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Derivative
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Differentiation Rules
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Derivatives of Exponential and Logarithmic Functions

Example

Example
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Example

Example

Chain Rule 
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(ex)` = ex, but what is  (ax)`?

ln ln ln ln( ) ' (( ) ) ' ( ) ' (ln ) ' ln ln .x a x a x a x a x xa e e e a x e a a a          

(ln x)` = 1/x, but what is  (loga x)`?
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Just for fun

Implicit Function
Sometimes a function  y(x)  is hidden in an equation  F(x,y) = 0:
the equation  2y + 6x – 8 = 0  determines the function  y = -3x +4.

But often it is impossible to solve  y  from the equation, for example for 
x2 + y2 =1.  
Nevertheless sometimes, it is possible to calculate the derivative of this implicit function.
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Implicit Function

Example. Find the derivative of the function  y(x)  
defined by the equation  y3 – x2y + 6 =0.

Solution. Let us differentiate both sides of the given 
equation with respect to  x, using the chain rule:

solving for  dy/dx we obtain 

Suppose  y = f(x)  and  z = g(x). Sometimes one needs the derivative 

dz

dy

Example. 
If u = (x2+9)1/2 and v = 3x2-2x, then what is du/dv as a function of x?
Solution.




thus
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Optimization

If  0'( ) 0f x   the function increases in some neighborhood 0 0( , )x x    of  0x .

If  0'( ) 0f x  the function decreases in some neighborhood 0 0( , )x x    of  0x .

Definition. A stationary point for a function ( )y f x  is a point where the derivative '( )f x
equals to zero (tangent has zero slope = tangent is horizontal).

Definition. A critical point for a function ( )y f x  is a point where the derivative '( )f x  equals 
to zero or does not exist.
Types of stationary points
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First Derivative Test

Example.  Locate minimums and maximums of 3 2( ) 6 9 1f x x x x    .

Solution
1. Derivative  2'( ) 3 12 9.f x x x  
2. Critical point points  2 2

1 2'( ) 0, 3 12 9 0, 4 3 0, 1, 3.f x x x x x x x        
3 Sign chart

First some calculations:  
(1) 5, (3) 1f f  .

Take any test point from the interval ( ,1) , say 0x  , then '(0) 9 0f   , so put + and   in 
corresponding boxes.
Take any test point from the interval (1,3) , say 2x  , then '(2) 3 0f   , so put - and   in 
corresponding boxes.
Take any test point from the interval (3, ) , say 4x  , then '(4) 9 0f   , so put + and   in 
corresponding boxes.
Finally we get the chart

x ( ,1) 1 (1,3) 3 (3, )
'y + 0 - 0 +

y  5  1 

max min
5. y-intercept: substitute in ( )y f x  the value 0x  , then (0) 1y f  .

6 x-intercept: substitute in ( )y f x  the value 0y  , and solve  0 ( )f x :  3 26 9 1 0x x x    , 
well, not easy, using maple you obtain  0.104x  
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Now you are ready to plot the graph

The Location of Maxima and Minima
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case  a                                case b                         case  c
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Concave and convex functions

Concave   f '' (x) < 0                                     Convex  f '‘(x) > 0

slope of tangent decreases slope of tangent increases

Concave and convex functions

The function  f(x) = x3 – x is concave  on  (-∞,0)  and is convex  on  
(0,+∞) :   f '(x) = 3x2,   f ''(x) = 6x.  x = 0  is an inflection point.
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f(x) = x3 – 3x,   f ' (x)= 3x2 – 3x,    f '' (x) = 6x

Stationary points   f ' (x) = 0,  3x2 -3 = 0, x2 - 1 = 0,   x1 = -1,  x2 = 1

Second derivative test:  

f ' ' (-1) = -6 < 0, so x1 = -1 is a local max,

f ' ' (1) = 6 > 0, so x2 = 1 is a local min

Optimization

Example
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1. Determine the domain of f.

2. Find the  x  and  y  intercepts.

3. End behavior  (limx→∞f(x)  and lim x→-∞ f(x) )

4. Find the stationary points  f ‘(x) = 0.

5. Determine the intervals where  f(x)  is increasing or decreasing.

6. Find local minimums and maximums.

7. Determine the intervals of concavity and convexity, and inflections 
points.

8. Sketch the graph.

How to sketch the graph of a function
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f ''(x) = 6x.

Inflection points: 6x = 0,  x = 0.

x          (-∞,0)        0         (0,∞)

f ''(x)         - 0            +

f(x)        conc       inf        conv

Chart
x         (-∞,-1)      -1       (-1,1)      1      (1, ∞)

f '(x)          +           0           - 0         +
f(x)             ↑ 2          ↓ -2          ↑

min                 max

Example. Expand  f(x) = ex around  x = 0.


