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1. MAIN RESULTS

Let C,. be the space of continuous functions z : [0,+oco[ — R with the topology of uniform
convergence on each closed interval in [0, +o0o[, let L, be the space of locally Lebesgue integrable
functions with the topology of convergence in mean on each closed interval in [0,4o00[, and let
f i Cloe — Lo be a continuous operator. Consider the functional-differential equation

ut™ (t) = f(u)(t) (L.1)

of order n > 2. Numerous papers (e.g., see [1-17] and the bibliography therein) deal with oscillatory
properties of such equations. Nevertheless, these properties are little studied for the case in which
f is an advance operator. In the present paper, we try to fill this gap. Some special cases of the
theorems proved below were announced in [18, 19].

We introduce the following notions.

Definition 1.1. An operator g : Ci,e — Ly is called an advance operator if g(u)(t) = g(v)(t)
almost all ¢ € ]0,+oo[ and for arbitrary functions u,v € Cj,. satisfying the relation u(s) = v
for s > t.

for
(s)

Definition 1.2. An operator g : Cioc — Ly is said to be nondecreasing if g(u)(t) > g(v)(t) for
almost all ¢ € |0, 4+o00[ and for any u,v € C),. such that u(s) > v(s) for s > 0.

We study the oscillatory properties of Eq. (1.1) under the assumption that
f i Cloec — Lipe is a continuous odd advance operator (1.2)

and
(—=1)*f is nondecreasing (1.3)

for some k € {1,2}.

A solution of Eq. (1.1) on an interval [a, +oo[ C [0, 4o00[ is defined as a function u : [a, +0o[ — R
that, together with its first n — 1 derivatives, is absolutely continuous on each closed interval
in [a,4+o00] and satisfies Eq. (1.1) with u(t) = u(a), 0 <t < a, almost everywhere on [a, +00].

A solution u of Eq. (1.1) defined on some interval [a,+o00[C [0,400] is said to be proper if it
does not vanish identically in an arbitrary neighborhood of +oc.

If a proper solution has a sequence of zeros converging to +oo, then it is said to be oscillatory,
and otherwise it is said to be nonoscillatory.

Following [1, 2], we say that Eq. (1.1) has Property A if one of the following conditions holds:
(i) each proper solution is oscillatory (for even n); (ii) each proper solution is oscillatory or satisfies

the condition _
lim «(t)=0 (i=0,...,n—1) (1.4)

t——+oo

(for odd n).
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1096 KIGURADZE et al.

Equation (1.1) has Property B if one of the following conditions holds: (i) each proper solution
either is oscillatory, or satisfies condition (1.4), or satisfies the condition

lim [u?(t)| =400  (i=0,...,n—1) (1.5)

t—+o0

(for even n); (ii) each proper solution either is oscillatory or satisfies condition (1.5) (for odd n).
Let m € {0,...,n —2}. By Definition 10.5 in [9], Eq. (1.1) has Property 4, (respectively, B,,)
if each proper solution either is oscillating or satisfies the condition

lim «(t) =0  (i=m,...,n—1) (1.6)

t—+o0

[respectively, either is oscillatory, or satisfies condition (1.5), or satisfies condition (1.6)].

Proposition 1.1. Let conditions (1.2) and (1.3y) [respectively, conditions (1.2) and (1.32)] be
satisfied. Equation (1.1) has Property A (respectively, B) if and only if it has Property Ay (respec-
tively, By).

For each ¢ € {1,...,n}, we set
he(t,e) =, fult,x) = 70 f (Rl ) (1) (1.7¢)

and for arbitrary a > 0 and ¢ > 0, we consider the initial value problem

1
(n—1)!

Theorem 1.1. Suppose that conditions (1.2) and (1.3x) are satisfied and there ezists an
m € {0,...,n— 2} such that

V' (t) = fe(t,v(t)), v(a) =c. (1.8y)

+oo
/ fa1(t,0)dt = 400 for 6 >0 (1.9)

and for arbitrary a > 0 and ¢ > 0 problem (1.8, ), where
o=m+1+27" (14 (-1)""), (1.10)

has no upper solution defined on [a,+oo[. If k = 1 (respectively, k = 2), then Eq. (1.1) has
Property A,, (respectively, B,,).

Theorem 1.2. Suppose that conditions (1.2) and (1.3;) are satisfied and there exist numbers
m € {0,...,n—2} and 6y > 0 and a continuous function w: ]0,4o00[ — |0, +o00[ such that

+o0 d
/ Wz) < +00, (1.11)
fs1(t, ) > foi1 (t,00) w(x) for t>0, x>0. (1.12)

If k =1 (respectively, k = 2), then condition (1.9) is necessary and sufficient for Eq. (1.1) to have
Property A,, (respectively, B,,).

Theorem 1.3. Suppose that m € {0,...,n — 2}, n —m is odd (respectively, even), and condi-
tions (1.2) and (1.3,) [respectively, (1.2) and (1.35)] are satisfied. Moreover, suppose that there exists
a locally integrable function g : [0, +oo[ — [0, +o0[ and a continuous function w : 0, +oo[ — |0, +00]
such that

fmaa(t,z) > g(t)w(x) for t>0, >0 (1.13)
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OSCILLATORY PROPERTIES OF HIGHER-ORDER ADVANCE ... 1097

and, in addition to (1.11),
+oo
/g(t)dt = +0o0. (1.14)
0

Then condition (1.9) is necessary and sufficient for Eq. (1.1) to have Property A,, (respectively, B,,).

For arbitrary ¢ € {1,...,n} and a € [0,4+00][, by v,, we denote an upper solution, maximally
extended to the right, of the problem

V(t) = mfg(t,v(t)), o(a) = 1. (1.15,)

Theorems 1.1-1.3 deal with the case in which the intervals on which the functions v,
(¢ = m+1,...,n) are defined are finite. In what follows, we consider the case in which the
above-mentioned intervals coincide with [a, +o0].

For arbitrary ng € {0,...,n —2} and k € {1,2}, by ./,*) we denote the set of £ € {no,...,n}
such that £+ n + k is even.

Theorem 1.4. Suppose that m € {0,...,n — 2}, and, in addition to (1.2) and (1.3x), the con-
ditions

+oo
/fg(lf,&)dt:—i—oo for 6>0 ({=m+1,...,n) (1.16)
0

are satisfied. Suppose that for arbitrary a >0 and ¢ € {m+1,...,n—1} ﬂ%n(f)m, problem (1.15,)
has an upper solution v, , defined on [a,+oo[, and*

+oo
[ @Ol =400, w6 =t ousl0) (1.17)

a

Then for k =1 (respectively, k = 2), Eq. (1.1) has Property A,, (respectively, B,,).

Theorem 1.5. Suppose that m € {0,...,n — 2}, n —m is odd (respectively, even), and condi-
tions (1.2) and (1.31) [respectively, (1.2) and (1.32)] are satisfied. Moreover, suppose that for each
6 > 0, there exist positive numbers a, v, and n such that

fot,0) > Atfomii(t,m) for t>a ((=m+2,...,n). (1.18)
Then condition (1.9) is necessary and sufficient for Eq. (1.1) to have Property A,, (respectively, B,,).

By way of example, we consider the functional-differential equation

j 7(t)

a ) = (-1 / () sem u(s)dups(s, 1), (1.19,)

u () = (~1)* / u(s)dp(s, 1), (1.20,)

where k € {1,2}, j > 1,and \; >0 (i =1,...,j). Moreover, throughout the following, we assume
that 7,7 : [0,4+00]— [0,+o0o[ are continuous functions and p,p; : [0, +o0[ X [0, 4+00[ — [0, +00[

'If k = 2 and m = n — 2, then either condition (1.17) is omitted or » 51221,” ={n}.
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(¢t = 1,...,7) are nondecreasing functions of the first argument satisfying the conditions
T(t) > 7o(t) >t for t > 0, p(s,-) € Lioec and p;(s,+) € Lo (i =1,...,7) for s > 0.
Theorems 1.1-1.5 imply the following assertions.

Corollary 1.1. Letj >2,jo€{1,...,7—1},me{0,...,n=2}, and \; > 1 (i =jo+1,...,J).
Then the condition

+oo j 7(t)
/ g Z / Sm)\idspi(sat) dt = 400 (121)
0 i=j0+17’0(t)

is sufficient for Eq. (1.19;) [respectively, Eq. (1.19;)] to have Property A,, (respectively, B,,). If,
moreover,
+00 (t)

Jo
/t"_m_l Z /smk"’dspi(s,t) dt < +o0, (1.22)

0 =1
then condition (1.21) is also necessary.

Corollary 1.2. Let j > 2, joe{l,...,7—1}, i>1(i=jo+1,...,5), me{0,...,n—2},
n —m be odd (respectively, even), and

+o00 ; 7(t)

J
0 i:joJrlTO(t)
Then the condition
o0 jo 7(t)
., =10

is sufficient for Eq. (1.19;) [respectively, Eq. (1.19;)] to have Property A,, (respectively, B,,). If,
moreover,

+oo j 7(t)
/t"ml Z /sm’\"'dspi(s,t) dt < +o0, (1.25)
0 =do+1

then condition (1.24) is also necessary.
Corollary 1.3. Let 0 < A\ < \; <1 (i=1,...,7), me{0,...,n—2}, and

—+oo

/ ge(t)dt = 400 (=m+1,...,n), (1.26)
0
where
;o
ge(t) :tnfzz / sV pi (s, 1), (1.27,)
=1
and suppose that the condition
400 ;oT® s Ai/(1=21)
/ Y / st / 9e(§)d¢ dpi(s,t) | dt = +o0 (1.28)
0 =10 0
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OSCILLATORY PROPERTIES OF HIGHER-ORDER ADVANCE ... 1099
is satisfied for each ¢ € {m+1,...,n—1} ﬂ/ffn(}r)ln [respectively, £ € {m+1,...,n—1}N_1, (i)l 2]
Then Eq. (1.19;) [respectively, (1.195)] has Property A, (respectively, B,,).

Corollary 1.4. Let 0 < A\ < Ay <1 (i =1,...,5), m € {0,...,n — 2}, let n — m be odd
(respectively, even), and let
lim inf (t72/ 79 (2)) > 0. (1.29)

Then Eq. (1.91) [respectively, Eq. (1.195)] has Property A,, (respectively, B,,) if and only if

+oo ] T(t)

0 =)

Corollary 1.5. Let m € {0,...,n — 2} and

—+oo

/ Gm1 (t)dt = 400

0

+00 7(t) s
1
n—Lr—1 O —1 _
0 o(t) 0
where £, is the number given by (1.10) and g,(t) = t"~ efT(t “ld,p(s,t). If k = 1 (respectively,

k = 2), then Eq. (1.20;) has Property A,, (respectwely, B,.).
Corollary 1.6. Let m € {0,...,n — 2}, let n —m be odd (respectively, even), and let

lim inf (t~*7(t)) > 0.

t——+oo
Then the condition
400 7(t)
/ gromet / s™dgp(s,t)| dt =
0 To(t)

is necessary and sufficient for Eq. (1.20y) [respectively, Eq. (1.20,)] to have Property A,, (respec-
tively, B,,).

Corollaries 1.3 and 1.4 are generalizations of Theorems 1.1 and 1.2 in [13], which deal with
oscillatory properties of the Emden—Fowler advance differential equation of order n.

2. AUXILIARY ASSERTIONS
y C"~ ([ag, +00[ ), we denote the set of functions u : [ag, +00] — R that, together with their

1
(n — 1)st0cderivatives, are absolutely continuous on each finite closed subinterval of the interval

[ag, +00[. Lemmas 1.1-1.3 in [9] imply the following assertion.

Lemma 2.1. Suppose that u € C"-* ([ag, +00]),

loc
u(t) >0 for t> ap, (2.1)
mes {s € [t,+oo[ : u(s) #£0} >0 for t>ag

and the inequality
(—1)u™ (1) > 0 (2.3)
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is valid almost everywhere on [ag, +oo] for some k € {1,2}. Then there exists an a; € [ag,+00[
and an { € //6(,5) such that either £ <n —1 and

uD(t) >0 (i=0,...,0), (=) “uD(t) > 0 (i=4,...,n—1) for t>ay, (2.4)

/ = u™ ()] dt < +oo, (2.5)

ay

ork=2,¢=n, and .
u(t) >0 (t=0,....,0—1) for t>ay. (2.6)

Lemma 2.2. Let a function u € CI'.' ([ay, +oo[) satisfy inequality (2.3) almost everywhere

on [ay,+oo] , where k € {1,2}. Moreover, let inequality (2.4) and the relation

“+oo

/ = u™ ()| dt = 400 (2.7)

ay

be valid for some £ € {1,...,n —1} ﬂ/fﬁ(rf). Then there exists an a € [a;,+00[ such that

— V() for t>a, (2.8)
/s”_e [u™(s)|ds  for t=>a. (2.9)

a

1
(n—20)!

Proof. By Lemma 1.3 in [9], the inequalities (¢ —i)u®(t) > tu*V(¢) (i =0,...,£—1) are valid
on [a,+oo] for a sufficiently large number a € [a;, +00[. This readily implies inequality (2.8).

Since n — ¢ — k is even, it follows from (2.3) that (—1)"~‘s"~“u(™(s) = s"~* |u{"(s)| for almost
all s € [ay,+o0[. If we divide both sides of this identity by (n — ¢)! and integrate the resulting
relation from a; to t, then we obtain

t
n—1 11

) i+1— i 1 n— n
Z 1—1—1—6 tJr1 Zu()(t):c—i—m/s ”u( )(s)‘ds, (2.10)

i=0—1 a

where ¢ = S0 (1) 4/(i + 1 — 0)1) ai" '~ (a,). However, by (2.7),
c+((n—0NH" /5”4 [u™(s)| ds > ¢!
for a sufficiently large a € [a;, +oo[. This, together with condition (2.4) and relation (2.10), implies

inequality (2.9) and completes the proof of the lemma.
In the sequel, we need the following obvious lemma on an integral inequality.

Lemma 2.3. Let ¢ : [a,400[ X [0,400[— [0,+00[ be a function locally integrable in the first
argument and continuous and nondecreasing in the second argument. Moreover, suppose that there
exists a positive number ¢ and a continuous function y : [0, +o00[ — ]0, +oo[ such that

t

y(t) > c+ /go(s,y(s))ds for t>a.

a

Then the problem z'(t) = ¢(t, 2(t)), z(a) = ¢ on the interval [a,+oo] has an upper solution z*, and
t

) —
y(t) > z*(t) > ¢ fort > a.
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Lemma 2.4. Let conditions (1.2), (1.3x), and (1.16) be satisfied, where k = 1 (respectively,
k=2) and m € {0,...,n — 2}, and suppose that Eq. (1.1) does not have Property A,, (respec-
tively, B,,,). Then there exist a; >0, a > ay, and ¢ € {m+1,...,.n—1}N.4, (f)l . such that Eq. (1.1)
has a solution w defined on |ay,+00| and satisfying conditions (2 4) and (2.5), problem (1.15) has
an upper solution v, defined on |a,+oo[, and

u(t) >t (1) >t for t>a. (2.11)

Proof. First, we note that, by conditions (1.2) and (1.3;) and relations (1.7,), for an arbitrary
¢e{l,...,n} we have f,(t,x) = (=1)*t"*f (he(-,x)) (t) sgn x and

fet,y) > fo(t,z) >0 for t>0, y>x>0. (2.12)
Since Eq. (1.1) does not have Property A,, (respectively, B,,), it follows from conditions (1.2)

and (1.3;) that on some interval [ag, +00[ , there exists a solution u of this equation that satisfies
relations (2.1) and (2.3) and the inequalities

,Jim u™ (t) > 0, (2.13)
thgrn W™ (1)] < +o0. (2.14)

Let us show that w satisfies condition (2.2) as well. Indeed, otherwise for some a; € [ag, +o0],
we would have
u™(t)=0 for t>a, (2.15)

and u(t) = Z:leciti*1 for t > ay, where £ € {m +1,...,n} and ¢, > 0. Therefore, there exists
a 0 > 0 such that
u(t) > 6t for t>a. (2.16)

Taking account of this estimate, relations (1.7,) and (2.15), and conditions (1.2) and (1.3;), we ob-
tain 0 = t"~* [u™(¢)| = ¢"~*|f(u)(t)| > fo(t,6) for t > a;. This contradicts condition (1.16) and
completes the proof of condition (2.2).

By Lemma 2.1 and condition (2.13), there exists an a; € [ag, +0o[ and an £ € #,*) such that

either £ <n — 1 and conditions (2.4) and (2.5) are satisfied, or k = 2, £ = n, and inequalities (2.6)
hold.

Let us first show that £ < n—1. Suppose the contrary: ¢ = n. Then k = 2, and inequalities (2.3)

and (2.6) are valid. Therefore, there exists a positive number ¢ such that u(t) > t"~'6 for ¢t > a;.
Taking account of conditions (1.2), (1.3;), and (1.16) as well, we obtain

u("_l)(t) um— 1) /f s)ds > /fn $,0)ds — 400 as t— 4o0.

But this contradicts condition (2.14). We have thereby shown that £ € {m,...,n —1} N.#,* and
the function w satisfies conditions (2.4) and (2.5).

Suppose that ¢ = m. Then, taking account of relation (2.13), we obtain u(t) > 6t™ for t > ay,
where ¢ is a positive constant. By this inequality and conditions (1.2), (1.3x), and (1.16), one has

+00 +oo oo
/ e uM ()] dt = / T f(u)(8)|dE > / Jm41(t,0)dt = +o0,

which contradicts condition (2.5) and hence implies that £ € {m +1,...,n— 1} N_#,*).
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By (2.4), relations (2.16) are valid for some ¢ > 0. Therefore,

+oo +oo

/t”‘f|u<">(t)|dt_ /t” I f (w)(t)]dt > /fg (t,0)d

ai ay

This, together with (1.6), implies (2.7).
By Lemma 2.2, there exists an a € [a;, +00] such that the function u satisfies inequalities (2.8)
and (2.9). Taking account of this fact and conditions (1.2) and (1.3;) and setting y(¢) = u*~1(¢) /2!,

we obtain
‘u(n) | = |f(u)(t)| >t~ nfz(t y(t)) for t>a,

y(t) > 1+ (£(n —2) /fgsy ds for t>a.

This, together with Lemma 2.3 and condition (2.12), implies that problem (1.15,) has an upper
solution v, , defined on [a,+oo[ and u*~V(t) > llv,,(t) > ¢! for t > a. Consequently, the esti-
mate (2.11) is valid, and the proof of the lemma is complete.

Lemma 2.5. Let ¢y € {0,...,n—2}, k € {1,2}, and let conditions (1.2) and (1.3;) be satisfied.

Moreover, suppose that for arbitrary a > 0 and ¢ > 0, problem (1.8,,) has no upper solution defined
on [a,+oo[. Then

/fg(t,d)dt——l—oo for 650 ((=1lo....n), (2.17)

and for arbitrary a > 0 and £ € {{y,...,n— 1}, problem (1.15,) has no upper solution defined
on [a,+o0].

Proof. Suppose that for some ay > 0 and ¢ € {{,,...,n — 1}, the problem

V'(t) = (0(n — ON it v(t)), v (ag) =1,

has an upper solution v defined on [ag, +oo[. We set w(t) = t*~“v(t). Then, by (1.2), (1.3;),
and (1.7,), we have hy(s,v(t)) > hy,(s,w(t)) > 0 for s >t > ag and

fet,o(t) = (=1)M" f (he(, o)) (8) = (1) " f (hey (-, w(t))) (£) = 27 fo (£, w(2))
for t > ag. Therefore,

t

w(t) =t + W /fz s,v(s))ds > ¢+ (n 1)!#_(0/Seo_eféo(&w(s))ds

a

+ﬁ/ﬁo(s,w(s))ds for t>a,

where a = ag + 2 and ¢ = 1. Therefore, by Lemma 2.3 and condition (2.12), there exists an upper
solution of problem (1.8,,) defined on [a,+o00[. This contradicts the assumptions of the lemma

and hence implies that for arbitrary a > 0 and ¢ € {ly,...,n — 1}, problem (1.15,) has no upper
solution defined on [a, +00].

In a similar way, we show that for any a > 0 and ¢ > 0, problem (1.8,) has no upper solution
defined on [a,+oo] if £ € {ly,...,n — 1} as well as if £ =n.
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To complete the proof of the lemma, it remains to show that relation (2.17) is valid. Indeed,
otherwise, there would exist ¢ € {{y,...,n}, 6§ >0, c €]0,0[, and a > 0 such that

d>c+((n— 1)!)_1/fg(s,5)ds for t>a.

This, together with Lemma 2.3, implies that there exists an upper solution of problem (1.8,) defined
on [a,+oo[. On the other hand, as was mentioned above, problem (1.8,) has no upper solutions.
This contradiction completes the proof of the lemma.

Let a >0, me{0,...,n—1},and ¢; € R (i =0,...,m). Consider the following problem: find
a solution u of Eq. (1.1) defined on [a, 400 and satisfying the condition

u(a) = ¢; (t=0,....,m—1), lim u™(t) = cpp. (2.18,,)

t——+oo

If m = 0, then condition (2.18,,) is treated as the condition lim, . u(t) = ¢.

Lemma 2.6. Let k € {1,2}, m € {0,...,n — 1}, and let the operator f satisfy conditions (1.2)
and (1.3;). Then condition (1.9) is necessary for Eq. (1.1) to have Property A,, or B,,. Moreover,
if condition (1.9) fails, then there exist positive constants ag and v; (i = 0,...,m) such that for
arbitrary a > ag and ¢; € [—v;,7v:] (i =0,...,m), problem (1.1), (2.18,,) has at least one solution.

Proof. Let condition (1.9) fail. Then there exist aqg > 1, d > 0, and 7,, € ]0, Jo| such that

+oo
_ 30 — Ym
002200 =) [ fe (s, ds < 20 (219)
ao
If m > 1, then we choose the numbers ~; (i =0,...,m — 1) so as to ensure that
m—1
(60 = Ym) v < 1.
i=0

By C([a,+o0[) we denote the Banach space of continuous bounded functions z : [a, +00[— R
with the norm ||z||¢ = sup{|x(¢)| : t > a}. For an arbitrary = € C([a, +o0]), we set yo(x)(t) = x(t)
for t > a and yo(x)(t) = z(a) for 0 <t < a. For m > 1, we set

t
m—1
1

Ym(2)(t) = Z —(t—a) + 1) /(t —s)" x(s)ds for t>a

a

and y,,,(2)(t) = ym(z)(a) for 0 <t < a.
Let a > ag and ¢; € [—7;,%] (i =0,...,m). In the ball

% ={x € C(la, +o0[) : |[zllc < (ym + 60)/2},
we consider the operator

“+oo

o) (0) = = gy [ (= () () (220)
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), and (2.19), we have
< himsa (t500)
< 1S (hngr (+500)) ()] = 77" frnga (8, 00)

Then, by conditions (1.2), (1.3
[Ym () (2)]
1 (ym(2)) (2)]

1)
%T—'—O for t> a.

+oo
9(2)(1)] < Yon + / Foost (5,80) ds <

These inequalities, together with (1.2), imply that the operator g : . % — % is compact. By the
Schauder principle, there exists an x € .% such that x(t) = g(z)(t) for t > a. We set u(t) = y,.(z)(t)
for t > a. By (2.20), the function w is a solution of problem (1.1), (2.18,,).

Since problem (1.1), (2.18,,) is solvable for arbitrary ¢; € [—v;, 7] (¢ =0, ..., m), it follows that
there exist infinitely many solutions of Eq. (1.1) such that

0< lim |u™(t)] < +o0.
t——+oo

Consequently, Eq. (1.1) has neither Property A,, nor Property B,,. The proof of the lemma is
complete.

3. PROOF OF THE MAIN RESULTS
Proof of Proposition 1.1

To be definite, we assume that conditions (1.2) and (1.3;) are satisfied; the case of conditions (1.2)
and (1.3;) can be treated in a similar way.

By the definitions of Properties A and Ag, we find that if Eq. (1.1) has Property A [respec-
tively, n is odd and Eq. (1.1) has Property A], then it has Property Ay (respectively, Property A)
as well. Therefore, to prove Proposition 1.1, it suffices to show that if n is even and Eq. (1.1)
has Property Ay, then it does not have any nonoscillatory proper solution. Suppose the contrary:
Eq. (1.1) has a nonoscillatory proper solution u defined on some interval [ag, +00[. Then, by condi-
tions (1.2) and (1.3;) and Property A, of Eq. (1.1), we can assume that u satisfies conditions (1.4)
and (2.1)-(2.3), where k = 1. On the other hand, by Lemma 2.1, the function u satisfies inequali-
ties (2.4) for some ¢ € {1,...,n — 1} and a; € [ag, +oo[. But this contradicts condition (1.4) and
hence completes the proof of Proposition 1.1.

Proof of Theorem 1.1

First, we note that if the assumptions of Theorem 1.1 are valid, then, by Lemma 2.5, inequali-
ties (1.16) also hold and for arbitrary a > 0 and ¢ € {/,...,n — 1}, problem (1.15,) has no upper
solution defined on [a, +oof.

Now we suppose that & = 1 (respectively, & = 2), and Eq. (1.1) does not have Property A,,
(respectively, Property B,,). Then, by Lemma 2.4, for some a > 0 and ¢ € {ly,...,n— 1},
problem (1.15,) has an upper solution defined on [a,+00[. On the other hand, by the above

considerations, this problem has no upper solution. This contradiction completes the proof of the
theorem.

Proof of Theorem 1.2

By Lemma 2.6, condition (1.9) is necessary for Property A,, or B,, of Eq. (1.1). Consequently,
it remains to show that if £ = 1 (respectively, k = 2) and condition (1.9) is satisfied, then Eq. (1.1)
has Property A,, (respectively, B,,). First, we note that, by conditions (1.9), (1.11), and (1.12),
problem (1.8,,+1) has no upper solution defined on [a, +o0[ for arbitrary @ > 0 and ¢ > 0. This fact,
together with Lemma 2.5, implies the validity of (1.16) and the absence of an upper solution of
problem (1.15,) defined on [a, +oo] for arbitrary ¢ > 0 and £ € {m+1,...,n—1}. Hence Eq. (1.1)
has Property A,, (respectively, B,,), since otherwise, by Lemma 2.4, problem (1.15,) would have

an upper solution defined on [a, +oo] for some a > 0 and £ € {m + 1,...,n — 1}. The proof of the
theorem is complete.
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Proof of Theorem 1.3

By Lemma 2.6, condition (1.9) is necessary for Eq. (1.1) to have Property A,, (respectively,
Property B,,). Let us prove the sufficiency of this condition.

If n — m is odd (respectively, even), then it follows from (1.10) that ¢, = m + 2 (respectively,
¢y = m+2). This, together with conditions (1.11), (1.13), and (1.14), implies that problem (1.8;,)
[respectively, problem (1.8,,)] has no upper solution defined on [a,+o00] for any a > 0 and ¢ > 0.
Now if ;ve use Theorem 1.1, then we find that Eq. (1.1) has Property A,, (respectively, Prop-
erty B,,).

Proof of Theorem 1.4

Suppose the contrary: k = 1 (respectively, &k = 2), and Eq. (1.1) does not have Property A,,

(respectively, B,,). By Lemma 2.4, there exist a; > 0,a > a;, and £ € {m+1,...,n— 1} m%(f)m

such that Eq. (1.1) has an upper solution u defined on [a;, 400 and satisfying conditions (2.5)
and (2.11). On the other hand, it follows from conditions (1.3;), (2.5), and (2.11) that

+o0 +oo oo
/ | (wag) (8)] dt < / £ () ()t = / £ ul (1) dt < +oo,

which contradicts condition (1.17) and completes the proof of the theorem.

Proof of Theorem 1.5

The necessity of condition (1.9) for Eq. (1.1) to have Property A,, (respectively, B,,) follows
from Lemma 2.6.

Before proving the sufficiency, we note that conditions (1.9) and (1.18) provide the validity of
relations (1.16).

Now we suppose that condition (1.9) is satisfied and nevertheless Eq. (1.1) does not have Prop-
erty A,, (respectively, B,,). Then, by Lemma 2.4, there exist a; > 0, a > a;, and

ée{m—i—l,...,n—l}ﬂ/fﬁ(ﬂm

[respectively, £ € {m+1,...,n—1} ﬂJ{n(i)ln)] such that Eq. (1.1) has an upper solution u defined
on [a,+oo[ and satisfying conditions (2.5) and (2.11). Moreover, since n —m is odd (respectively,
even), we have ¢ > m + 2.

For 6 = 1, we choose positive numbers a, -y, and 7 so as to satisfy (1.18). Then, by relations (1.7,)

and conditions (1.2), (1.3;), and (2.11), we have
" )| = (@)@ 2t et 1) 2 Y fraa(tn) for t>a.

This, together with (2.5), implies that f:oofmﬂ(t,n)dt < 4o00. This contradicts condition (1.9)
and completes the proof of the theorem.
Equations (1.19;) and (1.20) considered in Corollaries 1.1-1.6 follow from Eq. (1.1) in the cases

PRC)
F)t) = (=" / |u(s)|* sgnu(s)dopi(s, t), (3.1)
=g
7(t)

Fu)(t) = (~1)* / u(s)dp(s, 1), (3.2)

To(t)
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respectively. By the restrictions imposed on the functions 79, 7, p; (i = 1,...,n), and p, in both
cases, the operator f satisfies conditions (1.2) and (1.3;). On the other hand, if f admits the
representation (3.1), then, by (1.7,), we obtain

7(t)

J
filtyz) =1ty / SEDNg (5.1 | (2 (3.1,)
=1

To(t)
but if f admits (3.2), then
7(t)
folt,z) =t"* / s tdp(s,t) | |=|. (3.2y)

To(t)

Proof of Corollary 1.1
For each ¢ € {1,...,n}, from (3.1;), we obtain the inequality

fo(t,x) > gg(t)xk(’”) for t>0, x>0, (3.30)
where
P
s) =t 3 [ S (s), (3.4,)
i=jo+1

To(t)
AMz) = min{\,: i=jo+1,...,5} > 1 for x > 1, and ANz) = max{\;:i=jo+1,...,5} for
0 <z < 1. Moreover,

9e(t) > gmia(t) for t>1 ({=m+1,...,n), (3.5)

since 7o(t) >tand A\, > 1 (i =jo+1,...,7).

First, we suppose that relation (1.21) is valid. Then, by (3.3;), (3.4¢), and (3.5), relations (1.16)
are valid, and for arbitrary @ > 0, ¢ > 0, and ¢ € {m + 1,...,n}, problem (1.8;) has no upper
solution defined on [a, +oo[. This, together with Theorem 1.1, implies that Eq. (1.19;) [respectively,
Eq. (1.195)] has Property A,, (respectively, B,,).

Let us proceed to the case in which relation (1.21) fails and condition (1.22) is satisfied. Then,
by (3.1,,41), condition (1.9) fails, and it follows from Lemma 2.6 that Eq. (1.9;) [respectively,
Eq. (1.19;)] does not have Property A,, (respectively, B,,). The proof of the corollary is complete.

Proof of Corollary 1.2

We set w(z) = 2@ and g(t) = gmio(t). Then, by (1.23), (3.3,,42), and (3.4,,42), condi-
tions (1.11), (1.13), and (1.14) are satisfied. On the other hand, if condition (1.25) is satisfied,
then, by the representation (3.1,,41), relation (1.9) holds if and only if relation (1.24) is valid.
If now we use Theorem 1.3, then the validity of Corollary 1.2 becomes obvious.

Proof of Corollary 1.3

Since 0 < Ay < A\, < 1 (i = 1,...,j), it follows from (3.1,) for each ¢ € {1,...,n} that
inequality (3.3;) is valid, where g, is the function given by (1.27,), A(z) = 1 for 0 < z < 1, and
AMz) =\ for z > 1.

On the one hand, relations (1.26) and (3.3;) imply (1.16); on the other hand, they imply that

. 1/(1=\1)

1—XN
Vae(t) > A= 0 /gg(s)ds for t>a ((=1,...,n—1), (3.6)

a
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where v, ¢ is an upper solution of problem (1.15,). By these estimates and condition (1.28), it follows

from (3.1) that relation (1.17) is valid for arbitrary @ > 0 and ¢ € {m + 1,...,n — 1} ﬂ/ffn(f)ln
Consequently, all assumptions of Theorem 1.4 are satisfied; therefore, if £ = 1 (respectively, k = 2),
then Eq. (1.19;) has Property A,, (respectively, B,,).

Proof of Corollary 1.4
By (1.27,) and (1.29), there exist a > 1 and v, > 0 such that

ge(t) > " (O] TN g (1) > Yot ()

fort >a ({ =m+2,...,n). These estimates, together with inequalities (3.3;), { = m + 2,...,n,
imply that inequalities (1.18) are valid for arbitrary § > 0, where v = 7,6*(®) and = 1. On the
other hand, by (3.1,), relation (1.9) holds if and only if relation (1.30) is valid. If we now use
Theorem 1.5, then the validity of Corollary 1.4 becomes obvious.

Corollaries 1.5 and 1.6 can be proved by analogy with Corollaries 1.3 and 1.4. The only difference

is that the representations (3.1) and (3.1;) are replaced by the representations (3.2) and (3.2,); thus,
relation (3.6) is replaced by v, ,(t) > exp ((Kl(n —onHt f; gg(s)ds) fort>a ((=1,...,n—1).

ACKNOWLEDGMENTS

The work was financially supported by a scientific grant of the Education Ministry of Greece in

the framework of the scientific-technological collaboration between Greece and Georgia.

NSO

*

10.
11.
12.
13.
14.
15.

16.
17.
18.

19.

REFERENCES

. Kondrat’ev, V.A., Trudy Moskovskogo Mat. Obshchestva, 1961, vol. 10, pp. 419-436.
. Kiguradze, I.T., Trudy V Mezhdunarodnoi konferentsii po nelineinym kolebaniyam (Proc. V Int. Conf.

on Nonlin. Oscillations), Kiev, 1970, vol. 1, pp. 293-298.

Koplatadze, R.G and Chanturiya, T.A., Ob ostsillyatsionnykh svoistvakh differentsial’nykh uravnenii
s otklonyayushchimsya argumentom (Oscillatory Properties of Differential Equations with Deviating
Argument), Thilisi, 1977.

Kusano, T., J. Differential Fquations, 1982, vol. 45, no. 1, pp. 75-84.
Dahiya, R.S., Kusano, T., and Naito, M., J. Math. Anal. Appl., 1984, vol. 98, no. 2, pp. 332-340.
Drakhlin, M.E., Differents. Uravn., 1986, vol. 22, no. 3, pp. 396-402.

Ladde, G.S., Lakshmikantham, V., and Zhang, B.G., Oscillation Theory of Differential Equations with
Deviating Arguments, New York, 1987.

Werbowski, J., Funkcial. Fkvac., 1987, vol. 30, pp. 69-79.

Kiguradze, I.T., Chanturia, T.A., Asymptotic Properties of Solutions of Nonautonomous Ordinary Dif-
ferential Equations, Dordrecht, 1993.

Koplatadze, R., Mem. Differential Equations Math. Phys., 1994, vol. 3, pp. 1-179.
Lomtatidze, A., Georgian Math. J., 1997, vol. 4, no. 2, pp. 129-138.

Kiguradze, I.T. and Stavroulakis, I.P.; Differents. Uravn., 1998, vol. 34, no. 6, pp. 751-757.
Kiguradze, I. and Stavroulakis, I.P., Appl. Anal., 1998, vol. 70, no. 1-2, pp. 97-112.
Agarwal, R.P. and Grace, S.R., Comput. Math. Appl., 1999, vol. 38, no. 5-6, pp. 143-153.

Koplatadze, R., Kvinikadze, G., and Stavroulakis, I.P., Georgian Math. J., 1999, vol. 6, no. 6,
pp. 553-566.

Adamets, L. and Lomtatidze, A., Differents. Uravn., 2001, vol. 37, no. 6, pp. 755-762.
Litsyn, E. and Stavroulakis, I.P., Nonlinear Anal., 2001, vol. 47, no. 6, pp. 3877-3883.

Kiguradze, 1., Partsvania, N., and Stavroulakis, I.P., Mem. Differential Equations Math. Phys., 2001,
vol. 24, pp. 146-150.

Kiguradze, 1., Partsvania, N., and Stavroulakis, I.P., Mem. Differential Equations Math. Phys., 2002,
vol. 25, pp. 156-158.

DIFFERENTIAL EQUATIONS Vol. 38 No. 8 2002



