Vectors
Tornike Kadeishvili
1.1 Euclidian Space R"

R' is the real line.

R* = {(21, 29), 21,29 € R} is the Euclidian
2-space.

R" ={(xy,....,x,), x; € R} is the Euclidian n-
space which consists of n-tuples of real numbers.

1.1.1 Vectors

A vector is an object which has a magnitude
(or length) and direction. Graphically a vector
is represented as an arrow, connecting an ni-
tial point P with a terminal point (), notation

PQ.
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Two arrows represent the same vector if they
have the same magnitude and direction.

PQ~OR=(7-1,4-3)=(6,1)

A vector is equivalent to the vector of the
same magnitude and direction whose initial point
is the origin.

Any vector can be identified with its terminal
point when as initial point is assumed the origin.



Any two points P = (p1.....p,), Q = (q1.....q.) €
R" determine the vector PJ This vector has
coordinates and P (3 can be written as row vec-
tor

(q1 —P1s s @ — D)
or column vector

q1 — P1
Un — Pn

Vector addition: for r = (r,....x,), y =
(y1....y,) € R"™ the sum is defined by

r+y= (Il T YLy Iy yn)-

Scalar multiplication: for c € R and = =

(x1,....x,,) € R"

CcC--r = (C' . -LI‘J_. cees C- -.r_r;)




These operations satisty the following condi-
tions:
(D u+ (v+w)=(u+v)+w,
(2) The zero vector O = (0,...,0) € R" is neu-
tral with respect to summation O+v = v+0 =
v,
(3) for cach v = (a4....,2,) € R" there exists
opposite vector (—v) = (—xq,..,—x,) € R"
st.v+ (—v) =0,

4)v+w=w+wv.

(5)r-(s-v) =(r-s)-v, 1-v = for cach
r.s € R.

(6) (r+s)v=rw+sv, r-(v+w) =r-v+r-w.



Inner Product

The inner product of two vectors @ = (1, ..., x,). Yy =
(Y1, .oy yp) € R™ is defined as the number
n

Tr-yYy=x1-Yy1+..+ax, y, = LZ_ Tk Yk

Properties of inner product:
Ju-v=uv-u,
w-(v+w)=u-v+u-w,
w-rv =ru-v)=ru-uv,
w-u >0,

u-u =0 =u=0>0,
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Norm of a Vector

The norm (length) of a vector x = (x4, ..., x,,) €
. . I 7 S

R™is given by ||z|| =2 + ... + 22, It fact the

norm can be expressed in terms of inner product

|x|[=v4" +3 =5




Angle Between Two Vectors
if the angle between vectors x,y € R" is «, then
vy = |zl - ||yl|] - cos a.

This formula can be used to find the angle be-
tween two vectors:
€ -y B Y+ T Yn
. — 2 2 2 2
HIH ' HyH V‘I‘l +..t ‘I‘n '\‘/yl +.oT yn

COS (¥ =

Particularly vectors x an y are orthogonal (perpendicular) if and only if

xy=0.

Metric in R"

Metric (distance) is a function of two arguments
d (T J) Whi('h &satiaﬁes the following axioms
d(a,b) >0, d(a,.b)=0 & a=0b;
d(a,b) =d(b, a);
d(a c +d(( b) > d(a,b).

Metric in R" is given by
dlx,y) = ||(x1,..,z0) — (Y1, yn) || =
V/(Il - yl)z t.t (In - y?r)z'




d, = (3,1

d, =(¥3,0)-(0,1) = (N3-0,0-1) = (33, -1)

Example. Consider the rectangle determined
by vectors (v/3.0) and (0.1). Find the angle
between the diagonals of this rectangle.

Solution. The diagonals are the vectors d; =
(V3.1) and dy = (v/3 — 0,0 — 1) = (/3. —1),
thus

dy-dy  3-1 1
ol - [lduf] — 2-2 2

Ccos (¥ =

Exercises

1. Find the lengths of the vectors (i) (3,4), (ii) (1,2, 3).

2. Find the distances (i) d((0,0),(3,4)), (ii) d((5,2),(1,2)).

3. Find the lengths of the vectors (i) (3,0,0,0), (i) (1,1,1,1).

4. Find the distances

5. Find the angle between the vectors v and v if (i) u = (1,0), v = (=1,1);
(i) w = (1,0,0), v = (0,0,1).

6. Find the angle between the vectors v and » if (i) v = (1,0), v = (2, 2);
(i) u = (/3,0), v = (0,1).

7. Find a vector of length 1 which points in the same direction as (i)

8. Find a vector of length 2 which points in the opposite direction to (i)

9. Consider the parallelogram determined by vectors (1,0) and (1,1).
Find the angle between the diagonals of this parallelogram.



