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Abstract. We investigate some boundary value problems for an Emden—
Fowler type differential system

up =gy’ uh = ga(t)u

on a finite or infinite interval I = [a,b), where g; : I — [0,00) (i = 1,2),
are locally integrable functions. We give the optimal, in a certain sense,
sufficient conditions which guarantee the existence of a unique (at least
of one) nonnegative solution, satisfying one of the two following boundary

conditions:

A2
1

i) ui(a) =co, limuyi(t) =c¢; ii) us(a) =co, limuy(t) =c,
t—b t—b
in case 0<¢p<c<—+oo (in case ¢g >0, c=+00 and A\; Az >1). Moreover, the
global two-sided estimations of the above-mentioned solutions are obtained
together with applications to differential equations with p-Laplacian.
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1. INTRODUCTION

Let —o00 < a < b < +oo and I = [a,b). Consider the system

uy =gy’ uh = ga(t)u”, (L.1)

on the interval I (finite or infinite), where A1, Ao are positive numbers,
functions g; : I — Ry = [0,4+00) (i = 1,2) are locally Lebesgue integrable
on I, i.e., integrable on [a, t] for any ¢y € (a,b). By a nonnegative solution
of the system (1.1), defined on I, we mean a locally absolutely continuous
vector function (u1,uz) : I — R% which satisfies (1.1) a.e. on I.

We study the following problems on nonnegative solutions of the system
(1.1), defined on I:

ui(a) = co, limuy(t) = c; (1.2)
t—b

ug(a) = co, limuy(t) = cg; (1.3)
t—b

ui(a) = co, limui(t) = 4o0; (1.4)
t—b

uz(a) = cg, limuy(t) = o0, (1.5)

where ¢y is a nonnegative and c¢; is a positive constant. Observe that the
functions g; in (1.1) need not be integrable on I; in this sense, the problems
(1.1), (1.k) (k= 2,3,4,5) are singular. As for the problems (1.1),(1.4) and
(1.1),(1.5), they are also singular if the functions g; are integrable on I,
and in this case we get the blow-up phenomena.

The system (1.1) includes the differential equation with the p-Laplacian

operator
/

((h:(t)>p>/ = h(t)u', (L6)

where p and /¢ are positive constants, ho : I — (0,+00) and h : I — R are
locally Lebesgue integrable functions.

A locally absolutely continuous nondecreasing function « : I — Ry is
said to be a nonnegative nondecreasing solution of the equation (1.6) if
there exists a locally absolutely continuous function v : I — Ry such that

u'(t)\P oo
(ho(t)> =o(t), V'(t) = h(t)'(t) ae. on I.

From the above-said we can see that a locally absolutely continuous non-
decreasing function w : I — R4 is a solution of the equation (1.6) if and
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only if the vector function (u1,u2) with the components

w(t) = (;‘;((?))p us(t) = ul?) (1.71)
is a solution of the system (1.1), where
M=l A= ]1) (8 = h(t), ga(t) = ho(t). (1.8)
Analogously, the equalities
ur(t) = ult), ua(t) = (Z;(é)))p (1.72)

establish one-to-one correspondence between the set of nonnegative nonde-
creasing solutions of the equation (1.6) and that of nonnegative solutions
of the system (1.1), where

1
A= D A2 =1, gi(t) = ho(t), ga(t) = h(?). (1.82)
The above-stated problems on nonnegative solutions of the system (1.1)
correspond the following problems on nonnegative nondecreasing solutions
of the equation (1.6):

. w(t) u'(t)
1 = =cy; 1.
v ho(t) o ho(t) v (1:91)
u(a) = cp, limu(t) = cy; (1.99)
t—b
B ()
u(a) = ¢y, %1_1[3{17 holt) c1; (1.101)
() .
1 = 1 =c1; 1.1
oy~ 0 Hmu(®) = e (1.10)
. u/(t) . u(t)
1 = 1 = : 1.11
et O o)~ T (1.11)
u(a) = cp, limu(t) = +o0; (1.115)
t—b
(1)
= 1 = : 1.12
) = o, tim i) oo (112)
/
t
lim w(t) cp, limu(t) = +o0. (1.129)

t—a ho(t) - t—+b
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Asymptotic properties of solutions of differential system (1.1) and equa-
tion (1.6) have been widely investigated in the literature (see, e.g., [1-21]
and references therein), where the following terminology have been used.

If b = 400, then a positive solution (uj,ug) of the system (1.1) (positive,
nondecreasing solution u of equation (1.6)), defined in some neighborhood
400, is called proper.

The proper solution (u1,uz2) (solution u) is called weakly increasing, if

: _u(t)
tlg—ni-loo v (t) < +oo ( t—li-&moo hg(t) < +OO)

and strongly increasing, if

. i Y
t—}-imoo ul(t) = +oo ( t—)l-ni-loo ho(t) a +OO>‘

A positive solution (ug,us) of the system (1.1) (positive, nondecreasing
solution u of equation (1.6)), defined in some finite interval [t.,t*) and
satisfying the condition

. . . / .
thﬁnta* ui(t) = +oo thi% u'(t) = +00)

is called blow-up, or by the terminology adopted in [14], a singular solution
of the second kind.

The problems on the existence of positive, nondecreasing proper and
blow-up solutions of different types have been investigated in details. How-
ever, every such problem can be reduced to one of the above-formulated sin-
gular boundary value problems. Therefore a complete description of sets of
proper and blow-up solutions of the system (1.1) and equation (1.6) can be
achieved by solving the problems (1.1),(1.2)—(1.1),(1.5) and (1.6), (1.91)—
(1.6), (1.122). Nevertheless, these problems remain still little studied. In
our work we will make an attempt to fill in this gap.

In Section 2 we establish optimal, in a certain sense, sufficient condi-
tions which guarantee the existence of a unique nonnegative solution of the
problems (1.1), (1.2) and (1.1), (1.3). Similarly, in Section 3 we give optimal
sufficient conditions for the existence of at least one nonnegative solution of
the problems (1.1),(1.4) and (1.1), (1.5). Moreover, for the solutions of the
problems (1.1), (1.4) and (1.1), (1.5) we obtain two-sided global estimations.
In Section 4, we apply our results to the problems (1.6), (1.91)—(1.6), (1.123).

In particular, when b = +00 (b < 4+00) our theorems improve the earlier
obtained results on the existence of weakly and strongly increasing proper
solutions (blow-up solutions) of the differential equation (1.6) and the sys-
tem (1.1), see [1-6], [13-19] and [21].
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Throughout the paper the following notation will be used: [z]; = (z +
|x|)/2 for a real number z; L(I; Ry ) is the set of Lebesgue integrable func-
tions; Lioc(I; Ry ) is the set of functions, Lebesgue integrable in the interval
[a, to] for an arbitrary to € I.

2. ProBLEMS (1.1),(1.2) aND (1.1),(1.3)
We study the problems (1.1),(1.2) and (1.1),(1.3) in the case when

g1 € L(I;R+), g2 € LlOC(I;R+), Gy € L(I;R+) (2.1)
and
meas{t € I : gi(t) >0} >0, (2.2)
where . N
Gatt) =) [ )as) 23)

a

For any > 0 put
( b 1

[xl_’\ - (1- )\)/ Go(s) ds} Y for A< 1

b “ *
p(z,A) = exp ( —/ Go(s) ds)az for A=1. (2.4)
a b 1

(:cH T 1)/ Go(s) ds) = for A> 1

\ a

Theorem 2.1. Assume (2.1), (2.2) and
0 <co < oer,N), (2.5)

where A = A\ A2. Then the problem (1.1),(1.2) has a unique nonnegative
solution.

For the proof of Theorem 2.1 the following two lemmas will be needed.
Lemma 2.1. Assume (2.1), (2.2) and
0 < cp < (e, N), (2.6)

where X = AAg. Let (vi,v2) : I — R% be a solution of the system of
differential inequalities

0 < vy (t) < gi(t)vy' (1), 0 <vh(t) < galt)or? (1), (2.7)
satisfying the initial conditions

vi(a) =co, wv2(a)=0. (2.8)
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Then

Ul(b—) = Pi?(ll)vl (t) S C1. (2.9)

Proof. In view of (2.3), it follows from (2.7) and (2.8) that

t t
0=t < [ a0 ds <00 [ nlds

a a

and 0 < v} (t) < Go(t)v](t). From this inequality it follows that v1(b—) <
v(b—), where v is a solution of the Cauchy problem

V' (t) = Go(t)v (t), wv(a) = .

Since
(cl_)‘—i—(l—)\)/tG( ™
1 0(€) d§) for A\ #1
v(t) = t @
Co XD ( / Go(€) dg) for A= 1,
summarizing (2.4) and (2.6), we obtain (2.9). O

Lemma 2.2. Letw; : [ xRy — Ry (i =0,1,2) be functions satisfying the
conditions

wi(t,0) =0 a.e. onI (i=0,1,2), (2.10)
b
wo(-,x) € L(I; Ry), / wo(s,x)ds >0 for z € (0,400). (2.11)

Let (v1,v2) : I — R? be a solution of the system of differential inequalities

v (t) sgnwva(t) > wolt, [va(t)]), vh(t)sgnwvi(t) >0, (2.129)
L0 Swrlt O, P40 <t @) (2122)

such that
vi(a)va(a) =0, wvi(b—)=0. (2.13)

Then v;(t) =0 (i = 1,2).
Proof. In view of (2.121) and (2.13)we have

%(Ul (t)va(t)) > 0 a.e. on I, (2.14)

vi(t)va(t) > 0 for t € 1. (2.15)

First, we show that
v1(t)va(t) = 0. (2.16)
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Assume the contradiction. In view of (2.14) and (2.15), there exists ty €
(a,b) such that vi(¢t)va(t) > 0 for tg <t < b. From here and (2.121) we get
lv1 ()| = v (t) sgnwvi(t) = v} (t) sgnva(t) > 0 a.e. on t € (o, b)

and |v1(b—)| > |vi(to)] > 0, which contradicts the equality vi(b—) = 0.
Therefore (2.16) is true.
Now we will prove that
va(t) = 0. (2.17)
Assume the contradiction. There exists an interval (aq,b1) C (a,b) such
that
va(t) #0 for a1 <t < by (2.18)

and
either a; =a, by =b or a3 > a, ve(ay) =0 (b1 <b, va(by) = 0). (2.19)

In accordance with (2.16) and (2.18), we have v1(t) = 0 for a; < t < b.
So, from (2.10) and (2.122) we get v5(t) = 0 a.e. on t € (ay,b1). In view
of this equality, it follows from (2.18) and (2.19) that a; = a, by = b and
va(t) = ¢, where ¢ = v9(a) # 0. Hence, by (2.121) and (2.13) we obtain
vi(t)sgne > wo(t,|c|) ae. on I, wvi(a)=wv1(b—)=0.

Consequently,

b
0= (vi(b—) — vi(a)) sgnc > / wo(s,|c|) ds,

which contradicts (2.11). Hence (2.17) holds.
In view of (2.10) and (2.17), from (2.123) we get v{(t) =0 a.e. on t € I.
From here and from the equality v;(b—) = 0 it follows that v(¢) =0. O

Proof of Theorem 2.1. First we will prove the assertion in the case
where b < 4+00. For any natural k put

R R WA
and consider the delayed differential system
(1) = gr(t)ug’ (mi(1)),  u(t) = g2(t)uy® (i (t)) (2.21)
with the initial conditions
ui(a) = co, uz(a) =1. (2.22)

In accordance with (2.1) and (2.20), for every v € Ry the problem (2.21),
(2.22) has the unique nonnegative solution (uig(-,7), uok(-,7y)) which is
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continuous with respect to the parameter v. Moreover, uii(-,7) has the
finite limit w1k (b—, "), and uix(b—, ) : R+ — Ry is a continuous function.
If ¢ = 0, then u;,(¢,0) =0 (i = 1,2) and, consequently,

u1k(b—,0) < ¢. (2.23)

We will show that this inequality holds also for ¢y > 0. Indeed, it fol-
lows from (2.20) and (2.21) that the vector function (vy,v2), where v;(t) =
w;k(t,0) (i = 1,2), is a solution of the problem (2.7), (2.8) and so, according
to the condition (2.6) and Lemma 2.1, we get (2.23).

By (2.4) we have ¢(x,\) < x for x > 0. Therefore, from (2.5) we have
¢op < c1. In accordance with (2.2), there exists 79 > 0 such that

= ta—a( [ e as)

Hence from (2.21) and (2.22) we get uax(t,70) > 7o for t € I and

b
urk(b—,70) > co + 7 / g1(s)ds > c1. (2.24)

In view of the continuity of uir(b—,-) : Ry — Ry, it follows from (2.23)
and (2.24) the existence of a number 7 € [0, vo] such that uy,(b—, %) = c1.
Put

Uik (t) = uig(t,v) for t el (i=1,2).

Obviously, (@1, Uak) is a solution of the system (2.21) satisfying the bound-
ary conditions

Moreover,
t
0 < Tn(t) < c1, 0 < Tog(t) <0 + ci""/ gols)ds for tel, (2.25)
a

0 <uy'(t) <G(t), 0<uy'(t) < ci‘Qgg(t) a.e. on I, (2.26)

0<cp —up(t) < /b G(s)ds for t eI, (2.27)
where t .
G(t) = 91(t) (’Yo +)2 /0 g2(s) dS) v
and, as follows from (2.1),

G e L(I;Ry). (2.28)
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In accordance with (2.1) and (2.26), the inequalities (2.25), (2.26) yield that
the sequences (U;1)72; (¢ = 1,2) are uniformly bounded and equicontinuous
on [a,b — €] for any small € > 0. Hence by the Ascoli-Arzeld lemma there
exists a sequence of natural integers (ky,)>>_; for which (T, )50, (i = 1,2)
converge uniformly on each interval [a,b — €] for any small € > 0. Set

wilt) = Tim g, (1) (i=1,2).

Passing to the limit as m — oo in the equalities
t
Ui, (1) = co +/ gl(s)ﬂ;\klm (Tky, (5)) ds,
a

t
Usg,, (t) = Uz, (a) + / gﬂs)ﬂf‘ﬁm (Tk,, (s))ds for a <t <b,

by the Lebesgue dominant convergence theorem and by (2.20) we obtain

ui(t) =co + / gl(s)ué\l(s) ds,

uz(t) = uz(a) + /t g2(s)ul?(s)ds for tel.

On the other hand, in light of (2.27), it holds
b
0<ec1—u(t) S/ G(s)ds for t e I.
t

Consequently, (u1,u2) is a solution of the problem (1.1),(1.2).

Let us now prove that the problem (1.1),(1.2) does not have solutions
different from (uj,u2). Let (ui,w2) be an arbitrary solution of (1.1), (1.2).
Put

vi(t) = u;(t) —ui(t) (i=1,2).
Then
V() = gu(8) (s (1) — ug (1), vh(E) = ga(t) (W12 () — ui®(t)).  (2.29)

Moreover, v; and vy satisfy (2.13).
It is known that if o > 1, then for any = > 0, T > 0 it holds

(T — 2% sgn (T —x) > |T — 2|®, [T — 2% < a2z Y7 — 1|,
and if 0 < a < 1, then

(T — 2%)sgn (T — ) > az® T — 2|, |[%—2% <|T— x|
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where z = max{z,Z}. Obviously, z <x+Z <1+xz+7 for x > 0,7 > 0.
Therefore, (2.29) yields the inequalities (2.121) and (2.129), where

gl(t)x)‘l for \y >1
(Uo(t,l') = . A1
Algl(t)(l + ua(t) + U2(t)) z for 0< N\ <1
and for i € {1,2},
wilt,z) = Aigi(t) (1 +u3—(t) + U3_i(t))k"_1:c for \; >1
o gi(t)z™ for 0 < \; < 1.

On the other hand, taking into account (2.1) and (2.2), it is obvious that
functions w; : I x Ry — Ry (i = 0,1, 2) satisfy the conditions (2.10) and
(2.11). Applying Lemma 2.2, we get v;(t) =0 (i = 1,2), i.e. w(t) = u;(t)
(i=1,2).

It remains to consider the case where b = +o00. In this case, by means of
the transformation

r=1-1+t—a)t wut)=wiz) (i=1,2),
the problem (1.1), (1.2) is reduced to the problem
w) = hy(z)w)t, wh = hy(x)w)?, (2.30)

w1(0) = ¢, lim wi(x) = ¢y, (2.31)
z—1

where clearly, the symbol / denotes the derivative with respect to z, and
hi(z) = (1 —2)2gi(a+ (1 —2)"t = 1) (i=1,2).
On the other hand, by the conditions (2.1) and (2.2) we have
h1€L([0,1);R), ho€Lic([0,1);R), meas{z€[0, 1) : hy(x)>0}%D,32)

1 +oo
/ Ho(x)de = | Go(t)dt < +oo, (2.33)
0

a

where
(o) = (@) ( [ hafeyag) ™

However, according to the above-proved result, the conditions (2.32), (2.33)
and (2.5) guarantee the unique solvability of the problem (2.30),(2.31).
Consequently, the problem (1.1),(1.2) is uniquely solvable as well. O

Remark 2.1. The condition (2.2) is necessary for the unique solvability of
the problem (1.1),(1.2). In fact, if g1(¢) = 0, then for ¢y # ¢; the problem
(1.1), (1.2) does not have a solution and for ¢y = ¢; it has an infinite set of
solutions.
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Remark 2.2. In Theorem 2.1 the condition (2.5) is optimal and it cannot
be replaced by the condition
0<co<opc,\) +¢ (2.34)

for any small ¢ > 0. Indeed, if g1 € L(I;R,) is any function satisfying
condition (2.2),

g2(t) =0 and ¢o =1 +¢,
the problem (1.1),(1.2) does not have a nonnegative solution even if all
conditions of Theorem 2.1 are fulfilled except (2.5) which is replaced by
(2.34).

Now we consider the problem (1.1),(1.3). Suppose

G0 =ant)(1+ [ ga)as) "

For any > 0 and y > 0, put

)
(z 12"‘.@) )\—JJM —(1—=A /G1 ds for A<1
Y(x,y, ) = :E%+y—exp /Gl ds) *2 for A=1 .
1-2 1
x 2 — (x4 y)l” —1/G1 ds for A>1

Theorem 2.2. Let the condition (2.1) hold and, moreover, either co = 0
or

co >0 and (co,c1,\) > 0. (2.35)

Then the problem (1.1),(1.3) has a unique nonnegative solution.
To prove the theorem, we need the following lemma.

Lemma 2.3. Assume (2.1) and (2.35). In addition, let the system of dif-
ferential inequalities (2.7) have a solution (vi,vs) satisfying the conditions

vi(a) =0, wva(a)= cop. (2.36)
Then the inequality (2.9) is valid.
Proof. Put

1
v(s) = g2 +vi(s).
Then we have from (2.7) and (2.36)

a1 1 a1

v(a+):c§2, v(b— )—c0 + v1(b—), v(t)2c82,
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t
0 <wva(t) <co +/ ga(s)v2(s) ds <
0

t

< o+ v72(t) /Ot g2(s) ds < v*2(t) (1 + /0 g2(s) ds)

and
:))A((?) = U,\l(t) /0 g1(s)vy* (8)ds < Gi(t) for t €I

Integrating this inequality from a to b, we get

¥(co,v1(b—),\) <O0.

Since v is an increasing function with respect to the second argument, from
here and (2.35) the inequality (2.9) follows. O

Proof of Theorem 2.2. If g;(s) = 0, then the unique solvability of the
problem (1.1), (1.3) is obvious. Hence, in what follows, we assume that the
condition (2.2) is satisfied. The proof of the existence of a nonnegative
solution of the investigated problem will be omitted because it is similar to
that one of the problem (1.1),(1.2). The only difference is that one must
use Lemma 2.3 instead of Lemma 2.1.

Now we prove that the problem (1.1),(1.3) has no more than one non-
negative solution. Assume the contrary that there exist two different non-
negative solutions (u1,u2) and (U, us).

If wi(s) = ui(s) for some s € I, then by Theorem 2.1, w;(t) = uy(¢) for
s <t < b. Thus, because (ui,u2) and (a1, us) are different solutions, there
exists tg € I such that u;(t) # w1 (t) for a <t < tp and

ﬂl(to) = ul(to). (237)
Without loss of generality we can assume that
ul (t) > U (t) for a <t <ty. (238)

Then
¢
o (t) — ug(t) = / g2(s) (ﬂf‘z(s) - ui‘2(s)) ds >0 for a<t<ty
and

(@i (t) —ui(t)) = g1(t) (@2 (t) — u>(t)) > 0 a.e. on (a,to).

The last inequality gives a contradiction with the conditions (2.37) and
(2.38). If wi(s) # ui(s) for any s € I, the argument is similar and so the
proof is complete. O
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Remark 2.3. It can be easily seen that if g1 € L(I;Ry), g2 € Lioe(I; Ry)
and Gy € L(I;Ry), then for any ¢g > 0 and ¢; € (0,400) the problems
(1.1),(1.2) and (1.1),(1.3) do not have solutions. Consequently, in Theo-
rems 2.1 and 2.2 the condition Gy € L(I;Ry) is necessary.

3. PROBLEMS (1.1),(1.4) AND (1.1),(1.5)

We study the problems (1.1), (1.4) and (1.1), (1.5) in the case when (2.1)
holds but the assumption (2.2) is changed by the stronger one

meas {s € (t,b) : gi(s)g2(s) >0} >0 for a <t <b. (3.1)
Below we will use the following notation:
(14 A1)(1+ Ag) L+
U V- o= =1,9), 3.2
Do p= O m1 )
1 1
g(t) = (1mgr(t)) " (n2g2(t)) . (3.3)
t A1
Golt) =10 (p+ [ w(0)ds) (0> 0). (3.4)

Obviously, when Gy € L(I; R, ), we have G, € L(I;R). Put

ri(t; p) = [((A -1) /tb Gp(s) dS)llA - 1L,

ra(t: p) = / ga(5)r2 (53 p) ds,

and for g € L(I;R}) put

(3.5)

ri(t: ) =p+(<1+m / (0 (1) / 9(s)ds) ™ dT) T i1,2), (36)

Theorem 3.1. Assume (2.1), (3.1) and

A>Log%<(u—nl%mgwy3. (3.7)

Then the problem (1.1),(1.4) has at least one nonnegative solution (uy,us),
g € L(I;Ry) and there exists a positive number p such that (u1,uz2) satisfies

ri(t;p) <wi(t) <ri(t;p) for tel (i=1,2). (3.8)

To prove this theorem, we need the four lemmas below.
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Lemma 3.1. Let
i S LZOC(I;R+) (Z = 172)5 A > 1’ (39)

and the condition (3.1) be satisfied. In addition, let the system (1.1) have
at least one nontrivial nonnegative solution (uy,uz) on I. Then

/bg(s) ds < 00, (3.10)

and (u1,ug) satisfies

1

b
ui (Bus(t) < ((M - 1)/t 9(s) ds) T for tel. (3.11)

Proof. In view of (3.1) and the fact that (u;,u2) is a nontrivial solution
of (1.1), there exists ag € I such that

v(t) = ui(t)ua(t) >0 for ag <t <b. (3.12)
Moreover,
either ag =a, or ap>a and v(t) =0 for a <t < agp. (3.13)
It is clear that
V() = gi(t)up (1) + ga(t)uy* T (1) (3.14)

Since A > 1, it follows from (3.2)
1 1
p>1, m>1 (i=12), —+—=1.
Hi o H2

Using this and the Young inequality, we get
1 1
g(t)0 (1) = ((mgr )71t (1)) ((noga(t) 72 w5 (1)) <
< g1 (Ouyt T (t) + ga(t)uy2TH(t) for ag <t < b.
Hence it follows from (3.12) and (3.14)
v'(t)
vk(t)
Integrating this inequality from ¢ to s, ag <t < s < b, we have

> g(t) a.e. on (ag,b).

1 1 s s
> 1 -1
g 2 g =D [ atndr> =) [ gty
and, consequently, as s — b,
1 b
> _ )
00 > P (1 1)/t g(t)dr for ap <t<b



SINGULAR BOUNDARY VALUE PROBLEMS 1095

From here and the fact g € Ljo.(I;R ), the inequalities (3.10) and (3.11)
follow. O

Lemma 3.2. Let the assumptions of Lemma 3.1 be fulfilled. Then there
exists a positive constant p such that any solution (uy,ug) : I — Ri of the
system (1.1) satisfies the estimation

ui(t) < ri(t;p) for tel (i=1,2). (3.15)
Proof. In view of (3.1), there exists ag € (a, b) such that
ao
/ gi(s)ds >0 (1 =1,2). (3.16)

On the other hand, according to Lemma 3.1, the condition (3.10) is satisfied.
Since A > 1, we have u > 1. Put

L= ((N - 1) /abg(S) ds) T=mAg (/aao 02(5) ds>_;2’
" ((M - /abg(s) ds) o (/ao g1(s) d5>;1,

a

and p = max {1, p1, p2}. Let (u1,uz) : I — R2 be a solution of the system
(1.1). According to Lemma 3.1, the estimation (3.11) holds. If u;(a) < 1,
then, obviously,

ui(a) < p. (3.17)
We will show that this estimation holds also when u(a) > 1. In this case
we have ui(ag) > ui(a) > 1, and from here and (3.11) we get

1

us(ao) < ((n—1) / " 4(s) ds) ™"

ap

Taking into account this and the condition (3.16), we have from (1.1)

uz(ag) = uz(a) + /ao gz(s)ui‘z(s) ds > ui\Q(a) /ao g2(s)ds

and so
1 1

up(a) < uy? (a0)</aa0 g2(s) ds>_E < p1.

Hence, (3.17) holds.
From (1.1) we have

(ui+/\1 (t))/ =14+ M)gi(t) (Ul(t)ug (t))kl'
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From here and the inequalities (3.11) and (3.17) we have

A

b A
(w1 () < (1+ )\1)91(75)((H - 1)/t 9(s) ds) -

and by integration
A

t b 1
ul M) < MM (14 A) / gl(T)<(,u—1)/ g(s) ds) dr for tel.
a T
Consequently, using (3.2) and the inequality (z + y)? < 27+ y? for x > 0,
y>0(0<g<1), wehave
ui(t) <rj(t;p) for tel.
Analogously, the second estimation (3.15) can be proved. a

Lemma 3.3. Let A\ > 1 and the conditions (2.1) and (3.1) be satisfied.
In addition, let the system (1.1) have at least one nontrivial nonnegative
solution (uy,ug) on I. Then there exists a positive number p such that uy
satisfies the estimation

1t (t) > <5+ (A — 1)/tpr(s) ds>

1
1—

A
for tel, (3.18)

where

0 =lim(1 + uy ()17 (3.19)

Proof. By Lemma 3.2, there exists p > 0 such that any solution (uq,us) :
I — R? of the system (1.1) satisfies the estimation u;(a) < p (i = 1,2).
Taking into account this and (3.4), from (1.1) we have

ug(t) = ug(a) + /at gg(s)ui\2(s) ds < p+ (/at 92(s) ds)ui“"(t) <

< (p—l—/atgg(s) ds) (1+u(t)* for tel

and

(A —D)uf(t)
m S (A=1)Gp(t) for tel.

Integrating this inequality from ¢ to b, we get
b
(1+u () <o+ (= 1)/ Gp(s)ds for tel.
t

From here, the estimation (3.18) follows. O

In the sequel, we will also use the following obvious lemma.
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Lemma 3.4. Let g; € Lipo(I;Ry) (i = 1,2) and (uig,ug) : I — R
(k=1,2,...) be a sequence of solutions of the system (1.1) such that
limsup u;x(t) < +oo for tel (i =1,2).

k——+o0

Then there exists a solution (ui,uz) : I — R% of the system (1.1) and a
subsequence of the given sequence (ui,, ,usg,,) (m=1,2,...) such that for
any bo € ()

lim w,, (t) =wi(t) (1=1,2)

k—o0
uniformly on [a, bo].
Proof of Theorem 3.1. In accordance with (2.4) and (3.7), there exists
¢ > 0 such that

o <plc+k,N) (E=1,2,...).
By Theorem 2.1, for any integer k the system (1.1) has a solution (uyx, ugg) :
I— Ri satisfying the boundary conditions

uig(a+) = co, wrk(b—) =c+k. (3.20)

On the other hand, by Lemmas 3.1-3.3, the condition (3.10) is satisfied
and there exists a positive constant p such that for any integer k there are
satisfied the following inequalities

wi(t) <ri(t;p) for tel (i=1,2) (3.21)

and
b 1
1+ uie(t) > (5k + (A — 1)/ Gp(s) ds) Mfor tel (i=1,2), (3.22)
t

where 6 = (¢ + k)!=*. By Lemma 3.4 and the condition (3.21) without
loss of generality we can suppose that for any by € (a,b) the sequence
(u1g, uor) (kK =1,2,...) is uniformly convergent on (a, bg) to some solution
(ur,uz) : I — R% of the system (1.1). Then in view of (3.5) and (3.20)-
(3.22) we have that (u1,ug) is a solution of the problem (1.1), (1.4) satisfying
the inequalities (3.8). O

Theorem 3.2. Assume (2.1), (3.1) and
A2

A>1, 0<c< (()\— 1)/abG1(s)ds)H. (3.23)

Then the problem (1.1), (1.4) has at least one nonnegative solution (u1,usz)
and there ezists a positive number p such that (ui,ug) satisfies (3.8).
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Theorem 3.2 can be proved analogously to Theorem 3.1. The only dif-
ference is in using Theorem 2.2 instead of Theorem 2.1. O

4. PROBLEMS FOR THE EQUATION (1.6)

For an arbitrary p > 0, we set

=) (o [ ha(6)s)', Haglt)=ha(t) (p+ [ 151 a5) " (@)

We study the problems (1.6),(1.9;) and (1.6),(1.10;) in the cases when

h e L(I;R+), ho € L]OC(I; (O,+OO)), Hy € L(I;R+); (4.21)
ho € L(I;(0,4)), h € Li.(I;Ry), Hy € L(I;R+) (4.22)

and
meas {t € I : h(t) >0} > 0. (4.3)

When investigating the problems (1.6), (1.11;) and (1.6), (1.12;), instead
of (4.3) we assume that

meas {s € (t,b) : h(s) >0} >0 for t € 1. (4.4)

If for some i € {1,2} the condition (4.2;) is fulfilled, then for arbitrary
x>0 and y > 0 we define

p—~ — b %Z
[xp—M/ Hiosds]p for £ <p
+

@i(r,4,p) = { exp / Hio(s ds for ¢ =p, (4.5)

. =
(xv —i—/H,O ) for ¢ >p

) —
(:ﬂ’_‘_y) _;L‘p_z—pg/ Hu(s)ds for €<p

,

;

Y1(z,y,L,p) = $p+y—exp /Hu(s ds)xp for £ =1p,

4
Pt — (xp+y P—/HH for £ >p
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(:cl/é y)pz/ v —/ Hy(s)ds for £ <p

Yo(x,y,L,p) = 1/£+y—exp / H (s ds) 1/t for f=p.
—¢ p—t

a:pr — (acl/g / Hy(s)ds for £>p

Theorem 4.1. Leti € {1,2}. Assume (4.22-), (4.3) and the condition
0 S Co S @i(617€7p) (461)

hold. Then the problem (1.6), (1.9;) has a unique nonnegative, nondecreas-
ing solution.

Proof. Asit is mentioned in Introduction, formulas (1.7;) establish one-to-
one correspondence between the set of nonnegative, nondecreasing solutions
of the problem (1.6), (1.9;) and that of nonnegative solutions of the problem
(1.1),(1.2), where the numbers Aj, A2 and the functions g1, g2 are given
by the equalities (1.8;). On the other hand, from the equalities (4.1), (4.5;)
and the conditions (4.2;), (4.3) and (4.6;) follow the conditions (2.1), (2.2)
and (2.5). However, by Theorem 2.1, the last three conditions guarantee
the existence of a unique nonnegative solution of the problem (1.1),(1.2).
Consequently, the problem (1.6),(1.9;) has likewise a unique nonnegative,
nondecreasing solution. O

Analogously, from Theorem 2.2 we have the following.

Theorem 4.2. Let i € {1,2} and the condition (4.2;) hold. Moreover,
either co = 0, or ¢ > 0 and ;(co,c1,4,p) > 0. Then the problem
(1.6), (1.10;) has a unique nonnegative, nondecreasing solution.

Let v, v1, 19 be the numbers and h; the function defined by
(1401 +p) o p+2p+1 e lp+2p+1
tp+2p+1 0 I+p = 72 pi+0
ha(t) = (nh(8)) /" (vah(t)) /2. (4.8)

If £ > p, then for an arbitrary p > 0 we put

(4.7)

P

wlt: )= [(5 2 () ) P“*—l] " ntn) -/ ho()wo(s: p) ds; (1.9)

_l’_

w2<t;p>:[(€;p / Hy(s)ds) ' —1L; (4.10)
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Wt p) = p+ ((1+;)/:h0(7) <(1/—1)/bh1(s) ds)p“l—") dr) e

We study the problem (1.6), (1 11;) in the case when

£>p, 0<c < / Hiy(s ds , (4.12;)
and the problems (1.6),(1.12;) and ( (1.123) in the cases when
£ > p, 0< ¢ < / Hll dS , (4.131)
and
{—p b L2,
0>p, 0<co< (p/ Hoy(s) ds)p , (4.132)
respectively.

Theorem 4.3. Let i € {1,2} and the conditions (4.2;), (4.4) and (4.12;)
hold. Then the problem (1.6), (1.11;) has at least one nonnegative, nonde-
creasing solution w and there exists a positive constant p, independent of
co, such that u satisfies the estimation

w;(t; p) < u(t) <w*(t;p) for tel. (4.14)

Theorem 4.4. Let i € {1,2} and the conditions (4.2;), (4.4) and (4.13;)
hold. Then the problem (1.6),(1.12;) has at least one nonnegative, nonde-
creasing solution w and there exists a positive constant p, independent of
o, such that u satisfies (4.14).

Theorem 4.3 (Theorem 4.4) is proved similarly to Theorem 4.1. The only
difference is that instead of Theorem 2.1 we use Theorem 3.1 (Theorem 3.2).

As an example, let us consider the case when b = 400,
li =1 4.1
a >0, limho(t) (4.15)
and there exist constants y1 > 0, v2 > v1, 0 € R and 0 € R such that
y1t7 < h(t) < 4at?, 71t?° < ho(t) < 42t°° a.e. on (a,+00).  (4.16)

In this case, the boundary conditions (1.11;) and (1.12;) (i = 1,2) take,
respectively, the form

!/ — : —00,,! — .
u'(a) = ¢y, tlgrnoo (t77U/(t)) = +oo; (4.171)

u(a) = co, tEeroo u(t) = +oo; (4.179)
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— 3 —00,,/ _ .
u(a) = co, t_1}+moo (t77/(t)) = +oo; (4.187)
v (a) = co, tgglmu(t) = 400, (4.18)

where u/(a) = %gn u'(t).
Along with (1.6), (4.17;) and (1.6), (4.18;) (¢ = 1,2) we consider also for

every to € (a,+0o0) the problem on the existence of a blow-up solution u of
the equation (1.6) which satisfies one of the following two conditions:

v (a) = co, tlLr? u(t) = +oo; (4.191)
0
u(a) = cop, tl'lglo u(t) = +o0. (4.197)

In view of (4.1) and (4.16), to fulfil (4.21) it is necessary and sufficient
that

either o9 > -1, o < —1—4(op+1), or o9 < -1, o <—1, (4.20;)
and to fulfil (4.22) it is necessary and sufficient that

1
cither 0> —1, 09 < —1— 270 or o< —1, gg<—1.  (4.202)
p
We consider the problems (1.6), (4.17;) and (1.6), (4.19;) in the case when
Y —p +o0o -2
L>p, 0<¢cy< (* Hio(s) ds)p , (4.21;)
p a

and the problems (1.6), (4.181) and (1.6), (4.183), respectively, in the cases
when

_ 400 1
{>p, 0<c< (Tp Hll(s) dS) pie, (4.221)
and
/— P +o0o %
£>p, 0<¢cy< (T H (s) ds)p . (4.229)

Corollary 4.1. Let i € {1,2} and assume (4.15), (4.16), (4.20;) and
(4.21;). Then the problem (1.6), (4.17;) has at least one nonnegative, non-
decreasing solution w and there exist constants p1 > 0 and p2 > p1, inde-
pendent on cq, such that u satisfies the inequalities

p1 < lminf(t™%u(t)) < limsup(t™*u(t)) < p2, (4.23)
t—+o00 t—+o00
where
o — 1+ 0 +p(l+o00)
= .,

. (4.24)
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Proof. According to the above-said, if along with (4.16) the condition
(4.20;) is fulfilled, then the condition (4.2;) is likewise fulfilled. On the other
hand, (4.16) and (4.21;) guarantee the fulfilment of the conditions (4.4) and
(4.12;). Moreover, (4.15) shows that the boundary conditions (1.11;) and
(4.17;) are equivalent. Consequently, all the conditions of Theorem 4.3 are
fulfilled. Therefore the problem (1.6), (1.17;) has at least one nonnegative,
nondecreasing solution u and every such solution satisfies (4.14), where p is
a positive constant, independent of ¢y. If i =1, 09 > —1,0 < —1—4(09+1)
(i=2,0>—1,00 < —1—21), then in view of (4.15) and (4.16), it follows
from (4.1), (4.9) and (4.10) that

w;(t; p) > p1t™ for t > ay,

where ag > a and p; > 0 are independent on ¢y and u. Therefore from
(4.14) we find that

liminf (¢~ %u(t)) > p1. (4.25)

t—-+o0

Let us now show that the above inequality holds even in the case, when
i=1l,00<—-1l,0<-1(=20<-1,090<—1). Let v:[a,+00) = R be
a locally absolutely continuous function such that

o(t) = (Z;((?))p V() = h(t)u(t) ae. on (a,+oo). (4.26)
Then by virtue of (4.16), a.e. on (a,+00) we have
VP (1) > %t“*douf(t)u’(t), (4.27)
2
VP (1) < %t“*douf(t)u’(t). (4.28)

Consider first the case, when o < 0g. We choose ty > a and t; > ty so
that v(tp) > 0 and
+1
Bito=ooul (1) < v’ P (tg) for t >ty

(A+p)n
(1+0)py2

where 81 = . Integrating (4.27) on (¢, t), we obtain

ptl pt1 1 t
v’ (t) > v’ (to) + (P‘")’Yl/ 577000t (s)u/ () ds >
b2 to
+1
>0 (to) + But” 0 (uF(t) — u'(t0)) >
> Btoo0utt(t) for t > 1.
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Hence it follows from (4.26) that

_ep+1) Uog—0)
V()0 PED (£) < Byt T ae. on (t1,400),

~

where 5 = 728,

L
1

. The integration of this inequality on (¢, +o0) yields

p—2 z{;Jr;f o+1+£(og+1)
vPED (1) < Byt A for t > tq,

where

_ (£ —p)B2 =
Ps = (p(1+a+(1+00)€)> '

Taking into account (4.16), we get from the last inequality
o+1+€(og+1)
W) >yBst -t T for t> 1
and
u(t) > pit® for t > ty,
where p; = (7103)/a. Consequently, the inequality (4.25) is valid.
The validity of the inequality (4.25) for ¢ > o can be proved analogously.

In this case instead of (4.27) we have to apply the inequality (4.28).
To complete the proof, it remains to show that

limsup (¢~ %u(t)) < p2, (4.29)

t——+o0

where py is a positive constant, not depending on ¢y and w.
Since, along with the condition (4.20;) the inequality ¢ > p is likewise
fulfilled, then from (4.7) and (4.24) we obtain

(1+p)A40) +p(1+£)(1 + o)
1=
vy g p+2p+1

o 0 1 P
140 —1—(——1———1—1) ) =«
( 0 v o p(l—v)/ 1+p

By virtue of these conditions and the inequalities (4.16), from (4.8) and
(4.11) we have

o 0
7_’_7

<0,

w*(t; p) < pot® for t > a,

where po is a positive constant, depending only on a, p, ¢, v1, Y2, oo,
o. Taking into account the above estimation, from (4.14) we obtain the
inequality (4.29). O

Reasoning analogously, from Theorem 4.4 we obtain the following.



1104 MARIELLA CECCHI, ZUZANA DOSLA, IVAN KIGURADZE, MAURO MARINI

Corollary 4.2. Let i € {1,2} and assume (4.15), (4.16), (4.20;) and
(4.22;). Then the problem (1.6), (1.18;) has at least one nonnegative, non-
decreasing solution w and there exist constants p1 > 0 and p2 > p1, inde-
pendent on cgy, such that u satisfies the inequalities (4.23), where « is given

by (4.24).

Remark 4.1. According to Corollaries 4.1 and 4.2, it is clear that in
Theorems 3.1 and 3.2 (in Theorems 4.3 and 4.4) the two-sided estimations
(3.8) and (4.14) are optimal in the sense that they cannot be replaced by
the estimations

mOri(t: p) < wlt) < m@)ri(tp) for teT (i=1,2)
and
m(Hwi(t; p) < u(t) < ma(t)w(t;p) for t €1,
where 7; : [a,+00) = (0,400) (i = 1,2) are continuous functions such that
either %1_1}1% n(t) = 400, or ,11;i_r>rll)772(t) =0.

Corollary 4.3. Leti € {1,2} and assume (4.15), (4.16), (4.20;) and (4.21;)
be fulfilled. Then for an arbitrary ty € (a,+00) the problem (1.6), (4.19;)
has at least one nonnegative, nondecreasing solution u and there exist con-
stants p1(to) > 0 and pa(ty) > pi(to), independent on cy, such that u
satisfies the inequalities

p+l p+l
p1(to) <liminf ((t—to) =ru(t)) <limsup ((t—to) =7 u(t)) <p2(to). (4.30)
t—to t—to

Proof. First, notice that the boundary conditions (4.191) are equivalent
with the conditions

/ _ : / _ /
u'(a) = ¢, tlL%u (t) = 400, (4.19))

because the functions hg and h are bounded in the interval (a,to).
Let ag = tg — a. Using the transformation

2
Qg

T to—t
the equation (1.6) is reduced to the equation
/

((fOQE:L‘))py = fla)’, (4.32)

where, clearly, the symbol / denotes the derivative with respect to x, and
2

fo) = () ho(to -2, s@)= (L) m(t- D). (43

X

x v(z) = u(t) for a <t <o, (4.31)
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As for the boundary conditions (4.19]) and (4.192), they take, respec-
tively, the form

vie) =en N (@0(@) = oo (4.34,)
and
v(ap) = cp, ﬁUll)llloov(a:) = +o0. (4.34)

By virtue of the conditions (4.15), (4.16) and (4.21;), it follows from
(4.33) that
lim fO(x) =1,
erao (4.35)
81(to) < 2*fo(x) < ba(to), di(te) < 2°f(x) < ba(to) for = > ag

and

l— +o0
£>p, 0<¢< <p/ Fio(S) dS), (4360
p a
where 91 (t9) and d2(tp) are pos1t1ve constants, depending on %,
1/p
Fio(x / fo(s dS , Fao(x) = fo(iﬂ)(/ fo(s) ds) :
ag

By Corollary 4.1, under the conditions (4.35) and (4.36;) the problem
(4.32), (4.34;) has at least one nonnegative, nondecreasing solution v and
there exist constants 71 (tp) > 0 and n2(tg) > n1(to), independent on cp,
such that v satisfies the inequalities

ptl ptl
7 (to) < liminf (z»=?v(z)) < limsup (z7—v(z)) < na(to).
T—+00 400

On the other hand, according to the above-said, the transformation
(4.31) establishes one-to-one correspondence between the set of nonnega-
tive, nondecreasing solutions of the problems (1.6), (1.19;) and (4.32), (4.34;).
Therefore it is clear that the problem (1.6), (1.19;) has at least one nonnega-
tive, nondecreasing solution and every such solution satisfies the inequalities
(4.30), where

2(p+1)

pr(to) = ap"" nk(to) (k=1,2). -
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