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Nonlinear x(0)=¢ (i=1,...,m), limsup |x;(t)] < +o0 (i=m+1,...,n)
Differential system t—+00
Boundary value problem are established.
Condition at infinity © 2009 Elsevier Ltd. All rights reserved.

1. Statement of the main results

In the present paper, the boundary value problem

dX,‘ .
— =filt,x1,...,xp) ({=1,...,n), (1.1)
de
x(0)=¢ (i=1,...,m), limsup |xi(t)] < +00 (i=m+1,...,n) (1.2)
t—+00
is investigated on the interval R, = [0,4oco[.Heren > 2,m € {1,...,n — 1}, ¢ € R@{@ = 1,...,m), and
fi: Ry xR" — R(@{i =1,...,n) are functions satisfying the local Carathéodory conditions.

The previous well-known results on the solvability of such problems do not cover the wide class of nonlinear differential
systems with right-hand sides rapidly growing with respect to the phase variables. As for the well-posedness of the problem
(1.1), (1.2), and the behavior of its solutions at +o00, they have remained practically unstudied (see, e.g, [1-6] and the
references therein). Theorems 1.1-1.5 below fill this gap to some extent. Theorems 1.1-1.3 and 1.5 contain unimprovable in
a sense conditions guaranteeing solvability and well-posedness of the problem (1.1), (1.2). In Theorem 1.4 we give optimal
sufficient conditions under which every solution of that problem vanishes at infinity.

We use the following notation.

R" is the n-dimensional real Euclidean space;

x = (x;)_; € R"is the vector with components x; (i =1, ..., n);
di is Kronecker’s symbol;
X = (Xik)?,k:] is the n x n-matrix with components x; € R (i, k = 1, ..., n) and with the norm
n
X1 =" Ixal;
ik=1
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r(X) is the spectral radius of X; E is the unit matrix;

As is the set of asymptotically stable, quasi-nonnegative n x n-matrices, i.e. H = (hik)z w1 € A if and only if hy, > 0 for
i # k and real parts of eigenvalues of H are negative;

Cioc (R+) is the space of functions x : R, — R, absolutely continuous on every compact interval containing in R ;

Lioc (R, ) is the space of functions x : R, — R, Lebesgue integrable on every compact interval containing in R, ;

L°° (R, ) is the space of essentially bounded measurable functions x : R, — R with the norm

[X]|r0 = esssup {|x(¢)| : t € Ry},

Kioc(Ry x R™) is the set of functions f : R, x R" — R, satisfying the local Carathéodory! conditions, i.e., f €
Kioc(Ry x RMIfff (¢, -, ..., ) : R" — Ris continuous for almost allt € R, f(-, X1, ..., Xs) € Lioc(Ry) forany (x) ; € R
and the function fp*, given by the equality

n
Fr@) =max dIf(t. % x| 2 Y il <ot
i=1

belongs to the space Lj,.(R,) forany p € R,.
Throughout the paper, it is supposed that

fi € Kioe(Ry xRY (i=1,...,n). (1.3)
By a solution of the system (1.1), defined on the interval R, we understand a vector function (x;)_, : R+ — R" with
components x;Coc(Ry) (i =1, ..., n) satisfying that system almost everywhere on R,..

A solution (x;)?_; of the system (1.1), defined on R and satisfying the boundary conditions (1.2), is called a solution of
the problem (1.1), (1.2).
Along with the problem (1.1), (1.2) we consider the auxiliary problem

W s i =1 14
T filt, %1, ...,%,) (i=1,...,n), (1.4)
xi(0)=¢ (=1,...,m), xi(a)=¢ (i=m+1,...,n), (1.5)

depending on parameters A €]0, 1] and a €]0, +o0][ .
The following theorems are valid.

Theorem 1.1 (Principle of a priori Boundedness). Let there exists a non-decreasing function po : R, — R such that for arbitrary
A €]0, 1], b €]0, o0, and (c;)I_; € R", every solution (x;)!_, of the problem (1.4), (1.5) admits the estimate

> ()] < po (Z |c,-|) foro<t<b. (16)
i=1 i=1

Then for any (c;)I*, € R™, the problem (1.1), (1.2) is solvable, and every solution of this problem is bounded on R..

Theorem 1.2. Let there exist nonnegative functions g € Kioc(Ry X RN)(i = 1,...,n), h € [*Ry) and a matrix H =
(hie)—; € As such that on the set Ry x R" the inequalities

n
oifi(t, X1, ., Xn)sgN(Xi) < &i(t, X1, ..., Xn) (Z hielxi| + h(t)) (i=1,....n), (1.7)
k=1
whereoy = - -+ = oy = land oy = --- = 0, = —1, are satisfied. Then for arbitrary (¢;)L; € R™ the problem (1.1), (1.2)

has at least one solution, and every solution of this problem is bounded on R .
It is known (see [3], Theorem 1.18) that the quasi-nonnegative matrix H = (hy);,_, belongs to the set A; iff
hi <0 (i=1,...,n) and r(Hy) < 1, (1.8)
where
Hy = ((1 — i) ﬂ)” . (1.9)
1hiil /i =1

Note that the condition H € A in Theorem 1.2 and in other theorems below is unimprovable and it cannot be weakened.
It can be replaced by the equivalent condition (1.8) but not by the condition

hi <0 (i=1,...,n), r(Hyp) < 1. (1.10)

1 The Greek spelling is Ko pafeodwpn.
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Indeed, consider the problem

dx; i . .

T D' +x)+i—-1 (i=1,2), (1.11)

x;(0) = ¢, lim sup |x;(t)| < +o00. (1.12)
t—+00

For this problem all the conditions of Theorem 1.2 hold except H € A; instead of which the condition (1.10) holds, since

-1 1 0 1
=7 h) w0 0)

Nevertheless the problem (1.11), (1.12) does not have a solution since general solution of the system (1.11) has the form

t2 t?
xl(t):on—(oz]—l-oez)t—g, xz(t):a2+(a1+a2+1)t+5,

where o and «; are arbitrary real numbers.
For any H € A, suppose that

w(H) = | (E—Ho)™ | (1 +Z|hﬁ|‘1>, (1.13)
i=1

where Hy is the matrix given by the equality (1.9).

Theorem 1.3. Let the conditions of Theorem 1.2 be fulfilled and

/+Oopi(s)ds:+oo i=m+1,...,n), (1.14)
0
where

pi(t) = inf{gi(t, x1, ..., %) : (x)j_; € R"}. (1.15)
Then every solution of the problem (1.1), (1.2) admits the estimate

n m
> ke®)] < pu(H) (Z ol + ||h||Loo> fort € Ry, (1.16)
k=1 k=1

where w(H) is the number, given by the equality (1.13).

From the estimate (1.16) it, in particular, follows that if the conditions of Theorem 1.3 are fulfilled, then an arbitrary
solution of the system (1.1), satisfying the conditions

x(0)=¢ (i=1,...,n and Z|ck|>u<H>(Z|ck|+||h||Loo>,

k=1 k=1

is either unbounded or blowing-up.

Theorem 1.4. Let the conditions of Theorem 1.2 be fulfilled, h(t) — 0 ast — o0, and

+00
/ pi(s)yds=+o0 (i=1,...,n), (1.17)
0

where each p; is the function given by the equality (1.15). Then an arbitrary solution of the problem (1.1), (1.2) is vanishing at
infinity, i.e.,

lim () =0 (i=1,...,n). (1.18)
t—+00

Now along with the problem (1.1), (1.2) we consider the perturbed problem

dy; .
d_tl =ft. Y1, oY) FqGt YY) (=100, (1.19)
yi0)=c¢+46 (i=1,...,m)), limsup |y;(t)| < +o0 (i=m+1,...,n), (1.20)
t—+400
where (6;))"; € R™,and q; € Kioc(Ry x R")(i =1, ..., n) are functions satisfying the conditions

lgi(t, y1, ...,y < pi(H)qo(t) (G=1,...,n),q0 € L°R). (1.21)
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The case, where
lim qo(t) =0, (1.22)
t—+00

is considered separately.
Let us introduce the following definition.

Definition 1.1. Suppose p; € L (Ry)(i = 1, ..., n) are nonnegative functions. The problem (1.1), (1.2) is said to be well-
posed with the weight (p;), if for any (6;)L; € R™ and functions q; € Kioc(Ry x R")(i = 1,...,n), satisfying the
conditions (1.21), the problem (1.19), (1.20) is solvable and there exists a positive constant p such that arbitrary solutions
(x)?_, and (y;){_, of the problems (1.1), (1.2), and (1.19), (1.20) admit the estimate

m

n

D Iyt = x(0)] < p (Z 18l + ||qo||Loo> fort € Ry. (1.23)

i=1 i=1
From this definition it is clear that if the problem (1.1), (1.2) is well-posed, then it has a unique solution.

Definition 1.2. The problem (1.1), (1.2) is said to be asymptotically well-posed with the weight (p;), if it is well-posed

and for any (6;)!~,; € R™ and functions q; € Kioc(R+ x R")(i = 1, ..., n), satisfying the conditions (1.21) and (1.22), an
arbitrary solution (y;)_; of the problem (1.19), (1.20) satisfies the equalities

Jim @i =) =0 (=1,....n), (1.24)

where (x;)L_, is a solution of the problem (1.1), (1.2).

Theorem 1.5. Let there exist nonnegative functions p; € Loc(R)(i=1,...,n),h € L°(Ry), and amatrixH = (hy)};_; € As
such that, respectively, on Ry x R" and R the conditions
n
Ui(f(t,X],...,Xn) _f(t,}/h---a.Vn))Sgn(Xi_.Vi)fpi(t)zhik|xk__)’l<| (izla"-7n)’ (125)
k=1
Ifit, 0,...,0) < h(®)pi(t) (=1,...,n), (1.26)
whereoy = -+ =0y = 1,0pm41 = - - - = 0, = —1, are satisfied. If, moreover, the equalities (1.14) (the equalities (1.17)) hold,
then the problem (1.1), (1.2) is well-posed (asymptotically well-posed) with the weight (p;)iL;.
Note that if
filt,x1, ..., %) = —oipi(t) (=1,...,n),
whereoy = -+ =0y = 1,041 = -+ = 0y, = —1,and p; € Lioc(R)(i = 1, ..., n) are nonnegative functions, then the

problem (1.1), (1.2) is well-posed (asymptotically well-posed) with the weight (p;)!_, if and only if the equalities (1.14) (the
equalities (1.17)) are satisfied.

Consequently, the condition (1.14) (the condition (1.17)) in Theorem 1.5 is unimprovable.
2. Auxiliary propositions

2.1. Lemmas on a priori estimates

Consider the system of differential inequalities

n
oit(t) < hi(t) (Z hixuy (£) + h(r)) (i=1,....m), (2.1)
k=1
where
o= =0p =1, Ome1 =+ =0p = —1, H = (hi)iq € As, (2.2)
hi € Loc(Ry) (i=1,...,n) and h e L®(R,) arenonnegative functions. (2.3)
Let I be some interval from R_.. A vector function (u;)}_, with nonnegative components u; € aoc (Hh(@A=1,...,n)issaid

to be a nonnegative solution of the system (2.1) if it satisfies this system almost everywhere on I.

Lemma 2.1. Let conditions (2.2) and (2.3) be fulfilled and (u;)}"_, be a nonnegative solution of the system (2.1) on some interval
[0, a] C R,. Then
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> uilt) < p(H) (Zui<o>+ > uia) + ||h||po) foro<t<a, (2.4)
i=1 i=1

i=m+1
where w(H) is the number given by the equality (1.13).

To prove this lemma, we need the following

Lemma 2.2. Let y;, yo; and hoi (i, k = 1, ..., n) be nonnegative numbers such that
n
i< ) howvitvei (=1,...,n) (2.5)
k=1
and
r(Ho) <1, whereHy = (hoix); j—1- (2.6)
Then

n n
Y = IE=H) D vor (2.7)
i=1 i=1

Proof. If we suppose that
Y = Wiz Yo = (Yoi)i1s
then the system of inequalities (2.5) takes the form
Yy < Hoy + 7.
Consequently,
(E —Ho)y =< vo- (2.8)

However, in view of (2.6), the matrix E — Hy is non-degenerate and (E — Hy) ! is a nonnegative matrix. If we multiply the
vector inequality (2.8) by (E — Hp) ™!, then we get

y < (E—Ho) .
Hence we obtain the estimate (2.7). O

As we already said above, the condition H € A guarantees the condition (1.8), where Hy is a matrix given by the equality
(1.9). Consequently, the following lemma is valid.

Lemma 2.3. [f H = (hy)},—; € As and

hoiw = (1 — &) [hil "hye (L k=1,...,n), (2.9)
then the condition (2.6) is fulfilled.
Proof of Lemma 2.1. Suppose

t=0 (i=1,...,m), tt=a (i=m+1,...,n). (2.10)

)

Then due to (2.1)-(2.3) the inequalities

u;i(t) < u;(t;) exp (- hii/ hi(r)dz
5}

t t n
+ / exp (— 'hﬁ/ hi(t)dt )h,-(s) {2(1 — Si)hiklu ()| +h(s)j| ds| (i=1,...,n) (2.11)
i s k=1
are satisfied on [0, a]. Hence we get the inequalities (2.5) with
Yi = max{lu;(t)] : 0 <t < a}, Yoi = [ui(t)] + [hil =",
where hgy (i, k = 1,...,n) are numbers given by the equalities (2.9). On the other hand, by Lemmas 2.2 and 2.3, the

inequalities (2.5) result in the inequality (2.7). However,
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n m n n
Y voi =Y w0+ Y wui(a)+ [hllwee Y hil ™!
i=1 i=1 i=m+1 i=1
n m n
< (1+Z|hﬁ|1) (Zui(ow > ui@) + ||h||Loo).
i=1 i=1 i=m+1

Taking into account this fact and the notation (1.13), from (2.7) we obtain the estimate (2.4). O

Lemma 2.4. Let the conditions (2.2) and (2.3) be fulfilled and (u;)}_, be a nonnegative solution of the system (2.1) on R such
that

limsupu;(t) < +oc0 (i=m+1,...,n). (2.12)
t—>+00
Then
n
sup {Zu,-(t) i te R+} < 400. (2.13)
i=1

Proof. By Lemma 2.1, for an arbitrary a € R, the estimate (2.4) is valid, from which due to (2.12) it follows the inequality
(2.13). O

Lemma 2.5. Let, along with (2.2) and (2.3), the condition
+0o0o
/ hi(s)ds =400 (i=m-+1,...,n) (2.14)
0

hold. Let, moreover, (u;)!_; be a nonnegative solution of the system (2.1) on R, satisfying the condition (2.12). Then
n m
D uilt) < p(H) (Z 1(0) + ||h||Loo> fort € R, (2.15)
i=1 i=1

Proof. By Lemma 2.4,

yi=sup{y(t): teRy} <400 (i=1,...,n). (2.16)
On the other hand, in view of (2.1)-(2.3) for any a €]0, +o00[ the inequalities (2.11) are satisfied on the interval [0, a], where
ti(i=1, ..., m) are numbers given by the equalities (2.10). Therefore,

n
ui(t) < wi(0) + |hal lIhll + Y howye for0<t<a (i=1,...,m),

k=1
a n
ui(t) < yiexp <_|hii|/ hi(S)dS) + [hil lIhllie + > howyie for0<t<a@=m+1,....n),
t k=1
where hg (i, k = 1, ..., n) are numbers given by the equalities (2.9). If we pass to the limit in these inequalitiesas a — +o0,
then due to (2.14) we obtain
n
ui(t) < yoi + Z howyx fort € Ry,
i=1
where
voi = ui(0) + |h| Al G=1,....m),  yoi=|hg| Il (G=m+1,....n). (2.17)

Consequently, the inequalities (2.5) are satisfied. Hence by Lemma 2.2 and 2.3 we obtain the inequality (2.7). If along with
(2.7) we take into account (2.16) and (2.17), then the validity of the estimate (2.15) becomes evident. O

Lemma 2.6. Let along with (2.2) and (2.3) the condition
+00
/ hi(s)ds=4o00 (i=1,...,n) (2.18)
0

be fulfilled and h(t) — 0 ast — 4-o0. Let, moreover, (u;)_; be a nonnegative solution of the system (2.1) on Ry, satisfying the
condition (2.12). Then along with (2.15) the condition
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lim u;(t) =0 (i=1,...,n)
t— 400

holds.
Proof. By Lemma 2.4,
y; = limsup |uy;(t)] < 400 (i=1,...,n).

t—+o00

For any ¢ > 0, choose a = a(e) > 0 so that
h(t) < e, u(t) <yi+e (i=1,...,nfort >a.

On the other hand, in view of (2.1)-(2.3) for any b €]a, +oo[ the inequalities (2.11) hold on [a, b], where
tt=a (i=1,...,m), tt=b (i=m+1,...,n).

On account of (2.21) from (2.11) we find that

n
ui(t) < ui(a)exp (—Ihn-l N hi(s)d5> + > howyi + e fort >a(i=1,...,n),
k=1

ui(t) < ui(b) exp <_|hii| ftb hi(S)dS> + > howyi+Lie fora<t<b(i=m+1,...,n),
k=1

where hgi (i = 1, ..., n) are numbers given by the equalities (2.9) and

n
4 = ZhOik +hg| " G=1,...,n).
k=1

By (2.18) and (2.20), from (2.22) we get
n
Yi < ) howyi+4tie (i=1,...,m).

k=1

If we pass to the limit in the inequalities (2.23) as b — 400, then by (2.18) we find that
n
ui(t) < howyi+ e fort eRy (i=m+1,...,n).

k=1

Therefore,

howyi + e (i=m+1,...,n).

n
Vi =

k=1

By virtue of Lemmas 2.2 and 2.3, the inequalities (2.24) and (2.25) imply the estimate

n n
Z y; < Le, wherel = || (E—Hp) ! || ZE,-.
i=1 i=1
Hence, in view of the arbitrariness of ¢ and the nonnegativeness of y;(i = 1, ..., n), we obtain
;=0 (i=1,...,n).

Consequently, the equalities (2.19) are valid. O

2.2. Lemma on the solvability of the problem (1.1), (1.5)

From Corollary 2 in [7] it follows

e1509

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

Lemma 2.7. If the conditions of Theorem 1.1 are satisfied, then for any a €]0, +oo[ and (c;){; € R" the problem (1.1), (1.5) is

solvable and each of its solution admits the estimate (1.6).

3. Proof of the main results

Proof of Theorem 1.1. Suppose (¢;)”, € R™ is fixed arbitrarily. By Lemma 2.7, for any natural k the system (1.1) has a

solution (Xik)?,kzl in the interval [0, k], satisfying the boundary conditions

xp(0)=¢ (@(=1,...,m)), xpe(k) =0 (i=m+1,...,n)

(3.1)
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and admitting the estimate
n
Y k] <p foro<t<k, (3.2)
i=1

where p = po (DI, ¢i). In view of (1.3) and (3.2), the inequality

D Ut xa(), xa(O)] < F7(0) (3.3)
i=1
is satisfied almost everywhere on [0, k], where
n n
f*(t) = max {Z it xa, - ox)l Y Ixl < p} and f* € Lie(Ry).
i=1 j=1
Thus
n t
D Ixit) = xi(9)| < / f*(t)dr foro<s<t<k (3.4)
i=1 s

Suppose
xp(t) =0 fort >k (i=1,...,n).

Then, according to the conditions (3.1), (3.2) and (3.4), the sequence of vector functions ((xyx)}_;);2, is uniformly bounded
and equicontinuous on each compact interval from R, . By the Arzela-Ascoli lemma, from this sequence we can choose a
subsequence ((x,-kj)?zl)]?’ﬁl which is uniformly convergent on each compact interval from R ..

Let

Xi(t) = lim xyi(t) fort e Ry (i=1,...,m). (3.5)
J—>+o0

If we apply the Lebesgue dominant theorem, then in view of the conditions (1.3), (3.3) and (3.5), from the equalities

t
Xiti (£) = X3t (0) +/ i (s, x115(5), - .., Xmi(8)) ds forO <t <ki(i=1,...,n)
0
we find
xi(t) = x;(0) +/ fi(5,%1(8),...,x%,(8))ds forte R, (i=1,...,n).
0

Consequently, (x;)i_, is a solution of the system (1.1) on R... On the other hand, by (3.5), from (3.1) and (3.2) it follows that
(x;)IL_; satisfies the boundary conditions (1.2). Thus the solvability of the problem (1.1), (1.2) is proved.
It remains to show that an arbitrary solution (x;){__; of the problem (1.1), (1.2) is bounded on R.. According to (1.2),

n
y =sup{ Z |x;(t)] : t 6R+} < 400.

i=m+1

On the other hand, by Lemma 2.7, for an arbitrary a € ]0, +o0o[ we have

Y (O] < po <Z|ci|+ > |xi<a>|> < po (Z|ci|+y) for0 <t <a.

i=1 i=1 i=m+1 i=1

Hence due to the arbitrariness of a it follows that (x;)i_ is bounded on R;. [

Proof of the Theorem 1.2. Let ;«(H) be the number given by the equality (1.13) and
po(x) = p(H) (x + [|hll>) forx € Ry. (3.6)

According to Theorem 1.1, to prove Theorem 1.2 it suffices to state that for any A €]0, 1], a €]0, +oo[ and (), € R",
every solution (x;)!_, of the problem (1.4), (1.5) admits the estimate (1.6).
Suppose

u) = k@] G(=1,...,n). (3.7)
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Then in view of (1.7) the conditions

o (t) = oiAf; (£, X1 (1), . . ., xa () sgn(X; (1)) < hi(t) <Zhikuk(t) + h(t)) (i=1,....,m
k=1

are satisfied almost everywhere on [0, a], where
hi(t) = Agi (£, X1, (£), ..., x,(8)) (i=1,...,n).

Therefore, (u;)}_; is a nonnegative solution of the system of differential inequalities (2.1) on [0, a]. Moreover, o;, h;, hiy (i, k =

1, ..., n) and h satisfy the conditions (2.2) and (2.3), which by Lemma 2.1 guarantees the validity of the estimate (2.4). If
now we take into account conditions (1.5) and the notations (3.6) and (3.7), then the validity of the estimate (1.6) becomes
evident. O

Proof of Theorem 1.3 (Theorem 1.4). Let (x;)!_; be an arbitrary solution of the problem (1.1), (1.2). Then in view of (1.7) the
vector function (u;)}_;, whose components are given by the equalities (3.7), satisfies the condition (2.12) and is a nonnegative
solution of the system of differential inequalities (2.1) on R, where

hi(t) = gi (6, x1(t), ..., xp(t)) (i=1,...,n). (3.8)

Moreover, o;, h;, hy (i, k = 1, ..., n) and h satisfy the conditions (2.2),(2.3)(and h(t) — 0ast — +o00).0nthe other hand, in
view of (3.8) from (1.14) and (1.15) (from (1.15) and (1.17)) it follow the equalities (2.14) (the equalities (2.18)). By Lemma 2.5
(by Lemma 2.6), the vector function (u;)_; admits the estimate (2.15) (satisfies the equalities (2.19)). Consequently, (x;)}"_,
admits the estimate (1.16) (satisfies the equalities (1.18)). O

Proof of Theorem 1.5. Let g; € Kjoc(R+ X R")(i = 1, ..., n) be arbitrary functions satisfying the condition (1.21). Then in
view of (1.25) and (1.26) the inequalities

oi (filt, X1, .., Xn) + Qit, X1, ..., Xn)) s8N(X) < pi(t) (Z hilxie| + h(t) + qo(f)) (i=1....n (3.9)
k=1
are satisfied on R, x R". Moreover, h € L*°(R),
pi € Loc(Ry) (i=1,...,n), qo€LlRy) (3.10)

and the condition (2.2) holds. Hence by Theorem 1.2 it follows that the problem (1.19), (1.20) is solvable for any (§;)){" ; € R™.
Let (x;)iL; and (y;), be arbitrary solutions of the problems (1.1), (1.2) and (1.19), (1.20), and

uit) = |x(t) —yi®] (G=1,...,n).
Then, due to (1.21) and (1.25), the vector function (u;)}; is a nonnegative solution of the system of differential inequalities

k=1

oitt(t) < pi(t) (Z hacti (£) + qo(o) (i=1....m,

satisfying the conditions

u(0) =161 (i=1,...,m)), limsupu;(t) < +oo (i=m+1,...,n).

t——+o00

If, along with (2.2) and (3.10), the condition (1.14) (the conditions (1.17) and (1.22)) holds, then by Lemma 2.5 (by
Lemma 2.6) we have

n m
> i) < p(H) (Z 18:] + ||q0||Loo> fort € Ry < lim wi(t)=0G=1,..., n)) .
P P t— 400
Thus we have proved that the estimate (1.23) is valid (along with the estimate (1.23) the equalities (1.24) are valid), where
o = w(H). Therefore the problem (1.1), (1.2) is well-posed (asymptotically well-posed) with the weight (p;)[_;. O
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