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ON THE UNIQUE SOLVABILITY OF TWO-POINT
BOUNDARY VALUE PROBLEMS FOR THIRD ORDER
LINEAR DIFFERENTIAL EQUATIONS WITH SINGULARITIES

IVAN KIGURADZE

Dedicated to the blessed memory of my friend, professor Tengiz Shervashidze

Abstract. Optimal in a certain sense conditions guaranteeing the unique solvability of the boundary
value problem

u'"" = p(t)u +q(t),
k
u(a+) = co, u'(a+) =c1, Z@ium(bf) =c2
=0

are established in the case when the functions p and q : ]a, b[ — R have nonintegrable singularities at
the points a and b.

On a finite open interval |a, b[, we consider the differential equation

u" = p(t)u+q(t) (1)
with the boundary conditions
k .
ula+) = ¢y, u'(a+)=cy, Z&u(z)(b—) = cy. (2)
i=0

Here, p and ¢ :]a,b[— R are the functions, Lebesgue integrable on every closed interval contained in
Ja, b,

ke{0,1,2}, £>0 (i=0,....k), € >0,

and ¢; (i = 0,1,2) are arbitrary real numbers.
Particular cases of the boundary conditions (2) are the Dirichlet and Nicoletti boundary conditions

ula+) =cp, u'(at)=rc1, u(b—)=cy, (21)
u(a+) =co, u'(at)=rc1, u'(b=)=ca, (22)
u(a+) =cp, u'(at)=rc1, u"(b—)=ca. (23)

We are especially interested in the case when the functions p and ¢ have nonintegrable singularities
at the boundary points of the interval a, b[, i.e. the case, where

b
[ w01+ lato) dt = o
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If the conditions
b

/(t — a)(b— 2 F|p(t)| dt < +oo, 3)

a
b

/(t —a)(b—1)2"F|g(t)] dt < +o0 (4)

a

are fulfilled, then according to T. Kiguradze’s theorem [9, Theorem 1], problem (1), (2) is Fredholm’s
one. In the present paper, it is proved that this problem is likewise Fredholmian in the case, where
co = 0 and instead of (3) a weaker condition

b
/(t )2 (b — )2 F|p(t)] dt < +oo (5)

is fulfilled. On the basis of this fact, the unimprovable in a certain sense effective conditions guarantee-
ing the unique solvability of problems (1), (2) and (1), (2;) (¢ = 1,2, 3) are established. The obtained
results are new not only in a singular case, but also in a regular case when

b

/(|p(t)\ + Jq(t)]) dt < +o0

a

(see [1-9] and the references therein).
In the paper, we use the following notation.

k —1 k 7CL 2 7
ak_z3(( a/z © T b (6)
i=0 =0
k - k —a 2 %
At =3 (bQ_l &/Z (b@_l (7)
=0 i=
1(Ak(s)(t—a)Q—(15—3)2) for a <s<t<b,
2
wits) =12 ©
EAk(S)(t—a)Q for a <t < s <b;

p—(t) = (Ip(®)] = p(£)) /2;

v(a+) and v(b—) are, respectively, the right and left limits of the function v :]a,b[— R at the points
a and b.

A solution of problem (1), (2) is sought in the class of twice continuously differentiable on ]a, b[ real
functions whose second derivative is absolutely continuous on every closed interval contained in ]a, b[ .

A

Theorem 1. Let either conditions (3) and (4) hold, or co = 0 and conditions (4) and (5) be fulfilled.
Then for the unique solvability of problem (1), (2) it is necessary and sufficient that the corresponding
homogeneous problem

u" = p(t)u, (1o)
k
ulat) =0, u'(a+)=0, Y Lu(b-)=0 (20)
=0

has only a trivial solution.

Before we proceed to proving the above theorem, we have to prove some auxiliary propositions.
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Lemma 1. The number 0y and the functions Ay and g satisfy the conditions

So=b—a, &x>b—a (k=1,2); 9)

(2:2)2 = Ao(t) < Ay(t) < (si;t)%k for a<t<b (k=1,2); (10)

N e S
aolt5) + 220 gy g1, )

I A SRR

] from o ot eSS o

P T o e SIS Sy e w9

wherer =1+b—a+ (b—a)~2.
Proof. Conditions (9) and (10) follow directly from (6) and (7).
Owing to (7), we have
Ag(s)t—a)? —(t—s)?=(b—a)*(s—a)(b—t)((b—s)(t—a)+ (b—a)(t —s)).

However,

(b—s)(t—a)+(b—a)(t—s)>(b—s)(t—a)>(b_(z)i(i);a)2 for a <s<t<b,

(b—s)t—a)+(b—a)(t—s)<2(b—3s)(b—a) for a<t,s<b.

Therefore,
(s — a)(b—s)?

-
On the other hand, it follows from (10) that
Ao(s)(t —a)? — (t — 5)* < Ap(s)(t —a)? — (t — s)*
< (b— a)k_Q((b —8)2Ft—a)® —(t—s)*(b— a)Q_k)

< (b-— a)kfz((b —5)2 kb —a)? = (b—5)%(b— a)27k) =({b- s)sz((b —a)" = (b—s)")

<2 lb—a)fYs—a)b—s)?F for a<t<s<b (k=1,2). (16)

(t—a)?(b—t) < Ao(s)(t—a)® — (t—s)* < 2 E - (s—a)(b—s)(b—t) for a<s<t<b. (15)

If along with (15) and (16) we take into account the inequalities
Ar(s)(t—a)? < (b—a) Tt —a)b—5)2"F for a<t<s<b (k=0,1,2),

then from equality (8) we obtain estimates (11) and (12).

The validity of estimates (12), (14) and (16) is proved analogously. O
Lemma 2. Let f :]a,b[— R be a measurable function such that
b
/(t —a)(b— D2 F{£(8)] dt < +oo. (17)

Then the differential equation
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has a unique solution u satisfying the boundary conditions (2) and the representation
b
u(t) = ug(t) — /gk(t, s)f(s)ds for a<t<b (19)

is valid, where ug is a solution of the homogeneous equation
", (18¢)
satisfying the boundary conditions (2).

Proof. Let us prove first that the semi-homogeneous problem (18y), (2) has a unique solution.
An arbitrary solution of equation (18g) has the form

u(t) = zo +21(t — a) + z(t — a)?,
where xo, x1 and x are real constants. This function satisfies the bounadry conditions (2) if and only
if
Lo = Co, T1=°C1, T=EC,

where
ko 1 ) b _ a 2 %
c<622(2(ba - ) )/Z G0 b, ko= (lk+1]—|k—1])/2.
=0 j=ti
Consequently, the function
ug(t) = co + c1(t — a) + c(t — a)?
is a unique solution of problem (18p), (2).
Consider now the function
b

uq (t) :f/gk(t,s)f(s)ds for a <t <b.

a
According to conditions (11)—(14), this function is a solution of the differential equation (18) sat-
isfying the boundary conditions

b
ui(a+)=0, w)(at)=0, ugﬂ(b_):(zii)!/(m(s)(b—aﬁi—(b—s)”)f(s) ds (i=0,...,k).

Therefore,

k b & . . '
;& 1 (b=) a/(Ak()Z 2= i) ¢ ; a )f()d 0.

1=0

Thus u; is a solution of problem (18), (2).

From all the above-proven it follows that the function u given by equality (19) is a solution of
problem (18),(2). This problem has no other solution since the corresponding homogeneous problem
(18p), (20) has only a trivial solution. O

Lemma 3. Let ty €]a,b[ and the functions p and q be such that
to
(to—a) [ (¢~ a)lp(o)dt < 1, (20)

a
to

/(t — a)lq(t)] dt < +oc. (21)

a

Then for any ¢; € R (i =0,1,2), equation (1) has a unique solution satisfying the conditions

ula+) =cy, u'(at)=c1, u'(to—)=ca. (22)
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However, if instead of (20), along with (21) the condition

to

/(t —a)?|p(t)|dt < 1 (23)
is fulfilled, then for any ¢; € R (i = 1,2), equation (1) has a unique solution satisfying the conditions

ula+) =0, u(at+)=c1, u'(to—) = co. (24)
Proof. Let C(]a,tp]) be the Banach space of continuous and bounded functions u :]a,to[— R with
the norm
lullc =sup {|u(t)|: a <t<to},

and let Cy(Ja, to[) be the Banach space of continuous and bounded with the weight 1/(t —a) functions
with the norm

t
llullc, = sup{w ta<t< to} < +o0.
—a
Introduce the function
1
5((t—a)“’—(t—s)2) for a <s <t <tg,
g20(t,s) =
1 2
i(t—a) for a <t < s <t,

and in the space C(]a, to[) (in the space C;(]a, to[)) let us consider the operator G given by the equality
1 7
Gu)(t)=co+cr(t—a)+ 3 ot — a)? — /920(157 s)(p(s)u(s) +q(s)) ds for a <t <ty

a
to

1
(G(u)(t) =c(t—a)+ 3 ca(t —a)? — /ggo(t, s)(p(s)u(s) +q(s)) ds for a <t < to )
If conditions (20) and (21) (conditions (21) and (23)) are fulfilled, then for any uw € C(]a,to[) (for
any u € C1(]a,to[)) the function f(¢) = p(t)u(t) + q(t) satisfies the condition

to

/(t—a)|f(t)|dt < +o0.

a

By virtue of Lemma 2, this implies that the function u :]a,b[— R is a solution of problem (1), (22)
(of problem (1), (24)) if and only if its restriction to ]a,to[ is a solution of the integral equation

u(t) = G(u)(t) for a <t <to, (25)

while the restriction to [t, b[ is a solution of the differential equation (1) satisfying the initial conditions
; 'G(u)(t

u (ty) = SOl (i=0,1,2). (26)

t<tg, t—tg ott
If we take into account the estimate
lg20(t,s)| < (t—a)(s —a) for a <t s<t,

then it becomes clear that the operator G maps into itself the space C(]a,to[) (the space Ci(]a,to[))
and for any two functions u; and wuo of that space it satisfies the inequality

Gur) = Gluo)]| < allus —wllo (1G(w) — Gluw)le, < all — uzlle, ),

where
to

a=(to—a)/(8—a)|p(8)|d8<1 (04=/b(8—a)2|p(5)|d8<1>~

a a
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By virtue of the Banach theorem on the contracted mapping, the integral equation (25) in the space
C(Ja, to]) (in the space C1(]a,to[)) has a unique solution u. However, by the above-said, u is likewise
a unique solution of the boundary value problem (1), (22) (problem (1),(24)) in the interval ]a,to[.
Extension of that function to the whole interval ]a, b[, as a solution of the initial problem (1), (26), is

a solution of problem (1), (22) (problem (1), (24)) in the interval ]a, b]. O
Lemma 4. If

to

[ (= b)) + e de < +00 for to €la. (27)

a

then for any ¢ € R, equation (1) has a unique solution satisfying the initial conditions
w(0+) =0, u(a+)=0, u(at+)=c. (28)
Proof. Let

(1) = exp ( / (5 — a2lp(s)| + la(s)) ds) for a<t<b,

and let Cs(]a, b[) be the Banach space of continuous functions u :]a,b[ — R satisfying the conditions
, |u(®)] : Ju(®)]
limsup —=5 < 400, limsu
i (t—a)? i (D)

< 400,

with the norm
lullc, = sup{w ra<t< b}.
’ (t —a)?r(t)
In the space Cs(]a,b[), we introduce the operator

t
C

—(t—a)*+ % /(t —5)2[p(s)u(s) + q(s)] ds for a <t <b.

Glu)(t) = 3

a

According to condition (27), the function u :]a,b[ — R is a solution of problem (1), (28) if and only if
it belongs to the space C(]a, b[) and satisfies the integral equation

u(t) = G(u)(t) for a <t <b. (29)
On the other hand, for any functions u and v € Cy(]Ja, b[), we have

Ga0] < B a—a + 5 -0 [ [s= P lpo) lule. + lats)] ds

t

-2+ 5t -aP (14 ulle) [r'(s)ds

a

(14 le| + [Julle,) (t — a)?r(t) for a <t <b,

M\H

|G(u)(t) — G(v) (1)

[\D\H

/\p ) Ju(s) — v(s)] ds

f||u—v||02t—a2/s—a Ip(s) ()ds<f||u—v||02(t—a) r(t) for a <t <bd.

[t

2

Therefore,

1
IG(w)lle, < +oo, [IG(w) =G, < 5 llu—vlc,.
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Consequently, the operator G maps tersely the space Cs(]a, b[) into itself.
By the Banach theorem, the integral equation (29) has a unique solution which according to the
above-said is a unique solution of problem (1), (28). O

Lemma 5. If m € {0,1,2} and for tg €]0,b[ the condition

to b
[ =@ (0] + a0 di < +oc ( / (bt)?m(|p<t>|+|q<t>|)dt<+oo) (30)

is fulfilled, then every solution of equation (1) satisfies the condition

to b
/|u<m+1>(t)|dt< 00 (/u(m+1)(t)dt < +oo>.
a to

If m € {0,1} and for ty €a,b[ the condition

to b
[ lie=arwien+ ¢~ @ mlaol) <00 ([ [0 02000l + 0 0 lao]) i < o0 )

holds, then an arbitrary solution of equation (1), satisfying the conditions
uD(at) =0 (i=0,...,m) (uDb-)=0 (i=0,...,m)),

satisfies also the condition

to b
/|u<m+2>(t)|dt < 400 (/u<m+2>(t)dt < —|—oo).
a to

Proof. Let m € {0,1,2} and for ¢y € ]a, b] the condition (30) be fulfilled. For the sake of definiteness,

we assume that
to

/(t — 0> (Ip(t)] + lq(8)]) dt < +oo for a < to < b (31)

a
since the case, where
b

/(b — 02 (p(t)] + la(8)]) dt < +oo for a < to < b,
to

is considered analogously.
An arbitrary solution u of equation (1) satisfies the inequalities

to

2
u(®)] £ 3 [ to)l(to — ' + 5 [ (5= @2 [lp(o) (o) + a(o)] ds for a<t<to, (32
=0

t

to to
/\u<m+1>(s)|ds < rolto) + /(s —ap? " [lp()] fu(s)] +la()] ds for a<t<to, (39
t t
where
2—m
’f‘o(to) = Z |u(m+i)(t0)|(t0 — a)i for m e {O, 1}, To(to) =0 for m=2.
i=1

By virtue of Gronwall’s lemma and condition (31), it follows from condition (32) that

[u(®)| < ri(to) for a <t <b,
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where
nuwz[g;u@@@uo—@ﬂ+;]w—ﬂfmwnw}wp(éjw—nfmwnw)<+am

If along with the above estimate we take into account condition (31), then from inequality (33) we
find

/UW“Wﬂﬁénﬁw+/@—®2m%@MMﬂ+M®}@<+m

Thus we have proved the validity of the first part of the lemma.
We now proceed to proving the second part of the lemma. For the sake of definiteness, we assume
that u is a solution of equation (1) satisfying the conditions

uD(a+)=0 (i=0,...,m), (34)

and the functions p and ¢ are such that
to
/ [t = a)?Ip(t)| + (¢ — )" la()]] dt < +o0 for a <t <b. (35)
a
Our aim is to prove that
to
/ 0D (1)) dt < +oc. (36)

The function u is a solution of the differential equation

u" = qo(t), (37)
where qo(t) = p(t)u(t) + ¢(¢). On the other hand, by conditions (34) and (35), we have
_ lu®)|
r(to) = sup{m ta<t< to} < o0,
to to
/ (t = a)* "|qo(t)] dt < / [1(to)(t — @) Ip()] + (t = @)* "|a(8)]] dt < +o0 for a <ty <b,

whence by virtue of the above-proven first part of the lemma it follows that
to
/\u(mﬂ)(t)\ dt < +oo for a <ty <b.
a

Suppose
t

u(t) E/\u(’”ﬂ)(sﬂds

a
and choose t1 €]a, b[ in such a way that the inequality

t1

/(s — a)?p(s)| ds < %

a
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is fulfilled. Then from the equalities

u(t) = [ (t—s)™u™V(s)ds for a <t <b,

t
umHD (¢ Z WD () (= t1) T + /(t —s)t m [p(s)u(s) +q(s)] ds for a <t <b
i=1

t1

B~

it follows that
[u(®)| < (t —a)™v(t) for a <t <D, (38)

t1 t

o)) <nilt-a)+ o) [l ds+ [ aP b)) ds

t a
t1
v(t)
<rit—a)+({t—a) [ (s—a)|p(s)|v(s)ds+ 5 for a <t <ty,
i
where
2—m t
= 3 W -0 (s 0] ds.
i=1 v
Consequently,

t1
2/(5—@)2\p(8)|&d8 for a <t <t;.
s—a
t

From the last inequality, by Gronwell’s lemma, we obtain the estimate

t1

o(t) < 2rp exp (2/(8 —a)?|p(s)] ds) < 2ryexp(l) for a <t <t.
t

t—a

Thus we have proved that

w(ty) = sup {

Therefore inequality (38) results in the estimate

v(t)

T a : a<t§t0}<+oo for a <t <tg.
—a

lu(t)| < w(te)(t —a)™t for a <t <ty<b.

If along with the obtained estimate we take into account condition (35), we find that
to to

/(t —a) ™™ go(t)] dt < / [w(to)(t —a)?pt)| + (t —a)*~™|q(t)|| dt < 400 for a <ty < b.

By virtue of this inequality and the first part of the lemma, the function u, as a solution of the
differential equation (37), satisfies condition (36). O

Proof of Theorem 1. If the nonhomogeneous problem (1), (2) is uniquely solvable, then obviously the
homogeneous problem (1), (29) has only a trivial solution. It is also clear that if problem (1), (20)
has only a trivial solution, then problem (1), (2) has no more than one solution. Thus to prove the
theorem, it remains to prove that if conditions (3) and (4) are fulfilled (¢p = 0 and conditions (4)
and (5) are fulfilled), then the unique solvability of problem (1p), (29) guarantees the solvability of
problem (1), (2) as well.
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In the case under consideration, there is tg € ]a,b[ such that along with (20) and (21) (along with
(21) and (23)) the condition

b

/(b — 12 (p(0)] + la(®)]) dt < +oo

to

is fulfilled.
By Lemmas 3 and 5, the differential equation (1) has a unique solution u; satisfying the conditions

ui(a+) =co, wi(at)=c1, uf(to) =1,
b
/ D (1)) dt < +o0. (39)
to

On the other hand, by Lemmas 4 and 5, the homogeneous equation (1) has a solution ug such that

up(a+) =0, wugla+) =0, wug(ap+) =1,
b
/ D ()] dt < +o0. (40)
to

According to conditions (39) and (40), the functions u(()i) and ugi) (1 =0,...,k) have at the point

b the finite left limits u((f)(b—) and ugi)(b—) (¢=0,...,k). Moreover,

k
Yo=Yl (b=) #0,
=0

because the homogeneous problem (1), (2¢) has only a trivial solution.

Let
V= ( Zﬁi“?)(b—)) /70.
=0

Then the function
u(t) = yuo(t) + ui(t) for a <t <bd
is a solution of problem (1), (2). O

Remark 1. The restrictions in Theorem 1 imposed on the functions p and ¢ are unimprovable.
Indeed, it can be easily verified that if condition (3) holds, or ¢y = 0 and condition (5) is fulfilled,
while the function ¢ in the neighborhood of the points a and b is of constant sign, then the fulfilment
of condition (4) is necessary for problem (1), (2) to be solvable. On the other hand, if k = 0, ¢y # 0,
o #0(k=0,c0=0,c1 #0, co #0), the function p in the neighborhood of the points a and b is
of constant sign, while the function ¢ satisfies condition (4), then the fulfilment of condition (3) (of
condition (5)) is necessary for problem (1), (2) to be solvable.

Corollary 1. Let either conditions (3) and (4) be fulfilled, or co = 0 and conditions (4) and (5) hold.
Moreover, let f :]a,b[— [0, 400 be some measurable function satisfying the condition
b
0< /(t —a)(b—t)2Ff(t)dt < +oo. (41)
a

Then for the unique solvability of problem (1), (2) it is necessary that the inequality

mes {t €a,b: Gr(/)(Op(t) £ ~f(t)} >0 (42)



ON THE UNIQUE SOLVABILITY OF TWO-POINT BOUNDARY VALUE PROBLEMS 385

is fulfilled, where
b

Gr(f)(1) = / g(t,5)f(s)ds for a <t <b. (43)
Proof. By Lemma 1, the functions Ay and gx (kK = 0,1,2) satisfy inequalities (10)—(12). If along
with this we take into account conditions (41) and (43), then by Lemma 2 it becomes clear that the
function
u(t) = Gr(f)(t) for a <t <b
is a solution of problem (18), (2¢) such that
u(t) > n(t —a)?(b—t) for a <t <b,
where
b
(s —a)(b—s)?
= [ — "7 ds > 0.
n= [ Ot fe)ds >

a

On the other hand, if inequality (42) is violated, then

Q)
p(t) = ——=——— for almost all ¢ €]a,b|.
0= "Gnm footl
Consequently, the function u is a solution of the homogeneous problem (1¢), (2¢), and by Theorem 1,
the nonhomogeneous problem (1), (2) is not uniquely solvable. O

Theorem 2. Let either conditions (3) and (4) hold, or co = 0 and conditions (4) and (5) be fulfilled.
Moreover, let there exist a continuous function w :]a, bl —]0, +o00[ such that

e )
hll;ll)l;lf m > 0, ll?i:glf W > O, (44)
where my, = (1 — k+ |1 —k|)/2, and
[ gult.s)
) gk (t, s )
sup {/ w(®) w(s)p_(s)ds: a<t< b} < 1. (45)

a

Then problem (1), (2) has a unique solution.

Proof. By Theorem 1, to prove Theorem 2 it suffices to state that the homogeneous problem (1), (2¢)
has only a trivial solution.

Suppose that problem (1), (29) has a nontrivial solution u. Then by Lemma 5 and condition (5),
we have

to b
/\u”’(t)| dt < +o0, /\u<’“+mk+1>(t)\ dt < +oo.
a to

Therefore there exist finite one-sided limits
u(a+), uD(b=) (i=0,...,k+my).
Moreover, v’ (a+) # 0, since by Lemma 4 equation (1g) under the initial conditions
uD(a+) =0 (i =0,1,2)

has only a trivial solution.
Without loss of generality we can assume that

u'(a+) =1,

and consequently,
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On the other hand, it is clear that

[u®l | me)
i g = 00 < 5
Therefore,
lu(®)] :
SUP{(t—a)2(b—t)mk : a<t<b}<+oo. (47)
By condition (46), either
u(t) >0 for a <t <b, (48)
or there exists by € |a, b[ such that
u(t) >0 for a <t <by, ulby)=0. (49)
Let inequality (48) be fulfilled. Then by conditions (5), (44) and (47) we have
_ ult)
O<r7sup{m.a<t<b}<+oo, (50)

b

/(b — )27k f ()| dt < +o0,

a

where f(t) = p(t)u(t). This, by virtue of Lemma 2, implies that the identity

b
u(t) = — /gk(t,s)p(s)u(s) ds for a<t<b

is valid.
Taking into account inequalities (45), (48), (50), and the positiveness of the function gy, this identity
results in

b b
u(?) < / gk(t;s) p—(s)u(s)ds < r/ 9(t: ) w(s)p—(s)ds < ar for a <t <b,

where

a = sup { /b J1GL) w(s)p_(s)ds: a<t< b} <1. (51)

Therefore,
O<r<ar<r.

The obtained contradiction proves that inequality (48) does not hold.
It remains to consider the case when condition (49) is fulfilled. In this case the function w satisfies
the condition
u(t)

O<r0:sup{—:a<t<bo}<—|—oo, (52)

w(t)

and the function f(t) = p(t)u(t) satisfies the condition

bo
/|f(t)|dt < too.

On the other hand, by Lemma 2, the last condition guarantees the validity of the following identity
bo
u(t) = — /ﬁo(t,s)p(s)u(s) ds for a <t < by, (53)
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where 1 b 2
5((bo—s) (t_a)2_(t_3)2> for a <s <t < by,
gO(t,s):
1 /by —s\2 2
§(b )(t_a) for a <t<s<bo.
o— a

It can be easily seen that
0 < go(t,s) < go(t,s) for a <t,s <bg.
On the other hand, by Lemma 1, we have
go(t,s) < gx(t,s) for a <t s <b.

387

If along with the above inequalities we take into account conditions (49) and (52), then from the

identity (53) we find
bo

0<u(t)<rg /gk(t, s)w(s)[p(s)]+ds for a <t < by.
a
This, in view of inequality (51), implies
0<rg<aryg<ry.

The obtained contradiction proves that problem (1p), (29) has no nontrivial solution.

O

Corollary 2. Let either conditions (3), (4) hold, or ¢ = 0 and conditions (4) and (5) be fulfilled.
Let, moreover, there exist a measurable function f :la,b]— [0,+00[ such that along with (41) and

(42) the inequality
ft)
"= G

is satisfied. Then problem (1), (2) has a unique solution.

for almost all t €]a, b]

Proof. First, we note that by virtue of Lemma 1, the function g; admits the estimate
gr(t,s) > v(s)(t —a)?(b—t)™ for a <t,s<b,
where m = (1 — k+ |1 — k|)/2,

(s —a)(b—s)? Ar(s) — Ag(s)

WO(S)Zw>O, 7k(8)2f>0 for a <s<b (k:1,2)

Put
w(t) = Gi(f)(t) for a <t <b.
Then by conditions (41) and (55), we have
w(t) > p(t —a)*>(b—t)™ for a <t <b,

where
b

p= [ s)s(s)ds >0

a

(54)

(56)

Consequently, the function w satisfies inequalities (44). By Theorem 2, to prove Corollary 2 it suffices

to establish that the function p satisfies inequality (45).

According to inequalities (42) and (54), there exists an integrable function fj :a, b[ —]0, +-00[ such

that
b
/fo (t) dt > 0,

f(t) — fo(t)
w(t)

p_(t) < for almost all ¢ €]a, b.
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If along with this we take into account inequalities (55) and (56), then we obtain

b b
/gk(t, s)p—(s)w(s)ds < /gk(t7 $)f(s)ds — pow(t) < w(t)(1 — po) for a <t < by,

where
. b
po = ;/Wk(s)fo(s) ds > 0.

Consequently, inequality (45) is fulfilled. O

Corollary 3. Let the function q satisfy condition (4) and the function p admit the representation

p(t) = _af) for almost all t €]a,b[, (57)

Gr(f)(t)

where « is a constant, f :la,b]— [0,400[ is a measurable function, other than zero on the set of
positive measure and G (f) is the function given by equality (43). If, moreover, a > —1 and the
condition

b
/ % F(t) dt < 400 (58)

holds, or a > —1, cg = 0 and the condition
b
/ (b— 125 (1) dt < +oo (59)
is fulfilled, where my = (1 —k + |1 — k|)/2, then problem (1), (2) has a unique solution. However, if

a = —1 and condition (59) is fulfilled, then problem (1), (2) either has no solution, or has an infinite
set of solutions.

Proof. As it has been mentioned above, the function g; admits estimate (55). Therefore,
Ge(f)(t) > p(t —a)?>(b—t)™ for a <t <b,
where p is a positive constant. According to this estimate, it follows from (57) that
lalf(t)
t)| <
POLS ey — o

Hence it is clear that if condition (58) (condition (59)) is fulfilled, then the function p satisfies condition
(3) (condition (5)). On the other hand, in the case where a > —1 (o = —1), inequality (42) is fulfilled
(is violated). If now we take into account Corollaries 1 and 2, then the validity of Corollary 3 becomes
evident. O

for a <t <b.

Remark 2. Let a = —1 (o« = —1, ¢y = 0) and along with (57) and (58) (along with (57) and (59))
condition (4) be fulfilled. If, moreover,

w(t) = Gi(f)(t) for a <t <b,

then all the conditions of Theorem 2 are fulfilled with the exception of inequality (45) instead of which

we have
b

[ s ds <1 for ao < (60)

a

Consequently, condition (45) in Theorem 2 is unimprovable and it cannot be replaced by condition (60).

In the case where f(t) = 1, from Corollary 2 it follows
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Corollary 4. Let either the condition

b
[ = a) b= 02+ (pto)] + lato)) de < +oc (61)
hold, or
b
co =0, /(b — 1?75 ((t = a)*Ip(t)| + (t — @) q(1)]) dt < 400 (62)
be fulfilled. If, moreover, '
p(t) > — 6 for almost all t €la,b[,

(t—a)?(0 —t+a)
mes {t elab[: (t —a)?(6 — t +a)p(t) # 76} >0,
then problem (1), (2) has a unique solution.

For an arbitrarily fixed ¢ € {1, 2,3}, from Corollary 4 we have the following proposition concerning
the unique solvability of problem (1), (2;).

Corollary 4;. Let either condition (61) or condition (62) be fulfilled, where k =i — 1. If, moreover,
24 — 61
(t—a)?(4—i)(b—1t)+ (i —1)(b—a))
mes {t elab[: (t —a)2 (4 —i)(b—1t) + (i — 1)(b— a))p(t) > 24 — 6i} >0,

p(t) > — for almost all t €]a,b[,

then problem (1), (2;) has a unique solution.

Remark 3. According to Remark 1 and Corollary 1, conditions of Corollaries 4 and 4; are in a certain
sense unimprovable.

Corollary 5. Let either condition (61) or condition (62) be fulfilled. If, moreover,
b

/ (t— a2 Ap()p_(8) dt < 2, (63)

a

then problem (1), (2) has a unique solution.

Proof. By equality (8) and condition (10), we have

0 < gi(t,s) < A];(S) (t—a)?® for a <t,s <b. (64)
Let
w(t) = (t —a)?.

Then it is clear that inequalities (44) are fulfilled. On the other hand, inequalities (63) and (64) result
in inequality (45). Consequently, all the conditions of Theorem 2 are fulfilled which guarantees the
unique solvability of problem (1), (2). O

The above proven corollary for arbitrary i € {1,2,3} leads to the following
Corollary 5;. Let either condition (61) or condition (62) be fulfilled, where k =i — 1. If, moreover,

b
/(t —a)(b—t)*""p_(t)dt < 2(b—a)*",

then problem (1), (2;) has a unique solution.
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