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Example
Maximize f(x,y)=10—x" )" subjectto x+y=1.

The absolute maximum of f(x,y)=10—x" -3 isat (0,0) and equals to f(0,0)=10. But
what about the maximum along the line x+y=1?

There is "naive way” to solve this problem: just solve y

from the constraint y = 1 — &, substitute to the function f
10 — 2% — (1 —a)?

and maximize this function. The solution gives the critical
point & = 1/2, so the maximizer of f subject of constraint is
the point (1/2,1/2).

The maximum thenis f(1/2,1/2)=10-0.25-0.25=9.5.
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Constrained Optimization

General Problem

Maximize f(x1,...,x,) where (x1,...,2,) € R" must satisfy
gr(xyy ey xn) < by, oo ygi(Ty,y ey xy) < by
hi(@1y ey @y) = €1y e shi(T1y ey xy) = .
The function f(xy,...,x,) is called objective function.
The functions g;(«1, ..., x,) are called inequality constraints.
The functions h;(xy,...,x,) are called equality constraints.

Constrained Optimization

Two variables and One Equality Constraint

Theorem 1 Suppose x* = (x},x}) is a solution of the prob-

lem:
maximize f(xq1,xs) subject to h(xy,x2) = c.

Suppose further that (x],x}) is not a critical point of h:
8h dh
Vhist.ai) = (5 (@la), o (@) # (0,0),

(this condition is called constraint qualification at the point

Then, there is a real number p* such that (z7,x3, pu*) is a

critical point of the Lagrangian function

L(xy, xo, 1) = f(ay,23) — plh((zy, 22) — .

In other words, at (z], =3, 1*) we have
oL oL oL

— =0, =0, —=0.
Oxq " Oz 7




Constrained Optimization

So a solution of the constrained optimization problem
mazximize f(xy,x2) subject to h(xy,x2) = ¢

we must seek among solutions (7], 3. pt*) of the system of
equations

3L_0 oL 0 BL_
83:1_ ’ 33:2_ ’ au_

0

where

L(xy, x2, p) = f21,22) — plh((21, x2) — ]

is the Lagrangin function.

Note that these conditions are just necessary conditions for constrained maximization.
If we want to minimize f instead of maximization, the same conditions are necessary too.
There exist more subtle second order sufficient conditions.

Back to our

Example
Maximize f(x,y)=10—x>—y

* subjectto x+y=1.



MNow let us solve the problem using Lagrange method.
First we remark that qualification is satisfied: h{xz,y) = x4y

has no critical points at all.
The Lagrangian here is

L(z,y,p) = 10 —2® —y° — p(x +y — 1).

So we have the system

ik

Gr = 2@ —pn=0
oL
By — —2y—p=10
aL

= (e +y—1)=0,
solution gives » = 0.5, y = L5, p = —1. 5o the only

candidate is the point (0.5,0.5).



The Lagrangian here is
L(I'.' Y, ',l'_t‘) =dr — )U(IQ + yQ - 1)

So we have the system

%—Lr =4 —2ur =0
Le —(+2-1)=0,

solution gives
r=1ly= Oap’ - 2~f(1~0) =4,

r=—1lLy=0,p==2f(-1,0) = —4.

> with(Student[MultivariateCalculus]):
> LagrangeMultipliers(4*x,[x*2+y”2-1],[x,y],output=detailed);
[x = l,y:O,kl =2,4x=4], [x:-l,y:O,xl =-2,4x=-4]

Constrained Optimization
Economical example

A manufacturing firm has budgeted $60,000 per month
for labor and materials. If $x thousand is spent on labor
and $y thousand is spent on materials, and if the monthly
output (in units) is given by N (x,y) = 4xy — 8x how should
the $60,000 be allocated to labor and materials in order to

maximize IN? What is the maximum N?

Constrained optimization problem:
maximize N(x,y) =4xy — 8x subjectto x +y =60 000.
Good lack!









