are continuous functions such that

Zgi(t)>0 for a<t<b. (9)

Then
S¢(la,bl;to) # @ for a<to<b, Se(la,b) = ] S¢((a,b]ito). (10)

a<to<b

Corollary 1. If the function f admits representation (3) or (4), then for condition (10) to be
satisfied it is sufficient that inequalities (7) and (9) hold.

Theorem 2. Let there exist continuous functions g : [a,b] — Ry and h; :]a,b)[— Ry (i=1,...,n)
such that the function f on the set [a,b] x R™ admits the estimate

ft oy, an) 2 g(t),

while on the set D" (Ja,b|;g) satisfies the Lipschitz condition

|f(t)xl7"'7xn)_f(t’yl)"'ayn Zh |x7, Z

If, moreover,
b

/(t — )" i hi(t) dt < o0 (i=1,...,n),

a

then problem (1), (2) has a unique solution.
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Corollary 2. Let the function f admit representation (5) and let there exist a nonnegative constant
a such that along with (8) the conditions

e g(t)

llglélf (t—a)p > 0, (11)
b
/(t—a)(”_iﬂ)’ (-X)a—lg (1) dt < 400 (i =1,...,n) (12)

a

are satisfied. Then problem (1), (2) is uniquely solvable and its solution satisfies the inequalities

WV >0 for a<t<b (i=1,...,n). (13)
Remark 1. In view of the continuity of the functions g; : [a,b] = R4 (i =1,...,n), for condition
(12) to be satisfied it is sufficient that the constant « satisfy the inequality
a<min{w: z:ln} (14)
1— N

Corollary 3. Let the function f admit representation (6) and let there exist a nonnegative constant
a such that along with (8) and (11), the conditions

b

/(t —a) “gi(t)dt <400 (i=1,...,n) (15)

a

are satisfied. Then problem (1), (2) is uniquely solvable and its solution satisfies inequalities (13).

As an example, consider the differential equations

<">—Zg u=Ip, (16)

W = 3 g I+ g0, a7)
i=1

ul) = Zgia)wuu“-”w, (18)

u™ —Zgz V) +g(0), (19)

where \; €]0,1[ (i =1,...,n), while g; : [a,b] > Ry (i=1,...,n), g : [a,b] — R4 are continuous
functions.
From Corollaries 1 and 2 it follows

Corollary 4. Let conditions (9) and (11) hold, where « is a nonnegative constant satisfying
inequality (14). Then problem (16), (2) has a continuum of solutions, while problem (17),(2) has a
unique solution.

From Corollaries 1 and 3 follows

Corollary 5. Let conditions (9), (11) and (15) hold, where « is a nonnegative constant. Then
problem (18), (2) has a continuum of solutions, while problem (19), (2) is uniquelly solvable.

Therefore, a multivalued solvable initial value problem can be made uniquely solvable by using
an arbitrarily small perturbation of the equation under consideration.
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