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SOME OPTIMAL CONDITIONS FOR THE SOLVABILITY OF
TWO-POINT SINGULAR BOUNDARY VALUE PROBLEMS *

I. KIGURADZE

Abstract. For the differential equation
u’ = f(t,u),

where the function f :]a,b[ xR — R has non-integrable singularities at ¢ = a and t = b,
we have found optimal sufficient conditions for the solvability and unique solvability of
the boundary value problems

u(a) =c1, u(b) =cy
and

u(a) = c1, u'(b) = ca.
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§ 1. Formulation of the Main Results.

1.1. Statement of problems and the main notation. Consider the
differential equation

(1.1) u" = f(t,u)
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with the boundary conditions

(1.2) u(a) = ¢, u(b) = co
(1.3) u(a) = ¢, u'(b) = ca.

Here —oo < a < b < 400, ¢; € R (i = 1,2) and the function f :]a,b| xR — R
satisfies the local Carathéodory conditions, i.e., f(¢,) : R — R is continuous
for almost all t €a,b[, f(-,z) :]a,b[— R is measurable for every x € R and
the function

(1.4) [t p) = max{[f(t,s)] : |s] < p}

is integrable in the first argument on [a + ¢,b — €] for arbitrary p € [0, +o0]
and € €]0,(b —a)/2[. We do not exclude case where the function f (and
hence the function f*) is non-integrable in the first argument on [a, b], hav-
ing singularities at the ends of this segment. In this sense, the problems
under consideration are singular ones. Analogous problems for second order
equations as well as for higher order ones have been are intensively studied
starting from the 60s of the last century up to the present time (see, e.g.,
[1], [2], [6]-[25] and the references cited therein). In the present paper, we
have found new optimal sufficient conditions for the solvability and unique
solvability of the problems (1.1),(1.2) and (1.1), (1.3).
Along with (1.4), the use will be made of the following notation.

R = —]oo,+o0[, Ry = [0, +0o0].
If x € R, then
N _ x| -2
oy = T = L

Lioe(]a, b)) and Lj,c(]a, b)) are the spaces of the functions p :la,b|— R
which are Lebesgue integrable on the segments [a 4+ ¢,b — €] and [a + &, b,
respectively, for an arbitrary € €10, (b —a)/2[.

L, s(Ja, b]) is the space of the functions p :]a, b[ — R, integrable on [a, b]
with the weight (¢ — a)*(b — t)”.

M, g(Ja,b[ xRy) is the set of functions h :]a,b[ xR — R, such that
h(-,z) € Lag(]a,b]) for every x € R, and

h(t,x) < h(t,y) for t €la,b], 0 <z <uy.
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If v > —2, then k, : R\ {0,2,4,...} — R, is the function given by the
equalities

(v +3)s7 — P2 for 0<s<1
(1.5) ky(s) =< ky(2—s) for 1<s<2
ky(s+2)=ky(s) for se R\{0,2,4,...}

For arbitrary functions p; :]a,b[— R (i = 1,2) the writing p;(t) # pa(t)
will mean that they are different from each other on a set of positive measure.

A solution of the problem (1.1),(1.2) (of problem the (1.1),(1.3)) is
sought in the space of continuous functions w : [a,b] — R which are ab-
solutely continuous together with their first derivative on every compact in-
terval contained in ]a, b[ (contained in |a, b]).

1.2. The problem (1.1),(1.2). We consider this problem in the case
where

(1~60) f*("p) € Lloc(]aab[) for p e R+
(16) f* c Ml,l(]a, b[ XR+).

THEOREM 1.1. Let there exist nonnegative functions hy € Ly 1(]a,b)
and h € Mi;(Ja,b[ xRy) such that along with (1.6) (along with (1.6)) the
conditions

(1.7) f(t,z)sgnx > —ho(t)|x| — h(t,|z|) for t €la,b] v € R

and

(1.8) lim 1/b(t—a)(b—t)h(t,p)dt:O

p—r+00 P

hold. Moreover, let either the function hg satisfy the inequality
b

(1.9) /(t—a)(b—t)ho(t) dt<b—a

or for some v €| — 2,400 on the interval |a, b the condition

(1.10) ho(t) <

4 2(t—a 4 2(t—a
(b—a)? k@( g)—a)>’ holt) # (b—a)? kv( (b—a))
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be fulfilled. Then for ¢y = co = 0 (for any ¢; € R (i = 1,2)), problem
(1.1), (1.2) is solvable.

THEOREM 1.1'. Let f(-,0) € Li1(]a,b[) and there exist a nonnegative
function hy € Ly;(]a,b]) such that along with (1.6¢) (along with (1.6)) the
condition

(L7 f2) = f(ty) = =ho(t)(z —y) for t €]a,b], ==y

hold. Moreover, let either the function hy satisfy the inequality (1.9), or for
some v €] — 2,4+00| on the interval ]a,b| the condition (1.10) be fulfilled.
Then for ¢y = ¢3 = 0 (for any ¢; € R (i = 1,2)), problem (1.1),(1.2) is
uniquely solvable.

THEOREM 1.2. Let there exist a natural number n, a number v €
[4n — 3,+00] and nonnegative functions h; € Lyi(Ja,b]) (1 = 1,2), h €
M 1(Ja,b] xRy) such that

(1.11)  —ho(t)|x] — h(t, |z|) < f(t,x)sgnz < —hy(t)|z| + h(t,|z])
for t €la,b], = € R,

4n2 2n(t — a 4n2 ot — o
(12 0= =gp ) m0) # gy o —
and
(1.13) /“an(t O ds /b ho(t) dt < biﬁan :

/bb(b—t)hz(t) dt <1,

where a, = a+(b—a)/4n, b, = b—(b—a)/4n. If, moreover, the condition (1.8)

is fulfilled, then the problem (1.1), (1.2) is solvable for any ¢; € R (i = 1,2).
THEOREM 1.2'. Let there exist a natural number n, a number v €

[4n — 3,400 and nonnegative functions h; € Ly 1(]a,b]) (i = 1,2) such that

(L) —ho(t)(z —y) < f(t,2)=f(t,y) < = (t)(z —y) for t€]a,b], x>y,

and let the conditions (1.12) and (1.13) be fulfilled. If, moreover, f(-,0) €
Ly1(]a,b]), then the problem (1.1),(1.2) is uniquely solvable for any ¢; € R
(i=1,2).

REMARK 1.1. From the conditions (1.8) and (1.11) (from the condi-
tion (1.11")) it follows that

(1.14) hi(t) < ha(t) for t €la,bl.
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In this connection there naturally arises the question on the compatibility of
the conditions (1.12)—(1.14), i.e. on the existence of functions h; € Ly 1(]a, b])
(1 = 1,2), satisfying (1.12)—(1.14). Let us show that such are the functions
given by the equalities

£; 4n? 2n(t —a ,
hi(t):(t—a)a(b—t)a+(b—a)2k7< ( )) (i=12)

ify>4n—-3,0< a < 2,

2 —« (b—a
8(2v+3) " 4n

0<er <g < )204—2.

Indeed,

bn b dt o [2n—1/2
ho(t) dt — / / ko (s)d
/an 2(1) ° an (t—a)¥(b—1t)> - b—a i v(8)ds <

b—a\—2a 4n2 1
<52< 1 ) (b—a)—l—b /Okv(s)dSZ

n —a
An N2 4n? 4n? v +3
— b—a)—

2(5,) ¢-a) b—a)27+3) b—ay+1 "
4n? 7+3_4n2(2n—1)7+3< 4n?
b—avy+1 2n(b,—ap) y+1 =~ b,—a,’

an an (t — 1« 1/2

/a(t—a)hg(t)dtznga <(b_a)t)adt+/0 sk, (s) ds <

(an_a)Qia ’Y+3 _~_9 €9 b— a\2—2a 1
27777 < - <1
2—-a)b—a,)> ~v+2 2—a(4n) +6

< €9

and

[o-tma—e [ 00 L [P <t

bn b (t—a)®
Particular cases of the equation (1.1) are

(115 :i lulsgu -+ ple)u -+ g(t),
(1.16) = plt)u-+ (0,

where p, ¢ and pr € Lie(Ja,b]) (K =1,...,m), and A\ (k = 1,...,m) are
positive constants.
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From Theorem 1.1 follows
COROLLARY 1.1. Let

(1.17)  pe(t) >0 for a<t<b (k=1,...,m), q€ Li1(]a,b]),
and either the function p satisfy the inequality

b
(1.18) /(t—a)(b—t)[p(m,dtgb—a

or for some v €| — 2,4+00]| on the interval |a,b| the condition

(1.19)  [p(t)]- < (b—4a)2 k”<2(bt__;))’ ()] # (b_A‘a)Q k’y(?ét_—;l))

be fulfilled. Then for c; = co = 0, the problem (1.15), (1.2) is uniquely solv-
able, while for its unique solvability for any ¢; € R (i = 1,2) it is necessary
and sufficient that

(120) DL € LLI(]CL, b[) (]{3 = 1, e ,m), [p]+ S Ll’l(]a, bD

Corollary 1.1 for the equation (1.14) takes the following form.

COROLLARY 1.2. Let ¢ € Ly1(]a,b]) and either the function p satisfy
the inequality (1.18), or for some v €] — 2,+00[ on the interval |a,b| the
condition (1.19) be fulfilled. Then for ¢y = co = 0, the problem (1.16), (1.2)
is uniquely solvable, while for its unique solvability for any ¢; € R (i = 1,2)
it is necessary and sufficient that [p]+ € Lyi1(]a,b[).

REMARK 1.2. If [p]- € Ly:(Ja,b]) and [p]+ & L11(Ja, b]), then the

problem (1.16), (1.2) has the “semi-Fredholm” property because the absence
of a nontrivial solution in the homogeneous problem

(1.160) u" = p(t)u,

(1.20) u(a) =0, u(b)=0

guarantees the unique solvability only of the semi-homogeneous problem
(1.16), (1.2) for any ¢ € Ly 1(]a,b]). As regards the non-homogeneous prob-
lem (1.16), (1.2), where ¢; # 0 (i = 1,2), in this case it has no solution. For
example, if ¢ € Ly 1(Ja, b[) and

p(t) = 6(t —a)™ (0 —1)7",
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where 6 > 0, & > 2, > 2, then by Corollary 1.2, the problem (1.16), (1.2)
is uniquely solvable, while the problem (1.16), (1.2), where ¢; # 0 (i = 1,2),
has no solution.

Theorem 1.2 leads to

COROLLARY 1.3. Let g € Ly 1(Ja,b]) and there exist a natural number n
and a number vy € [4n — 3,400 such that on the interval |a, b| the condition

2 )<~k () i # - sk ()
holds and
(122 [ e—abwia< [l

[ o-nipwlar <

Then for arbitrary ¢; € R (i = 1,2), the problem (1.16), (1.2) is uniquely
solvable.

According to Remark 1.1, Corollary 1.3 results in

COROLLARY 1.4. Let g € Ly1(Ja,b]), and there exist a natural number
n and numbers a € [0,2[ and v € [4n — 3, +00[ such that on the interval |a, b|
the condition

£ 4n? 2n(t — a) 4n? 2n(t — a)
“Taoo oo G )OGS )

holds, where

2 —« b — a\2a—2
8(27+3)(4n) )

Then for arbitrary ¢; € R (i = 1,2), the problem (1.16), (1.2) is uniquely
solvable.
EXAMPLE 1.1. Let n be a natural number, v > —2,

y+2
sexp(—S ) for 0<s<1
v+ 2
(1.23) v,(s) = v,(2 — ) for 1<s<2 >
—v,(2+ s) for se R

120 o) =~k (D), a0 = ()
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It immediately follows from the equalities (1.5), (1.23) and (1.24) that the
homogeneous problem (1.16¢), (1.29) has a nontrivial solution uy(t) = ¢(t),
while the semi-homogeneous problem (1.16), (1.29) has no solution because

b

/ " wo(B)a(t) dt = / (1) dt > 0.

a

On the other hand, by Remark 1.1, if v > 4n — 3, then the function p satisfies
all conditions of Corollary 1.3, except the inequality

(1.25) Pt # 5 _4a)2 ’fw(%b(t__aa)),

and the functions f(t,z) = p(t)z + q(t), hi(t) = [pt)| (0 = 1,2), h(t,z) =
lq(t)| satisfy all conditions of Theorems 1.2 and 1.2/, except the inequality

4An? 2n(t—a
(2= 9y,

(1.26) 0 # Gt (T,

Thus the example constructed above shows that the condition (1.26) (con-
dition (1.25)) in Theorems 1.2 and 1.2" (in Corollary 1.3)) is essential and it
cannot be neglected.

Consider now Example 1.1 for the case n = 1. For the preassigned
e €]0,1] we put v = 2/ — 1 and, taking into account (1.24), we find that

[t—ao—apm)a < Ppola= [5Gy -

! v+3 1
:(b—a)/o k,y(sms:(b—a)(wl _27+3>
Thus the condition (1.9) (condition (1.18)) in Theorems 1.1 and 1.1" (in

Corollary 1.2)) is unimprovable in the sense that it cannot be replaced by
the condition

<(1+e)b—a).

/b(t —a)(b—t)ho(t)dt < (1+¢)(b—a)
( /ab(t —a)(b—t)[p(t)]_dt < (1 +&)(b— a))

no matter how small € > 0 is.

1.3. Problem (1.1),(1.3). We investigate this problem in the cases
where

(1.27¢) 1y p) € Lioe(]a,b]) for p € Ry,
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or
(127) f* c MLO(]CL, b[ XR+).

THEOREM 1.3. Let there exist nonnegative functions hy € Ly(]a,b])
and h € Mo(Ja,b] xRy]) such that along with (1.27,) (along with (1.27))
condition (1.7) is fulfilled and

1 b
(1.28) lim f/ (t — a)h(t, p) dt = 0.

p—r+o0 p

Let, moreover, either the function hy satisfy the inequality

(1.29) /b(t —a)ho(t) dt <1,

or for some v €| — 2,400 on the interval |a, b the condition

(1.30) ho(t) < (b—la)2 kv(z:z>v ho(t) E= (b_la)2 k’*((i:i)

be fulfilled. Then for ¢y = 0 and any co € R (for any ¢; € R (i = 1,2)) the
problem (1.1), (1.3) is solvable.

THEOREM 1.3'. Let f(-,0) € Lio(]a,b[) and there exist a nonnegative
function hy € Lyo(]a,b]) such that along with (1.27,) (along with (1.27))
condition (1.7") is fulfilled. Let, moreover, either the function hg satisfy the
inequality (1.29), or for some v €] — 2,400 on the interval |a,b] condition
(1.30) be fulfilled. Then for ¢y = 0 and any co € R (for arbitrary ¢; € R
(1 =1,2)) problem (1.1), (1.3) is uniquely solvable.

THEOREM 1.4. Let there exist a natural number n, a number v €
[3n — 1,4+00[ and nonnegative functions h; € Lig(Ja,b]) (i = 1,2), h €
M o(Ja,b] xR4]) such that along with (1.11) and (1.28) the conditions

() > (2n — 1)2 k (2n —1)(t — a)>7

(1.31) (b—a)22 K b—a
(2n —1) 2n—1)(t —a)
hl(t)§é (b—a)2 k’Y( b—a )
and
(1.32) /an(t —a)ho(t)dt < 1, /b ha(t) dt < bll_"z ,

where a, = a+ (b—a)/(4n —2), are fulfilled. Then for any ¢; € R (i = 1,2)
the problem (1.1), (1.3) is solvable.
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THEOREM 1.4'. Let there exist a natural number n, a number v €
[3n — 1, +00] and nonnegative functions h; € Ly (]a,b]) (i = 1,2) such that
the conditions (1.11"), (1.31) and (1.32) are fulfilled. Then for any ¢; € R
(1 =1,2) the problem (1.1), (1.3) is uniquely solvable.

From Theorem 1.3" for the equation (1.15) we have the following

COROLLARY 1.5. Let pi(t) > 0 fora <t <b(k=1,...,m), px €
Lioe(Ja,b]) (k = 1,...,m), p € Li,.(Ja,b]), ¢ € Lio(]a,b]) and either the
function [p]_ satisfy the inequality

(1.33) [ alp)dr <1,

or for some v €| — 2,+00| on the interval |a,b| the condition

1 t—
—a)? kw(b—z)

be fulfilled. Then for ¢; = 0 and any co € R the problem (1.15),(1.3) is
uniquely solvable, while for its unique solvability for any ¢; € R (i = 1,2) it
1s mecessary and sufficient that

(139) B0 < Gk (=), b #

Pk € leo(]a, bD (k = 1, Ce ,m), [p]+ c LLO(]CL,bD.

For equation (1.16) Corollary 1.5 takes the following form

COROLLARY 1.6. Let p € Li(]a, b)), ¢ € Lio(Ja,b]) and either [p]—
satisfy the inequality (1.33), or for some v €| — 2, +00[ on the interval |a, b|
the condition (1.34) be fulfilled. Then for ¢; =0 and any co € R the problem
(1.16), (1.3) is uniquely solvable, while for its unique solvability for any ¢; € R
(i = 1,2) it is necessary and sufficient that [p]+ € Ly o(]a,b[).

REMARK 1.3. If [p]l- € Lio(Ja,b]), [p]l+ & Lio(Ja,b]) and ¢ €

Ly o(]a,b]), then the problem (1.16), (1.3) has the “semi-Fredholm” property,
because the absence of a nontrivial solution in the homogeneous equation
(1.16¢), satisfying the boundary condition

(1.35) u(a) =0, 4 (b) =0,

guarantees the unique solvability of the problem (1.16), (1.3) for ¢; = 0 only.
For example, if

p(t) > o(t —a)™® for a <t <b,
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where 6 > 0 and a > 2, then by Corollary 1.6, problem (1.16),(1.3) is
uniquely solvable if and only if ¢; = 0.

From Theorem 1.4’ for the equation (1.16) we have

COROLLARY 1.7. Let g € Ly(Ja,b]) and there exist a natural number n
and a number vy € [3n — 1,400 such that on the interval |a,b| the condition

2n—1)2% /(2n—1(t—a)
(b—a)? kv( b—a )’

N

p(t) < —

is satisfied, and

4n?

[Ta—apwiars, [poaes

_an

where a, = a + (b —a)/(4n — 2). Then for arbitrary ¢; € R (i = 1,2) the
problem (1.16), (1.3) is uniquely solvable.

From this corollary we arrive immediately at

COROLLARY 1.8. Let g € L1(Ja,b]) and there exist a natural number n
and numbers v € [3n — 1, 4+o00[ and a € [0,2[ such that on the interval ]a,b]
the condition

£ (2n—1)2  ,(2n—1)(t —a)
(t—a)*  (b—a)? V( b—a )Sp(t)<

(2n—1)2  ,(2n—1)(t—a)
(b—a)? kv( b—a )

be fulfilled, where

o 2—« ( b—a >a—2
82y +3) \dn—2/
Then for arbitrary ¢; € R (i = 1,2) the problem (1.16), (1.3) is uniquely
solvable.

EXAMPLE 1.2. Let n be a natural number, v > —2, and let v, be the
function given by (1.23). Suppose that

i) =~ F Lk (BRI =, (2202,

Then the homogeneous problem (1.16),(1.39) has a nontrivial solution
up(t) = q(t) and the problem (1.16), (1.3p) has no solution because

/a ’ o(Duo(t) di / "R di > 0.

a



270 I. KIGURADZE

This example shows that in Theorems 1.4 and 1.4’ (in Corollary 1.7) the
inequality

(2n —1)2 (2n —1)(t —a)
hl(t) 7_é (b—a)2 k’Y( b—a )
2n—-12% ,(2n—1)(t—a)
<()7_é_( —a)? ky( b—a )>

is essential and we cannot neglect it.
On the other hand, if n =1, ¢ €]0,1/2[ and v = 1/e — 2, we have

v+3 1
v+2 2y+4

<1l+e.

/ab(t —a)[p(t)]_dt = /01 sk (s) ds =

Consequently, Example 1.2 also shows that in Theorems 1.4 and 1.4" (in
Corollary 1.6), condition (1.29) (condition (1.33)) cannot be replaced by the
condition

/ab(t— a)ho(t)dt < 1+¢ ( /ab(t—a)[p(t)]_dt <1 —i—e)

no matter how small € > 0 is.

§ 2. Auxiliary Propositions.

2.1. Radon’s Lemma. Below we will use the following
LEMMA 2.1. IfA>1, a4 >0, B, >0 (k=1,...,m), then

g (5
> — .
k=1 ’?_1 N ( an: ﬁk))\_l

k=1

This lemma, due to J. Radon (see [3], Theorem 65), is a simple modifi-
cation of the well-known O. Hélder’s lemma. Indeed, if we put

MZA-]_’

then by means of Holder’s inequality we can find that

()
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2.2. Lemmas on the properties of solutions of second order lin-
ear singular differential equations. Consider a linear differential equa-
tion

(2.1) u" = p(t)u

with the coefficient p € Lj,c(]a, b[).

Lemma 1.1 from [15] leads to

LEMMA 2.2. Ifp € Ly;(]a,b]), then:

(i) an arbitrary solution u of the equation (2.1) at the points a and b
has, respectively, finite right and left limits u(a+) and u(b—); moreover if
u(a+) =0 ((u(b—) = 0), then there exists the finite limit u(a+) ((u(b—));

(i) the equation (2.1) has a unique solution satisfying the initial condi-
tions

(2.2) ula+) =0, u'(a+)=1;

(iii) the equation (2.1) has a unique solution satisfying the initial condi-
tions

(2.3) ub=) =0, W' (b—)=—1.

On the basis of the above lemma, we can easily prove that Sturm’s
lemmas remain true for singular differential equations as well. More precisely,
the following two lemmas are valid.

LEMMA 2.3. Let p and py € L11(Ja, b)),

(2.4) p(t) = po(t) for a <t <b, p(t) # pot),

and the equation (2.1) have a non-trivial solution u satisfying the boundary
conditions

(2.5) u(a+) =0, u(b—)=0.

Then an arbitrary solution of the equation (2.1), linearly independent of u,
and an arbitrary solution of the equation

(2.6) V" = po(t)v

have at least one zero in the interval |a, b .
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LEMMA 2.4. Let p and py € Lio(Ja,b]), the condition (2.4) be fulfilled
and the equation (2.1) have a nontrivial solution w, satisfying the boundary
conditions

u(a+) =0, u(b)u'(b) <O0.

Then an arbitrary solution of the equation (2.6) either has at least one zero
in the interval |a,b], or satisfies the inequality

v(b)v'(b) < 0.

Applying Lemma 2.1, we can prove just in the same way as in the classical
case (see [5], or [4], Ch. XI, § 5) that the following lemmas of Liapounoff-
Hartman—Wintner type are valid.

LEMMA 2.5. Let p € Ly1(Ja,b]) and the inequality (1.18) be fulfilled.
Then any solution of the problem (2.1),(2.2) satisfies the condition

u(t) >0 for a<t<b, u(b—)>0,
while any solution of problem (2.1),(2.3) satisfies the condition

u(t) >0 for a<t<b, wu(at)>0.

LEMMA 2.6. Let p € Li(Ja,b]) and the inequality (1.33) be fulfilled
(p € Lio([a, b)) and [(b—1t)[p(t)]- dt < 1). Then any solution of the problem
(2.1), (2.2) (of the problem (2.1),(2.3)) satisfies the condition

u'(t) >0 for a<t<b (u(t)>0 for a<t<b).
LEMMA 2.7. Let the function p : |ag,bo] — R be integrable and there

exist a nontrivial solution u of the equation (2.1) having at least n zeros in
the interval |ag, by|, such that

(2.7) u'(ag) =0, u'(by) =0.
Then
(2.9 [ pte)-ae>



TWO-POINT SINGULAR BOUNDARY VALUE PROBLEMS 273

Proof. Let t; €lag,bo[ (i = 1,...,n) be the zeros of the function w;
moreover if n > 1, then

t; < i1 (2:1,,n—1)

From Lemma 2.6 it follows that

t bo
/a (t — )p()]_dt > 1, /t (t— t)[p(t)]_ dt > 1

0

and hence

[pen-aes ——. [Pl

0 t1 —agp bo —tn

On the other hand, if n > 1, then by Lemma 2.5 we have

/t.tiﬂ<ti+1 )t —t)p@)]-dt >tips —t; (i=1,...,n—1).

However,
(tig1 — 1) (t —t;) < (tig1 —t5)?/4 for t; <t <ty
Therefore
tit1 .
/ p(t)]_ dt > (i=1,....n—1).
ti tiv1 — i
Thus if n = 1, we have
bo 1 1
)] dt > + :
[0 dt >
while if n > 1, we get
bo 1 nml oy 1
t)|_dt > .
/a()[p<ﬂ tl—a+;ti+1—ti+bo—tn

By virtue of Lemma 2.1, the above inequalities result in (2.8). O

Let us now introduce

DEFINITION 2.1. We say that the function p :)a,b[— R belongs to the
set Up(Ja, b]) (to the set Uy(la,b])) if p € L11(Ja,b]) (p € L1o(Ja,b])), and the
solution of the problem (2.1), (2.2) satisfies the condition

u(t) >0 for a<t<b, ulb—)>0 (u'(t)>0 for a<t<b).



274 I. KIGURADZE

DEFINITION 2.2. Let k be a natural number. We say that the function
p :]a,b[— R belongs to the set Uy (Ja, b) (to the setU;,(Ja,b[)) if p € Li1(]a,b])
(p € L1o(Ja, b)), the solution w of problem (2.1), (2.2) has exactly k zeros (not
less than k—1 and no more than k zeros) in the interval |a, b and u(b—) > 0
((=1)ku/(b) > 0).

LEMMA 2.8. Let p € L11(|a,b]) and there exist a natural number n and
numbers a, € |a,b[ and b, € lag, b such that

(2.9) [ =) dr<1,
(2.10) /b*[p(t)]_ dt < 5 422 ,
(2.11) [ nlpt)]-dr <1

Let, moreover, the solution u of the problem (2.1),(2.2) has at least n zeros
in the interval la,b]. Then p € U,(]a,b[).

Proof. Suppose that the above lemma is invalid. Then there would exist
numbers t* € Ja,b] and t; € |a,t*[ (i = 1,...,n) such that

u(t;)) =0 (i=1,...,n) and wu(t"—)=0.

In case n > 1, we will assume that t; < t;1 (i=1,...,n—1).

By Roll’s theorem and Lemma 2.7, there exist ag € ]a,t;[ and by € |t,,, t*|
such that conditions (2.7) and (2.8) are fulfilled. On the other hand, by
Lemma 2.6 and the inequality (2.9), we have

(2.12) apg > Q.
Taking this fact into account, the inequalities (2.8) and (2.10) imply that
(2.13) b < by < t".

By Lemma 2.6,
t*
/ (t* — O)p()]_ dt > 1.
bo
On the other hand, by the inequalities (2.11) and (2.13) we have
b

[ = 0b)-dt < [0 ipl)-di <1

bO *
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The obtained contradiction proves the lemma. O
LEMMA 2.9. Let p € Lio(Ja,b]) and there exist a natural number n and
a number a, € |a,b| such that along with (2.9) the inequality

b 4n?
(2.14) [ () de < 7
is fulfilled and the solution u of the problem (2.1),(2.2) has at least n zeros
in the interval |a,b[. Then p € U (Ja, b[).

Proof. By (2.14), there exists b, € ]a, b[ such that the inequalities (2.10)
and (2.11) are fulfilled. This, by Lemma 2.8, implies that p € U,(]a,b|).
Hence the function u in the interval ]a, b] has exactly n zeros and u(b) # 0.

Let t; €]a,b[ (i = 1,...,n) be the zeros of the function u numbered in
increasing order.Then

(2.15) (—=1)™d(t,) > 0

and there exists ag €]a,t;[ such that u'(ayp) = 0. Moreover, by condition
(2.9) and Lemma 2.6, the inequality (2.12) is satisfied.
To complete the proof of our lemma, it remains to show that

(=)™’ (b) > 0.

Suppose to the contrary that (—1)"u/(b) < 0. Then by (2.15) there exists
by € |t,,b] such that u'(by) = 0. Consequently, the conditions of Lemma 2.7
are fulfilled which guarantee the fulfilment of the inequality (2.8). But that
impossible in view of the inequalities (2.12) and (2.14). The obtained con-
tradiction proves the lemma. O

2.3. Lemmas on solvability and unique solvability of the prob-
lem (1.1), (1.2).

LEMMA 2.10. Let there exist functions ho € Lii(Ja,b[) and h €
M 1(Ja,b] xRy) such that along with (1.6¢) (along with (1.6)) the conditions
(1.7), (1.8) and

(2.16) —ho € Up(]a, b))

are fulfilled. Then for ¢; = co = 0 (for any ¢; € R (i = 1,2)) the problem
(1.1), (1.2) is solvable.

Proof. For ¢; = ¢o = 0, the validity of the lemma follows from Theo-
rem 11.4 of the monograph [9]. It remains for us to prove the case where
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the condition (1.6) is fulfilled and ¢; (i = 1,2) are arbitrary. In this case the
problem (1.1), (1.2) is equivalent to the problem

(2.17) v" = f(t,v); v(a) =0, v(b) =0,

where
- b—t t—a
ft,x) = f(t,x +uo(t)), wuo(t) = o + e

Set

h(t) = max {|f(t, )] : 0 <z <2|e1] + 2|eal},
h(t, p) = hu(t) + (lea] + |ea) o (8)] + AL, p + |ea] + |ea).

Then on the basis of the inequality (1.7), we find that

f(t,x)sgna > —ho(t)]a] — [ho(t)] 2] — |f(t, 2 + uo(t))] >
> —ho(t)|z| = (ler| + [e2])|ho(t)] — hu(t) for a<t<b, |z| < |eif + [eal,
f(t,x)sgna = f(t,x + up(t))sgn (z + ug(t)) >
= —ho(t)]z + uo(t)| — h(t, |z + uo(t)]) =
= —ho(t)[x] = ([er] + [c2Dho(8)] — A(E, ] + |e1] + |e2])
for a <t <b, |x|>|c1|+ |eal,

and hence
(2.18)  f(t,xz)sgnz > —ho(t)|z| — h(t,|z|) for a <t <b, z€R.

On the other hand, the conditions (1.6) and (1.8) imply that

~ b ~
he Mi(ab[xRy), lim_ ;/ (t — a)(t — b)h(t, p) dt = 0.
However, these conditions, as is said above, along with the conditions (2.16)
and (2.18) guarantee the solvability of the problem (2.17). O

LeEMMA 2.10". Let f(-,0) € Li1(]a,b]) and there exist hy € Ly1(]a,b])
such that along with (1.69) (along with (1.6)) the conditions (1.7") and (2.16)
are fulfilled. Then for ¢; = co = 0 (for any ¢; € R (i = 1,2)) the problem
(1.1), (1.2) is uniquely solvable.

Proof. The condition (1.7) with h(t, p)=|f(t,0)|, follows from the con-
dition (1.7"). Moreover, h € M ;(]a,b[ xR;) and (1.8) is fulfilled because
f(-,0) € Lyi(Ja,b]). If we now apply Lemma 2.10, the solvability of the
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problem (1.1), (1.2) becomes evident. As for the uniqueness of the solution,
it follows from Theorem 11.6 of the monograph [9]. O

Theorems 11.5 and 11.17 of the monograph [9] result in

LEMMA 2.11. Let there exist functions h; € Ly1(]a,b[) (i = 1,2) and
h € Mii(Ja,b[ xRy) (let f(-,0) € Ly1(]a,b]) and there exist functions h; €
Li1(]a,b]) (i =1,2)) and a natural number n such that along with (1.8) and
(1.11) (along with (1.11")) the conditions

(2.19) —hy; € Up(Ja, b)) (i =1,2)

are fulfilled. Then for any c¢; € R (i = 1,2) the problem (1.1), (1.2) is solvable
(uniquely solvable).

2.4. Lemmas on solvability and unique solvability of the prob-
lem (1.1),(1.3).

LEMMA 2.12.  Let there exist functions ho € Lig(Ja,b[) and h €
M o(Ja,b] xRy) such that along with (1.27,) (along with (1.27)) the con-
ditions (1.7), (1.28) and

(2.20) —ho € Ug(Ja, b])

are fulfilled. Then for ¢y = 0 and any ¢y € R (for any ¢; € R (i = 1,2)) the
problem (1.1), (1.3) is solvable.

LEMMA 2.12'. Let f(-,0) € Lio(]a,b]) and there exist a function hy €
Lio(]a,b]) such that along with (1.27,) (along with (1.27)) the conditions
(1.7") and (2.20) are fulfilled. Then for c; =0 and any cy € R (for arbitrary
¢ € R (1 =1,2)) the problem (1.1), (1.3) is uniquely solvable.

LEMMA 2.13. Let there exist functions h; € Lyg(la,b]) (i = 1,2) and
h € Mo(Ja,b[ xRy) (let f(-,0) € Ly1o(]a,b]) and there exist functions h; €
Lio(Ja,b]) (i =1,2)) and a natural number n such that along with (1.8) and
(1.11) (along with (1.11")) the conditions

(2.21) —h; e U (Ja,b]) (i=1,2)

are fulfilled. Then for arbitrary ¢; € R (i = 1,2) the problem (1.1),(1.3) is
solvable (uniquely solvable).

We omit the proofs of Lemmas 2.12 and 2.12" (of Lemma 2.13) because
they are similar to those of Lemmas 2.10 and 2.10" (of the Theorems 11.5
and 11.17 of monograph [9]).

3. Proof of the Main Results.

Proof of Theorems 1.1 and 1.1'. According to Lemmas 2.10 and 2.10’,
to prove Theorems 1.1 and 1.1” it suffices to show that if the function hgy €
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Ly 1(]a, b]) satisfies one of conditions (1.9) or (1.10), then it satisfies the con-
dition (2.16) as well.

By Lemma 2.5, the inequality (1.9) guarantees the validity of the inclu-
sion (2.16). Thus it remains for us to consider the case where the condition
(1.10) is fulfilled.

Let v, be the function given by (1.23) and let v(t) = UW(%). Then v
is a solution of the equation

v 4 2(t —a)
Y _(b—a)zkﬁy( b—a )U

satisfying the conditions
v(a+) =0,;v(b—) =0, v(t)>0 for a <t <b.

This, by Lemma 2.3 and (1.10), implies that the solution u of the initial value
problem

u" = —ho(t)u; ulat+) =0, ulat)=1
satisfies the condition
u(t) >0 for a <t,b, u(b—)>0.

Consequently, the inclusion (2.16) is valid. O

Proof of Theorems 1.2 and 1.2'. First of all, it should be noted that the
inequality (1.14) follows from the (1.8) and (1.11) (from (1.11’)). For every
i € {1,2} we denote by u; the solution of the initial value problem

u' = —hi(t)u; ula+) =0, u'(at+)=1.

Let v, be the function given by (1.23), and v(t) = v7(2"b(:a)). Then v is
a non-trivial solution of the problem

S _(b4—na)2 k7(2nb(t__aa))v, v(a+) =0, v(b—)=0

which has exactly n — 1 zeros in the interval ]a,b[. This, by Lemma 2.3 and
the conditions (1.12) and (1.14), implies that the function u; and hence the
function us have at least n zeros in the interval |a,b[. However, according
to Lemma 2.8, the inequalities (1.13) and (1.14) and the fact that every
function u; and uy has at least n zeros in the interval ]a,b| guarantee the
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validity of the inclusions (2.19). If we now apply Lemma 2.11, the validity
of Theorems 1.2 and 1.2" becomes evident. O

Proof of Corollary 1.1. Equation (1.15) follows from (1.1) in the case
where

f(t,x) = ipk(t)|$|)"“sgnx + p(t)x + q(t).

In this case by (1.17), the condition (1.7) is fulfilled, where ho(t) = [p(t)]—,
and f(-,0) € Ly(]a,b[). According to Theorem 1.2’, this implies that if
the condition (1.18) (condition (1.19)) is fulfilled, then for ¢; = ¢; = 0 the
problem (1.15), (1.2) is uniquely solvable. If, moreover, the condition (1.20)
is also fulfilled, then this problem is uniquely solvable for arbitrary ¢; € R
(1=1,2).

To complete the proof of our corollary, it remains to show that if the
conditions (1.17), (1.18) (conditions (1.17), (1.19)) are fulfilled, then the
condition (1.20) is necessary for the solvability of the problem (1.15), (1.2)
for any ¢; € R (i = 1,2). Indeed, let u be a solution of (1.15), (1.2) under
the boundary conditions

u(a) =2, u(b) =2.

Set
q(t) = q(t) — [¢(t)]-u(?), q(t) = gpk(t)IU(t)\A’“Sgn u(t) + [p(t)] +u(t)

and choose the numbers t; € |a,b[ (i = 1,2) and r > 0 in such a way that

Q) = 3 pe®) + [P0 for ¢ €a,t[Ulta, 0],
)]+ (e + 10— ) +
/atl(s — a)|go(s)| ds + /:(b —8)|go(s)|ds <7 for a<t<b (i=1,2).
Then from the equalities
w(t) = u(ts) + (¢ =t (1) + /t;(t — ) go(s) +ils)) ds (i=1,2)

we find that

m

/:1(3 — a)(;]?k(s) + [p(s)]+) ds <,
/b(b B S)(lipk(‘s) + [p(S)]+> ds < +00.
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Consequently, the condition (1.20) is fulfilled. O
Proof of Corollary 1.3. Let

[t x) =p(t)z +q(t), hit) =—p(t) (=1,2).

Then from (1.21) and (1.22) we obtain the conditions (1.7'), (1.12) and (1.13).
If now we apply Theorem 1.2', the validity of Corollary 1.3 becomes evident.
O

Theorems 1.3 and 1.3" (Theorems 1.4 and 1.4’) can be proved just in
the same way as Theorems 1.1 and 1.1’ (as Theorems 1.2 and 1.2). The
only difference is that instead of Lemmas 2.5, 2.10 and 2.10" (instead of
Lemmas 2.8 and 2.11) we apply Lemmas 2.6, 2.12 and 2.12" (Lemmas 2.9
and 2.13), and along with Lemma 2.3 we apply Lemma 2.4.

REFERENCES

[1] R.P. Agarwal and D. O’Regan, Nonlinear superlinear singular and nonsingular sec-
ond order boundary value problems, J. Differential Equations, 143 1(1998), 60—
95.

[2] R. P. Agarwal and D. O’Regan, Second-order boundary value problems of singular
type, J. Math. Anal. Appl., 226 (1998), 414-430.

[3] G. H. Hardy, J. E. Littlewood, and G. Pdlya, Inequlities, Cambridge Univ. Press,
Cambridge, 1934.

[4] P. Hartman, Ordinary Differential Equations, John Wiley, New York, 1964.

[5] P. Hartman and A. Wintner, On an oscillation criterion of Liapounoff, Amer. J.
Math., 73 (1951), 885-890.

[6] I. Kiguradze, On some singular boundary value problems for nonlinear second order
ordinary differential equations, Differentsial’nye Uravneniya, 4 10(1968), 1753—
1773 (in Russian); English transl.: Differential Equations, 4 (1968), 901-910.

[7] 1. Kiguradze, On a singular multi-point boundary value problem, Ann. Mat. Pura
Appl., 86(1970), 367-399.

[8] I. Kiguradze, On a singular boundary value problem, J. Math. Anal. Appl., 30
3(1970), 475-489.

[9] I. Kiguradze, Some singular boundary value problems for ordinary differential equa-
tions, Tbilisi University Press, Thilisi, 1975 (in Russian).

[10] I. T. Kiguradze and A. G. Lomtatidze, On certain boundary-value problems for
second-order linear ordinary differential equations with singularities, J. Math.
Anal. Appl., 101 2(1984), 325-347.

[11] I. Kiguradze and B. Puza, On a certain singular boundary value problem for lin-
ear differential equations with deviating arguments, Czechoslovak Math. J., 47
2(1997), 233-244.

[12] 1. Kiguradze and B. Puza, On the Vallée—Poussin problem for singular differential
equations with deviating arguments, Arch. Math., 33 1-2(1997), 127-138.

[13] I. Kiguradze, B. Puza, Conti-Opial type existence and uniqueness theorems for non-
linear singular boundary value problems, Funct. Differ. Equ., 9 3-4(2002), 405—
422.



TWO-POINT SINGULAR BOUNDARY VALUE PROBLEMS 281

[14] 1. Kiguradze, B. Puza, and I. P. Stavroulakis, On singular boundary value problems

for functional differential equations of higher order, Georgian Math. J., 8 4(2001),
791-814.

[15] I. T. Kiguradze and B. L. Shekhter, Singular boundary value problems for second

order ordinary differential equations, Itogi Nauki i Tekhniki, 30 (1987), 105—201
(in Russian); English transl.: J. Sov. Math., 43 2(1988), 2340-2417.

[16] I. Kiguradze and G. Tskhovrebadze, On the two-point boundary value problems for

[17]

[18]

[19]
[20]
[21]

[22]

A.

A.

A.

A.

V.

systems of higher order ordinary differential equations with singularities, Geor-
gian Math. J., 1 1(1994), 31-45.

G. Lomtatidze, On one boundary value problem for linear ordinary differential
equations of second order with singularities, Differentsial’'nye Uravneniya, 22
3(1986), 416-426 (in Russian).

G. Lomtatidze, On positive solutions of boundary value problems for second order
ordinary differential equations with singularities, Differentsial’nye Uravneniya,
23 10(1987), 1685-1692 (in Russian).

Lomtatidze and L. Malaguti, On a nonlocal boundary value problem for second
order nonlinear singular equations, Georgian Math. J., 7 1(2000), 133-154.
Lomtatidze and S. Mukhigulashvili, Some two-point boundary value problems for
second order functional differential equations, Masaryk University, Brno, 2000.
E. Mayorov, On the existence of solutions of singular differential equations of
higher order, Mat. Zametki, 51 3(1992), 75-83 (in Russian).

S. Mukhigulashvili, Two-point boundary value problems for second order functional

differential equations, Mem. Differential Equations Math. Phys., 20 (2000), 1—-
112.

. Puza, On a singular two-point boundary value problem for the nonlinear m-

th order differential equations with deviating argument, Georgian Math. J., 4
6(1997), 557-566.

. Puza and A. Rabbimov, On a weighted boundary value problem for a system

of singular functional differential equations, Mem. Differential Equations Math.
Phys., 21 (2000), 125-130.

P. J. Y. Wong and R. P. Agarwal, Singular differential equations with (n, p) boundary

conditions, Math. Comput. Modelling, 28 1(1998), 37—44.



