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§ 1. Statement of the Basic Results.

1.1. Formulation of the problem, main notation and definitions. On
a finite interval ]a, b[ we consider the functional differential equation

(L.1) u'(t) = f(u)(t),

where f is the operator acting from the space C} (]a,b[) to the space Liyc(]a, b[).
We are mainly interested in the case when f is a singular operator, i.e. when
f(w)(-) & L([a,b]) for an arbitrary u € C}_(Ja,b[). A simple, but important
particular case of (1.1) is the differential equation with deviating arguments

(1.1) u”(t) = folt, u(ri(t)), u'(r2(1))),

where fo :]a,b[ xR?> — R is the function satisfying the local Carathéodory con-
ditions, and 7; :]a,b]—]a,b[ (i = 1,2) are continuous functions. In the present
paper, for the singular equations (1.1) and (1.1') we investigate the two-point
boundary value problems

(1.29) u(a+) =0, u(d—)=0
and
(1.29) u(a+) =0, u'(b—)=0

with the additional condition

b

(1.3) /u?(s) ds < +o0.

a

If f is the Nemytski operator, i.e. if f(u)(t) = fo(t,u(t),u/(t)), then the
singular problems (1.1),(1.2;) (i = 1,2) are studied with sufficient thoroughness
(see, e.g., [1]-[3], [5]-[9], [15], [16], [18], [20]). If f is the operator of general type,
or 7;(t) Z t (i = 1,2), then the problems (1.1),(1.2;) (i = 1,2) and (1.1'),(1.2;)
(i = 1,2) are studied only in the so-called weakly singular cases, when

b
/(t —a)(b—t)|f(u)(t)| dt < +oo for u e C([a,b]),

or

b
/(t—a)(b—t)fo(t,a:,y)\dt<+oo for z and y € R
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(see [4], [11]-[14], [19], [21]-[24]) and the references therein). In strongly singular
cases these problems remained in fact unstudied. The present paper is meant to
fill up the existing gap to some extent.

Throughout the paper we will use the following notation.

R =]—o0,+o0[; Ry =[0,400[; I =]a,b], or I =]a,b].

u(to+) and ug(t—) are, respectively, the right and the left limits of the function
u at the point tg.

C}l .(I) is the topological space of continuously differentiable functions u : I —
R in which the sequence (u)72, is assumed to be converging to u if

lim wug(t) =wu(t), lim wuy(t)=1u'(t)

k—4o00 k—4o00
uniformly on every compact interval contained in 1.

b
Dy(Ja,b]) = {u € CL (Ja,b]) s ulat) = u(b—) =0, [w%(s)ds < +oo}.

loc

b
Do(Ja,b]) = {u e CL (Ja,b)) s ula+) = u'(b) = 0, [w2(s)ds < +oo}.
a
CL.(I) is the space of functions u : I — R, absolutely continuous together
with their first derivative on every compact interval contained in I.
Lioc(I) is the topological space of functions v : I — R, Lebesgue integrable on
every compact interval contained in I, in which the sequence (vk);;"i is assumed

to be converging to v if

to
lim /\vk(t) ) dt=0 for t; €T (i=1,2).

k—+o00
t1

L?([a, b]) is the space of Lebesgue square integrable functions v : [a,b] — R
with the norm

b

vl ,, = </v2(t) dt> 1/2.

a

LIQOC(I ) is the space of functions v : I — R, Lebesgue square integrable on
every compact interval contained in I.

Liﬁ(]a, b]) is the space of square integrable with the weight (t — a)*(b — t)?
functions v : |a, b — R with the norm

o, = ( /b (1= 0~ 0*2(0) -

a

By a solution of Eq. (1.1) is understood the function u € élloc(}a, b[) which

almost everywhere on |a, b[ satisfies that equation. The solution of Eq. (1.1) sat-
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isfying conditions (1.2;) and (1.3) (conditions (1.22) and (1.3)) is called the solu-
tion of problem (1.1),(1.2;), (1.3) (the solution of problem (1.1), (1.25),
(1.3)).

Along with (1.1), we consider the perturbed equation

(1.4) u(t) = f(u)(t) + h(t)

and introduce the following definition.

DEFINITION 1.1. Problem (1.1),(1.21),(1.3) (problem (1.1),(1.22),(1.3)) is
called stable with respect to a small perturbation of the right-hand member of Eq.
(1.1) if there exists a positive number r such that for any h € L%z(]a, b)) (for any
h e L3 (Ja,b])) problem (1.4),(1.21), (1.3) (problem (1.4), (1.22), (1.3)) is uniquely
solvable and

It — wpllo < rllplly  (lhuhe = ol o < rllell )

where up, and ug are the solutions of problems (1.4), (1.21), (1.3) and (1.1), (1.2;),
(1.3) (of problems (1.4),(1.29), (1.3) and (1.1), (1.22), (1.3)).

DEFINITION 1.2. We say that the operator f : CL (la,b[) = Lioc(Ja,b]) (the
operator f : CL_(Ja,b]) — Lioc(Ja,b])) belongs to the set Ki(Ja,b]) (to the set
Ka(Ja,b])) if it is continuous and there exists a continuous function w
la,b] x]a,b xRy — R4 (w :]a,b]x]a,b] x Ry — Ry) such that

(1.5) w(t,t,p) =0 for a<t<b, pe Ry

and for an arbitrary w € D1(]a,b]) (v € Da(]a,b])) the inequality

t

(16) (/uwxaw53w@uwwﬁ>ﬁra<sst<b

s

is fulfilled.
In the case, where

(L.7) feki(a b)) (f € Ka(la,b])),

we have proved a general theorem on the solvability of problem (1.1),(1.2;), (1.3)
(of problem (1.1), (1.22), (1.3)) and called it the principle of a priori boundedness.
Using this principle, we have found effective and optimal in a certain sense condi-
tions which guarantee, respectively, the solvability and unique solvability of prob-
lems (1.1),(1.2;),(1.3) and (1.1"),(1.2;),(1.3) (¢ = 1,2) and their stability with
respect to small perturbations of the right-hand member of the equation under
consideration.
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1.2. The principle of a priori boundedness. Let (ak)zoo and (bk);;“l’ be
the number sequences such that

(1.8) a<ap<b,<b (k=1,2,...), lim ar=a, lm by =>0.
k—4o00 k—4o00

For an arbitrary u € CL (Ja,b[) and natural k we put

0 for t € [a,ar] U [b, ]
(1.9) Tr(w)(t) = { flu)(t) for ap <t <kbk ' ’

and consider the auxiliary functional differential equation

(1.10) u”(t) = M (u)(t)

with a parameter A € [0,1].

THEOREM 1.1. Let condition (1.7) be fulfilled, and let there exist a positive
constant ro and sequences (ay) 25, (by)!2S satisfying conditions (1.8), such that
for arbitrary A € [0,1] and natural k every solution of problem (1.10),(1.21) (of
problem (1.10), (1.22)) admits the estimate

b

(1.11) /u/2(s) ds < rZ.

a

Then problem (1.1), (1.21), (1.3) (problem (1.1), (1.22), (1.3)) has at least one solu-
tion.

Note that the analogous result for regular boundary value problems is con-
tained in [10].

1.3. The existence and uniqueness theorems for Eq. (1.1).

THEOREM 1.2. Let condition (1.7) be fulfilled, and let there exist constants
e 0,1], bop > 0, ap €]a,b[ and by € Jag, b] such that for an arbitrary w € Di(]a, b])
(for an arbitrary u € D(]a,b])) the inequality

(1.12) /f s)ds > E/ s)ds — Ly for a <ty <ag, bp <t<b

is fulfilled. Then problem (1.1),(1.21),(1.3) (problem (1.1),(1.22),(1.3)) has at
least one solution.

Corollaries of that theorem given below deal with the functional differential
equation

(1.13) u(t) = fi(u)(®)u(t) + f2(w) () () + fou)(?),
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where f; : CL _(la,b[) = Lioc(Ja,b]) (i =0,1,2) are continuous operators. Assume

7i(t:0) = sup {Ifi(@)(O)] - we Dy(Ja,b), [l < p} (1=0,1,2),
fattip) =sup {If:w)(®)] : w e Daa,b]), Il,, < p} (i =0,1,2).
We are interested in the cases where the conditions

(1.144) fo1(op) € Lyo(Ja,b]) for pe Ry, lim p | f5i(,p)ll,, =0,
p——+0o0 2,2

(1151) ffl(?p) S LZOC(]avb[)v f§1(7p) S leoc(}avb[) for p € Ry,

or the conditions

(1.142) foa(+,p) € L%,O(]aa b[) for pe Ry, lim P_lfffékz('aP)HLz =0,
p—r—+o0 2,0

(1-152) f1*2('7:0) S Lloc(]avb])v f;Q('vp) € LIQOC(]G’? b}) for pE R+

are fulfilled.

COROLLARY 1.1. Let conditions (1.141), (1.151) (conditions (1.142), (1.152))
be fulfilled, and let there exist a constant X €]0,4[ such that for an arbitrary
u € Di(Ja,b]) (for an arbitrary w € Ds(]a,b])) almost everywhere on ]a,b[ the
inequality

(1.16) FEu)(#) < Afi(u)(t)

is fulfilled. Then problem (1.13),(1.21),(1.3) (problem (1.13), (1.22), (1.3)) has at
least one solution.
ExamMprLE 1.1. Consider the differential equation

Ar(t)|u(r(8) [ Ae(u(r@)F
(t _1 a)2a1 (b _ t)2,31 (t i a)al (b _ t)ﬁl u (t) +
Ao(t)
(t —a)(b— t)ﬁo ’

(1.17) () =

u(t) +

+

where oy, B; (i = 0,1,2), u are nonnegative constants, while X\; : [a,b] — R
(i =0,1,2) and 7 :]a,b]— ]a,b] are continuous functions. According to Corolla-
ry 1.1, if
3 3 3 9
a <5, Fo<y <Oéo< 3 50:51:ﬂ2:0> and Aj(t) < 4Ai(t),

then problem (1.17),(1.21),(1.3) (problem (1.1), (1.22), (1.3)) has at least one so-
lution. Consequently, under the conditions of Corollary 1.1 Eq. (1.13) may have
singularities of arbitrary order at the points a and b (at the point a).
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ExXAMPLE 1.2. If fi(u)(t) = m, fu)(t) = =L, and fo(u)(t) = 15,

then for Eq. (1.13) all the conditions of Corollary 1.1 hold, except (1.16), instead
of which we have

FE)(t) < 4fi(u)(t).
On the other hand, in this case Eq. (1.13) has the form

ut) _ W(t)

"(t) = 15
w(t) 4(t —a)? t—a+

and its arbitrary solution admits the representation
u(t) = c1(t —a)Y? + ca(t — a) V2 + At — a)?,

where ¢; € R (i = 1,2). Hence it is evident that both problems (1.13), (1.21), (1.3)
and (1.13), (1.22), (1.3) have no solution.

The above constructed example shows that the condition ¢ €]0,1[ (A €]0,4[)
in Theorem 1.2 (in Corollary 1.1) is unimprovable and it cannot be replaced by
the condition £ =1 (A = 4).

Now we proceed to the consideration of the case when condition (1.16) is
violated, but fi and f, satisfy either the conditions

(1.181) A)(t) > _(t_a)fl(b_t)z, | f2(u)(t)] < (t—aiz(b—t)’
where
4¢ 2¢
(1,191) (b _1a)2 + 5 _2a <1,
or the conditions
(1.182) fr(u)(t) > —(tfla)Q, |[f2(u)(t)] < (fa),
where
(1.192) 46 426 <1.

COROLLARY 1.2. Let conditions (1.141) (conditions (1.142)) be fulfilled and
f11(Gop) € Line(Ja, b)) (f15(+, p) € Lioe(]a,b])) for p € Ry. Let, moreover, there exist
nonnegative constants {1, Uy satisfying inequality (1.191) (inequality (1.192)), such
that for an arbitrary u € Di(]a,b]) (for an arbitrary uw € Da(]a,b])) inequalities
(1.181) (inequalities (1.182)) are fulfilled almost everywhere on |a,b[. Then problem
(1.13) (1.21), (1.3) (problem (1.13), (1.22),(1.3)) has at least one solution.

ExamMpPLE 1.3. Consider the differential equation

A1 y A2

(1.20) u'(t) = o

U/(t) + 2+ )\1 + )\2,
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where A1 and \o are positive constants. This equation is obtained from (1.13) in
the case where

fi(u)(t) = _(ti\la)Q’ fa(u)(t) = - = » Jo(w)(t) =24 M+ Ao

t—a

It is clear that in this case conditions (1.181), (conditions (1.182)), where {1 =
A(b—a)?, o = Xo(b—a) (b1 = M1, lo = o), are fulfilled. By Corollary 1.2, it
follows that the inequality

AN +2X <1

guarantees the solvability of problems (1.20), (1.21), (1.3) and (1.20), (1.22), (1.3).
On the other hand, if

4N 4+ 2X =1,

then both problems (1.20),(1.21),(1.3) and (1.20),(1.22), (1.3) have no solution
since an arbitrary solution of Eq. (1.20) has the form

u(t) = c1(t —a)"? + eo(t — a)'/*722 + (¢t — a)?,

where ¢; € R (i =1,2).
The above constructed example shows that condition (1.19;) (condition (1.193))
in Corollary 1.2 is unimprovable and it cannot be replaced by the condition

40y 249

(1.21) a7 + <1 (40 +26<1).

THEOREM 1.3. Let condition (1.7) be fulfilled, and let there exist constants
¢ € (0,1, ag €la,b[ and by €]ag,b[ such that for arbitrary u; € Di(]a,b]) (for
arbitrary u; € Dy(Ja, b)) (i = 1,2) the inequality

(1.22) / (Fluz)(s) — F(ur)()) (ua(s) — ua(s)) ds >

> —E/ (uh(s) — ) (s))?ds for a <ty <ag, by <t<b

a

1s fulfilled. Let, moreover,

(1.23) F0)() € L35(Jabl)  (f(0)() € L3o(Ja,b]) ).

Then problem (1.1),(1.21), (1.3) (problem (1.1),(1.22),(1.3)) is uniquely solvable
and stable with respect to small perturbations of the right-hand member of Eq. (1.1).
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REMARK 1.1. By Ezamples 1.2 and 1.3, the condition ¢ € [0,1] in Theo-
rem 1.3 is unimprovable and it cannot be replaced by the condition £ = 1.

REMARK 1.2. Under the conditions of Theorem 1.3, problem (1.1),(1.2;)
(problem (1.1),(1.22)) may have an infinite set of solutions. Indeed, if A\ > 0,
A2 >0, and 4\ + 2)\y < 1, then for Eq. (1.20) all the conditions of Theorem 1.3
are fulfilled, and hence problems (1.20),(1.21),(1.3) and (1.20), (1.22), (1.3) are
uniquely solvable. On the other hand, it is clear that both problems (1.20), (1.21)
and (1.20), (1.22) have an infinite set of solutions.

1.4. The existence and uniqueness theorems for Eq. (1.1'). Every-
where in this section we assume that the function fj :]a,b][ x R? — R is measur-
able in the first and continuous in the two last arguments. As for the functions
7i +]a,b[—]a,b] (i = 1,2), they are continuously differentiable and

() #0 for a<t<b (i=1,2).
Of special interest is the case when in ]a, b[ x R? either the inequality

i ()[*/?|x|

(1.24;) [fot, z,y)| < () —a)b—n ()t —a)b—1t)

_l’_

bl 5 () y]

g A =@ ),

or the inequality

Glr @12l Gl ]

(11(t) — a)(t — a) PR +q(t, (t — a)"Y?|z])

(1.249)  [fo(t,z,y)| <

is fulfilled. Here ¢; and /5 are nonnegative constants, and ¢ :|a,b[ xRy — Ry is a
nondecreasing in the second argument function, satisfying the conditions

(1251> q(up) € L%,2<]a7 bD for pE R+7 lim P_1HQ('7P)HL2 - 07
p—>—+o00 2,2

or

(1.25) q(-,p) € Lyo(Ja,b]) for pe Ry, lim p~Yq(-,p),, =0.
p—r+oo 2,0

THEOREM 1.4. Let there exist positive constants £1, ¢ and a nondecreas-
ing in the second argument function q :la,b[ xRy — Ry satisfying conditions
(1.191) and (1.251) (conditions (1.193), (1.255)) such that in ]a,b] x R? condition
(1.241) (condition (1.242)) is fulfilled. Then problem (1.1"),(1.21), (1.3) (problem
(1.1),(1.29), (1.3)) has at least one solution.

The theorem on the unique solvability of problems (1.1),(1.21),(1.3) and
(1.1),(1.22), (1.3) concerns the cases where instead of (1.24;) the condition

(1.261) |fo(t,z1,y1) — fo(t, w2, 2)] <
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< Gl ()2 |21 — 2 L LalmO1 Iy — vl
T (@) —a)(b—ni()(t —a)(b—1) (t—a)(b—1)
is fulfilled, and instead of (1.245) the condition

(1262) |f0(t>$17y1> - fO(t7x27y2)| <

Ol — x| o]y ()Y |y1 — val
(r1(t) —a)(t — a) t—a

is fulfilled.

THEOREM 1.5. Let there exist positive constants {1, o satisfying inequal-
ity (1.191) (inequality (1.192)) such that in |a,b] x R? condition (1.261) (condition
(1.262)) s fulfilled. Moreover, let

(1.27) fo(-,0,0) € L3 5(Ja,b) (fo(-,0,0) € L3 y(a,b])).

Then problem (1.1"), (1.21), (1.3) (problem (1.1"), (1.22), (1.3)) is uniquely solvable,
and its solution is stable with respect to small perturbations of the right-hand mem-
ber of Eq. (1.1').

REMARK 1.3. According to Example 1.3, condition (1.191) (condition (1.192))
in Theorems 1.4 and 1.5 is unimprovable and it cannot be replaced by condi-
tion (1.21).

§ 2. Auxiliary Propositions.

2.1. Lemmas on integral inequalities. Let 7; :]a,b[— ]a,b] (i = 1,2) be
continuously differentiable monotone functions. For an arbitrary u € C} _(]a,b])
we put

[ (O u(ri(1))]
(t=a)(b—1)(m(t) — a)(b— (1))’
O (2(t))]
(t—a)b—t)
[T 2 (ra(0)]

wio(u)(t) =

(2.1)
wiy(u)(t) =

_ @ lu(n (1))

(2.2)  wao(u)(t) = Gt a)(n{t) —a) way (u)(t) = P
LEMMA 2.1. If u € Di(]a,b]), then
b b
(2.3) /|u(s)|wu(u)(s) ds < <b3a>2_2/ul2(s) ds (i =0,1).

If uw € Ds(]a,b]), then
b

b
(2.4) /\u(s)]wgz(u)(s) ds < 22_i/u,2(s) ds (i=0,1).

a
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To prove this lemma, we need the following
Lemma 2.2 (V. I. LEVIN [17]). Ifu € Di(Ja,b[), then

b

b
u?(s) ds 4 )
/(S—a)2(b—s)2 < (b—a)2 /UQ(S)dS.

a

If u € Ds(]a,b]), then

/b z‘;(f)acjj ds < 4 /b w'2(s) ds.

a a

Proof of Lemma 2.1. Let u € Di(]a,b[). Then by virtue of Lemma 2.2 and
the Schwartz inequality we have

b
/\U(S)IWO(U)(S) ds <

| BN / b 71 (8)|u(m1(s)) ds /
“([eaws) ([ra e nim) -

1/2

b T2(b) b
u?(s)ds 1/2 / 1/2 2 /
() o] = 2 e

a T2(a) a

Consequently, inequalities (2.3) are valid.
Analogously we can show that for u € Da(]a,b]) inequalities (2.4) are ful-
filled. O
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Lemma 2.1 immediately yields the following lemma.
LEMMA 2.3. Let £1 and {2 be nonnegative constants and

(2.5) Wy (u) (t) = Elwio(u) (t) + ngﬂ(u) (t) (Z = 1, 2).

If, moreover, u € Di(]a,b[), then

b

b
/ Ju(s)|ows () (5) ds < ((bM;)Q v / u(s) ds.

a a

If u € Ds(]a,b]), then
b b
/ lu(s)|wa(u)(s) ds < (46y + 205) / u'?(s)ds.

LEMMA 2.4. Let
we Di(Jabl), g€ L3o(lab) (we Dallab]), g€ L3g(a,b))).

Then for an arbitrary € > 0 the inequality

b

b
(2.6) / g()u(s)|ds < pe(q) + / W?(s) ds

a

holds, where

p-(@) = b= a) 2 al?,  (pela) =M al?, ).
2,2 2,0

Proof. Obviously,

e(b—a)? u?(s)
4 (s —a)?(b—s)?

la(s)u(s)| < =7 (b— @) (s — a)’(b— )%¢*(s) +
and
la(s)u(s)| < =7 (s — @)% () + S (s — )% (s).

If we integrate the first (the second) of these last two inequalities from a to b, and
apply Lemma 2.2, then we get inequality (2.6). O

LEMMA 2.5. Let {1, ¢y be nonnegative constants satisfying inequality (1.191)
(inequality (1.192)), and let q :]a,b] xRy — Ry be a nondecreasing in the sec-
ond argument function, satisfying conditions (1.251) (conditions (1.252)). Let,
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moreover, the operator f : CL _(la,b[) = Lioc(la,b[) be such that for an arbitrary
u € Di(]a,b]) (u € Da(]a,b])) almost everywhere on |a,b| the inequality

f(u)()sgnu(t) = —wi(w)(t) — q(t, [v']] )

(F)@sgnult) = —wa(w)®) - alt,[1],2) )

holds, where wy and we are the operators, given by equality (2.5). Then there exist
constants £ €10,1[ and ¢y > 0 such that for arbitrary ag €la,b], by €lag,b[ and
u € Di(]a,b]) (u € Da(]a,b])) inequality (1.12) is satisfied.

Proof. By conditions (1.191) and (1.25;) (conditions (1.192) and (1.253)),
there exist constants € €10, 1] and £y > 0 such that

(2.7)

4/ 20
= (b—1a)2 + b—2a+6< 1 (£=4fl+2f2+8< 1)
and
20— a) M a( )2, <507+ bo for pe Ry,
(2.8) 2
(27 Ma)I2, <50+ to for pe By )

Due to Lemma 2.3, from (2.7) we find

a

/ Flu)(s)u(s) ds > —(( — &) / W2(s) ds —
’ b

—/q(s, /]| ) |u(s)ds for a <to <t <b.
a
On the other hand, by Lemma 2.4 and condition (2.8), we get
b

[t lat)ds <

a

b b
3 / _92 _ /
<5 [wrds 20— ) gl i, << [ o) ds+ 6

b

( /Q<s, '], u(s)] ds <

a
b b

9 / _ ’
< 2/u2(s)ds+25 1||q("HuIHL2)H%§,o ga/u2(s) ds+€o>.

Therefore, for arbitrary ag €]a,b[, by €Jao,b] and u € Di(]a,b]) (v € D2(]a,b]))
inequality (1.12) holds. O
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2.2. Lemmas on a priori estimates.
LEMMA 2.6. Let

(2.9) u € Di(]a,b]) U Da(Ja, b))
and
t b
(2.10) tgii?l’igib/u"(s)u(s) ds > —K/u/2(s) ds — 4o,
to a

where ¢ € [0,1[ and by > 0. Then

(2.11) /ulQ(s) ds < 16_0[

To prove the above lemma, we need the following
LEMMA 2.7. If condition (2.9) is fulfilled, then

(2.12) lign inf |/ (t)u(t)| = 0,
—a

(2.13) lim inf |/ ()u(t)] = 0.
t—b

Proof. Suppose that equality (2.12) is violated. Then there exist ag € ]a,b[
and d > 0 such that

|/ (t)u(t)| > 6 for a <t < ap,
whence with regard for the equality u(a+) = 0, we find
u?(t) > 26(t —a) for a <t < ag.

On the other hand, by (2.9) we have

26 < (t —a) M2(t) = (t—a)_1</tu/(s) ds>2 < /tul2(s) ds — 0 as t — a.

a a

The obtained contradiction shows that equality (2.12) is valid.
If w € Da(]a,b]), then equality (2.13) is obvious. If, however, u € Di(]a,b|),
then it can be proved just in the same way as (2.12). O.

Proof of Lemma 2.6. By Lemma 2.7, there exist sequences (tOk)g;"i and (tk)k*;“{
such that

a<t0k<tk<b(k}:1,2,...), kEI—&I-lootOk:a’ kEI-iI-lootk:b
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and

lim o (top)u(tor) = lim o' (t)u(ty) = 0.

k—+o0 k—4o00
On the other hand,

ty tg

u”(s)u(s) ds = v (tg)u(ty) — v (tor)u(tor) — /ulQ(s) ds.
tok tok
Therefore,
ty b
kJEI—&I-loo u”’(s)u(s)ds = —/u’2(s) ds.
tok a

This equality, according to (2.10), implies

b b
—/ulQ(s) ds > —E/u/2(s) ds — {y.

Consequently, estimate (2.11) is true. O
LEMMA 2.8. Let

we Difla,b), g€ L3(ab) (we Dallab]), g€ L3p(a.b))

and

t

b b
(2.14) lim inf /u”(s)u(s) ds > —f/ulQ(S) ds—/q(s)u(8)|ds,
to—a,t—b
to a a

where £ € [0,1[. Then

2 2
215 Wl Sty (Il < 2l )
@15 Wl < gepmalaly, (190 < T2l
Proof. By Lemma 2.4, from (2.14) we find

t

b
lim inf / W (s)u(s)ds > —(0 + &) / W2(s)ds — p(q),

to—a,t—b
to

where € = 1776. Hence by Lemma 2.6 we have

b
/u,Q(s) ds < Jféq_)g = p.(q).
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Therefore, estimate (2.15) is valid.

§ 3. Proofs of the Basic Results.

Below, under C’& we will mean the Banach space of continuously differentiable
functions u : [a,b] — R, satisfying the conditions

(3.1) u(a) =0, wu(b) =0,
with the norm

lull , = max {[lw ()] : @ <t <b}.

Proof of Theorem 1.1. We will consider only the case where f € Ki(Ja,b])
and prove the solvability of problem (1.1),(1.21),(1.3), since in the case where
f € Ka(]a, b)), the solvability of problem (1.1),(1.22),(1.3) is proved analogously.

By Definition 1.2, there exists a continuous function w :]a, b X ]Ja,b[ x Ry —
R, satisfying identity (1.5), such that for an arbitrary w € Dj(]a,b]) inequality
(1.6) is fulfilled.

First we prove that for an arbitrary natural k the functional differential equa-

tion
(32) u(t) = fe(u)(?)
has at least one solution wuy satisfying the conditions
(3.3) u(a) = up(d) =0, upll,, < ro.
Suppose
1 for 0 < p<rg ar for t <ay
n(p) = 9_ P for ro <p<2ry , &)= t for ap<t<by ,
To
0 for p > 2rg b, for t > by

Few)(t) = n([[W/]] ) fe(u) (), wi(s,t) = w(E(s), &(t),2r0), Tk = wi(ar, br),
B = {u cCy: HuHCé <rp, U (t) = (s)] Swi(s,t) fora<s<t< b}.

Then the function wy : [a,b] X [a,b] — R4 is continuous, and
wi(t,t) = 0.

Consequently, By is the compact set of the space C’é. On the other hand, by
conditions (1.6) and (1.8), for an arbitrary u € C§ the inequalities

(3.4) /\fk &) d¢ < wi(s,t) for a <s<t<hb, /]fk s)|ds <ry
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are fulfilled.
To prove the solvability of problem (3.2), (3.1), we need to consider the prob-
lem on the existence of a solution of the functional differential equation

(3.5) () = fi(u)(t),

satisfying the boundary conditions (3.1). This problem is equivalent to the follow-
ing operator equation in the space C&,

(3.6) u(t) = gr(u)(t),

where

b

%wxwszmaﬁwxﬁw,

a

and ¢ is the Green function of the boundary value problem
u”" =0, wu(a)=u(b)=0.

The continuity of the operator f : C. _(Ja,b[) — Lioc(]a, b[) implies that of the
operator gy : C3 — C&. On the other hand, by conditions (3.4), for an arbitrary
u € By, the function v = gi(v) satisfies the inequalities

b
ol < [ 1Fi@)]ds <,

[0 (t) — ' (s)| = ‘/ﬁ(u)({) d{‘ < wgi(s,t) for a <s<t<bh.

Consequently, the operator g; transforms the convex compact By into itself. By
the Schauder principle, this implies the existence of a solution ug of Eq. (3.5),
belonging to the set By. Obviously, uy is a solution of problem (3.5), (3.1) as well,
i.e. a solution of problem (1.10), (1.21), where

A= ni([lugll,2) € [0,1]

and A < 1 for [Ju|l,, > ro. However, by the condition of the theorem, for an
arbitrary A € [0, 1] every solution of problem (1.10), (1.21) admits estimate (1.11).
Therefore,

el < o,

whence by the definition of f}, it follows that fi(u)(t) = fi(ug)(t). Thus we have
proved that ug is a solution of the functional differential equation (3.2), satisfying
conditions (3.3).
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By virtue of conditions (1.6), (3.3), for every natural k the function uy, satisfies
the inequalities

2’/“0
b—a
lug(t) — up(s)] < rolt — s|V/? for a <s<t<b,

b b
mm{mﬂm:3a+ gtga; }ngw—arV%

lug(t)] < (t—a)/?(b—t)"/? for a<t<b,

4
t t
i () —uz<s>|=] / fe(w)(©) dg\s / F()(€)] dE <w(s,t.ro) for a<s<t<b.

—+00

Hence, by the Arzela—Ascoli lemma follows the existence of a subsequence (uy;) =1

of the sequence (uy); > and a function u € D1 (Ja, b[) such that

im g, (t) =u(t), lim w (t) =u'(t)

j—too j—otoo

+o00

uniformly on every compact interval contained in |a,b[. Consequently, (ux;);

converges to u due to the topology of the space C}. (]a, b[).

To complete the proof of the theorem, it remains to show that u is a solution
of Eq. (1.1). Indeed, let ty and ¢ be arbitrarily fixed points from ]a, b[. By virtue
of condition (1.8), there exists a natural number m(¢,¢y) such that

to E]CLk].,bkj[, 3 E]akjvbkj[ for jZ m(tvt())

Owing to this fact and condition (1.9), we have

e (8) = (1) + [ £l )(5)ds for 5= mt,to)

If in this equality we pass to the limit as j — 400 and take into account the
continuity of the operator f : CL _(la,b[) = Lioc(Ja, b]), then we get
¢

W (1) = o (to) + / f(u)(s) ds.

to

Hence, due to the arbitrariness of ¢ € ]a, b, it follows that u is a solution of Eq.
(1.1). O.

Proof of Theorem 1.2. Let

60 1/2 apg—a b—bo
— = = — = 1 2 oo
To (1_€> , Ak a—+ 2k ) bk b 2 (k ) 4y )7
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and u be a solution of problem (1.10),(1.2;) (of problem (1.10),(1.29)) for some
A € [0,1] and natural k. Then by condition (1.12) we have

lim s)ds =\ /f s)ds > E/ s)ds — {p.
t—b,to—a

to

However, according to Lemma 2.6, the last inequality guarantees the validity of
estimate (1.11). Thus we have proved that all the conditions of Theorem 1.1 are
fulfilled and, consequently, problem (1.1),(1.21), (1.3) (problem (1.1),(1.22), (1.3))
is solvable. O

Proof of Corollary 1.1. Let us choose € € ]0, 1] such that

def A
/= — 1.
4+ e <

By condition (1.14;) (condition (1.149)), there exists a nonnegative constant ¢y
such that

1) o Gl <500+ (1o, <50k )
for pe Ry.
Let
(33) F)(t) = Fr(u)(Oyu(t) + ) (00 (1) + folun) (D).

Owing to the continuity of the operators f; : CL _(la,b[) = Lisc(Ja,b]) (i =0,1,2)
and by conditions (1.141), (1.151) (by conditions (1.142), (1.153)), the operator
[ CL.(Ja,b]) — Lie(Ja,b]) is continuous and for an arbitrary u € Di(]a,b|)
(u € Do(]a,b])) inequality (1.6) holds, where

t

1/2
w(stp) = [ Ul&e) + 0 - ) 20fin(E.0) d5+p( / 2E0) dg)

s
t

1/2
(W(s,t,p) —/(fé‘z(€,p)+( —a)'?p (€, p)) d€+p</ (&p d§> )
Moreover, the function w :]a, b[ X |a,b] = R4 (w :]a, b]x ]a,b] — Ry ) is continuous
and satisfies identity (1.5). Hence the operator f satisfies condition (1.7).
It follows from (3.8) that

t

[t ds > / (H 0 (s)2(3) — o)) (s)u(s)]) ds —

to

/\fo s)|ds for a <ty <t<b.
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However, by virtue of Lemma 2.4 and condition (3.7), for an arbitrary u €
D1 (Ja,b]) (u € Dy(]a,b])) the inequality

/!fo Ids</f01 ) us)] ds +

b b
2 % 2 3 ’ ’
+m|’f01('a Nl 2z, + 2/“ ?(s)ds < 6/U2(3) ds +&o

b

(/|fo \d8</foz sl ds < [u(s)ds-+to )

a

is fulfilled. On the other hand, by condition (1.16) we have

f)(s)u?(s) — |f2(u)(s)u/(s)u(s)| =

> (A@)(s) — 5 B)E) w2 — 2 u?s) = 2 u(s).
Therefore it is clear that for arbitrary ag €la,b[, by € lao,b[ and v € Di(]a,b[)
(u € Dy(]a,b])) inequality (1.12) is fulfilled.
Thus the operator f, given by equality (3.8), satisfies all the conditions of
Theorem 1.1, which guarantees the solvability of problem (1.1),(1.21),(1.3) (of
problem (1.1),(1.22),(1.3)). O

Proof of Corollary 1.2. Let f be the operator given by equality (3.8). Then,
as it is proved above, condition (1.7) is fulfilled. On the other hand, by con-
ditions (1.14;) and (1.18;) (by conditions (1.143) and (1.182)) for an arbitrary
u € Di(Ja,b]) (v € Da(Ja,b])) almost everywhere on |a, b[ inequality (2.7) is ful-
filled, where w; is the operator given by equality (2.5),

wip(u)(t) = (t—c’g?(?(fl))tt)w w1 (t) = m

b
<w20(“)(t) _ _Ju®) war (u)(t) = ) )

(t—a)?’ t—a

alt.p) = fii(t:p) (alt.p) = fin(t.0) ),

[/ (2)]

and the function ¢ satisfies conditions (1.251) (conditions (1.253)). By virtue of
Lemma 2.5, this implies that there exist constants ¢ €0, 1] and £y > 0 such that
for arbitrary ag €la,b[, by €lag,b] and u € Di(]a,b]) (v € Dz(]a,b])) inequality
(1.12) is fulfilled.

Consequently, the operator f satisfies all the conditions of Theorem 1.2,
which guarantees the solvability of problem (1.1),(1.21),(1.3) (of problem (1.1),
(1.29),(1.3)). O
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Proof of Theorem 1.3. Let us choose € > 0 such that
(=l+e<1.
Let h € L3 5(Ja,b]) (h € L3(la,b])) and
ho(t) = f(0)(2) + h(?).
Then by condition (1.23),
ho € I35(a,0) (k€ L3o(a,0))

On the other hand, if v € Di(]a,b]) (v € D2(Ja,b])), then by Lemma 2.4, we have

b
/yho )| ds <£0+5/ u'?(s) ds,

where

1 1
———— ||ho||? (6 = — ||holl? )
(b_ Q)28 ” OHL%72 0 c H 0||L%70

This inequality and condition (1.22) imply that for an arbitrary u € D1 (]a, b[)
(u € Ds(]a,b])) the inequality

lo =

t

/ [f (u)(s) + h(s)]u(s) ds = / [f(u)(s) = F(O)(s)]u(s) ds +

/ho( 5)ds > e/ ds—/yho(s)u(s)\ds >

b
> —Z/UIQ(S)CZS—EO for a <tog<ag, bg<t<b
a
is fulfilled. Using now Theorem 1.2, we can see that problem (1.4),(1.21),(1.3)
(problem (1.4),(1.22),(1.3)) is solvable.

Let u; and ug be two arbitrary solutions of that problem. Assume wu(t) =
u2(t) — ui(t). Then by virtue of condition (1.22), we have

lim inf / "(s)u(s)ds > —¢ /
to—a,t—b
to
This inequality, by Lemma 2.6 and equality u(a+) = 0, yields u(t) = 0. Therefore,

problem (1.4), (1.21),(1.3) (problem (1.4), (1.22), (1.3)) is uniquely solvable for an
arbitrary h € L%Q(]a, b)) (h € L%O(]a, b))).



292 I. KIGURADZE AND B. PUZA

Let ug and uy, be, respectively, the solutions of problems (1.1), (1.21), (1.3) and
(1.4),(1.21),(1.3) (of problems (1.1),(1.22), (1.3) and (1.4), (1.22),(1.3)). Then by
condition (1.22), we obtain

t

Jimint [ (07(5) = uf(5)(un(s) ~ uo(s) ds >
b

b
> / (u(s) — ub(s))2 ds — / 1h(s)| [un(s) — uo(s)] ds.

a

Hence, by Lemma 2.8, we have the estimate

It = wpll» < vlltly Mk = wpl,0 < vl ),

where

"= (1—8)2(b—a) (rzli—£>

is a number, independent of h. Consequently, the problem under consideration is
stable with respect to small perturbations of the right-hand member of Eq. (1.1).
O

Proof of Theorem 1.4. Suppose

(3.9) Flu)(t) = folt, u(r(t)), v (r2(1))).

Conditions (1.24;) (conditions (1.242)) and the continuity of the function fy in
the last two arguments imply that the operator f satisfies condition (1.7). On the
other hand, according to inequality (1.241) (inequality (1.243)), for an arbitrary
u € Di(]a,b]) (u € Da(]a,b])) almost everywhere on ]a, b[ the inequality

0] < waw)) +a(t, (7))
(1£@) @)1 < wa()(®) + at, 1]z )

holds, where w; and we are the operators, given by equalities (2.1), (2.2) and
(2.5). Hence, by conditions (1.19;) and (1.25;) (conditions (1.192) and (1.252))
and Lemma 2.5 follows the existence of constants ¢ €]0,1[ and ¢y > 0 such that
for arbitrary ag €a,b[, by €lag,b] and u € Di(Ja,b]) (v € Dz(]a,b])) inequality
(1.12) holds.

Therefore, the operator f, given by equality (3.9), satisfies all the conditions
of Theorem 1.2, which guarantees the solvability of problem (1.1'),(1.21),(1.3)
(problem (1.1"),(1.29),(1.3)). O
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Proof of Theorem 1.5. Suppose f is an operator, given by equality (3.9).
Then, by virtue of conditions (1.261) and (1.27) (conditions (1.262) and (1.27)),
the operator f satisfies condition (1.7). On the other hand, according to condition
(1.261) (condition (1.262)), for arbitrary u; € Di(]a,b[) (i = 1,2) (for arbitrary
u; € Da(]a,b]) (i =1,2)) almost everywhere on ]a, b[ the inequality

(f (u2)(t) = f(ur) () (ua(t) = ur(t)) = —wi(uz — 1) (t)|uz(t) — ur(t)]
((FCu2)(0) = Flun)(O)(wat) = wn(8)) = —wa(az = u) () uz(t) — wa(2)])
is fulfilled, where w; and wy are the operators, given by equalities (2.1), (2.2) and
(2.5). Hence, by inequality (1.19;) (inequality (1.192)) and Lemma 2.3, follows that

for arbitrary ag €Ja,b[, by € ag,b[ and u; € Di(]a,b]) (u; € Da(Ja,b])) (i = 1,2)
inequality (1.22) holds, where

44y 245
(b—a)? Ar—

If now we apply Theorem 1.3, then the validity of Theorem 1.5 becomes evident.

e:

<1 <4£1+2£2< 1).
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