ISET MATH IV Midterm

Problem 1.

(a) Suppose the sum of n real numbers is k. Calculate the minimal value of
the sum of squares of these numbers.

(b) Suppose the sum of squares of n real numbers is k. Calculate the maximal
value of the sum of these numbers.

(c) Suppose the sum of squares of n real numbers is k. Calculate the minimal
value of the sum of these numbers.

Solution.

()
flay,xy) =22+ .. +22, glay,.,xp)) =21+ ... +3, =k
L(xy, ey oy \) =22 4+ o+ 22 = Moy + ... + 2, — k)
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(b)
[y, mp) =21+ o+ 2y, g(xy, ) =22+ + 22 =k
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(c)

T; = — %, 1+ ... +x, = —Vvnk.



Problem 2.
(a) Use Lagrange multipliers to find min and max of the function f(z,y) =
2?2 + y? subject of g(xz,y) = 2* + 2y* = 4.

(b) Suppose that the constraint in (a) is changed to 4.01. Use the Lagrange
multiplier to estimate new minimal and maximal values of f.

(c) Use Lagrange multipliers to find min and max of the function f(z,y) =
2?2 + y? subject of g(x,y) = 22 + 2y* < 4.

(d) Suppose that the constraint in (c) is changed to 4.01. Use the Lagrange
multiplier to estimate new minimal and maximal values of f.

Solution

(a) min: (z = 0,y = £V2,A = 1), f(z = 0,y = £V2) = 2; max:
(x==22,y=0,A=1), flx =42,y =0) =4.

(b) If we change the constraint 4 to 4.01 the minimal value will change by
A-0.01 = % -0.01 = 0.005, and the maximal value will change approximately
by A-0.01 =1-0.01 = 0.01. So the new min is 2.005 and the new max is
4.01.

(¢) min: (z =0,y =0,A=0), f((x =0,y =0) =0; max: (v = +2,y =
0,A=1), flx =42,y =0) =4.

(d) If we change the constraint 4 to 4.01 the minimal value will not change:
A-0.01 =0-0.01 =0, and the maximal value will change approximately by
A-0.01 =1-0.01 =0.01. So the new min is 0 and the new max is 4.01.



Problem 3.
Consider the problem

min f(z,y) = (v —2)*+ (y—2)* st. 2+y=Fk.
(a) For which values of k is the constraint nonbinding?

(b) For which values of k is the constraint binding?

Solution.
L(z,y) = (x =2+ (y —2)* = Mz +y — k)
KKT
20 —4—-XA=0
2y—4—-X2=0

Mex+y—Fk)=0

A<0, r+y<k.
1.A=0 = 2=2,y=2,242—-k<0, 4>k
2.0+y—k=0=2=5 y=5 XA=k-4<0, k<4
(a) k < 4.
(b) k > 4.



Problem 4. Solve he following problems, do not forget the second order
conditions, indicate the optimal values too.

(a) min (z—8)*+y* st. x4y <6.
(b) min (z—8)*+y? st. z+y <6, y>0.
(c) min (x—8)?+1y* st. z+y <6, z<O0.
Solution
(@) z=T7 y=—-1,A=2, f=2
(b)x=6, y=0, A =—4, \y=—4, f=4
(c)x=0, y=0, A =—16, \y =—4, f=64



