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Abstract

In the rectangle {2 = [0, a] x [0, b] for the nonlinear hyperbolic equation

m—1 n—1
umn — Z hy utm + Z hoe M0 4 Fx,you, ... uMmbnD)y
i=0 k=0

the boundary value problems of the type
hiw(C,y)=0 G=1,...,m), brwx,)=0 (k=1,...,n)

are considered, where [y; : Cm_l([O,a]) - R@G=1,...,m)and Iy : C"_l([O, b)) - R (k = 1,...,n) are linear bounded
functionals.

Sufficient conditions of solvability and unique solvability of the general problem and its particular cases (Nicoletti type,
Dirichlet, Lidstone and Periodic problems) are established.
© 2007 Elsevier Ltd. All rights reserved.

MSC: 35L35; 35B10
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0. Introduction

In the rectangle {2 = [0, a] x [0, b] consider the hyperbolic equation

m—1

n—1
pmn) _ Z hli(x)u(i,n) + thk(y)u(m,k) + fx,y,u, ..., u(m—l,n—l)) 0.1)
i=0 k=0
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with the functional boundary conditions
LhiuCG,y) =0 (G=1,...,m), br(ux,)=0 (k=1,...,n). 0.2)

Here hy; : [0,al > R G =1,...,m),hy :[0,b] > Rk =1,...,n), f: 2 xR™ — R are continuous functions,
I : C™1([0,a) > RG=1,...,m), L : C""1([0,b]) > R (k = 1, ..., n) are linear bounded functionals, and

i tku(x, y)

dxigyk
Throughout the paper the following notations will be used.
R is the set of real numbers; R¥ is the k-dimensional Euclidean space.

CK(I), where I is a compact interval, is the Banach space of k-times continuously differentiable functions
u : I — R with the norm

k
lutll ok ) = max {Z u'(s)] : x € 1} .

i=0

w0, y) =

C™"({2) is the Banach space of continuous functions u : {2 — R having continuous partial derivatives
u@k) (i=0,...,m;k=0,...,n), with the norm

m

lullcmn(2) = max {Z D Gy y) € 9} :

i=0 k=0

By a solution of problem (0.1), (0.2) we understand a function u € C™"({2) satisfying Eq. (0.1) and conditions
(0.2) everywhere on (2.

Previously problem (0.1), (0.2) was studied basically in the following cases:

(i) conditions (0.2) are initial-boundary, i.e.,

w710, =0 (=1,....m), In@x,)=0 (=1,...,n)
(see [1-18]);
(ii)) m = n = 1 and conditions (0.2) have the form

u(0,y) = ula,y), u(x,0) = u(x, b)

(see [6,19-21));
(iii)) m = n = 2, Eq. (0.1) is linear and (0.2) are either periodic conditions, i.e.,

w00,y =u "0y =12, V@0 =u® Vb (k=1.2),
or the Dirichlet conditions
u,y) =u(a,y) =0, ux,0) =ux,b)=0

(see [22-24]).

For some classes of linear hyperbolic equations the Dirichlet problem was studied in [25].

In the general case problem (0.1), (0.2) has been actually unstudied. The present paper is an attempt to fill this gap.

The paper is organized as follows: in Section 1 a class of linear boundary value problem with the Fredholm property
is described; in Section 2 a theorem on solvability of a general nonlinear boundary value problem is proved (a priori
boundedness principle), on the basis of which effective and unimprovable in a sense sufficient conditions of solvability
of Nicoletti type nonlocal problems, Dirichlet and Lidstone type problems, and periodic problems are established in
Sections 3-5.

1. A general linear problem

In this section we consider the problem

m—1 n—1 m—1n—1
W™ =" hy Ou" 4+ T hoe(u P+ Y fire, u + fox, ), (1.1)
i=0 k=0 i=0 k=0
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Lhiu(G,y)=0 G=1,...,m), bhr(u(x,) =0 k=1,...,n), (1.2)
where

hi; € C([0, a]), hy € C(0,b])) (=0,....m—1; k=0,...,n—1), (1.3)

fireCW) (=0,....m—1, k=0,...,n—1), foe C(1D),

and 1; : C"1([0,a]) = R, I : C"1([0,b]) > R (G =1,...,m k=1,...,n) are linear bounded functionals.
Along with (1.1) consider the corresponding homogeneous equation

m—1n—1
u™n = Z Ry (0)utm 4 thk(y)u(m ) 4 Z Zflk(x »uth. (I.1o)
=0 i=0 k=0

Problem (1.1), (1.2) is closely related to the linear homogeneous boundary value problems for ordinary differential
equations

m—1
™ — Zhli(x)v(l)7 Ljlv)y=0 (G=1,...,m) (1.4)
i=0
and
ne
w® =3 hyw®,  @)=0 G=1,....n). (1.5)

Lemma 1.1. Let both problem (1.4) and problem (1.5) have only trivial solutions. Then for an arbitrary h € C({2)
the differential equation

m—1n—1

umn — Z i (x)u®™ + thk(y)u('" s Z Zhn(X)hzk()’)u(l Kt h(x,y) (1.6)

i=0 k=0

has a unique solution satisfying conditions (1.2) and this solution admits the representation

b a
u(x, y) = fo /0 2105, $)g2(y, (s, s, (1.7)

where g1 is the Green’s function of problem (1.4), and g> is the Green’s function of problem (1.5).
Proof. First show that if problem (1.6), (1.2) has a solution u, then it admits representation (1.7).
Let y € [0, b] be arbitrarily fixed and

n—1

v(x) = u(o’”)(x, y) — Zth(y)u(o’k)(x, y) forx €0, a].
k=0

Then v is a solution of the problem

m—1
U(m) = Z hli(x)v(’) +h(x,y), llj(v) =0 (=1...,m).
i=0

Since the corresponding homogeneous problem (1.4) has only a trivial solution, the latter problem has a unique
solution

v(x) = fa g1(x,s)h(s, y)ds forx € [0,a]
0

(see [26], Theorem 1.1). Consequently,

n—1 a
WO, y) = ha w0 (x, y) + fo g10x, $)h(s, y)ds  for (x,y) € 2.
k=0
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Therefore for any fixed x € [0, a] the function

w(y) = u(x,y)

is a solution of the problem

n—1 a
w<">=Zh2k(y)w<k)+/ gi(x, 9h(s, y)ds,  Ljw)=0 (j=1,...,n).
k=0 0

Hence, by the above mentioned theorem from [26] we get

b pra
w(y) = / / g1(x,8)g2(y, t)h(s, t)dsdr fory € [0, b].
0 JO

Thus the validity of (1.7) is proved.
Finally notice that the function u# given by (1.7) is a solution of problem (1.6), (1.2). O

Theorem 1.1. Let problems (1.4) and (1.5), and problem (1.1g), (1.2) have only trivial solutions. Then problem (1.1),
(1.2) is uniquely solvable and its solution admits the representation

u(x,y) =G(fo)(x,y) for(x,y) € (2, (1.8)
where G . C(£2) — C™"({2) is a linear bounded operator.

Proof. For arbitrary z € C(£2) and u € C"~1"~1(12) set

b a
Go(2)(x. y) = /0 /O g1(x. )82y, )z(s. dsdr

and

m—1n—1
P)(x, y) = Go (Z > (hiihy + f,-k>u<’?k>) :

i=0 k=0

where g1 and g7 are the Green’s functions of problems (1.4) and (1.5), respectively. Then Gy : C(£2) — C™"({2)
and P : C"lnml(Q) — C™"(£2) are linear bounded operators, and hence compact operators from C(£2) to
c=Ln=1() and from C"~11=1(2) to C™ L1 (2), respectively.

By Lemma 1.1, problem (1.1), (1.2) is equivalent to the operator equation

u="Pwu)+q (1.9)
in the space C"~1"~1(2), where

q(x,y) = Go(fo)(x, y). (1.10)
On the other hand, the homogeneous equation

u="Pu)

has only a trivial solution, since it is equivalent to the homogeneous problem (1.1p), (1.2) which has only a trivial
solution according to one of the conditions of Theorem 1.1.

By Fredholm’s theorem for operator equations, Eq. (1.9) and, consequently, problem (1.1), (1.2) have a unique
solution

u =Po(q),

where Py : C"~1r=1(2) — ¢~ 17=1(2) is a linear bounded operator. Since P : C"~1=1(2) — C™"()is a
bounded linear operator, then taking into account (1.9) we find out that actually Py is a linear bounded operator from
C™"(£2) to C"™"({2). The latter formula and notation (1.10) yield representation (1.8), where

G(fo)(x, y) = Po(Go(fo)(x,y). O
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2. General nonlinear problem

In this section we consider the problem

m—1 n—1
W = 3" w0 Y b+ fxy,u,u D), @1

i=0 k=0
hi(uG,y) =0 G=1,...,m), br(ux,))=0 (k=1,...,n), (2.2)
where the functions hy; (i =0,...,m — 1) and hox(k = 0, ..., n — 1) satisfy conditions (1.3), f : 2 x R™ — R
is a continuous function and I1; : C"~1([0,a]) > R (G =1,...,m)and lo; : C*~1([0,b]) > R(k =1,...,n) are

linear bounded functionals.

Theorem 2.1. Let problems (1.4) and (1.5) have only trivial solutions. Moreover, let there exist a positive number @
and functions fiy € C(£2) i =0,...,m—1;k=0,...,n — 1) such that: (i) problem (1.1y), (1.2) has only a trivial
solution; (ii) for any A € (0, 1) every solution of the differential equation

u™" —Z i (ou™ + thk(ym('" P~ A)nlzlnzl S Ce, ™0 o f Gy, )
—0 k=0 03
satisfying the boundary conditions (2.2) admits the estimate
lull cm-10-1 < 0. (2.4)
Then problem (2.1), (2.2) has at least one solution.
Proof. Let
1 forO0<s <p
x(s) = 2—2 forpo <s <20 (2.5)
0 for s > 2p.

For an arbitrary u € C"~1"=1(02) set

m—1n—1
fo)(x, y) = x(lull gn-1a-1) (f(x, youe, ), w3 = YN fudr, y)u“’“) . (26)

i=0 k=0
and consider the functional differential equation

m—1n—1

pmn — Z Ry (o)um 4 thk(y)u(m o 4 0 ];fzk(x y)u(z o 4 folw)(x, y) 2.7)

i=0 i=

with the boundary conditions (1.2).
By Theorem 1.1, there exists a linear bounded operator P : C({2) — C™"({2) such that problem (2.7), (2.2) is
equivalent to the operator equation

u=Fu) (2.8)
in the space C"~1-"~1((2), where
Fu)(x,y) =P(fou)(x,y)), (2.9)

i.e., every solution of problem (2.7), (2.2) is a solution of Eq. (2.8) and vice versa, every solution of Eq. (2.8) is a
solution of problem (2.7), (2.2).

According to (2.5) and (2.6) the operator f, : crn=ln=ly — C(0) is continuous and for an arbitrary
u € C"~Ln=l() satisfies the inequality

| fow)(x, )| < 0o
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on {2, where

m—1n—1
00 = max {|f(x,y,zoo,---,zm1n1)| D(x,y) €82, Z Z|Zik| =2
i=0 k=0
m—1n—1
+ 20 max {ZZIﬁk(x,y)l t(x,y) e g,
i=1 k=0

Therefore it follows from (2.9) that F : ¢~ 1.n=162) _, cm=1.n=1( () is a compact operator mapping the ball
B(o) = {u € "M H@Q) lulon-1a1 < 01},

where 01 = ||Plloo and ||P]| is the norm of the operator P, into itself. By Schauder’s theorem, Eq. (2.8) and,
consequently, problem (2.7), (2.2) has at least one solution u# € B(p1).

To complete the proof of the theorem we need to show that an arbitrary solution of problem (2.7), (2.2) is at the
same time a solution of (2.1), (2.2). Assume the contrary that problem (2.7), (2.2) has a solution # which is not a
solution of problem (2.1), (2.2). Then in view of (2.5) and (2.6) either

lull cm-1a-1 > 20, (2.10)
or

o < |lullgm-1.n-1 < 20. (2.11)
Inequality (2.10) may not be the case because then f,(u)(x,y) = 0 and, consequently, u is a solution of the

homogeneous problem (1.1¢), (1.2) which has only a trivial solution. If (2.11) holds, then in view of (2.5) and (2.6),
u is a solution of problem (2.3), (2.2), where

A= X(”ullcm—l,n—l) € (0, 1).

But this is impossible again since, by one of the conditions of the theorem, every solution of problem (2.3), (2.2)
admits estimate (2.4). The obtained contradiction proves the theorem. [J

3. Nicoletti type nonlocal problem

Consider the problem

m—1 n—1
W™ ="y Y ho (u™ P 4+ f ey, u, o u TR, 3.1)
i=0 k=0

/a u®O s, y)deii(s) =0 (=0,....,m—1),
0 (3.2)

b
/Lﬂm@Jm@“n=o k=0,....,n—1),
0

where ¢1; : [0, a] — R and ¢y : [0, ] — R are nondecreasing functions such that
pri(@) > ¢1;(0) (@ =0,...,m—1), ook (D) > ok (0) (i =0,...,n—1). (3.3)

As above, the functions 1; : [0, a] = R, hy : [0,b] — Rand f : 2 x R™ — R are considered to be continuous.
The boundary conditions

M(i’O)(xiay)=0 (l=0’7m_1)7 u(()’k)(x’yk):() (k=0""’n_1)’

where 0 < x; < a,0 < yr < b, are a particular case of (3.2). Similar conditions for ordinary differential equations
are called Nicoletti conditions (see [26] and the literature quoted therein). Therefore it is natural to call (3.1), (3.2) a
Nicoletti type nonlocal problem.
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Theorem 3.1. Let there exist nonnegative constants o1;, ¢k, Bix i =0,...,m —1;k=0,...,n — 1) and y such
that
m—1 m—i n—1 n— m—1n—1 m—i n—k
2a 2b 2b
160 MRS ) S 5051 ) )
i=0 k=0 i=0 k=0
and the inequalities
lhii()] <ay (@=0,...,m—1), lhox(W| <k (k=0,...,n—1), (3.5)
m—1n—1
| f (X, ¥, 2000 -+ Zm—tm—1)] < ZZﬂzHszH‘J/ (3.6)
i=0 k=

hold on 2 x R™. Then problem (3.1), (3.2) has at least one solution.

To prove this theorem we will need the following three lemmas. This first of them is about a priori estimates of
solutions of the differential inequality

m—1n—1
" (x, y)| < Zahm(’ " (x, y)|+2a2k|u<'" D+ YD Bulu™P .y +y (3.7)
i=0 i=0 k=0

subject to the boundary conditions (3.2).
Everywhere below by ||z||;2 we denote the L2-norm of the function z € L2(£2).

Lemma 3.1. Let a1, a0k, Bix i = 0,...,m —1;k = 0,...,n — 1) be constants satisfying inequality (3.4). Then
there exists a positive number r such that for an arbitrary y > 0 every solution of problem (3.7), (3.2) admits the
estimate

||M||Cm—14,n—1 <ry. (38)
Proof. According to condition (3.4) the number
m—1 m—i n—1 n—k m—1n—1 m—i n—k
2a 2b 2a 2b
=2 (%) wr X (F) wrr X (¥) (%) m
i=0 \ T =0 \ 7T i=0 k=0 \ T

is less than 1. Set

m—1n—1
rn=>0-8""ah:, r=n)y Zam ik,
i=0 k=
Let u be an arbitrary solution of problem (3.7), (3.2). Then by the Minkowski inequality, from (3.7) we have
m—1n—1 ) |
™| 2 < Z ari @l 2 + Zmuu M2+ Bullu™ 2 + (@ab)2y. (3.9)
i=0 i=0 k=0

On the other hand in view of (3.3) and monotonicity of the functions ¢;; and ¢y it follows from (3.2) that

min{[u®®(x,y)|:0<x<a}=0 forO0<y<b(i=0,....m—1;k=0,...,n) (3.10)
and

min{ju®P(x,y)|:0<y<b}=0 for0<x<a(i=0,....,mk=0,....,n—1). (3.11)
Therefore

) ) a prb
@O e, y)I < @ p" f / ™" (s, )] dsds
o Jo

(ab)%a'"*"b”*"||u<mv”>||L2 for (x,y) e (G =0,...,.n—1; k=0,...,n—1). (3.12)

IA
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By Wirtinger’s inequality (see [27]) and conditions (3.10) and (3.11), for arbitrary i € {0, ..., m}, k € {0, ..., n}
and (x, y) € {2 the inequalities

ik 2 2a\*" 7 pa k 2
/w (5. ds$(—> /|u('"’ (s, y)Pds,
0 T 0

b . 2h 2n—2k b .
/ 0 (x, 1) 2dr < <_) / ™ (x, 1)|*dt
0 4 0

hold and, consequently,

a0 2 < (—a> (—) ™™, G =0,....m; k=0,....n).
T T

Therefore from (3.9) we find
el 2 < 8| 2 + (ab) 2y
and
lu™ ™ 2 < roy.
If along with this we take into account inequalities (3.12), then validity of the estimate (3.8) becomes evident.  [J

Along with (3.1), (3.2) consider the auxiliary differential equation

m—1 n—1
u =%y u" Y b (n)u™ (3.13)
i =0 k=0

and the auxiliary boundary value problems

m—1 ) a .

0™ = 3" hy; ()@, / v (5)dp1j(5) =0 (j=0,...,m—1), (.14)
i=0 0
n—1 b )

w® =" hy(w®, / w () dg2j(1) =0 (j=0,....,n=1). (3.15)
k=0 0

As above it will be assumed that ¢y; : [0,a] — R and ¢y : [0,b] — R are nondecreasing functions satisfying
conditions (3.3).

Lemma 3.2. Let conditions (3.5) hold on (2, where ay; (i =0, ...,m — 1) and ar; (k =0, ..., n — 1) are constants
satisfying the inequality

m—1 m—i n—1 n—k
2 2b

) (—“) i+ Y (-) an < 1. (3.16)
T =0 T

i=0
Then problem (3.13), (3.2), as well as problems (3.14) and (3.15) have only trivial solutions.

Proof. Let u be an arbitrary solution on problem (3.13), (3.2). Then in view of (3.5) it is also a solution of problem
(3.7, 3.2), where Bix =0 =0,...,m—1;k=0,...,n—1) and y = 0. Hence by Lemma 3.1 and inequality
(3.16), it follows that u(x, y) = 0.

On the other hand, with the same reasoning that we used in the proof of Lemma 3.1 one can prove that both
problems (3.14) and (3.15) have only trivial solutions provided that inequalities (3.5) and (3.16) hold. [

Proof of Theorem 3.1. By Theorem 2.1 and Lemma 3.2, to prove Theorem 3.1 it is sufficient to find a positive number
o such that for any A € (0, 1) every solution of the differential equation
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m—1 n—1
umm — Z hyi (Ou®™ + thk(y)u(m’k) +Af(x, v, u, ..., um=Ln=1 (3.17)
i=0 k=0
subject to the boundary conditions (3.2) admits the estimate (2.4).
Let r be the number appearing in Lemma 3.1 and o = ry. By (3.5) and (3.6), every solution of problem (3.17),

(3.2) is a solution of problem (3.7), (3.2) as well. Hence by Lemma 3.1 and inequality (3.4), we immediately get
estimate (2.4). O

Theorem 3.2. Let (3.5) hold on (2, and the condition

m—1n—1
|f (0920000 Zmotne1) = F (X, 9.2000 -+ > Zm—1nD] < D Y Biklzik — Zil (3.18)
i=0 k=0
hold on 2 x R™, where ay;, o0, Bix (i = 0,...,m — 1;k = 0,...,n — 1) are nonnegative constants satisfying

inequality (3.4). Then problem (3.1), (3.2) has one and only one solution.

Proof. Inequality (3.6) follows from (3.18), where y = max{|f(x, y,0,...,0)| : (x,y) € 2}. Consequently all of
the conditions of Theorem 3.1 are fulfilled that guarantees solvability of problem (3.1), (3.2).

All we need is to show is that the problem under consideration has at most one solution. Let ©| and u; be its
arbitrary solutions. Then in view of (3.18) the function

ux,y) =ui(x,y) —u(x,y)

is a solution of the problem (3.7), (3.2) with y = 0. Hence by Lemma 3.1 and inequality (3.4) it follows that
ulx,y)=0,ie,ui(x,y) =ur(x,y). U

In Theorems 3.1 and 3.2 condition (3.4) is unimprovable in the sense that it cannot be replaced by the inequality

m—1 m—i n—1 n—k m—1n—1 m—i n—k
S (i—”) ity (i—b) ot Y (i—“) (i—b> B < 1. (3.19)

i—0 k=0 i=0 k=0

Indeed, if m and n are even numbers, then the problem

man /T N\NM /T A\ Tt Tt
u(m’"):(—l)%< ) (—) u + sin — sin —

2a) \2b 2a 2b°
w90, y) =u® 19, y) =0 (i =0,..., % - 1) ,
w020 (x 0y = 4O+ (x by — 0 (i —0,..., g _ 1)

has no solution, although it satisfies all of the conditions of Theorem 3.2 except (3.4), which is replaced by (3.19).
4. Dirichlet and Lidstone type problems

In this section we consider the differential equation of even order

m . n

@2 =% w0 £ hor(u O 4 f e yu ) @.1)
i=0 k=0

with the boundary conditions of one of the following three types

u®20,y) =u"@,y) =0 (=0,....,m—1), 4.2)
u®P 0,00 =u®P e, b) =0 (k=0,....,n—1); |
w90, y) =u"@, y)=0 (=0,...,m—1),

(4.3)
U@ 0) =u®0x by=0 (*k=0,....,n—1);
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u®90, ) =u®%0G,y)=0 (=0,....m—1),
U@, 0) =u®x by=0 *k=0,....,n—1).

It is reasonable to call problem (4.1), (4.2) the Dirichlet problem, and problems (4.1), (4.3) and (4.1), (4.4) the
Dirichlet-Lidstone and the Lidstone problems, respectively, since similar problems for ordinary differential equations
are called namely in that way (see e.g. [28]).

Everywhere below the functions Ay; : [0,a] - R (@ = 0,...,m), hox : [0,b] — R (k = 0,...,n) and
f 2 x R™ — R are assumed to be continuous.

(4.4)

Theorem 4.1. Let the conditions

(—=D™"h1o(x) < aio, ()| <ay G=1,...,m), .5)
(=1)"h20(y) < 020, lhox (V)| e (k=1,...,n)
and
m—1n—1
(=D F (X, ¥, 2000 -2 Tm—1a-1)SEN 200 < D D Piklzikl + (4.6)
i=0 k=0

hold on (2 and 2 x R™ | respectively, where a1;, ook, Bix and y are nonnegative constants such that

i(;) “1’+Z( )n_ “2k+mzlni( )2m l<b)2n_kﬂik<1- 4.7)

i=0 i=0 k=
Then for any j € {2, 3,4} problem (4.1), (4.j) has at least one solution.

To prove this theorem we will need a lemma on a priori estimates of solutions of the differential inequality

m n
(=1)"*” (u@'”") () = Y hi@u P y) = Y hou® 0 (x, y)) sgn u(x, y)
i=0 k=0

X_: Z el (e, )+ y (4.8)

i=0 k=

subject to appropriate boundary conditions, and also lemmas on unique solvability of auxiliary homogeneous
boundary value problems. In particular, we consider the auxiliary differential equation

(2m 2n) __ Zhl (.x)l/l(l ,2n) + Zth (y)M(Zm k) (49)
=0 k=0

and the auxiliary boundary value problems

m

pm — Zhli(x)v(i), v©0)=v®@)=0 *k=0,...,m—1): (4.10)
m .

p@m — Zhli(x)v@, v 0) = v @) =0 *=0,...,m—1); 4.11)
i=0

w? = thl- (Nw?, w0y =w®B)=0 *k=0,...,n—-1); (4.12)
i=0
n

w®) — thi(x)w(i), w®0) = w®B)y=0 *k=0,...,n—1). (4.13)
i=0

We also make use of the following Wirtinger’s lemma [27].
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Lemma 4.1. Let k be a positive integer, ko be the integer part of ]‘2;1, to € Rand t) € (ty, +00). Then an arbitrary
function z € C*([tg, 1)) satisfying the boundary conditions
2j 2j .
2#0) =2 =0 (j=0,.... k)
satisfies the inequalities

1 . 5 n—rn 2= en k 2
/ 129 drs( ) / PP (=0,....k—1.
o 4 I

0

This lemma immediately implies

Lemma 4.2. Let mg and ng be the integer parts of mT_l and % respectively. Then an arbitrary functionu € C"™"(§2)
satisfying the boundary conditions

w90, y) =u®94G y)=0 (=0,...,m),
w020 0) = u®(x By =0 (k=0,...,np),

satisfies the inequalities

. a\m—i b n—k .
10,2 < (;) <;> ™™, G=0,....m; k=0,....n). (4.14)

Lemmad43. Leta; ( =0,...,m), o (k=0,...,n)and Bix i =0,...,m—1;k=0,...,n—1) be nonnegative
numbers satisfying condition (4.7). Moreover, let inequalities (4.5) hold on 2. Then there exists a positive number r
such that for any j € {2, 3,4} and y > 0 every solution of problem (4.8), (4.j) admits estimate (3.8).

Proof. Let § be the number from inequality (4.7) and
m n ax2m—i [ b 2n—k
r=1—8"ab (—) (-) . (4.15)

For an arbitrary function u € C?™2"({2) satisfying condition (4. /) have
a prb a prb
0 [ [l e vty = [ [T Py, (4.16)
0 JO 0 Jo

a b a b
(= 1yt / / s w2 (x, e, y)dxdy = (—=1)™ / / s GO (x, y)u @ (x, y)dxdy,
070 0 Jo 4.17)

a b a b
(1) f / Bk ()@ (e, (e, y)dxdy = (—1)" / / hoe ()™ (x, y)u 9 (x, y)dedy.
0 0 0 0

On the other hand, by Lemma 4.2, the function u satisfies inequalities (4.14).
Multiplying both sides of inequality (4.8) by |u(x, y)|, integrating over (2 and utilizing conditions (4.5), (4.16),
(4.17) and Schwartz’s inequality we obtain

m n
n) |2 3 0, k ,0
la™ 72 < Y enillu ™l 2 lu @ g2 + Y aollu™ O 2 1™ 2

i=0 k=0
m—1n—1 ' |

+ 20 > Bulu PNl 2 + @b)2yful 2.
i=0 k=0

Hence by inequalities (4.7) and (4.14), it follows that

axm (b\" 1
a2 < 8o+ () (;) (ab)ty
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and

m (b\" 1
e < (1 =87 (2) (;) (ab)?y. (4.18)

In view of (4.j) we have

min{|u"®(x,y)|:0<x <a}=0 for0<y<b(@i=0,....m—1; k=0,...,n),
min{lu®F(x,y)]:0<y<b}=0 forO0<x<a(i=0,....m; k=0,...,n—1).

Therefore
. a prb ) | )
Iu(”")(x,y)ls/ f D (s, )ldsdr < (ab)? u D
0 0

for(x,y) e 2@ =0,....m—1;k=0,...,n—1).

If along with this we take into account inequalities (4.14), (4.18) and equality (4.15), then validity of estimate (3.8)
becomes obvious. [

Lemma 4.4. Let inequalities (4.5) hold on (2, where a1; (i = 0,...,m) and o (k = 0, ..., n) are nonnegative
numbers such that
3 (-) ai Y (—) o < 1. (4.19)
“ b4 T
i=0 k=0

Then for any j € {2,3,4} problem (4.9), (4.j) has only a trivial solution. Moreover, each of the four problems
(4.10)—(4.13) has only a trivial solution.

Proof. Let u be a solution of problem (4.9), (4.j). Then it is a solution of problem (4.8), (4.j) as well, where
Bk =y =0G=0,....m—1;k =0,...,n —1). Hence Lemma 4.3 and conditions (4.5) and (4.19) imply
that u(x, y) = 0.

We prove the second part of the lemma for problem (4.10) only, since for problems (4.11)—(4.13) it can be proved
similarly. Let v be an arbitrary solution of problem (4.10). Multiplying both sides of the equation under consideration
by (—1)"v(x) and integrating over [0, a], by inequalities (4.5) and Lemma 4.1, we get

m a % a %
/ |U(m)(X)|2dx < Zali (/ |U(i)(x)|2dx> (/ |U(X)|2dX)
0 i=0 0 0
< (Z (4™ al,-> / o (o) P,

i=0
Hence (4.19) and equalities vV (@) =0 (i =0,...,m — 1) imply that v(x) = 0. O

Proof of Theorem 4.1. We prove solvability of problem (4.1), (4.2) only, since solvability of problems (4.1), (4.3)
and (4.1), (4.4) can be proved similarly.

By Theorem 1.1 and Lemma 4.3, there exists a linear bounded operator G : C(£2) — C?™2"({2) such that for any
fo € C({2) a solution of the differential equation

m n
w2 =3 "Ry u®? Y ko (u®P + folx, y)
i=0 k=0

subject to the boundary conditions (4.2) admits representation (1.8).
Let ||G|| be the norm of the operator G, r be the number from Lemma 4.3 and

m—1n—1

00 =max {|f(X,1,200, -+ Zm—tn-D| 1 (6, 3) € 2, Y Y|zl <ry (4.20)
i=0 k=0
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and

o =ool9gll. 4.21)

By Theorem 2.1 and Lemma 4.4, to prove solvability of problem (4.1), (4.2) it is sufficient to show that for any
A € (0, 1) every solution of the differential equation

W3 =3 i 43 g (P 4 A f G, v, D) (4.22)
i=0 k=0

subject to boundary conditions (4.2) admits the estimate
ull czm-1.20-1 < 0. (4.23)

According to (4.6) every solution of problem (4.22), (4.2) is also a solution of problem (4.8), (4.2). Hence, by
Lemma 4.3 and conditions (4.5) and (4.7), we get estimate (3.8). On the other hand, by Theorem 1.1, every such
solution admits the representation

u(x,y) =r1G2)(x,y),
where z(x, y) = f(x,y, u(x,y),...,u 57=D(x y)). Taking into account (3.8), (4.20) and (4.21), the validity of
estimate (4.23) becomes evident. [

Theorem 4.1 and Lemma 4.3 imply

Theorem 4.2. Let conditions (4.5) hold on (2 and the conditions

m—1n—1

(D" (f @ 922000 -+ Zm—1n-1) = FCE Y. Z00s -+ Zm—1n—1))580(200 — Z00) < D Y Biklzik — Zil
i=0 k=0

hold on £2 x R™, where a1;, a, Birx are nonnegative constants satisfying inequality (4.7). Then for any j € {2, 3, 4}
problem (4.1), (4.j) has one and only one solution.

Note that Theorems 4.1 and 4.2 cover equations having an arbitrary growth order with respect to phase arguments.
Indeed, consider the following examples of differential equations

w2 = (=)™ h e, y,u o u T PO sen uw + g (x, y), (4.24)
p@m.2n) _ (—1)m+nh()(x, y)|u|lJ-(X,)’)Sgn u+q(x,y), (4.25)

where i : 2 x R™ — (—00,0], ho : 2 = (—00,0], u : 2 — (0,400) and g : §2 — R are continuous functions.
By Theorems 4.1 and 4.2, for any j € {2, 3, 4} problem (4.24), (4.j) has at least one solution, and problem (4.25),
(4.j) has one and only one solution.

In conclusion of this section consider one more example

2m v\ 2n TX Ty
(2m 2n) __ m-+n
= (=1 h < ) (b> u + sin P sin b (4.26)

where £ is a constant. If 4 < 1, then by Theorem 4.2, for any j € {2, 3, 4} problem (4.26), (4.) has one and only one
solution. Let us show that if 4 = 1, then problem (4.26), (4.4) has no solutions. Assume the contrary that problem has
a solution u. Then by the formula of integration by parts we get

.2 2n
/ / (@m,2n) (., y)sm—51n7dxdy_( 1)'"+" — / f u(x, y)sm—sm—dxdy

Therefore multiplying (4.26) by sin Z* sin ”y and integrating over {2 we get the contradiction

a
f / sin? ™ sin? ﬂdxdy =0.
0 0 a b

Consequently, problem (4.26), (4.4) has no solution.
This example demonstrates that in Theorems 4.1 and 4.2 the strong inequality (4.7) cannot be replaced by an
unstrict one.
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5. Periodic problem

Consider the differential equation of even order

m . n

y@m.2n) _ Zhli(x)”(l’2n) + Zth(y)u(Zm,k) + f(x, y,u, u(l,l)’ o u(m—l,n—l)) (5.1
i=0 k=0

with the periodic boundary conditions

w90, y) =u@a,y) (=0,...,2m—1),

(5.2)
0,0 =u®x,b) (k=0,....,2n—1),

where hy; 1 [0,a] > R(G =0,...,m), ho : [0,b] > R(k=0,...,n)and f : 2 x RIFT"=D0=D are continuous
functions.
Note that if either m = 1 or n = 1, then by (5.1) we understand the equation

m n
w2 = "Ry u® Y hor(u®P 4 f(x, v, 0).
i=0 k=0

Theorem 5.1. Let the inequalities

(—D"hio(x) < —a1, |hi(x)| <o (G=1,...,m),

; (5.3)
(=D"hao(y) < —az, |ha(W)| <o (k=1,...,n),
m—1n—1
(=D f O, 9,2, 200 s Tt )sEn 2 < =Bl + Y Y Bulzikl + v, (5.4)
i=1 k=1

hold on 2 and 2 x RI1Tm=D@=1) respectively, where a1 > 0, a0 >0, 8 >0, a;; > 0, oo >0, Bix = 0andy >0
are constants such that

1 m a \m—i 2 1 n b n—k 2
n=g<2(§> “U) +@<Z(E) “2"> <1 G

i=1 k=1

m—1n—1 m—i n—k
> (5) (%) Bix <2(B(L—m)? . (5.6)

Then problem (5.1), (5.2) has at least one solution.
To prove Theorem 5.1 we need to study the differential inequality
n

(=1 (u@m’z”) () = Y hi@u® e, y) =Y hor(u®m P, y)) sgn u(x, y)

i=0 k=0
m—1n—1 )
< —BluGe. NI+ YD Bulu™ @, )l +y (5.7)
i=1 k=1

and the differential equation

m n
w2 =3 "y )u? 4+ " hy (U™ — (= 1) Bu (5.8)
i=0 k=0

subject to conditions (5.2); and also the auxiliary problems

m
@M — Zhli(x)v(i), v©0) = v® @) *k=0,...,2m — 1) (5.9)
i=0
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n
w® =3 " hai (»w®, wP0)=w®PB)=0 *k=0,...,2n—1). (5.10)
i=0

Note that in Theorem 5.1 and everywhere below it is assumed that if either m = 1 or n = 1, then

m—1n—1

Y>> Bz =0.

i=1 k=1

Lemma 5.1. Let k > 2 be a natural number, ty € R and t| € (tg, +00). Then an arbitrary function z € C*([10, 1)
satisfying conditions

Do) =z (=0,....,k—1),

satisfies the inequalities

ho o \2k=D
/ 120 @)Pdr < ( : 0) f 2O Pd G=1,....k=1).
o f

2 0

This lemma follows directly from Wirtinger’s theorem on periodic functions (see [29]).
Lemma 5.1 itself implies

Lemma 5.2. Let u € C™"({2) and

u(i’o)(O, y) = u(i’o)(a, y), u(0-6) (x,0) = u(o’k)(x, b) for (x,y) e 2
i=0,...m—1;k=0,....,n—1).

Then

. m—i b n—k
P, = (52) (E) ™2 G=1...om k=1.....n). G-11)

Lemma 5.3. If u € C11(02), then

1

_1 b\? 0,1)
lullc < (ab)” 2 lullp2 + - fl™™ ||L2+<

a

1
2 1
=) 1Ol 2 4+ 20ab)

Proof. Set

b a
v(x>=/0 @V (x, 1)|dr, w<y>=f0 9 (s, y)|ds

and choose points (xg, yo) € {2, x1 € [0, a] and y; € [0, b] in such a way that
lu(xo, yo)| = min{lu(x, y)| : (x,y) € 2}, v(x1) = min{v(x) : 0 <x < a},
w(yr) = min{w(y) : 0 <y < b}.

Then

1
|u(x0, yo)| < (ab) ™2 lull .2,

a b 1
b 2
v(X])Sa_lfo /0 |u<°’1><s,r>|dsdzs(5) @D,

1

a rb 1
won =67 [ [ w0 nidsar < (5)° 0z,
0 JO

On the other hand
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b
() < V() + / @V, 1) = @D ey p)1de
0

a b b % :
v(x1)+/ / D (s, 1)|dsdt < (5> @D 2 + (@b)2 |u-D]) 2,
0 0

IA

1
aya 1
wol = (5)7 12+ @) V) o,

b
lu(x, y)| < |u(xo, yo)| + lu(x, y) —u(x, yo)| + |u(x, yo) — u(xo, yo)|

1

_1 b\? 0,1)
lu(xo, yo)l +v(x) + w(yo) < (ab)” 2 |lull;2 + p lu™ "l 2

A

1
a\ 2 1
4 (3)2 1O 5 +2(ab)? u D 0. O

LemmaS4. Leta; > 0,00 >0, 8 >0, ay; > 0, aor > 0and Bir > 0 be constants satisfying inequalities (5.5) and
(5.6). Moreover, let inequality (5.3) hold on 2. Then there exists a positive number r such that for any y > 0 every
solution of problem (5.7), (5.2) admits estimate (3.8).

Proof. According to (5.6) there exists a number § € (0, 1) such that

m—1n—1

— = m—i n—k 1
> (5) (%) B < 2(1=8) (B —m)? . (5.12)

i=1 k=1

>~

Set

1n—1

; 1
. 7 m—ln— a \m—i b n—k (ab)i
T (2825(1 - n)) 22 (ﬁ) (g) BT (5.13)

i=1 k=1

r= (ab)_i(l +a+ b+ ab)ry. (5.14)

In view of (5.2) equalities (4.16) and (4.17) hold. On the other hand, Lemma 5.2 implies inequalities (5.11).
Multiplying both sides of inequality (5.7) by |u(x, y)|, integrating over {2 and taking into account (4.16), (4.17),
(5.11), (5.12) and Schwartz’s inequality, we obtain

m
)2 0,n) )2 i 0, ,0) 12
™17, < = u@P17, + D el 210 2 — eallu™ P17,

i=1

+ Zmnu(m N2l ™0 2 + Z Zﬁzkuu(l Ol 2+ (@b)2 y flull 2
k=1 i=1 k=1

m .
a \m—i
< —ai [u @7, + (Z (52) oeh-) ™ g2 @) 2
i=1 T
—aallu ™7, + Z(g) i | ™ gl ™0 2

k=1
1 1
+2(1=8) (B — )2 [ || 2 llull 2 + (@b) 2y lull 2. (5.15)
However,
2
(@ 0 0.1) 12 U (N~fa 2
(2@) om) e 2 g2 < el + 2o ;(E) o | ™",
2

2 b n—k 1 n b n—k
D (5) e W s <O g (30 (7)) 1
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1
201 =8) (BA — )2 u™ P 2llull 2 < A =8 — ) [u™m )12, + 1 = 8)Bull3.,
ab o
258
If along with this we take into account condition (5.5), then from (5.15) we get

8B ab
(m,n) 2 2 2
31 =™l + T hlife = 5oy

Hence (5.11) and (5.13) imply the inequality

m n .
DO 1P < roy.

i=0 k=0

1 5B
(@b)2yllull 2 < 7||u||iz +

By Lemma 5.3, estimate (3.8) directly follows from the latter inequality and (5.14). [

Lemma 5.5. Let conditions (5.3) hold on {2, where a1 > 0, ap > 0, ay; > 0, apx > 0 are constants satisfying
inequality (5.5). Then problems (5.9) and (5.10) have only trivial solutions. Moreover, for any 8 > 0 problem (5.8),
(5.2) has only a trivial solution.

Proof. Let u be a solution of problem (5.8), (5.2). Then it is a solution of problem (5.7), (5.2) as well, where B;r = 0
@i=1....m—1;k=1,...,n—1) and y = 0. Hence Lemma 5.4 and conditions (5.3) and (5.5) imply that
u(x,y)=0.

Now consider problem (5.9). According to (5.5) there exists § € (0, «1) such that

m 2
(Z (%) oel,-) < 4(a; — 5). (5.16)

i=1
Let v be an arbitrary solution of problem (5.9). Multiplying both sides of the corresponding differential equation by
(—=D™v(x), integrating over [0, a], and taking into account conditions (5.3) we get

m a 1 a 1
/ ™ (x)]2dx < —oq/ Iv(x)lzdx—i—Zali (/ |v<i>(x)|2dx)2 (f Iv(x)lzdx)z. (5.17)
0 0 = 0 0

On the other hand, by Lemma 5.1 and inequality (5.16), we have

m a % a % m i a % u %
2 e (fo |v<">(x)|2dx) ( /O |v(x)|2dx) 42{:(%) al,-> ( fo |v<m><x>|2dx) ( /0 Iv(x)|2dx)

2
1 m a \m—i a a
- il , (M) fn(2 B )
= 4(ay — §) (; <2n> “11) /0 [ (x)[7dx + (o 5)/0 lv(x)|“dx

a a
5/ [0 ()2 dx + (g —5)/ [v(x)|*dx.
0 0
Therefore (5.17) yields
a
af v()[Pdx <0,
0

and, consequently, v(x) = 0.
Similarly one can prove that problem (5.10) has only a trivial solution. [

Proof of Theorem 5.1. By Theorem 1.1 and Lemma 5.5, there exists a linear bounded operator G : C(£2) —
C?m21((2) such that for any fy € C(£2) a solution of the differential equation

m
w2 =3 "y )u 4+ " hy (U™ — (=) Bu + fo(x, y)

n
i=0 k=0

subject to the boundary conditions (5.2) admits the representation (1.8).
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Let ||G|| be the norm of the operator G, r be the number from Lemma 5.4 and

m n
00 = max { | £ (6, 4,2, 210, -+ Zmeta-D| 1 (6, 3) € 2,) D |zl vy +Bry. e =oeollGl. (5.18)
i=1 k=1

By Theorem 2.1 and Lemma 5.5, to prove the theorem it is sufficient to show that for any A € (0, 1) every solution
of the differential equation

m
w2 =% "y ) £ hoe (Y — (=D)L = 2)pu
i=0 k=0

+Af G,y u,u®D gDy (5.19)

n

subject to boundary conditions (5.2) admits estimate (4.23).

According to (5.4) an arbitrary solution u of problem (5.19), (5.2) is also a solution of problem (5.7), (5.2). Hence,
by Lemma 5.4 and conditions (5.3), (5.5) and (5.6) we get estimate (3.8). On the other hand, by Theorem 1.1, u admits
the representation

u(x,y) =21G(2)(x, y),
where

2@, y) = fxy,ute, y), u D, y), w0 y)) — (1) Budx, y).
Hence (3.8) and (5.18) imply (4.23). O

Theorem 5.2. Let conditions (5.3) hold on 2, and the inequalities

(_1)m+n (f(-x7 y’ 7,211 ---’Zm—ln—l) - f(X,yaZ,zll, azm—]l’l—])) Sgn(Z _Z)

m—1n—1

<—Blz—2l+ Y_ > Bixlzik — Zul,

i=1 k=1

hold on 2 x RIFTm=D@=D ohore oy > 0, an > 0, B >0 a1 >0 axy > 0, Bix = 0 are constants satisfying
inequalities (5.5) and (5.6). Then problem (5.1), (5.2) has one and only one solution.

Consider the following examples of differential equations

2m 2n 2m—2i
w2 = — (=" (2”) sou @2 — (—1y" (2”) Sou®™ 9 4 (=1)"*2 (2—”> Sou 2
a

a b
F(=1)"H2 (%) Sou 2K _ (Zqymtn (-”) (7”) Su + sin = sin %, (5.20)
a a
2m 2n 2m 2n
u(2m,2n) — _(_l)m (2_7[) 8M(0,2n) _ (_l)l’l (%) 8u(2m,0) _ (_1)m+n (2_7T> <277T> u
a a
(=1 <—”> (7”) Sou®:20 4 sin 2% in %, (5.21)
a a

where m > 2i > 1,n > 2k > 1,8 > 0,8 > 0.1f 69 < %(80 < 2), then by Theorem 5.2, problem (5.20), (5.2)
(problem (5.21), (5.2)) has one and only one solution for arbitrary § > 0. If §o > % and § = 269 — 1 (69 > 2 and
8 = &9 — 2), then problem (5.20), (5.2) (problem (5.21), (5.2)) has no solution at all. These examples demonstrate
that in Theorem 5.1 (Theorem 5.2) in the righthand side of inequality (5.5) (inequality (5.6)) the constant 1 (constant

2(8(1 — 17))%) cannot be replaced by 1 + ¢ (by 2(8(1 — n))% + &) however small ¢ > 0 may be.
The equation

w2 =y @ )u @ 4 by (U™ + f(x, y, u) (5.22)
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is a particular case of Eq. (5.1), where i1 : [0,a] — R, hy : [0,b] - Rand f : 2 x R — R are continuous
functions. Besides,

(=D"h1(x) <0, (=1)"ha(y) <0, (5.23)
and the function f satisfies either of the conditions

(=D f(x,y,2)sgnz < —Blzl + ¥ (5.24)

and

(=D (f(x, y,2) = f(x, ¥, D) sgn(z —2) < —Blz — 2. (5.25)
Theorems 5.1 and 5.2 imply

Corollary 5.1. Let inequality (5.23) hold on {2, and let condition (5.24) (condition (5.25)) hold on 2 x R, where
B >0,y > 0. Then problem (5.22), (5.2) has at least one (one and only one) solution.

It is obvious that the function

fx,y,2) = (=)™ hg(x, y)exp(zH)z + h(x, y),

where hg and & : 2 — R are continuous functions and hg(x, y) > 8 > 0 for (x, y) € {2, satisfies condition (5.25).
This example demonstrates that Theorems 5.1 and 5.2 cover equations with righthand sides having an arbitrary growth
order with respect to phase variables.
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