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winasityvaoba

kursi “kompiuteruli maTematika” (“maTematika kompiuteruli 
mecnierebebisaTvis“) ukve didi xania iswavleba msoflios 
wamyvan universitetebSi. saqme imaSia, rom kompiuteruli 
mecnierebis (informatikis) saWiroebebisaTvis ar aris sakmarisi 
maTematikis standartuli kursis (ZiriTadad – kalkulusis da 
wrfivi algebris) sakiTxebi, aucilebelia codna Tanamedrove 
maTematikis iseTi dargebidan, rogorebicaa – zogadi algebra, 
logika, diskretuli maTematika, grafTa Teoria, kombinatorika 
da sxv.

erTerTi pirveli aseTi kursi Seiqmna stenfordis 
universitetSi kompiuteruli mecnierebebis “gurus” (swored ase 
ixsenieben mas) donald knutis mier. misi saxelmZRvanelo 
CONCRETE MATHEMATICS, rac ar niSnavs “konkretuls”, aramed 
“uwyvet”-CONtinuous da “diskretul”-disCRETE maTematikas, didi 
xania bestseleria am dargSi  

amJamad arsebobs bevri kargi saxelmZRvanelo am saganSi:
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saqarTveloSi kompiuteruli maTematikis kursi pirvelad 
dainerga da ukve 5 welia ikiTxeba Cvens kaTedraze 
(saqarTvelos teqnikuri universitetis 104 kaTedra). 
informatikis fakultetis ukve ramdenime aTasma studentma 
gaiara es kursi da, imedi gvaqvs, SeiZina kvalificiuri 
informatikosisaTvis aucilebeli codna da unarebi. 

winamdebare teqsti ar warmoadgens kursis ukve dadgenil da 
dasrulebul saxelmZRvanelos. saerTod, axali saleqcio 
kursis saxelmZRvanelos daweriT dawyeba upasugismgeblo 
saqmed migvaCnia. kargi saxelmZRvaneloebi ase iqmneba –
ramdenime wlis ganmavlobaSi wakiTxuli leqciebis konspeqtebi 
ixveweba, ivseba da mokldeba, xdeba saerTaSoriso gamocdilebis 
gaTvaliswineba, uaRresad mniSvnelovania studentebisagan 
ukukavSiriT miRebuli informacia, da mxolod amis Semdeg 
bedavs kvalificiuri avtori saxelmZRvanelos gamoSvebas.  ai, 
am procesis garkveul etapze gTavazobT Cveni leqciebis 
metnaklebad Sejerebul, gamdidrebul – Semoklebul, magram 
aradasrulebul variants. es aradsrulebuloba SeiZleba 
Rirsebadac CaiTvalos, radgan rigi sakiTxebisa paralelurad 
aris gadmocemuli gansxvavebuli TvalTaxedviT da meTodikiT, 
rac mkiTxvels aZlevs saSualebas sxvadasxva kuTxiT gaecnos 
masalas.

kursSi gadmocemulia maTematikis is sakiTxebi, romelTac aqvT 
uSualo gamoyenebani Tanamedrove informatikaSi (kompiuterul 
mecnierebaSi). es sakiTxebia: simravleTa Teoria, mimarTebebi da 
asaxvebi, kombinatorika, maTematikuri logika, bulis algebrebi, 
zogadi da wrfivi algeba, diskretuli maTematika, geometria, 
grafTa Teoria. aqve SevniSnavT, rom avtorebi swored am 
dargebSi momuSave maTematikosebi arian. garda amisa, kursSi 
mocemulia maTematikis am sakiTxTa gamoyenebebi uSualod 
kompiuterul mecnierebaSi: kodirebis Teoria, kriptografiis 
sakiTxebi, kompiuteruli tomografiis maTematika, globaluri 
pozicionirebis sistemis (GPS) maTematika. studenti daeufleba 
agreTve kompiuterul programebs MAPLE, MATHLAB, romelTa 
meSveobiTad xdeba ZiriTadad amocanebis amoxsna.

T. qadeiSvili, a. laSxi, T. kvirikaSvili, b. mesabliSvili

Tbilisi, maisi, 2012 weli



ïæéîŽãèâåŽ åâëîæŽ

§ 1. ïæéîŽãèââĲæ áŽ éŽåæ ïìâùæòæçŽùæŽ

îëàëîù öâïŽãŽèöæ æõë Žôêæöêñèæ, øãâê àãïñîáŽ Žàãâàë éŽåâéŽðæçñ-
îæ åâëîæŽ ïŽçéŽëá éçŽùîŽá, éŽàîŽé Žé áîëï áŽïŽĲñåâĲæï åãŽèïŽäîæïæå
ûŽîéëæóéêâĲŽ àŽîçãâñèæ ïæúêâèââĲæ. Žéæï êŽùãèŽá øãâê ãæûõâĲå æïâåæ ïŽû-
õæïæ ùêâĲâĲæï Žôûâîæå, îëàëîæù Žîæï ïæéîŽãèâ. éæñýâáŽãŽá æéæïŽ, îëé
éŽïŽèŽ öâæúèâĲŽ éëàãâøãâêëï éŽîðæãŽá, âï çâåáâĲŽ æéæïŽåãæï, îëé éçæåýãâ-
èéŽ àŽŽîøæëï ìŽîŽàîŽòæï Ĳëèëï éëõãŽêæèæ éŽàŽèæåâĲæ.

ïæéîŽãèâ { âï Žîæï àŽîçãâñèæ àŽêïýãŽãâĲñèæ ëĲæâóðâĲæï âîåëĲèæëĲŽ,
ïŽáŽù êâĲæïéæâîæ ëĲæâóðæïåãæï öâæúèâĲŽ áŽãŽáàæêëå, éæâçñåãêâĲŽ åñ ŽîŽ
âï ëĲæâóðæ éëùâéñè ïæéîŽãèâï.

ïæéîŽãèâ, îëéâèæù âéëîøæèâĲŽ éýëèëá Žïâå öâäôñáãŽï, öâæúèâĲŽ öâ-
æùŽãáâï åæåóéæï êâĲæïéæâîæ ýŽïæŽåæï ëĲæâóðâĲï. éŽàŽèæåŽá:

• ïæéîŽãèâ èëêáëêæï õãâèŽ éæûæïóãâöŽ ïŽáàñîæïŽ;
• ïæéîŽãèâ éŽîùýâêŽ òâýïŽùéâèâĲæïŽ;
• ïæéîŽãèâ êŽðñîŽèñîæ îæùýãâĲæïŽ 1, 2, 3, 4, . . . .
• ïæéîŽãèâ ïìâùæŽèñîæ ïŽĲâüáæ éëûõëĲæèëĲâĲæïŽåãæï ïŽüæîë ïæ-

éĲëèëâĲæïŽ;
• ïæéîŽãèâ çëêçîâðñèæ çëéìæñðâîæï ëìâîŽùæâĲæï çëáâĲæïŽ.

ïŽĲëèëëá, øãâêåãæï ïŽæêðâîâïë æóêâĲŽ öâéáâàæ ïæéîŽãèââĲæ:

• ïæéîŽãèâ æáâêðæòæçŽðëîâĲæïŽ, îëéèâĲæù àãýãáâĲŽ àŽîçãâñè ìîë-
àîŽéŽöæ;

• ïæéîŽãèâ ëìâîŽùæâĲæïŽ æéŽãâ ìîëàîŽéŽöæ;
• ïæéîŽãèâ ëìâîŽùæâĲæïŽ, îëéèâĲæù öâæúèâĲŽ öâïîñèáâï éëùâéñèæ

æêïðîñóùææï öâéáâà æéŽãâ ìîëàîŽéŽöæ.

ŽéŽïåŽê, âï ïæéîŽãèââĲæ ïŽçéŽëá îåñèæŽ çãèâãæïŽåãæï. ñéâðâïŽá àŽéë-
ãæõâêâĲå äëàæâîå ŽĲïðîŽóðñè ïæéîŽãèâï. æïâåâĲï, îëàëîæùŽŽ îæùýãåŽ
ïæéîŽãèââĲæ.

ïæéîŽãèââĲï, øãâñèâĲîæã ŽôêæöêŽãâê áæáæ èŽåæêñîæ ŽïëâĲæå: A, B, . . .
áŽ øŽæûâîâĲŽ ëîæáŽê âîåæ ýâîýæå. åñ ïæéîŽãèâ öâæùŽãï îŽéáâêæéâ âèâéâ-
êðï, éŽöæê, ñĲîŽèëá, ãûâîå éæï õãâèŽ âèâéâêðï. éŽàŽèæåŽá, åñ A-ï àŽêãïŽä-
ôãîŽãå îëàëîù 6-ïŽ áŽ 10-ïöëîæï éçŽùîŽá éëåŽãïâĲñè éåâè îæùýãåŽ
ïæéîŽãèâï, éŽöæê âï öâæúèâĲŽ øŽãûâîëå öâéáâàêŽæîŽá:

A = {7, 8, 9}
5
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áŽ ûŽãæçæåýŽãå Žïâ:

\A Žîæï ïæéîŽãèâ, îëéâèæù öâæùŽãï 7,8,9-ï".

Žó \=" ïæéĲëèë àŽéëæõâêâĲŽ àŽîçãâñèæ Žäîæå: A ñáîæï ïæéîŽãèâï . . . öâ-
éáâàöæ àŽéëãæõâêâĲå àŽéëåóéŽï: \ñáîæï åñ ŽîŽ A . . .". Žéæðëé ñêáŽ öâéë-
ãæðŽêëå Žé òŽóðæï ïŽéŽîåèæŽêëĲæï áŽáàâêæï ìîëùâáñîŽ. ïýãŽ ïæðõãâĲæå,
ïæéîŽãèâ öâæúèâĲŽ áŽãŽýŽïæŽåëå àŽîçãâñèæ åãæïâĲâĲæå. ŽéàãŽîŽá, A ïæ-
éîŽãèâ öâæúèâĲŽ àŽêãïŽäôãîëå îëàëîù

A =
{
x : x Žîæï éåâèæ îæùýãæ, 6 < x < 10

}

áŽ ûŽãæçæåýëå Žïâ:

\A Žîæï õãâèŽ æïâåæ x-ïŽ, îëé . . .".

A ïæéîŽãèâï âçñåãêæï éýëèëá æï âèâéâêðâĲæ, îëéèâĲæù Žîæï 6-äâ éâðæ
áŽ 10-äâ êŽçèâĲæ éåâèæ îæùýãâĲæ. â. æ. 7, 8 áŽ 9. ŽéîæàŽá, àãŽóãï 7,8,9
îëàëîù ûæêŽå.

ïæéîŽãèââĲï ýöæîŽá àŽêæýæèŽãâê, îëàëîù \âèâéâêðâĲæï ŽîŽáŽèŽàâĲñè
âîåëĲèæëĲŽï", åñéùŽ äëàþâî ïŽüæîëŽ ýŽäæ àŽãñïãŽå, îëé, éŽàŽèæåŽá,

{7, 8, 9}, = {8, 9, 7} = {9, 7, 8}, . . .
âèâéâðâĲæï áŽèŽàâĲŽäâ ŽîŽãæåŽî ìæîëĲŽï Žî ãŽõâêâĲå. Žéæðëé ŽîŽïûëîæ
æóêâĲëáŽ áŽàãâöãŽ îŽæéâ àŽêïŽäôãîñèæ áŽèŽàâĲŽ.

êâĲæïéæâîæ éëùâéñèæ ëĲæóðæïŽåãæï öâæúèâĲŽ àŽêãïŽäôãîëå âçñåãêæï
åñ ŽîŽ æàæ A ïæéîŽãèâï. çâîúëá, åñ îæùýãæ âçñåãêæï ïæéîŽãèâï, éŽöæê
ãæðõãæå, îëé \âï îæùýãæ Žîæï ïæéîŽãèæï âèâéâêðæ". éŽàŽèæåŽá, åñ 7 Žîæï
A ïæéîŽãèæï âèâéâêðæ, éŽöæê âï òŽóðæ øŽæûâîâĲŽ öâéáâàêŽæîŽá:

7 ∈ A.

ýëèë òŽóðæ \6 Žî Žîæï A-ï âèâéâêðæ", øŽæûâîâĲŽ Žïâ:

6 6∈ A.

\∈" ïæéĲëèë ûŽîéëáàâĲŽ Ĳâîúêñèæ Žïë ε-áŽê. ñŽîõëòŽ ŽôæêæöêâĲŽ 6∈
ïæéĲëèëåæ. ëìâîŽùææï (Žê ëìâîŽùæñèæ ïæéĲëèëï) ñŽîõëòæï Žïâåæ Žôêæ-
öãêŽ äëàŽáŽá éæôâĲñèæŽ éŽåâéŽðæçŽöæ áŽ ýöæîŽá æóêâĲŽ àŽéëõâêâĲñèæ öâé-
áâàöæ.

Žôãêæöêëå, îëé áæáæ õñîŽáôâĲŽ ñêáŽ éæâóùâï ïæéîŽãèâåŽ ïìâùæòæçŽùæ-
Žï. åæåëâñèæ ïæéîŽãèæïŽåãæï ñêáŽ øŽæûâîëï éæïæ ïìâùæòæçŽùæŽ. ïæéîŽãèæï
ûŽîéëóéêæï ìîëùâïæ öâæúèâĲŽ àîúâèáâĲëáâï ñïŽïîñèëá áæáýŽêï. öâáâàŽá
ãôâĲñèëĲå ïæéîŽãèâï, îëéâèæù öââïŽĲŽéâĲŽ àŽêïŽäôãîŽï. êŽûæèëĲæåæ ïìâ-
ùæòæçŽùæŽ æé öâéåýãâãŽöæ öâæúèâĲŽ æõëï ïŽïŽîàâĲèë, îëùŽ àŽîçãâñèæ Žî
Žîæï âçñåãêæï åñ ŽîŽ éëùâéñèæ âèâéâêðæ ïæéîŽãèâï. ŽóŽéáâ àãýãáâĲëáŽ

ïæéĲëèëâĲæ: {...}, {. . .}, ∈ áŽ 6∈. éŽåæ àŽéëõâêâĲŽ ïŽçéŽëá éŽîðæãŽá àãâøãâ-
êâĲŽ, éŽàîŽé éëæåýëãï àŽîçãâñè øãâãâĲï, îëéèâĲæù æèñïðîæîâĲñèæ æóêâĲŽ
öâéáâà éŽàŽèæåâĲäâ
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é Ž à Ž è æ å æ 1.1. ïæéîŽãèâåŽ éëõãŽêæèæ àŽêïŽäôãîâĲâĲæáŽê îëéâèæŽ
ïûëîæ:

A = {1, 2, 3},
B = {5, 6, 6, 7},
C = {x : x 6∈ A},
D = {A,C},
E =

{
x : x = 1 Žê x = {y} áŽ y ∈ E

}
,

F =
{

ïæéîŽãèââĲæ, îëéèâĲæù Žî ûŽîéëŽáàâêï åŽãæï åŽãæï âèâéâêðï
}

=

=
{
x : x ïæéîŽãèâŽ áŽ x 6∈ x

}
.

A ïæéîŽãèæï ûâãîåŽ îŽëáâêëĲŽ ŽáãæèŽá àŽéëæåãèâĲŽ áŽ ïæéîŽãèæï
âèâéâêðâĲæ Žî éâëîáâĲŽ, éŽöæê àŽêïŽäôãîâĲŽ ïûëîæŽ.

B ïæéîŽãèâ àŽéëæõñîâĲŽ Žàîâåãâ ïûëîŽá, éýëèëá æéæï àŽéëçèâĲæå,
îëé îæùýãæ 6 àãýãáâĲŽ ëîþâî. øãâê öâàãæúèæŽ öâãŽéëûéëå âçñåãêæï åñ
ŽîŽ âèâéâêðæ ïæéîŽãèâï. ŽéàãŽîŽá, âï ñéêæöãêâèëãŽêâïæ éëåýëãêŽ ïæéîŽãèæï
àŽêïŽäôãîâĲŽöæ öâïîñèâĲñèæŽ. éŽöŽïŽáŽéâ, öâàãæúèæŽ âï ûŽûâîŽ àŽêãæýæ-
èëå îëàëîù ïûëîæ áŽ {5, 6, 7}-æï âçãæãŽèâêðñîæ. ŽéŽïåŽê, Žé ïæðñŽùæŽöæ
ûŽîéëæóéêâĲŽ öâéáâàæ ìîëĲèâéâĲæ. åñ àŽêãæýæèŽãå B-ï ìæîãâè àŽêïŽäôãîâ-
ĲŽï áŽ ŽéëãŽàáâĲå ïæéîŽãèæáŽê âîå-âîå 6-ï, éŽöæê ùýŽáæŽ, àãâóêâĲŽ 6 ∈ B
áŽ 6 6∈ B. ûŽîéëæóéêâĲŽ ûæêŽŽôéáâàëĲŽ. Žéæðëé ïæéîŽãèâåŽ àŽêïŽäôãîâĲŽöæ
ïæéĲëèëâĲæï àŽéâëîâĲŽï àŽêãæýæèŽãå, îëàëîù âîåæ áŽ æéŽãâ ïæéĲëèëï
éëýïâêæâĲŽï, ýëèë éæï áñĲèæîâĲŽï, îëàëîù ñõñîŽáôâĲëĲŽï. àŽéâëîâĲñèæ
ïæéĲëèëâĲæï ŽéëîâĲŽ ûŽîéëóéêæï öâéáàëéæ éŽåâéŽðæçñîæ éïþâèëĲæï ïŽòñ-
úãâèï.

A ïæéîŽãèâ öâæùŽãï îæùýãâĲï, ŽéŽê öâæúèâĲŽ àŽéëæûãæëï àŽñàâĲîëĲŽ,
îŽáàŽê îæùýãâĲæ Žî ŽîïâĲëĲï, ñòîë äñïðŽá, øãâê ãæõâêâĲå îæùýãåŽ ïæ-
éĲëèëâĲï. âï ïæéĲëèëâĲæ æûëáâĲŽ æïâãâ, îëàëîù îæùýãâĲæ. Žéæðëé B Žîæï
ïŽýâèâĲæï ïæéîŽãèâ áŽ ïŽýâèâĲï, øãâñèâĲîæã, ãæõâêâĲå, îŽåŽ ûŽîéëãæáàæ-
êëå æï ëĲæâóðâĲæ (âèâéâêðâĲæ), îëéèâĲäâù ãñåæåâĲå. àŽéëåãèâĲöæ ïŽýâ-
èâĲï Žóãï àŽêïŽçñåîâĲñèæ éêæöãêâèëĲŽ, àŽêïŽçñåîâĲæå ìîëàîŽéñèæ âêâĲæï
ïâéŽêðæçæï öâïûŽãèŽöæ (ìîëàîŽéæï Žîïæï). Žó Žî Žîæï Žé ìîëĲèâéâĲæï áâ-
ðŽèñîæ àŽêýæèãæï Žáàæèæ.

Žãæôëå, éŽàŽèæåŽá, ïæéîŽãèâ

X =
{

\ìŽïçŽèæï öâïŽãŽèæ",

\ïðîñóðñîñèæ éëêŽùâéâĲæï ïŽòñúãèâĲæ", \ìŽïçŽèæï öâïŽãŽèæ"
}
.

âï Žîæï ëîæ ûæàêæï áŽïŽýâèâĲæï ïæéîŽãèâ, îëéèæï âîåæ âèâéâêðæ ñõñîŽá-
ôâĲëĲæï àŽéë ëîþâî Žîæï ûŽûâîæèæ, Žê âï Žîæï ïŽéæ ûæàêæï ïæéîŽãèâ, îë-
éâèåŽàŽê ëîï âîåæ áŽ æàæãâ áŽïŽýâèâĲŽ Žóãï. åñ âï Žïâ, éŽöæê ëîæ ûæàêæ
\ìŽïçŽèæï öâïŽãŽèæ" îŽæéâ ýâîýæå ñêáŽ àŽãõëå. éëùâéñèæ æêòëîéŽùææå Žî
öâæúèâĲŽ àŽãŽîçãæëå ïûëîæ ìŽïñýæ, Žéæðëé, Žïâå öâéåýãâãŽöæ òîåýæèŽá
ñêáŽ ãæõëå.
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C ïæéîŽãèæï àŽêïŽäôãîâĲŽù, æïâãâ îëàëîù A-ï, ïûëîæŽ, îŽáàŽê åñ
x ∈ A, éŽöæê x 6∈ C áŽ åñ x 6∈ A, éŽöæê x ∈ C. C ïæéîŽãèâ úŽèæŽê áæáæŽ: æï
öâæùŽãï \õãâèŽòâîï" 1, 2 áŽ 3 îæùýãæï àŽîáŽ. ŽôêæöãêŽ \õãâèŽòâîï" àŽéë-
õëòæèæŽ áŽ, îëàëîù éŽèâ ãêŽýŽãå, éŽåâéŽðæçñîæ åãŽèïŽäîæïæå \ïŽöæ-
öæŽ".

îŽáàŽê A áŽ C àŽêïŽäôãîâĲâĲæ ïæéîŽãèââĲï ûŽîéëŽáàâêï, ŽóâáŽê ãôâ-
ĲñèëĲëå, îëé D-ï àŽêïŽäôãîâĲŽù, Žàîâåãâ, ïûëîæŽ. öâãêæöêëå, îëé âï
ïæéîŽãèâåŽ çèŽïæ (ŽîŽòâîæ ŽîŽïûëîæ ŽéŽöæ Žî Žîæï!) æïâåæŽ, îëé éŽï Žóãï
éýëèëá ëîæ âèâéâêðæ, çâîúëá, 1 6∈ D, åñêáŽù 1 ∈ A áŽ A ∈ D. âï Žá-
ãæèŽá öâæúèâĲŽ öâãŽéëûéëå, îŽáàŽê 1 6= A, 1 6= C áŽ éýëèëá A áŽ C
ûŽîéëŽáàâêï D ïæéîŽãèæï âèâéâêðâĲï.

E ïæéîŽãèâ Žîæï îâçñîïñèŽá àŽêïŽäôãîñèæ ïæéîŽãèæï ìæîãâèæ éŽàŽèæ-
åæ. æàæ àŽêæïŽäôãîâĲŽ (êŽûæèëĲîæã) åŽãæïæãâ ðâîéæêâĲöæ. éæïæ ŽàâĲæï ìîë-
ùâïæ ñïŽïîñèëá àîúâèáâĲŽ, Žéæðëé âèâéâêðâĲæï àŽêïŽäôãîæïåãæï ñêáŽ àã-
óëêáâï ûâïæ. éŽå øŽûâîŽï ãâî öâãúèâĲå ùýŽáŽá. öâãêæöêëå, îëé E Žî àŽêæ-
ïŽäôãîâĲŽ éåèæŽêŽá E-ï ðâîéæêâĲöæ, øãâê ñêáŽ ãæùëáâå ïæéîŽãèâäâ îŽæéâ,
îŽù Žî Žîæï áŽéëçæáâĲñèæ àŽêïŽäôãîâĲŽäâ. Žé öâéåýãâãŽöæ âï Žîæï æï îëé
1 ∈ E. àãŽóãï:

1 ∈ E, Žéæðëé {1} ∈ E,

{1} ∈ E, Žéæðëé {{1}} ∈ E,

{{1}} ∈ E, Žéæðëé {{{1}}} ∈ E áŽ Ž. ö.

åñéùŽ ŽàâĲæï ìîëùâïæ öâéëïŽäôãîñèæ Žî Žîæï, ãæîâĲå îŽ êâĲæïéæâî âèâ-
éâêðï áŽ åñ àãŽóãï ïŽçéŽë áîë, öâæúèâĲŽ àŽêãïŽäôãîëå öâáæï åñ ŽîŽ âï
âèâéâêðæ E ïæéîŽãèâöæ.

ŽýèŽ àŽáŽãæáâå F ïæéîŽãèâäâ. âï ïŽçéŽëá îåñèæ ŽéëùŽêŽŽ. îëé áŽãæ-
êŽýëå, åñ îŽðëé Žî öâæúèâĲŽ ŽîïâĲëĲáâï F , áŽïŽûõæïöæ áŽãñöãŽå éæïæ
ŽîïâĲëĲŽ, ýëèë öâéáâà ãŽøãâêëå, îëé ŽîïâĲëĲï æïâåæ âèâéâêðæ (æàæ Žôãêæ-
öêëå y-æå), îëéèæïåãæïŽù Žî öâàãæúèæŽ àŽêãïŽäôãîëå y ∈ F åñ y 6∈ F .
ïŽâîåëá, \ñýâîýñèæ " éŽàŽèæåæï àŽéëçãèâãŽ, îëéâèäâù öâàãâúèâĲŽ èë-
àæçñîæ êŽçèæï øãâêâĲŽ, Žáãæèæ Žî Žîæï. éŽàîŽé, éëùâéñè öâéåýãâãŽöæ öâà-
ãæúèæŽ àŽéëãæõâêëå åãæå F ïæéîŽãèâ. ïŽçæåýæï àŽïŽîçãâãŽá Žôãêæöêëå âï
ïæéîŽãèâ G-æå. åñ, îëàëîù áŽãñöãæå, F ïŽúæâĲâèæ ïæéîŽãèâŽ, éŽöæê Žê
G ∈ F , Žê G 6∈ F . àŽêãæýæèëå ëîæ öâïŽúèë öâéåýãâãŽ: Ž) G ∈ F , éŽöæê G
ŽçéŽõëòæèâĲï ìæîëĲŽï: G 6∈ G, áŽ, éŽöŽïŽáŽéâ, G 6∈ F .

Ĳ) G 6∈ F , âï êæöêŽãï, îëé G Žî ŽçéŽõëòæèâĲï F ïæéîŽãèâöæ öâïãèæï
ìæîëĲŽï, â. æ. G ∈ G, éŽöŽïŽáŽéâ, G ∈ F .

éŽöŽïŽáŽéâ, õãâèŽ öâéåýãâãŽöæ éæãáæãŽîå ûæêŽŽôéáâàëĲŽéáâ. Žéæðëé F
Žî öâæúèâĲŽ ŽîïâĲëĲáâï. ïŽ æóêŽ áŽöãâĲñèæ öâùáëéŽ? ïæéîŽãèâåŽ ïæéîŽãèâ-
âĲæ, öâïŽúèâĲâèæŽ, ŽéëæýïêâĲŽ, ñïŽïîñèëá áæáæ ïæéîŽãèââĲæù (éŽàŽèæåŽá,
äâéëå àŽêýæèñèæ E ïæéîŽãèâ), Žàîâåãâ ŽéëæýïêâĲŽ, éŽàîŽé \õãâèŽ ïæéîŽã-
èâåŽ ïæéîŽãèââĲäâ" éñöŽëĲŽ Žî öâæúèâĲŽ ïæéîŽãèâåŽ øãâñèâĲîæãæ åâëîæ-
æå. âï éëæåýëãï ïýãŽ ïŽýæï éŽåâéŽðæçŽï. ïæéîŽãèâåŽ åâëîææï âï ŽêëéŽèæŽ
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ùêëĲæèæŽ îëàëîù îŽïâèæï ìŽîŽáëóïæ. åñ ñçãâ àãŽóã H ïæéîŽãèâ, éŽöæê
öâàãæúèæŽ àŽêãïŽäôãîëå I.

ŽéàãŽîŽá, øãâê àŽéëãæçãèâãå éýëèëá æé ïæéîŽãèââĲï, îëéèâĲæù öâæú-
èâĲŽ ùýŽáŽá øŽæûâîëï Žê Žæàëï çŽîàŽá àŽêïŽäôãîñèæ ìîëùâïâĲâæå. Žéæ-
ðëé ïæéîŽãèââĲæ Žîù æïâåæ ðîæãæŽèñîæŽ, îëàëîù âï áŽïŽûõæïöæ öâæúèâĲŽ
àãâøãâêëï. ŽéŽïåŽê, åñ äâéëå éëõãŽêæè ûâïâĲï éæãõãâĲæå, éŽåäâ éñöŽëĲŽ Žî
æóêâĲŽ àŽêïŽçñåîâĲñèŽá îåñèæ. öââùŽáâå áŽéëñçæáâãèŽá àŽŽçâåëå öâé-
áâàæ ïŽãŽîþæöë:

ï Ž ã Ž î þ æ ö ë 1.1.

1. àŽêæýæèâå ïæéîŽãèæï æêðâîìîâðŽùææï ëîæ öâïŽúèë ãŽîæŽêðæ éŽæêù
{

ïéæðæ, ïéæðæ, ĲîŽñêæ
}
.

àŽêïŽäôãîâå åæåëâñèæ éŽåàŽêæ æéáâêŽá ùŽèïŽýŽá, îŽéáâêŽáŽù âï öâïŽú-
èâĲâèæŽ.

2. àŽêæýæèâå öâéáâàæ ëåýæ ïæéîŽãèâ:

Ž) {1, 2, 3, 4};
Ĳ) {I, II, III, IV,V};
à)

{
1, âîåæ, one, uno, ein

}
;

á)
{
5, V, ýñåæ, ˛ve

}
.

àŽŽîçãæâå Žé ïæéîŽãèââĲæï øŽûâîŽ îëàëî öâæúèâĲŽ àŽéŽîðæãáâï áŽ éŽå
öëîæï îëéèâĲæŽ âçãæãŽèâêðñîæ. àŽêæýæèâå õãâèŽ öâïŽúèë æêðâîìîâðŽùæŽ,
îëéèâĲæù ŽçéŽõëòæèâĲï äâéëå Žôûâîæè ãŽîŽñáâĲï.

3. öâŽéëûéâå öâéáâàæ éðçæùâĲñèâĲâĲæï ïŽéŽîåèæŽêëĲŽ:

\âï éðçæùâĲñèâĲŽ ŽîŽïûëîæŽ" áŽ \éâ éŽðõñŽîŽ ãŽî"

éðçæùâĲñèâĲŽöæ îëéâèæ ïæðõãâĲæ éëæåýëãï ïŽçñåîæã (â. æ. éŽåâéŽðæçñîŽá
äñïð) àŽêïŽäôãîâĲŽï. æéæïŽåãæï, îëé ìŽïñýâĲæ àŽãýŽáëå éŽåâéŽðæçñîŽá
éçŽùîæ?

4. ãåóãŽå, X Žîæï {1, 2} ïæéîŽãèâ, ýëèë Y {
{
x : x ∈ y+z; y, z ∈ X

}
ïæéîŽãèâ. àŽêïŽäôãîâå ùýŽáæ ïŽýæå Y ïæéîŽãèâ. îëàëîæŽ âï ïæéîŽãèââĲæ

{
y : y = x + z; x, z ∈ X

}
áŽ

{
y : x = y + z; x, z ∈ X

}
.

5. áŽãñöãŽå, îëé x Žîæï âèâéâêðæ áŽ ŽîŽ ïæéîŽãèâ. éŽöæê y 6∈ x êâ-
Ĳæïéæâîæ y-åãæï áŽ ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé x 6∈ x. öâæúèâĲŽ åñ ŽîŽ
àŽãŽéŽîðæãëå

{
x, {x}, {{x}}} ïæéîŽãèâ? îŽ öâæúèâĲŽ æåóãŽï

{
x, y, {x, y}}

ïæéîŽãèæï éæéŽîå?

6. ãåóãŽå, A Žîæï õãâèŽ éðâè îæùýãåŽ ïæéîŽãèâ. Žôûâîâå ïæðõãâĲæå
öâéáâàæ ïæéîŽãèâ:

X =
{
x : x ∈ A áŽ x = 1 Žê (x− 2) ∈ X

}
.
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§ 2. ñéŽîðæãâïæ ëìâîŽùæâĲæ ïæéîŽãèââĲäâ

îëàëîù 1.1 éŽàŽèæåöæ \éùáŽîæ ïæéîŽãèæï" àŽêýæèãæïŽï ãêŽýâå, ïæ-
éîŽãèââĲæï àŽêïŽäôãîæïŽï ïŽüæîëŽ àŽéëãæøæêëå ïæòîåýæèâ. éæñýâáŽãŽá
ŽéæïŽ, éëùâéñèæ ïæéîŽãèââĲæáŽê éŽîðæãæ ûâïâĲæå ŽýŽèæ ïæéîŽãèââĲæï Žàâ-
ĲæïŽï öâæúèâĲŽ ñéðçæãêâñèëá éæãæôëå éîŽãŽèæ ïŽæêðâîâïë éŽàŽèæåæ.

éëàãæŽêâĲæå éëãæõãŽêå æé òëîéŽèñî ûâïâĲï, îëéèâĲïŽù ñêáŽ ŽçéŽõë-
òæèâĲáâï ïæéîŽãèââĲäâ àŽêïŽäôãîñèæ ëìâîŽùæâĲæ, ýëèë ŽýèŽ öâéëãæðŽêå
äëàæâîåæ ŽôêæöãêŽ. áŽãæûõëå ñéŽîðæãâïæ ëìâîŽùæâĲæáŽê.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, éëùâéñèæŽ A áŽ B ïæéîŽãèâ. A
áŽ B ïæéîŽãèââĲæï åŽêŽçãâåŽ âûëáâĲŽ õãâèŽ æé âèâéâêðæï ïæéîŽãèâï,
îëéâèæù âçñåãêæï îëàëîù A-ï, Žïâãâ B-ï áŽ ŽôæêæöêâĲŽ öâéáâàêŽæîŽá:
A ∩B; ŽéàãŽîŽá,

A ∩B =
{
x : x ∈ A áŽ x ∈ B

}
.

ŽêŽèëàæñîŽá, A áŽ B ïæéîŽãèââĲæï àŽâîåæŽêâĲŽ ŽôæêæöêâĲŽ A ∪ B
ïæéĲëèëåæ áŽ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá:

A ∪B =
{
x : x ∈ A Žê x ∈ B

}
.

åŽêŽçãâåæïŽ áŽ àŽâîåæŽêâĲæï àŽêïŽäôãîâĲâĲæ àŽéëéáæêŽîâëĲï öâïŽĲŽéæ-
ïŽá, \áŽ" áŽ \Žê" ïæðõãâĲæáŽê, Žéæðëé îëàëîù öâáâàæ àãŽóãï:

A ∪B = B ∪A, A ∩B = B ∩A

áŽ îŽù, ŽèĲŽå, êŽçèâĲŽá ùýŽáæŽ

A ∪A = A, A ∩A = A.

âï æàæãâëĲâĲæ éêæöãêâèëãŽêæŽ. öâéáàëéæ éŽåâéŽðæçñîæ éïþâèëĲâĲæáŽê àŽéë-
øêáâĲŽ, îëé äëàþâî ïŽüæîëŽ A∪A (öâïŽĲŽéæïŽá, A∩A) áŽãæõãŽêëå A-äâ,
Žê ìæîæóæå, A àŽãŽòŽîåëãëå A ∪A (öâïŽĲŽéæïŽá, A ∩A)-éáâ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . A áŽ B ïæéîŽãèââĲæï ïýãŽëĲŽ (îë-
éâèïŽù, Žàîâåãâ, âûëáâĲŽ B-ï áŽéŽðâĲŽ A-éáâ) øŽæûâîâĲŽ A \ B ïŽýæå áŽ
àŽêæïŽäôãîâĲŽ åŽêŽòŽîáëĲæå

A \B =
{
x : x ∈ A áŽ x 6∈ B

}
.

Žéæðëé, åñ A = {1, 2, 3} áŽ B = {2, 3, 4}, éŽöæê A\B = {1} áŽ B\A = {4}.
öâéáâàæ àŽêïŽäôãîâĲŽ øŽîåñèæŽ ïæïîñèæïŽåãæï. éæñýâáŽãŽá æéæïŽ, îëé

éŽï ñöñŽèëá æöãæŽåŽá àŽéëãæõâêâĲå, óãâéëå ãêŽýŽãå, îëé Žé ëìâîŽðëîï
áæáæ éêæöãêâèëĲŽ Žóãï éŽêóŽêñî ŽîæåéâðæçŽöæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . A áŽ B âèâéâêðâĲæï ïæéâðîæñèæ ïýãŽëĲŽ
Žêñ A4B àŽêæïŽäôãîâĲŽ, îëàëîù

A4B = (A ∪B) \ (A ∩B).
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öâïŽúèâĲâèæŽ ∪, ∩, \, 4 ŽôêæöãêâĲéŽ éçæåýãâèæ áŽŽĲêæŽ, Žê öâæúèâĲŽ
âàëêëï, îëé æïæêæ æéáâêŽá âèâéâêðŽîñèæŽ, îëé éŽå ŽîŽãæåŽîæ ìîŽóðæçñèæ
àŽéëõâêâĲŽ Žî Žóãå. öâéáâàæ éŽàŽèæåâĲæ éëàãâýéŽîâĲŽ Žéæï àŽîçãâãŽöæ.

é Ž à Ž è æ å æ 2.1. ãæàñèæïýéëå, îëé àãŽóãï P áŽ Q ëîæ ìîëàîŽéŽ.
A Žîæï P ìîëàîŽéæï éëêŽùâéåŽ õãâèŽ éêæöãêâèëĲæï ïæéîŽãèâ, ýëèë B { Q
ìîëàîŽéæï ïæéîŽãèâ, éŽöæê A ∩ B æóêâĲŽ éëêŽùâéåŽ õãâèŽ éêæöãêâèëĲæï ïæ-
éîŽãèâ, îëéâèæù éæïŽûãáëéæŽ P áŽ Q-åãæï; A∪B éëêŽùâéåŽ õãâèŽ éêæöãêâ-
èëĲæï ïæéîŽãèâŽ, îëéâèæù éæïŽûãáëéæŽ P -åãæï Žê Q-åãæï (âîå-âîåæïåãæï
éŽæêù), A \ B Žîæï õãâèŽ æé éëêŽùâéåŽ ïæéîŽãèâ, îëéâèæù éæïŽûãáëéæŽ P -
åãæï, éŽàîŽé ŽîŽ Q-åãæï. B \A éæïŽûãáëéæŽ Q-åãæï áŽ ŽîŽ P -åãæï, A4B
Žîæï õãâèŽ æé éëêŽùâéåŽ ïæéîŽãèâ, îëéâèæù éæïŽûãáëéæŽ éýëèëá âîåæ, Žê
P Žê Q, ìîëàîŽéæïåãæï.

öâáàëéæ éïþâèëĲæï ûæê éëïŽýâîýâĲâèæ æóêâĲŽ àŽêãïŽäôãîëå ëîæ ïìâ-
ùæŽèñîæ ïæéîŽãèâ. ìæîãâèæ éŽåàŽêæŽ ùŽîæâèæ ïæéîŽãèâ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ùŽîæâèæ ïæéîŽãèâ (ŽôæêæöêâĲŽ ∅-æå),
îëéâèïŽù åãæïâĲæå (???????)

x 6∈ ∅, êâĲæïéæâîæ x-åãæï.

éâëîâ ïæéîŽãèâï, îëéèæï àŽêïŽäôãîŽù ŽéëùŽêŽäâŽ áŽéëçæáâĲñèæ, ñêæãâ-
îïŽèñîæ ïæéîŽãèâ âûëáâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ñêæãâîïŽèñîæ ïæéîŽãèâ (ŽôæêæöêâĲŽ E-æå)
Žîæï éëùâéñè ŽéëùŽêŽöæ àŽêïŽýæèãâèæ õãâèŽ âèâéâêðæ ïæéîŽãèâ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ëîæ A áŽ B ïæéîŽãèâ Žî åŽêŽæçãâåâĲŽ,
åñ A ∩B = ∅.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . õëãâè öâéåýãâãŽöæ, îëáâïŽù éëùâéñèæŽ E ñêæ-
ãâîïŽèñîæ ïæéîŽãèâ, àŽêãïŽäôãîëå A ïæéîŽãèæï áŽéŽðâĲŽ (ŽôæêæöêâĲŽ
A′-æå), îëàëîù

A′ = E \A = {x : x 6∈ A}.
∅, E áŽ A′ ïæéîŽãèââĲæï àŽêïŽäôãîâĲâĲæáŽê àŽéëéáæêŽîâëĲï

A ∪A′ = E , A ∩A′ = ∅

æàæãâëĲâĲæï ïŽéŽîåèæŽêëĲŽ.

öâéáâàöæ êŽøãâêâĲæ æóêâĲŽ, îëé éëùâéñèæŽ E-åãæï âï æàæãâëĲâĲæ ïŽçéŽîæ-
ïæŽ, îŽåŽ ùŽèïŽýŽá àŽêãïŽäôãîëå A′.

é Ž à Ž è æ å æ 2.2. ãåóãŽå,

E = {1, 2, 3, 4}, A = {1, 3, 4}, B = {2, 3}, C = {1, 4}.
àŽêïŽäôãîâĲæáŽê ŽáãæèŽá ãæìëãæå, éŽàŽèæåŽá, A′, B ∩ C, C \ A áŽ Ž. ö.
ŽéŽïåŽê, öâæúèâĲŽ áŽàãüæîáâï ñòîë îåñèæ àŽéëïŽýñèâĲâĲæï àŽéëçãèâãŽ,
îëéâèæù öâæùŽãï ëî Žê éâð ëìâîŽùæŽï. îŽáàŽêŽù Žé öâéåýãâãŽöæ æïéâĲŽ
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ïŽçæåýæ, îëàëî àŽêãïŽäôãîëå îæàæ, îëéèæåŽù ïæéîŽãèââĲäâ ñêáŽ éëãŽý-
áæêëå âèâéâêðŽîñèæ ëìâîŽùæâĲæ, Žéæðëé àŽéëãæõâêâĲå òîøýæèâĲï. òîøýæ-
èâĲöæ øŽïéñèæ åæåëâñèæ àŽéëïŽýñèâĲŽ ñêáŽ öâïîñèáâï éŽêŽé, ãæáîâ éæïæ
öâáâàæ æóêâĲŽ àŽéëõâêâĲñèæ ïýãŽ àŽéëåãèâĲöæ. éŽàŽèæåŽá, (A ∩ B)′ àŽéë-
ïŽýñèâĲŽöæ. åŽêŽçãâåŽ àŽéëæåãèâĲŽ ñòîë Žáîâ, ãæáîâ áŽéŽðâĲŽ.

âï öâåŽêýéâĲŽ, ùýŽáæŽ, ïŽçéŽîæïæŽ.ŽéŽïåŽê, æéæïŽåãæï, îëé åŽãæáŽê Žãæ-
ùæèëå òîøýæèâĲæï áæáæ îŽëáâêëĲŽ, Žî éëãæåýëãå òîøýæèâĲï éŽöæê, îëùŽ
àãæêáŽ öâãŽïîñèëå áŽéŽðâĲæï ëìâîŽùæŽ ïæéîŽãèââĲäâ êâĲæïéæâîæ
{∪,∩, \,4} ëìâîŽùææï ûæê. Žéæðëé A∩B′ êæöêŽãï A∩(B′) áŽ Ž. ö. éŽöŽïŽáŽéâ,

A ∩B′ = A ∩ {1, 4} = {1, 4},
(A ∩B)′{3}′ = {1, 2, 4},

(B \A) ∪ C{2} ∪ C = {1, 2, 4}.

éçæåýãâèï öâæúèâĲŽ àŽñçãæîáâï, éïþâèëĲŽ îŽðëé Žîæï ŽàâĲñèæ ïæéîŽã-
èæï áŽ ŽîŽ îæùýãæï ùêâĲŽäâ. éŽîåèŽù, ŽóŽéáâ øãâê îæùýãâĲï ãæçãèâãáæå
éýëèëá îëàëîù ïæéîŽãèâåŽ âèâéâêðâĲï. âï éýëèëá æéæïåãæï çâåáâĲëáŽ,
îëé éçæåýãâèæ àŽùêëĲáŽ æé ëĲæâóðâĲï, îëéèâĲåŽêŽù éŽï éëñýáâĲŽ éñöŽëĲŽ.
ïŽóéâ æéŽöæŽ, îëé ŽîïâĲëĲï ñòîë îåñèæ ïæéîŽãèââĲæ, ãæáîâ îæùýãåŽ ïæ-
éîŽãèâŽ. øãâê öâàãæúèæŽ îæùýãâĲæ éæãæôëå ïæéîŽãèââĲæáŽê áŽ ŽîŽ ìæîæóæå.
ŽéŽïåŽê, öâéáàëéæ åâëîææï éîŽãŽèæ áŽéŽðâĲâĲæïŽåãæï ñêáŽ àŽãŽçâåëå äñ-
ïðæ éðçæùâĲŽ äëàæâîåæ ïìâùæŽèñî îæùýãåŽ ïæéîŽãèâäâ. æéæïŽåãæï, îëé
ñäîñêãâèãõëå ïŽòñúãâèæ, îëéèæï ïŽöñŽèâĲæåŽù ŽàâĲñèæ æóêâĲŽ Žïâåæ ïæ-
éîŽãèââĲæ, àŽêãïŽäôãîëå éåâèæ áŽáâĲæåæ îæùýãâĲæï (êŽðñîŽèñîæ îæùý-
ãâĲæï) N ïæéîŽãèâ:

N = {1, 2, 3, . . .}.
N ïæéîŽãèæï äñïðæ àŽêïŽäôãîŽ \+" áŽ \−" Žîæåéâðæçñè ëìâîŽùæ-

âĲåŽê éëùâéñèæ æóêâĲŽ óãâéëå. ŽéŽïåŽê, Žé åŽãöæ ãæãŽîŽñáâĲå, îëé éçæåý-
ãâèæïåãæï ùêëĲæèæŽ N ïæéîŽãèæï äëàæâîåæ åãæïâĲŽ. ŽêŽèëàæñîŽá, Z-ï,
îëàëîù õãâèŽ éåâè îæùýãåŽ ïæéîŽãèâï:

Z =
{

. . . ,−2,−1, 0, 1, 2, . . .
}
.

îŽ åóéŽ ñêáŽ, N áŽ Z ïæéîŽãèââĲæ Žî öâæúèâĲŽ øŽæûâîëï ùýŽáŽá. ŽéŽïåŽê,
àŽéëïŽýñèâĲŽ \. . ." ñêáŽ àŽãæàëå îëàëîù \áŽ Žïâ öâéáâà".

ŽýèŽ àŽêãæýæèëå ïæéîŽãèâ

A =
{
1, 2, 3, . . . , n

}
=

{
x : x ∈ N, 1 ≤ x ≤ n

}
.

éŽï àŽŽøêæŽ n âèâéâêðæ. ãæðõãæå, îëé Žé ïæéîŽãèæï ïæéúèŽãîâ (Žê äëéŽ,
êëîéŽ, ïæàîúâ) Žîæï n. âï ŽôæêæöêâĲŽ Žïâ:

|A| = card(A) = n.

öâáâàöæ êâĲæïéæâî B ïæéîŽãèâï, îëéâèïŽù âèâéâêðâĲæï æàæãâ îŽëáâêë-
ĲŽ àŽŽøêæŽ, îŽù A ïæéîŽãèâï, âóêâĲŽ æàæãâ ïæéúèŽãîâ áŽ, ùýŽáæŽ, ïŽüæîë
Žî æóêâĲŽ Žé âèâéâêðâĲæï øŽéëåãèŽ. éùæîâ ïæéîŽãèââĲæïŽåãæï ïŽçéŽëá Žá-
ãæèæŽ âèâéâêðâĲæï øŽéëåãèŽ, éŽàîŽé ïýãŽ ïæéîŽãèââĲæïåãæï (éŽàŽèæåŽá, N
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ïæéîŽãèæïŽåãæï) âï öâæúèâĲŽ æõëï öâñúèâĲâèæ. óãâéëå éëùâéñèæ æóêâĲŽ âèâ-
éâêðâĲæï îŽëáâêëĲæï àŽéëåãèæï, éŽàîŽé, ŽéŽãâ áîëï, ŽîŽòëîéŽèñîæ ûâïæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãæðõãæå, îëé X ïæéîŽãèâ ïŽïîñèæŽ, åñ
X = ∅ Žê åñ îëéâèæéâ n ∈ N êŽðñîŽèñîæ îæùýãæïåãæï ŽîïâĲëĲï æïâåæ
{1, 2, . . . , n} ïæéîŽãèâ, îëéâèïŽù Žóãï âèâéâêðâĲæï æàæãâ îŽëáâêëĲŽ, îŽù
X ïæéîŽãèâï. åñ X 6= ∅ áŽ ŽîŽêŽæîæ n Žî éëæúâĲêâĲŽ, éŽöæê X ïæéîŽãèâï
âûëáâĲŽ ñïŽïîñèë.

ŽýèŽ, îëùŽ öâéëãæðŽêâå îŽéáâêæéâ àŽêïŽäôãîâĲŽ, öâæúèâĲŽ øŽéëãŽõŽèæ-
Ĳëå îŽéáâêæéâ ïŽãŽîþæöë. ïæéîŽãèââĲæ ŽáãæèŽá øŽïŽûâîæ îëé àŽãýŽáëå,
âèâéâðâĲæïŽåãæï çãèŽã àŽéëãæõâêâĲå îæùýãâĲï áŽ ŽïëâĲï, éŽàîŽé àãâéŽýïë-
ãîâĲŽ, îëé æàæãâ ëìâîŽùæâĲæ öâæúèâĲŽ àŽéëãæõâêëå êâĲæïéæâîæ ïæéîŽãèâ-
âĲæïåãæï.

ï Ž ã Ž î þ æ ö ë 2.1.

1. ãåóãŽå,

E = {1, 2, 3, 4}, X = {1, 5}, Y = {1, 2, 4}, Z = {2, 5}.
ãæìëãëå ïæéîŽãèââĲæ:

Ž) X ∩ Y ′; Ĳ) (X ∩ Z) ∪ Y ′; à) X ∪ (Y ∩ Z); á) (X ∪ Y ) ∩ (X ∪ Z);
â) (X∪Y )′; ã) X ′∩Y ′; ä) (X∩Y )′; å) (X∪Y )∪Z; æ) X∪(Y ∪Z); ç) X \Z;
è) (X \ Z) ∪ (Y \ Z).

2. ãåóãŽå,

E = {a, b, c, d, e, f}, A = {a, b, c}, B = {f, e, c, a}, c = {d, e, f}.
ãæìëãëå ïæéîŽãèââĲæ:
Ž) A \ C; Ĳ) B \ C; à) C \B; á) A \B; â) A′ ∪B; ã) B ∩A′; ä) A ∩ C;

å) C ∩A; æ) C4A.

3. éëùâéñèæŽ A áŽ B ëîæ æïâåæ êâĲæïéæâîæ ïæéîŽãèâ, îëé A ∩B = ∅.
îŽï ûŽîéëŽáàâêï A \B áŽ B \A ïæéîŽãèââĲæ?

4. éëùâéñèæŽ C áŽ D ëîæ æïâåæ êâĲæïéæâîæ ïæéîŽãèâ, îëé C ∩D′ = ∅.
îŽ öâæúèâĲŽ æåóãŽï C ∩D áŽ C ∪D ïæéîŽãèââĲäâ?

5. éëùâéñèæŽ êâĲæïéæâîæ X ïæéîŽãèâ. ãæìëãëå ïæéîŽãèââĲæ:
Ž) X ∩X ′; Ĳ) X ∪X ′; à) X \X ′.

6. öâéáâàæ éðçæùâĲñèëĲâĲæáŽê îëéâèæŽ ïŽéŽîåèæŽêæ? ãæìëãëå ïæéîŽã-
èââĲæ:

Ž) 0 ∈ ∅; Ĳ) ∅ = {0}; à) |{}| = 1; á) {{∅}} ∈ {{{∅}}}; â) |{{∅}}| = 2.
âï \éäŽçãîñèæ" çæåýãŽŽ. öâæúèâĲŽ éëàãâøãâêëï éŽîðæãŽá ùŽîæâèæ ïæ-

éîŽãèâ áŽ éæïæ åãæïâĲâĲæ Žî Žîæï ïŽçéŽëá éêæöãêâèëãŽêæ.

7. ãåóãŽå, M áŽ N Žîæï ëîæ çëéìæñðâîæ òæóïæîâĲñèæ ìîëàîŽéâĲæå.
ãåóãŽå, A Žîæï éëêŽùâéåŽ éêæöãêâèëĲâĲæï ïæéîŽãèâ, îëéâèæù éæïŽûãáëéæŽ
M çëéìæñðâîæïŽåãæï áŽ, åñ x ∈ A áŽ M éŽêóŽêŽ éñöŽëĲï x öâïŽïãèâèæ
ïæðõãæå, éŽöæê M øâîáâĲŽ áŽ æúèâãŽ öâáâàï. ŽêŽèëàæñîŽá, ãåóãŽå, B Žîæï
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éëêŽùâéåŽ éêæöãêâèëĲâĲæï ïæéîŽãèâ, îëéèâĲæù æûãâãï N çëéìæñðâîæï àŽøâ-
îâĲŽï áŽ öâáâàæï éëùâéŽï. åñ A ïæéîŽãèæï êâĲæïéæâîæ âèâéâêðæ éæïŽûãáëéæŽ
M áŽ N çëéìæñðâîæïŽåãæï, îŽ öâàãæúèæŽ ãåóãŽå B′ ïæéîŽãèâäâ? ŽãýïêŽå
âï ïæðñŽùæŽ ïæéĲëèëâĲæï ïŽöñŽèâĲæå áŽ àŽêãéŽîðëå Žé æêòëîéŽùææï ñïŽî-
àâĲèëĲŽ.

8. ïæéîŽãèâåŽ ðâîéæêâĲæå ŽãýïêŽå 2.1 éŽàŽèæåæ îŽðëé Žîæï ïûëîæ.

9. àŽâîåæŽêâĲæï ëìâîŽùææï àŽêïŽäôãîæï áîëï Žôêæöêñèæ æõë, îëé ãæõâ-
êâĲáæå \Žê"-ï. îëàëîù öâæúèâĲŽ ïæéîŽãèâåŽ ðâîéæêâĲöæ àŽéëãïŽýëå àŽéë-
éîæùýŽãæ \Žê".

10. àŽéëåãèâĲöæ ýöæîŽá ŽýŽèæ ïæéîŽãèââĲæï öâïŽóéêâèŽá àŽéëæõâêâĲŽ
Žîæåéâðæçñèæ ëĲæâóðâĲæ. Žïâ, åñ A áŽ B îæùýãæåæ ïæéîŽãèââĲæŽ, éŽöæê

A + B =
{
x : x = a + b, a ∈ A, b ∈ B

}
.

ŽêŽèëàæñîŽá àŽéæïŽäôãîâĲŽ +, −, / ëìâîŽùæâĲæ îæùýãåŽ ïæéîŽãèââĲï öë-
îæï. ãæìëãëå öâéáâàæ ïæéîŽãèââĲæ:

Ž) {1, 2}+{1, 3}; Ĳ) {1, 2}∪{1, 3}; à) {1, 2}∗{1, 3}; á) {1, 2}∩{1, 3}; â)
{1, 2}−{1, 3}; ã) {1, 2}\{1, 3}; ä) {2, 4}/{2}; å) {2, 4}\{2}; æ) {2, 4}−{2}.

11. æéæïŽåãæï, îëé öâãúèëå ïæéîŽãèââĲäâ ëìâîŽùæâĲæï ðâóêæçæï àŽéëõâ-
êâĲŽ çëêçîâðñè ŽéëùŽêŽöæ, îŽôŽù âðŽìäâ ïŽüæîë æóêâĲŽ \ŽîŽéŽåâéŽðæçñîæ"
éðçæùâĲŽ àŽáŽãæõãŽêëå éŽåâéŽðæçñîöæ. øãâñèâĲîæã (éýëèëá ŽîŽ õëãâèå-
ãæï), Žéæå ŽôûâîŽ ýáâĲŽ ñòîë çëéìŽóðñîæ. ŽéŽïåŽê, éŽåâéŽðæçñîæ àŽéë-
ïŽýñèâĲŽ õëãâèåãæï æóêâĲŽ éŽåâéŽðæçñîŽá éçŽùîæ. éŽöæê, îëáâïŽù ïŽûõæïæ
àŽéëïŽýñèâĲŽ öâæúèâĲŽ Žïâåæ æõëï (ïŽáŽù âï ýáâĲŽ, ïŽüæîëŽ ãæìëãëå îŽ
ŽçèæŽ ðŽãáŽìæîãâè òëîéñèæîâĲŽï). ŽýèŽ ïŽüæîëŽ:

Ž) öâãâùŽáëå øŽéëãŽõŽèæĲëå öâéáâàæ éðçæùâĲñèëĲâĲæ ïæéîŽãèâåŽ âêŽäâ:

• éëùâéñèæŽ A, B áŽ C ïæéîŽãèââĲæ. àŽêãïŽäôãîëå ïæéîŽãèâ, îë-
éâèæù åŽãæï åŽãöæ öâæùŽãï Žé ïæéîŽãèââĲæáŽê éýëèëá ëîï.

• ûæêŽ ŽéëùŽêŽ ŽéëãýïêŽå æé ìæîëĲæå, îëé A, B áŽ C ïæéîŽãèââĲæ
ñîåæâîåŽîŽåŽêŽéçãâåæŽ.

• éëùâéñèæŽ V , W , Y , X áŽ Z ïæéîŽãèââĲæ. àŽêãïŽäôãîëå ïæéîŽã-
èâ, îëéâèæù öâæùŽãï V , W , X áŽ Y ïæéîŽãèââĲæáŽê ëîï éŽæêù
áŽ Žî öâæùŽãï Z-ï.

Ĳ) ŽêŽèàæñîŽá Žôãûâîëå ïæðõãâĲæå öâéáâàæ ïæéîŽãèââĲæ
(
J ∩ (K ∪ L)

)′ ∪ (H \ L),

(P ∪R ∪Q) \ (
P ∩ (Q \R)

)
,

(
(E \ F ) ∪ (F \ E)

)′ ∪G.

§ 3. ãâêæï áæŽàîŽéâĲæ

ýöæîŽá ïŽïîàâĲèëŽ àãóëêáâï ïæéîŽãèâåŽ àâëéâðîæñèæ ûŽîéëáàâêŽ.
Žïâåæ ûŽîéëáàâêâĲæ ãâî öâùãèæï áŽéðçæùâĲâĲï, éŽàîŽé, öâæúèâĲŽ ïŽïŽîàâ-
Ĳèë æõëï æéæïŽåãæï, îëé ïûîŽòŽá áŽ éŽîðæãŽá áŽãîûéñêáâå ïŽéŽîåèæŽêæŽ
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åñ ŽîŽ çëêçîâðñèæ éðçæùâĲñèâĲŽ. áæŽàîŽéâĲï, îëéèâĲïŽù øãâê àŽéëãæõâ-
êâĲå, ãâêæï áæŽàîŽéâĲæ âûëáâĲŽ (æêàèæïâèæ éŽåâéŽðæçëïæï þëê ãâêæïŽ
ïŽýâèæï éæýâáãæå) áŽ ŽæàâĲŽ æïâ, îëàëîù âï óãâéëå Žîæï Žôûâîæèæ.

ìæîãâè îæàöæ áŽãýŽäëå áæáæ E éŽîåçñåýâáæ (êŽý. 3.1). öâéáâà éŽîå-
çñåýâáæï öæàêæå øŽãýŽäëå ûîââĲæ (Žê ïýãŽ öâïŽĲŽéæïæ öâçîñèæ ûæîæ), îëé
ûŽîéëãæáàæêëå ïæéîŽãèââĲæ. æïæêæ ñêáŽ æçãâåâĲëáêâê ŽéëùŽêŽöæ éëåýëã-
êæè õãâèŽäâ ñòîë äëàŽá öâéåýãâãŽöæ áŽ, öâïŽĲŽéæïŽá, ñêáŽ æõëï Žôêæöêñèæ
(êŽý. 3.2). ûâîðæèâĲæ, îëéèâĲæù éáâĲŽîâëĲï áæŽàîŽéæï ïýãŽáŽïýãŽ Žîæï öæ-
àêæå öâæúèâĲŽ àŽêãæýæèëå, îëàëîù öâïŽĲŽéæï ïæéîŽãèâåŽ âèâéâêðâĲæ. åñ
ïæéîŽãèââĲöæ âèâéâêðâĲæï îæùýãæ éùæîâŽ, éŽöæê ùŽèçâñèæ âèâéâêðæ öâæúèâĲŽ
øŽæûâîëï öâïŽĲŽéæïæ ŽîââĲæï öæàêæå, îâëàëîù âï êŽøãâêâĲæŽ 3.1 éŽàŽèæåöæ.

êŽý. 3.1

êŽý. 3.2

êŽý. 3.3

é Ž à Ž è æ å æ 3.1. ãåóãŽå, E = {b, c, d, e}, A = {b, c, d}, A = {c, c}.
öâïŽĲŽéæïæ áæŽàîŽéŽ àŽéëïŽýñèæŽ 3.3 êŽýŽääâ. Žé ïñîŽåæå ïîñèŽá Žîæï
æèñïðîæîâĲñèæ 3.1 éŽàŽèæåæ. åñ, éŽàŽèæåŽá, A ∈ E , éŽöæê àŽñàâĲŽîæŽ,
îæïæ àŽéëïŽýãŽ öâæúèâĲëáŽ áæŽàîŽéŽäâ. æé öâéåýãâãâĲöæ, îëáâïŽù àŽéëæõâ-
êâĲŽ ïæéîŽãèâåŽ ñòîë îåñèæ çëêïðîñóùæâĲæ, ñêáŽ ãâîæáëå áæŽàîŽéâĲæï
ïŽýæå éŽå àŽéëïŽýãŽï.
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îëáâïŽù àãŽóãï, öâïŽĲŽéæïŽá, ŽàâĲñèæ áæŽàîŽéŽ, éæïæ àŽîçãâñèæ Žîâ
öâæúèâĲŽ áŽãöðîæýëå ŽýŽèûŽîéëóéêæè ïæéîŽãèâåŽ àŽêïŽïŽäôãîŽãŽá.

é Ž à Ž è æ å æ 3.2. æéæïŽåãæï, îëé ûŽîéëãŽáàæêëå A ∪ (B′ ∩C) ïæ-
éîŽãèâ, áŽãæûõëå 3.4 êŽýŽääâ êŽøãâêâĲæ äëàŽáæ áæŽàîŽéæå. B′ áŽãöðîæýëå
âîåæ éæéŽîåñèâĲæå áæŽàëêŽèñîæ ýŽäâĲæå

êŽý. 3.4

êŽý. 3.5

ýëèë C { ïýãŽ éæéŽîåñèâĲæï áæŽàëêŽèñîæ ýŽäâĲæå (êŽý. 3.5). ëîéŽàŽá
áŽöðîæýñèæ òŽîåëĲæ ûŽîéëŽáàâêï B′ ∩ C ïæéîŽãèâï.

áæŽàîŽéæï ŽýŽè Žïèäâ âï Žîâ áŽãöðîæýëå ßëîæäëêðŽèñîæ ýŽäâĲæå,
ýëèë A { ãâîðæçŽèñîæå. 3.6 êŽýŽääâ éåèæŽêŽá áŽöðîæýñèæ Žîâ ûŽî-
éëŽáàâêï A ∪ (B′ ∩ C) ïæéîŽãèâï. åñ ùŽèçâñè öâéåýãâãŽöæ àŽêïŽýæèãâè
ïæéîŽãèââĲäâ àãŽóãï áŽéŽðâĲæåæ æêòëîéŽýæŽ, æï öâæúèâĲŽ àŽéëãæõâêëå ãâêæï
áæŽàîŽéæï àŽïŽéŽîðæãâĲèŽá.

êŽý. 3.6

é Ž à Ž è æ å æ 3.3. ãåóãŽå, A ∩ B = ∅. âï öââïĲŽéâĲŽ 3.7 êŽýŽäæï
áæŽàîŽéŽï.

öâãêæöêëå, îëé ýöæî öâéåýãâãŽöæ ïæéîŽãèââĲæ öâæùŽãï ïŽçéŽëá Ĳâãî
âèâéâêðï áŽ, éŽöŽïŽáŽéâ, âï âèâéâêðâĲæ Žî öâæúèâĲŽ ûŽîéëãŽáàæêëå ùŽèçâ.
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êŽý. 3.7

Žéæðëé ñòîë éëïŽýâîýâĲâèæŽ Žé öâéåýãâãŽöæ ãæèŽìŽîŽçëå åæåëâñè ïæ-
éîŽãèâäâ, îëàëîù éåâèäâ áŽ Žî ãŽýïâêëå ùŽèçâñèæ âèâéâêðâĲæ.

ï Ž ã Ž î þ æ ö ë 3.1.

1. áŽýŽäâå áæŽàîŽéŽ, îëéèæåŽù æèñïðîæîâĲñèæ æóêâĲŽ 2.1 ïŽãŽîþæ-
öëï ìæîãâè ŽéëùŽêŽöæ àŽêïŽýæèãâèæ ïæéîŽãèââĲæ.

2. îëàëîù öâæúèâĲŽ ûŽîéëãŽáàæêëå ãâêæï áæŽàîŽéâĲæï ïŽöñŽèâĲæå öâ-
éáâàæ ïæéîŽãèââĲæ:

{A, {A}}, {{a}, {b}}, {X, Y, Z},
ïŽáŽù

X =
{
x : x = 1 Žê (x− 2) ∈ X

}
,

Y =
{
x : x = 3 Žê (x− 3) ∈ Y

}
,

Z =
{
x : x = 2 Žê (x− 2) ∈ Z

}
.

§ 4. óãâïæéîŽãèââĲæ

åŽêŽçãâåæï, àŽâîåæŽêâĲæï, ïýãŽëĲæï áŽ áŽéŽðâĲæï ëìâîŽùæâĲæ àãŽúèâãï
ŽýŽèæ ïæéîŽãèââĲæï òëîéæîâĲæï ïŽöñŽèâĲŽï. éŽàîŽé, îëàëîù ûâïæ, Žî öâ-
àãæúèæŽ ãåóãŽå, åñ îëàëî öââòŽîáâĲŽ âîåæ ïæéîŽãèâ ïýãâĲï. éŽàŽèæåŽá,
ãåóãŽå, éëùâéñèæŽ ëîæ X áŽ Y ïæéîŽãèâ. X ∩ Y åŽêŽçãâåŽ àŽîçãâñèæ
Žäîæå \êŽçèâĲæ" (Žê ñçæáñîâï öâéåýãâãŽöæ Žî ŽôâéŽðâĲŽ) X ïæéîŽãèâäâ.
éŽîåèŽù, X∩Y ïæéîŽãèæï õãâèŽ âèâéâêðæ, Žàîâåãâ, éæâçñåãêâĲŽ X ïæéîŽã-
èâï. Žé áŽçãæîãâĲæáŽê öâæúèâĲŽ òëîéŽèñîŽá àŽêãïŽäôãîëå ïæéîŽãèâåŽ áŽ
ïýãŽáŽïýãŽ àŽéëïŽýñèâĲâĲæï ðëèëĲŽ æéŽãâ ïæéîŽãèæïŽåãæï. Žé àŽêïŽäôãîâ-
ĲâĲæï ïŽöñŽèâĲæå öâàãæúèæŽ, Žàîâåãâ, áŽãûâîëå æé éêæöãêâèëãŽêæ òŽóðâĲæï
öâïŽòâîæïæ èëàæçñîæ áŽïŽĲñåâĲâĲæ, îëéèâĲæù ïæéîŽãèââĲï öââýâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, A áŽ B ïæéîŽãèââĲæ æïâåæŽ, îëé
åñ x ∈ A, éŽöæê x ∈ B. éŽöæê ŽéëĲëĲâê, îëé A Žîæï B-ï óãâïæéîŽãèâ áŽ
ŽôêæöêŽãâê öâéáâàêŽæîŽá: A ⊆ B. öâïŽĲŽéæïæ ãâêæï áæŽàîŽéŽ àŽéëïŽýñèæŽ 4.1
êŽýŽääâ. ŽéŽïåŽê, åñ ŽîïâĲëĲï B-ï æïâåæ âèâéâêðæ, îëéâèæù Žî âçñåãêæï
A-ï, éŽöæê A-ï ñûëáâĲâê B-ï ïŽçñåîæã óãâïæéîŽãèâï áŽ øŽæûâîâĲŽ A ⊂
B ïŽýæå. âï êæöêŽãï, îëé îŽôŽù Žäîæå B ñòîë áæáæŽ ãæáîâ A, éŽàîŽé,
îëàëîù óãâéëå ãêŽýŽãå, ŽïâåéŽ ðâîéæêéŽ öâæúèâĲŽ áŽàãŽĲêæëï. éŽöŽïŽáŽéâ,
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Žé ðâîéæêæï àŽéëõâêâĲæï ïæòîåýæèâ ñêáŽ àŽéëãæøæêëå. âï åŽêŽòŽîáëĲâĲæ
öâúèâĲŽ, Žàîâåãâ, øŽæûâîëï öâĲîñêâĲñèæ îæàæå

B ⊃ A áŽ B ⊇ A.

éŽöæê ŽéĲëĲâê, îëé B éëæùŽãï A-ï.

êŽý. 4.1

ùýŽáæŽ, îëé êâĲæïéæâîæ A ïæéîŽãèæïåãæï ïŽéŽîåèæŽêæŽ öâéáâàæ ïŽéæ
åŽêŽòŽîáëĲŽ:

∅ ⊆ A, A ⊆ A, A ⊆ E .

ŽóâáŽê éâëîâ åŽêŽòŽîáëĲŽ Žîæï àŽêïŽçñåîâĲæå éêæöãêâèëãŽêæ. Žéë-
ĲëĲâê, îëé A áŽ B ïæéîŽãèââĲæ âçãæãŽèâêðñîæŽ (øŽæûâîâĲŽ A = B),
åñ

A ⊆ B, B ⊆ A.

âï êæöêŽãï, îëé A-ï õãâèŽ âèâéâêðæ Žîæï B-ï âèâéâêðâĲæ, ýëèë B-ï õãâèŽ
âèâéâêðæ { A-ï âèâéâêðæ.

ïæéîãèâåŽ âçãæãŽèâêðñîëĲæï àŽêïŽäôãîâĲæï àŽéëõâêâĲæå áŽãŽéðçæùëå
äëàæâîåæ ïæéîŽãèæï æáâêðñîëĲŽ, îæïåãæïŽù àŽãŽîøæëå ýñåæ éŽàŽèæåæ.
âï éŽàŽèæåâĲæ ûŽîéëŽáàâêï áŽéðçæùâĲâĲæï éŽàŽèæåâĲï. Žéæðëé ãŽèáâĲñèæ
ãŽîå éëçèâá àŽêãæýæèëå ïŽçæåýæ æéæï öâïŽýâĲ, åñ îŽðëé ñêáŽ ãæäîñêëå
áŽéðçæùâĲâĲäâ çëéìæñðâîñè éâùêæâîâĲŽöæ. éçŽùîŽá îëé ãåóãŽå, îëàëîù
âï øãâñèâĲîæã çâåáâĲŽ, øãâê îŽôŽù ñêáŽ áŽãŽéðçæùëå éýëèëá âîåþâî.
öâéáâà àŽéëãŽèå æóæáŽê, îëé æêòëîéŽùææï âï êŽûæèæ ïŽéŽîåèæŽêæŽ áŽ,
éŽöŽïŽáŽéâ, öâàãæúèæŽ àŽêãæýæèëå îëàëîù èŽóðæ. ŽéŽïåŽê, îëàëîù àŽéë-
åãèæåæ éâùêæâîâĲæï ñéîŽãèâï öâéåýãâãŽöæ ýáâĲŽ, éâåëáæ, îëéèæåŽù öâ-
áâàâĲï ãôâĲñèëĲå, æïâãâ éêæöãêâèëãŽêæŽ, îëàëîù åãæå öâáâàæ. áŽéðçæùâ-
ĲâĲæï ŽêŽèæäæï öâéáâà êŽåâèæ ýáâĲŽ àŽéëåóéñèæ ãŽîŽñáâĲæ áŽ æï öâáâàâĲæ,
îëéèâĲåŽêŽù Žé ãŽîŽñáâĲï éæãõŽãŽîå. Žàîâåãâ, àŽïŽàâĲæ ýáâĲŽ áŽïççãêâ-
Ĳæï àŽéëðŽêæï ìîëùâïâĲæ, îëéèâĲæù öâæúèâĲŽ àŽéëãæõâêëå ïýãŽ ŽéëùŽêâĲæï
ŽéëýïêæïŽï.

öâæúèâĲŽ, Žàîâåãâ, öâãêæöêëå, îëé åâëîâéâĲæï áŽéðçæùâĲŽ ŽõŽèæĲâĲï
ŽãðëéŽðñîŽá àŽáŽïŽûõãâðæ õãâèŽ ŽéëùŽêæï ïŽòñúãâèï. éŽàîŽé ŽéŽï àŽêãæ-
ýæèŽãå éëàãæŽêâĲæå. àŽêãæýæèëå îŽéáâêæéâ éŽàŽèæåæ.

4.1 éŽàŽèæåöæ ñöñŽèëá éðçæùáâĲŽ öâéáâàæ ëîæ åŽêŽòŽîáëĲæï ïŽéŽî-
åèæŽêëĲŽ:

Ž) A ∩ (B ∪ C) ⊆ (A ∩B) ∪ (A ∩ C);
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Ĳ) (A ∩B) ∪ (A ∩ C) ⊆ A ∩ (B ∪ C).

åæåëâñè Žé áŽéðçæùâĲŽåŽàŽê öâáàâĲŽ öâéáâàæ ïŽýæï éðçæùâĲñèâĲâĲæïàŽê:

\åñ P , éŽöæê Q".

(åñ P éŽîåâĲñèæŽ, éŽöæê éŽîåâĲñèæŽ Q). éëýâîýâĲñèëĲæïŽåãæï âï éðçæùâ-
ĲñèâĲŽ øŽãûâîëå, îëàëîù \P =⇒ Q" áŽ ûŽãæçæåýŽãå:

\P -áŽê àŽéëéáæêŽîâëĲï Q".

ŽéîæàŽá, åñ àãŽóãï P0, P1, . . . , Pn æïâåæ éæéáâãîëĲŽ, îëé P0 =⇒ P1,
P1 =⇒ P2, . . . , Pn−1 =⇒ Pn (P0-áŽê àŽéëéáæêŽîâëĲï P1, P1-áŽê àŽéëé-
áæêŽîâëĲï P2, . . . , Pn−1-áŽê àŽéëéáæêŽîâëĲï Pn), éŽöæê àãŽóãï ìæîáŽìæîæ
éðçæùâĲñèâĲŽ P0 =⇒ Pn.

é Ž à Ž è æ å æ 4.1. A, B áŽ C ïæéîŽãèââĲæïåãæï áŽãŽéðçæùëå, îëé

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

á Ž é ð ç æ ù â Ĳ Ž .

x ∈ A ∩ (B ∪ C) =⇒ x ∈ A áŽ x ∈ (B ∪ C) =⇒
(Žïâåæ áŽþàñòâĲŽ ŽñùæèâĲâèæŽ, îŽáàŽê òîøýæèâĲæ êæöêŽãï, îëé àŽâîåæŽêâ-
ĲŽ ñêáŽ àŽéëãåãŽèëå åŽêŽçãâåæï ûæê)

=⇒ x ∈ A áŽ (x ∈ B Žê x ∈ C) =⇒
=⇒ (x ∈ A áŽ x ∈ B) Žê (x ∈ A áŽ x ∈ C) =⇒

=⇒ (x ∈ A ∩B) Žê (x ∈ A ∩ C) =⇒ x ∈ (A ∩B) ∪ (A ∩ C).

ŽéîæàŽá,
A ∩ (B ∪ C) ⊆ (A ∩B) ∪ (A ∩ C).

ŽýèŽ áŽãŽéðçæùëå öâĲîñêâĲñèæ øŽîåãŽ:

x ∈ (A ∩B) ∪ (A ∩ C) =⇒ (x ∈ A ∩B) Žê (x ∈ A ∩ C) =⇒
=⇒ (x ∈ A áŽ x ∈ B) Žê (x ∈ A áŽ x ∈ C) =⇒

=⇒ x ∈ A áŽ (x ∈ B Žê x ∈ C) =⇒ x ∈ A áŽ x ∈ B ∪ C =⇒
=⇒ x ∈ A ∩ (B ∪ C).

éŽöŽïŽáŽéâ,
(A ∩B) ∪ (A ∩ C) ⊆ A ∩ (B ∪ C).

Žéæðëé
A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

Žé çâîúë öâéåýãâãŽöæ áŽéðçæùâĲæï éâëîâ êŽûæèæ äñïðŽá âéåýãâãŽ ìæî-
ãâèï áŽ, éŽöŽïŽáŽéâ, öâæúèâĲŽ øŽãûâîëå

x ∈ A ∩ (B ∪ C) ⇐⇒ x ∈ A áŽ x ∈ B ∪ C áŽ Ž. ö.

Žó \⇐⇒" ïæéĲëèë ŽôêæöêŽãï, îëé P =⇒ Q áŽ Q =⇒ P . âï öâæúèâ-
ĲŽ ûŽãæçæåýëå Žïâ \éŽöæê áŽ éýëèëá éŽöæê" áŽ ŽôêæöêŽãï ëîæ P áŽ Q
éðçæùâĲñèâĲâĲæï âçãæãŽèâêðñîëĲŽï.
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éŽàîŽé õëãâèåãæï Žî Žîæï Žïâ Žáãæèæ Žîàñéâêðæï áŽ öâáâàæï öâóùâãŽ.
äëàŽáŽá áŽéðçæùâĲŽ ñêáŽ øŽðŽîáâï ëîæãâ éæéŽîåñèâĲæå ùŽèç-ùŽèçâ. öâ-
ãêæöêëå, îëé âçãæãŽèâêðñîëĲŽ öâæúèâĲŽ ŽáãæèŽá éæãæôëå ãâêæï öâïŽĲŽéæ-
ïæ áæŽàîŽéæáŽê.åñéùŽ, õëãâèåãæï Žî Žîæï öâïŽúèâĲâèæ æïâåæ áæŽàîŽéæï
áŽýŽäãŽ, îëéèæï éæéŽîå öâæúèâĲŽ ãæõëå áŽîûéñêâĲñèæ, îëé æàæ æéáââêŽá
ìŽïñýëĲï éëåýëãêâĲï, îŽéáâêŽáŽù ïŽüæîëŽ. Žéæðëé ŽñùæèâĲâèæŽ ñöñŽèë
áŽéðçæùâĲŽ. âï áŽéðçæùâĲŽ áŽéëçæáâĲñèæŽ \áŽ" áŽ \Žê"-ï éêæöãêâèëĲâĲï
öëîæï öæêŽàŽê ñîåæâîåçŽãöæîäâ. öâéáàëéöæ, îëùŽ àŽêïŽäôãîñèæ æóêâĲŽ
äàæâîåæ ŽèàâĲîñèæ ïðîñóðñîâĲæ, ãŽøãâêâĲï, îëé âï Žî ûŽîéëŽáàâêï ïæî-
åñèâï.

4.2{4.5 éŽàŽèæåâĲöæ Žïâãâ ãæõâêâĲå ìæîáŽìæî áŽéðçæùâĲâĲï, éŽàîŽé âï
áŽéðçæùâĲâĲæ øŽûâîæèæŽ îŽéáâêæéâ ïýãŽ ïŽýæå.

é Ž à Ž è æ å æ 4.2. éëùâéñèæŽ E ïæéîŽãèæï éæéŽîå êâĲæïéæâîæ A
(A ⊆ E) ïæéîŽãèæï áŽéŽðâĲŽ âîåŽáâîåæŽ.

á Ž é ð ç æ ù â Ĳ Ž . ãæàñèæïýéëå, îëé ŽîïâĲëĲï ëîæ B áŽ C ïæéîŽã-
èâ, îëéâèåŽàŽê åæåëâñèæ éŽåàŽêæ ŽçéŽõëòæèâĲï A ïæéîŽãèæï áŽéŽðâĲæï
éëåýëãêŽï, â. æ.

B ∩A = C ∩A = ∅ áŽ B ∪A = C ∪A = E .

éŽöæê

B = B ∩ E = B ∩ (C ∪A) = (B ∩ C) ∪ (B ∩A) =

= (B ∩ C) ∪∅ = B ∩ C,

Žéæðëé

x ∈ B =⇒ x ∈ B áŽ x ∈ C =⇒ B ⊆ B ∩ C =⇒ B ⊆ B áŽ B ⊆ C.

éŽàîŽé ãæùæå, îëé B ⊆ B. Žéæðëé ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé

B ⊆ C.

ŽêŽèëàæñîŽá (öâãñùãèæå îŽ îëèâĲï B-ï áŽ C-ï), éæãæôâĲå:

C ⊆ B.

ïŽæáŽêŽù B = C, â. æ. B = C = A′ áŽ A′ âîåŽáâîåæŽ.

äâéëå éëõãŽêæèæ éŽàŽèæåæ åŽãæï åŽãöæ öâæùŽãï úæîæåŽá éŽåâéŽðæçñî
éæáàëéŽï, îëéâèæù àŽéëæõâêâĲŽ âîåŽáâîåëĲæï áŽïŽéðçæùâĲèŽá. áŽïŽûõæï-
öæ æàñèæïýéâĲŽ, îëé ŽîïâĲëĲï ëîæ Žïâåæ ëĲæâóðæ, ýëèë öâéáâà éðçæùáâĲŽ,
îëé æïæêæ âîåéŽêâåï âéåýãâãŽ.

öâéáâà éŽàŽèæåöæ çãèŽã éæãéŽîåŽãå ãŽîŽñáï \Žê"-æï öâïŽýâĲ, îŽåŽ öâ-
ïŽúèâĲèëĲŽ àãóëêáâï A∪B∪C àŽéëïŽýñèâĲŽ áŽãûâîëå îëàëîù A∪(B∪C)
Žê (A ∪B) ∪ C, îëùŽ âï ñòîë éëïŽýâîýâĲâèæ æóêâĲŽ ïŽüæîë àŽîáŽóéêâĲæï-
åãæï.

é Ž à Ž è æ å æ 4.3. éëùâéñèæŽ A, B áŽ C ïæéîŽãèââĲæ æïâåæ, îëé

A ∪B ∪ C = E
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áŽ A, B áŽ C ûõãæè-ûõãæèŽá Žî ðŽêŽæçãâåâĲŽ, éŽöæê

A′ = B ∪ C, B′ = A ∪ C, C ′ = A ∪ C.

á Ž é ð ç æ ù â Ĳ Ž .

A ∪B ∪ C = A ∪ (B ∪ C) = E ,

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) = ∅ ∪∅ = ∅.

éŽöŽïŽáŽéâ, B ∪ C ŽçéŽõëòæèâĲï A′-æï ìæîëĲŽï, A′ âîåŽáâîåæŽ. Žéæðëé
A′ = B ∪ C. ŽêŽèëàæñîŽá ðŽîáâĲŽ áŽéðçæùâĲŽ B′ áŽ C ′-åãæï.

é Ž à Ž è æ å æ 4.4. êâĲæïéæâîæ X áŽ Y ïæéîŽãèââĲæïåãæï ïŽéŽîåèæŽêæŽ
åŽêŽòŽîáëĲŽ

(X ∩ Y )′ = (X ∩ Y ′) ∪ (X ′ ∩ Y ) ∪ (X ′ ∩ Y ′).

á Ž é ð ç æ ù â Ĳ Ž . ãæàñèæïýéëå, îëé 4.3 éŽàŽèæåæáŽê àãŽóãï A, B
áŽ C ïæéîŽãèââĲæ áŽ

C = D ∪ E áŽ D ∩ E = ∅.

(4.2 êŽýŽääâ àŽéëïŽýñèæŽ ãâêæï áæŽàîŽéŽ, ïŽáŽù E ïæéîŽãèâ áŽõëòæèæŽ
öâïŽĲŽéæïŽá). éŽöæê A, B, D áŽ E ïæéîŽãèââĲæ ñîåæâîåŽîŽåŽêŽéçãâåæŽ áŽ

A ∪B ∪D ∪ E = E .

ñòîë éâðæù,
A′ = B ∪ C,

Žéæðëé
A′ = B ∪D ∪ E.

êŽý. 4.2

ŽýèŽ ŽáãæèŽá öâæúèâĲŽ ãŽøãâêëå, îëé åñ ãæàñèæïýéâĲå

A = X ∩ Y, B = X ∩ Y ′, D = X ′ ∩ Y áŽ E = X ′ ∩ Y ′,

éŽöæê éëåýëãêæèæ ìæîëĲâĲæ öâïîñèáâĲŽ áŽ Žéæðëé ïŽüæîë öâáâàæ éŽöæêãâ
àŽéëéáæêŽîâëĲï ûæêŽ éïþâèëĲâĲæáŽê.

é Ž à Ž è æ å æ 4.5. êâĲæïéæâîæ X áŽ Y ïæéîŽãèââĲæïåãæï éŽîåâĲñèæŽ
åŽêŽòŽîáëĲŽ

(X ∩ Y )′ = X ′ ∪ Y ′.
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á Ž é ð ç æ ù â Ĳ Ž .

x ∈ (X ∩ Y )′ ⇐⇒ x ∈ (X ∩ Y ′) ∪ (X ′ ∩ Y ) ∪ (X ′ ∩ Y ′) ⇐⇒
⇐⇒ x ∈ (X ∩ Y ′) ∪ (X ′ ∩ Y ′) ∪ (X ′ ∩ Y ) ∪ (X ′ ∩ Y ′) ⇐⇒

(âîåæ ûâãîæ àŽéâëîâĲñèæŽ. âï öâïŽúèâĲâèæŽ, îŽáàŽê A = A ∪A êâĲæïéæâîæ
A-åãæï)

⇐⇒ x ∈ (
(X ∩ Y ′) ∪ (X ′ ∩ Y ′)

) ∪ (
(X ′ ∩ Y ) ∪ (X ′ ∩ Y ′)

) ⇐⇒
⇐⇒ x ∈ (

(X ∪X ′) ∩ Y ′) ∪ (
X ′ ∩ (Y ∪ Y ′)

) ⇐⇒
⇐⇒ x ∈ (E ∩ Y ′) ∪ (X ′ ∩ E) ⇐⇒ x ∈ Y ′ ∪X ′ ⇐⇒ x ∈ X ′ ∪ Y ′,

ŽéîæàŽá, (X ∩ Y )′ = X ′ ∪ Y ′.
4.5 éŽàŽèæåöæ éæôâĲñè áŽ éæï éïàŽãï öâáâàï (æý. 4.5 ïŽãŽîþæöë) áâ

éëîàŽêæï çŽêëêâĲæ âûëáâĲŽ. âï çŽêëêâĲæ éêæöãêâèëãŽê îëèï ŽïîñèâĲï
éŽðâéŽðæçñî èëàæçŽöæ.

4.1{4.5 éŽàŽèæåâĲæï åŽêéæéáâãîëĲŽ àãæøãâêâĲï, îëàëî öâæúèâĲŽ àŽêãŽ-
ãæåŽîëå éŽåâéŽðæçñîæ åâëîæŽ éŽîðæãæ åâëîâéâĲæï áŽéðçæùâĲâĲæï àŽéë-
õâêâĲæå áŽ àŽéëãæõãŽêëå æïâåæ éêæöãêâèëãŽêæ öâáâàâĲæ, îëàëîæù áâ éë-
îàŽêæï çŽêëêâĲæŽ. ãæáîâ Žé åŽãæï áŽïçãêæå êŽûæèäâ àŽáŽãŽèå, öâãâùŽáëå
àŽáŽãûâîëå 4.2{4.5 éŽàŽèæåâĲöæ àŽêýæèñèæ ŽéëùŽêâĲæï áŽéðçæùâĲâĲæ òë-
îéŽèñîæ ïŽýæå, îëàëîù âï 4.1 éŽàŽèæåöæ àŽãŽçâåâå. éëàãæŽêâĲæå öâéëãæ-
ðŽêå ïŽüæîë ðâîéæêëèëàæŽï, îëéâèæù ïŽöñŽèâĲŽï éëàãùâéï àŽéëãæõâêëå
ñòîë éëçèâ ŽôêæöãêâĲæ. áŽïŽûõæïöæ öâéëãæðŽêå ëî àŽêïŽäôãîâĲŽï.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ŽéĲëĲâê, îëé A áŽ B ïæéîŽãèââĲæ ŽîŽâçãæ-
ãŽèâêðñîæŽ, åñ æïæêæ Žî Žîæï âçãæãŽèâêðñîæ. âï åãæïâĲŽ æéæï ðëèòŽïæŽ,
îëé âîå-âîåæ ïæéîŽãèâ A \B Žê B \A ŽîŽùŽîæâèæŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . éëùâéñèæ X ïæéîŽãèæï õãâèŽ óãâïæé-
îŽãèâåŽ ïæéîŽãèâï X ïæéîŽãèæï ýŽîæïýæ âûëáâĲŽ áŽ ŽôæêæöêâĲŽ P(X)-
æå. (äëàæâîåæ Žãðëîæ æõâêâĲï 2x ŽôêæöãêŽï. Žéæï éæäâäæ àŽïŽàâĲæ àŽýáâĲŽ
éëàãæŽêâĲæå, îëùŽ àŽãŽîøâãå îŽéáâêæéâ éŽàŽèæåï.) òëîéŽèñîŽá

P(X) = {Y : Y ⊆ X}.
çâîúëá, öâãêæöêëå, îëé îŽáàŽê ∅ ⊆ X áŽ X ⊆ X, Žéæðëé

∅ ∈ P(X), X ∈ P(X).

é Ž à Ž è æ å æ 4.6. ãåóãŽå, A = {1, 2, 3}, éŽöæê

P(A) =
{
∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}}.

Žé ìŽîŽàîŽòï áŽãŽïîñèâĲå áŽéðçæùâĲæï ëîæ æîæĲæ éâåëáæï àŽêýæè-
ãæå. ìæîãâèæ éâåëáæ Žîæï ïŽûæêŽŽôéáâàëï áŽöãâĲæï éâåëáæ. àŽãæýïâêëå
îŽïâèæï ìŽîŽáëóïæ (1.1. éŽàŽèæåæ):

F ∈ F =⇒ F 6∈ F áŽ F 6∈ F =⇒ F ∈ F.
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åñ ŽôãêæöêŽãå F ∈ F éðçæùâĲñèâĲâĲï P -æå, éŽöæê éæãæôâĲå:

P éŽîåâĲñèæŽ =⇒ P éùáŽîæŽ áŽ P éùáŽîæŽ =⇒ P éŽîåâĲñèæŽ.

éŽåâéŽðæçæï ïŽòñúãâèï ûŽîéëŽáàâêï ãŽîŽñáæ æéæï öâïŽýâĲ, îëé Žî öâæú-
èâĲŽ ŽîïâĲëĲáâï éðçæùâĲñèâĲŽ, îëéâèæù Žîæï üâöéŽîæðæ áŽ îëéâèæù Žîæï
éùáŽîæ (â. æ. èëàæçñîæ ïæïðâéŽ ñêáŽ æõëï öæêŽŽîïæŽêæ. øãâê ñŽîãõëòå îŽïâ-
èæï ïæéîŽãèâï æéæðëé, îëé éæïæ àŽêïŽäôãîâĲŽ ñïŽòñúãèëŽ àŽêïŽýæèãâèæ
Žäîæå.)

ãåóãŽå, àãŽóãï àŽéëêŽåóãŽéåŽ P1, P2, . . . , Pn âîåëĲèæëĲŽ áŽ àãæêáŽ
áŽãŽéðçæùëå (P1 üâöéŽîæðæŽ áŽ P2 üâöéŽîæðæŽ áŽ . . . áŽ Pn üâöéŽîæðæŽ)
=⇒ Q üâöéŽîæðæŽ, Žê, ñòîë éŽîðæãŽá,

(P1 áŽ P2 áŽ . . . áŽ Pn) =⇒ Q.

åñ áŽãñöãâĲå àŽéëêŽåóãŽéï (P1 áŽ P2 áŽ . . . áŽ Pn áŽ ŽîŽ Q), â. æ.
P1, P2, . . . , Pn üâöéŽîæðæŽ, ýëèë { Q éùáŽîæ áŽ ŽóâáŽê àŽéëãæðŽêëå îŽæéâ
P éðçæùâĲñèâĲŽ, îëéâèæù âîåáîëñèŽá üâöéŽîæðæù Žîæï áŽ éùáŽîæ, éŽöæê
èëàæçñîæ ïæïðâéŽ, áŽòñúêâĲñèæ (P1 áŽ P2 áŽ . . . áŽ Pn áŽ ŽîŽ Q) àŽéë-
êŽåóãŽéäâ, áŽñöãâĲâèæŽ. éŽöæê öâàãæúèæŽ áŽãŽïçãêŽå, îëé

(P1 áŽ P2 áŽ . . . áŽ Pn) =⇒ Q.

îŽáàŽê (ŽîŽ Q) áŽöãâĲŽï éæãõŽãŽîå ûæêŽŽôéáâàëĲŽéáâ. äâéëå êŽåóãŽéæï
ïŽæèñïðîŽùæëá àŽêãæýæèëå éŽàŽèæåæ.

é Ž à Ž è æ å æ 4.7. áŽãŽéðçæùëå, îëé êâĲæïéæâîæ A áŽ B ïæéîŽãèâ-
âĲæïåãæï Žáàæèæ Žóãï åŽêŽòŽîáëĲŽï

A ⊆ B ⇐⇒ B′ ⊆ A′.

á Ž é ð ç æ ù â Ĳ Ž . áŽãñöãŽå, îëé E , ∅ áŽ Ž. ö. ïæéîŽãèââĲï åãæïâĲâĲæ
(â. æ. àŽêïŽäôãîâĲâĲæ) öâïîñèâĲñèæŽ áŽ, îëé A ⊂ B áŽ B′ 6⊆ A′ (äâéëå
Žôûâîæèæ ïæðñŽùææï ðâîéæêâĲöæ Q Žîæï B′ ⊆ A′). éŽöæê

A ⊆ B =⇒ åñ x ∈ A, éŽöæê x ∈ B; (∗)
B′ ⊆ A =⇒ ŽîïâĲëĲï îŽôŽù æïâåæ y âèâéâêðæ, îëé

y ∈ B′ áŽ y 6∈ A′.

(∗)-áŽê àŽéëéáæêŽîâëĲï åŽêŽòŽîáëĲŽ

y ∈ A =⇒ y ∈ B =⇒ y ∈ B′ áŽ

y ∈ B =⇒ y ∈ B′ ∩B = ∅(ûæêŽŽôéáâàëĲŽ),

éŽöŽïŽáŽéâ, éæôâĲñèæ B′ 6⊆ A′ éùáŽîæŽ, Žéæðëé B′ ⊆ A′. ŽêŽèëàæñîŽá
öâæúèâĲŽ ãŽøãâêëå, îëé

B′ ⊆ A′ =⇒ A ⊂ B.

éŽöŽïŽáŽéâ, àãŽóãï:
A ⊆ B ⇐⇒ B′ ⊆ A′.

âï éŽàŽèæåæ Žïâãâ ãîùâèáâĲŽ æîæĲæ áŽéðçæùâĲæï éâëîâ éâåëáäâù.
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é Ž à Ž è æ å æ 4.8. ãåóãŽå, P Žîæï àŽéëêŽåóãŽéæ \áôâï ýñåöŽĲŽ-
åæŽ", ýëèë Q { \áôâï çãæîæï áôâŽ". éŽöæê (P =⇒ Q) ŽôêæöêŽãï \åñ áôâï
ýñåöŽĲŽåæŽ, éŽöæê âï çãæîæï áôâŽ", ýëèë (ŽîŽ Q =⇒ ŽîŽ P ) æóêâĲŽ \åñ
áôâï Žî Žîæï çãæîæï áôâ, éŽöæê âï áôâ Žî Žîæï ýñåöŽĲŽåæ".

âï ëîæ àŽéëêŽåóãŽéæ âçãæãŽèâêðñîæŽ (â. æ. æïæêæ âîåáîëñèŽá Žê üâ-
öéŽîæðæŽ Žê éùáŽîæŽ).

Žé åãŽèïŽäîæïæå ãâêæï áæŽàîŽéâĲæ öâæúèâĲŽ àŽéëãæõâêëå ïæðñŽùææï
àŽïŽîçãâãŽá, éŽàîŽé õãâèŽ öâáâàæ àŽéëðŽêæèæ ñêáŽ æõëï ŽéëùŽêŽöæ éëùâ-
éñèæ ãŽîŽñáâĲæáŽê. ñêáŽ àãŽýïëãáâï, îëé åñ îŽæéâ éðçæùâĲñèâĲŽ üâöéŽîæ-
ðæŽ, ñêáŽ öâàãâúèëï éæïæ áŽéðçæùâĲŽ. åñ éðçæùâĲñèâĲŽ éŽîåèŽù ùýŽáæŽ,
éŽöæê ŽáãæèŽá áŽãŽéðçæùâĲå éŽï, åñ ŽîŽ, éŽöæê, îëàëîù øŽêï, âï Žîùæïâ
ùýŽáæŽ, îëàëîù àãâàëêŽ áŽ ïîñèæŽá öâïŽúèâĲâèæŽ, éùáŽîæù æõëï.

ï Ž ã Ž î þ æ ö ë 4.1.

1. áŽãŽéðçæùëå, îëé

A ∩ (B ∩ C) = (A ∩B) ∩ C.

2. ãåóãŽå, éëùâéñèæŽ A, B, C: C ⊆ B ïæéîŽãèââĲæ. áŽãŽéðçæùëå, îëé
Ž) A∩C ⊆ A∩B; Ĳ) A∪C ⊆ A∪B; à) A\B ⊆ A\C; á) C \A ⊆ B \A;

â) B′ \A ⊆ C ′ \A.

3. áŽãŽéðçæùëå, îëé åñ A ⊆ B, éŽöæê P(A) ⊆ P(B).

4. Žøãâêâå öâéáâàæ ðëèëĲæï éŽîåâĲñèëĲŽ:

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C).

5. áŽãŽéðçæùëå, îëé

(A ∪B)′ = A′ ∩B′.

(éæåæåâĲŽ: Žøãâêâå, îëé (A∪B)∪(A′∩B′) = E áŽ (A∪B)∩(A′∩B′) = ∅.)

6. áŽŽéðçæùâå öâéáâàæ éðçæùâĲñèâĲâĲæï âçãæãŽèâêðñîëĲŽ, â. æ. îëé åæ-
åëâñèæáŽê àŽéëéáæêŽîâëĲï éâëîâ

Ž) A ∪B = E ; Ĳ) A′ ⊆ B; à) A′ ∩B′ = ∅.

7. öâéáâàæ éðçæùâĲñèâĲâĲæáŽê îëéâèæŽ éŽîåâĲñèæ:
Ž) 0 ∈ ∅; Ĳ) {∅} ⊆ ∅; à) ∅ ⊆ {∅}; á) ∅ ⊆ E ; â) {∅} ⊆ {{∅}}?
Žé çæåýãæï ìŽïñýâĲæ öâŽáŽîâå 2.1(6) ïŽãŽîþæöëï ìŽïñýâĲï. ∈ áŽ ⊆ ïæ-

éĲëèëâĲï öëîæï ŽîïâĲëĲï çŽãöæîæ, éŽàîŽé æïæêæ âîåæáŽæàæãâ Žî Žîæï.

8. ãŽøãâêëå, îëé ïŽïîñèæ A ïæéîŽãèæïåãæï |2A| = 2|A|. (éæåæåâĲŽ:
Žéëûâîâå A = {a1, a2, . . . , an} ïæéîŽãèâ áŽ àŽêæýæèâå éæïæ óãâïæéîŽãèââĲæ.)

§ 5. ïæéîŽãèâåŽ êŽéîŽãèæ

ŽóŽéáâ øãâê úæîæåŽáŽá ŽîïâĲñèæ ïæéîŽãèââĲæáŽê ñòîë éùæîâ äëéæï ïæ-
éîŽãèââĲæï ŽàâĲŽï ãæýæèŽãáæå, ŽýèŽ àŽêãæýæèŽãå áæáæ ïæéîŽãèââĲæï ŽàâĲæï
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âîå-âîå õãâèŽäâ ñòîë äëàŽá ýâîýï. ïŽæèñïðîŽùæëá àŽêãæýæèëå üŽáîŽçæï
áŽòæï ñþîâáâĲäâ àŽêåŽãïâĲñèæ ïæéîŽãèâ (ïñî. 1.10).

êŽý. 5.1

àŽêãæýæèëå ïãâðâĲæï ïæéîŽãèâ, îëéèâĲïŽù ŽôãêæöêŽãå a, b, . . . , h-æå (éŽîùý-
êæáŽê éŽîþãêæã), ïðîæóëêâĲæï ïæéîŽãèâ, îëéèâĲïŽù ŽôãêæöêŽãå 1, 2, . . . , 8-
æå (óãâéëáŽê äâéëå). éŽöŽïŽáŽéâ, åæåëâñèæ ñþîŽ ùŽèïŽýŽá öâæúèâĲŽ æõëï
éëùâéñèæ ëîæ ïæéĲëèëåæ: âîåæ F = {a, b, . . . , h} ïæéîŽãèæáŽê, éâëîâ
R = {1, 2, . . . , 8} ïæéîŽãèæáŽê. éŽàŽèæåŽá, a1, b3, h5, e3 áŽ Ž. ö. ŽéàãŽîŽá,
ïãâðâĲæï F ïæéîŽãèæïŽ áŽ ïðîæóëêâĲæï R ïæéîŽãèæïŽàŽê öâãóéâêæå áŽòæï
õãâèŽ ñþîæï ïæéîŽãèâ.

âï éŽàŽèæåæ åŽãæï åŽãöæ öâæùŽãï ŽýŽè æáââĲï, îëéèâĲæù ïæéîŽãèâåŽ
êŽéîŽãèæï ŽàâĲæïŽï àŽéëæõâêâĲŽ. ŽéŽïåŽê, æéæïŽåãæï, îëé öâàãâúèëï àŽêïŽýæ-
èãâèæ ïæðñŽùææï àŽêäëàŽáâĲŽ, ñêáŽ ãæõëå ùëðŽ ñòîë éâðŽá äñïðâĲæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . Žôãêæöêëå n-âèâéâêðæŽêæ x1, x2, . . . , xn éæéáâ-
ãîëĲŽ (x1, x2, . . . , xn)-æå. Žó éîàãŽèæ òîøýæèâĲæ àŽéëõâêâĲñèæŽ æéæïŽåãæï,
îëé éæãñåæåëå æé îæàäâ, îëéèæåŽù øŽûâîæèæŽ âèâéâêðâĲæ. éŽàŽèæåŽá, åñ
x− 1 6= x2, éŽöæê (x2, x1, . . . , xn) Žî âéåýãâãŽ (x1, x2, . . . , xn) éæéáâãîëĲŽï.
ãñûëáëå n ïæàîúæï êŽçîâĲæ. 2 ïæàîúæï êŽçîâĲï ãñûëáëå ûõãæèæ.

ãåóãŽå, éëùâéñèæŽ A1, A2, . . . , An n ïæéîŽãèâ. õãâèŽ (x1, x2, . . . , xn)
êŽçîâĲæï æïâå ïæéîŽãèâï, ïŽáŽù x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An-ï A1, A2, . . . , An

ïæéîŽãèâåŽ ìæîáŽìæîæ êŽéîŽãèæ âûëáâĲŽ. áŽ ŽôæêæöêâĲŽ A1×A2×· · ·×
An ïæéĲëèëåæ. ïýãŽ ŽôêæöãêâĲæï àŽéëõâêâĲæï Žé êŽéîŽãèï øŽãûâîå ñòîë
éëçèâá.

é Ž à Ž è æ å æ 5.1. ãåóãŽå, X = {0, 1}, Y = {x, y}, z = {0, 1, 2},
éŽöæê

X × Y =
{
(0, x), (0, y), (1, x), (1, y)

}
,

Y ×X =
{
(x, 0), (x, 1), (y, 0), (y, 1)

}
.
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ŽéàãŽîŽá, X × Y 6= Y ×X.
éŽàŽèæåŽá,

X × Z =
{
(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2)

}

(0, 1) áŽ (1, 0) X × Z ïæéîŽãèæï ïýãŽáŽïýãŽ âèâéâêðâĲæŽ. üŽáîŽçæï áŽòæï
éŽàŽèæåäâ F áŽ R ïæéîŽãèââĲæ Žî æçãâåâĲæŽê. (e, 3) ∈ F ×R, ýëèë (3, e) 6∈
F × R (∈ R × F ), Žéæðëé 3e øŽêŽûâîæ ñêáŽ ñŽîãõëå, îëàëîù ŽîŽïûëîæ
üŽáîŽçæï áŽòæïåãæï.

ýöæîŽá àŽéëãæõâêâĲå ìæîáŽìæî êŽéîŽãèï âîåêŽæîæ ïæéîŽãèââĲæïåãæï.
Žé öâéåýãâãŽöæ ñòîë éëïŽýýâîýâĲâèæ æóêâĲŽ A× A× · · · × A øŽãûâîëå An

ïŽýæå.

ï Ž ã Ž î þ æ ö ë 5.1.

1. ãåóãŽå, X = {a, b, c} áŽ Y = {a, b, e, f}. æìëãâå X × Y áŽ Y 2.

2. áŽŽéðçæùâå, îëé A ⊆ X áŽ B ⊆ Y , A×B ⊆ X × Y .

3. áŽŽéðçæùâå, îëé A× (B ∩ C) = (A×B) ∩ (A× C).

4. áŽŽéðçæùâå, îëé êâĲæïéæâîæ ŽîŽùŽîæâèæ A áŽ B ïæéîŽãèââĲæïåãæï
ïîñèáâĲŽ

Ž) ∅ × A = ∅; Ĳ) E × A 6= A; à) A ⊆ A × A; á) |A × {x}| = |A|; â)
A×B = B ×A, éŽöæê áŽ éýëèëá éŽöæê, îëùŽ A = B.



éæéŽîåâĲâĲæ

àŽéëåãèâĲöæ ýöæîŽá ïŽüæîëŽ Žãæîøæëå ïæéîŽãèâåŽ æïâåæ âèâéâêðâ-
Ĳæ, îëéèâĲæù ŽçéŽõëòæèâĲï îŽæéâ \éæéŽîåâĲŽï". âï ùêâĲŽ ïŽçéŽëá äëàŽáæŽ.
Žéæðëé æàæ òŽîåëá àŽéëïŽõâêâĲâèæŽ. ĲñêâĲîæãæŽ, éæéŽîåâĲæï öâïŽĲŽéæïæ öâ-
îøâãæïŽï éæïæ ŽîàñéâêðâĲæ âîåæéâëîâïåŽê öâæúèâĲŽ áŽçŽãöæîâĲñèæ æõëï
ïŽçéŽëá éŽîðæãŽá. ŽñùæèâĲâèæ ŽîŽ îæï æïæêæ áŽçŽãöæîâĲñèæ æõëï îŽôŽù
éŽîðæãæ Žê ùýŽáæ òëîéñèæå, åñéùŽ, æïâå ïæðñŽùæâĲöæ, îëùŽ éëåýëãêæ-
èæŽ îŽæéâ àŽéëåãèâĲæï øŽðŽîâĲŽ. äëàþâî öâæúèâĲŽ ãæìëãëå éæéŽîåâĲæï
éëýâîýâĲñèæ ŽôûâîŽ.

ãæáîâ Žé ïŽçæåýï éŽåâéŽðæçñîæ ìëäæùææáŽê éæãñáàâĲæå, àŽêãæýæèëå
îŽéáâêæéâæáâŽ, îëéèâĲæù ûŽîéëæóéêâĲŽ öâéáâàæ éŽîðæãæ ïæðñŽùææï àŽêýæ-
èãæáŽê (îëéèâĲïŽù, Žàîâåãâ, éæãõŽãŽîå éæéŽîåâĲæï ùêâĲæï öâéëðŽêŽéáâ).
ãåóãŽå, îŽôŽù àãŽóãï ìîëàîŽéâĲæï P ïæéîŽãèâ. éëêŽùâéåŽ éêæöãêâèëĲâĲæï
D ïŽïîñèæ ïæéîŽãèâ áŽ öâáâàâĲæï R ïæéîŽãèâ. åñ D-áŽê Žãæîøâãå çë-
êçîâðñè éêæöãêâèëĲŽï, æàæ öâæúèâĲŽ àŽéëãæõâêëå P -áŽê ŽîâĲñè äëàæâîå
ìîëàîŽéŽöæ áŽ P -áŽê ŽôâĲñèæ åæåëâñèæ ìîëàîŽéæïåãæï ŽîâĲëĲï éêæöã-
êâèëĲŽåŽ âîåëĲèæĲŽ D ïæéîŽãèæáŽê, îëéèâĲæù Žé ìîëàîŽéŽöæ àŽéëæõâêâ-
ĲŽ. ŽéàãŽîŽá, àãŽóãï öâïŽĲŽéæïëĲŽ éëêŽùâéåŽ éêæöãêâèëĲâĲïŽ áŽ ìîëàîŽéâĲï
öëîæï. éŽöŽïŽáŽéâ, D×P ïæéîŽãèâöæ ŽîïâĲëĲï âèâéâêðâĲæ, îëéèâĲæù ïŽæê-
ðâîâïëŽ àŽîçãâñèæ åãŽèïŽäîæïæå. ŽêŽèëàæñîŽá, åñ àŽêãæýæèŽãå îŽæéâ
p ∈ P ìîëàîŽéŽï, éŽöæê æï D-áŽê ŽîâĲñè éëêŽùâéåŽ öâïŽĲŽéæï éêæöãêâèë-
ĲâĲï áŽŽçŽãöæîâĲï R ïæéîŽãèæáŽê ŽôâĲñè öâáâàâĲåŽê. öâæúèâĲŽ àŽêãæýæèëå
éëêŽùâéâĲæ, îëéèâĲïŽù P éæßõŽãå àŽøâîâĲŽéáâ Žê àŽêãæýæèëå öâáâàâĲæ, îë-
éèâĲæù Žî öâæúèâĲŽ éæãæôëå P -áŽê. éŽöŽïŽáŽéâ, øãâê éæãáæãŽîå (D × R)
ïæéîŽãèæï óãâïæéîŽãèââĲåŽê D-áŽê R-çâê àŽáŽéñöŽãâĲæï áîëï ûŽîéëæóéêâ-
ĲŽ îŽôŽù ŽïëùæŽùæâĲæ, îëéâèĲæù öâæúèâĲŽ ïŽïŽîàâĲèë Žôéëøêáâï ðâîéæ-
êëèëàææï áŽéŽýïëãîâĲæïåãæï.

àŽáŽãæáâå òëîéŽèñî àŽêýæèãâĲäâ.

§ 1. úæîæåŽáæ ùêâĲâĲæ

à Ž ê ï Ž ä ô ã î â Ĳ Ž . A1, A2, . . . , An ïæéîŽãèââĲäâ àŽêïŽäôãîñèæ n-
ŽáàæèæŽêæ R éæéŽîåâĲŽ âûëáâĲŽ A1×A2×· · ·×An ìæîáŽìæîæ êŽéîŽãèæï
óãâïæéîŽãèâï.

ŽéîæàŽá, x1, x2, . . . , xn âèâéâêðâĲæ áŽçŽãöæîâĲñèæ R éæéŽîåâĲæå éŽöæê
áŽ éýëèëá éŽöæê, îëùŽ (x1, x2, . . . , xn), ïŽáŽù (x1, x2, . . . , xn) áŽèŽàâĲñèæ
íàáîð-æŽ.
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æòîë ýöæîŽá àãýãáâĲŽ éæéŽîåâĲŽ, îëùŽ n = 2. Žé öâéåýãâãŽöæ éŽï âûë-
áâĲŽ ĲæêŽîñèæ éæéŽîåâĲŽ. ŽéîæàŽá, A áŽ B ïæéîŽãèââĲï öëîæï ĲæêŽîñèæ
éæéŽîåâĲŽ Žîæï A×B ìæîáŽìæîæ êŽéîŽãèæï óãâïæéîŽãèâ. åñ âï ïæéîŽãèââĲæ
âçãæãŽèâêðñîæŽ (ãåóãŽå, A-ï ðëèæŽ), éŽöæê ãæðõãæå, îëé A2-ï óãâïæéîŽãèâ
àŽêïŽäôãîŽãï éæéŽîåâĲŽï A ïæéîŽãèâäâ.

éæéŽîåâĲâĲæ Žî ûŽîéëŽáàâêï îŽæéâ ŽýŽèï. öâæúèâĲŽ ŽãŽàëå éæéŽîåâĲâĲæ,
îëéèâĲæù ñâüãâèŽá êŽùêëĲæ æóêâĲŽ éçæåýãâèæïåãæï. àŽêãæýæèëå öâéáâàæ
éŽàŽèæåâĲæ:

é Ž à Ž è æ å æ 1.1. ãåóãŽå, A = {1, 2, 3, 4, 5, 6, 7, 8} áŽ R =
{(x, y) : x, y ∈ A; x Žîæï y-æï þâîŽáæ}. éŽöæê R éæéŽîåâĲŽ öâæúèâĲŽ øŽã-
ûâîëå ùýŽáŽá:

R =
{

(1, 1), (2, 1), (3, 1), (4, 1), (5, 1), (6, 1), (7, 1), (8, 1), (2, 2), (4, 2),

(6, 2), (8, 2), (3, 3), (6, 3), (4, 4), (8, 4), (5, 5), (6, 6), (7, 7), (8, 8)
}

.

é Ž à Ž è æ å æ 1.2. ãåóãŽå, A = {a, b, c, d}. àŽêãæýæèëå éæïæ õãâèŽ
óãâïæéîŽãèâåŽ ïæéîŽãèâ P(A). éŽïäâ àŽêãïŽäôãîëå ĲæêŽîñèæ éæéŽîåâĲŽ
R = {(X, Y ) : X, Y ∈ P(A), X ⊂ Y }.

é Ž à Ž è æ å æ 1.3. àŽêãæýæèëå üŽáîŽçæï áŽòŽ. ãåóãŽå, F =
{a, b, c, d, e, f, g, h}, R = {1, 2, 3, 4, 5, 6, 7, 8} áŽ, ãåóãŽå,

S = F ×R.

ŽéîæàŽá, S Žîæï üŽáîŽçæï áŽòæï ñþîâáâĲæï ïæéîŽãèâ. ñþîâáâĲæ Žôæ-
êæöêâĲŽ (x, y) ûõãæèâĲæå, ïŽáŽù x ∈ F , y ∈ R. S ïæéîŽãèâäâ àŽêãïŽäôãîëå
C ĲæêŽîñèæ éæéŽîåâĲŽ: (s, t) ∈ C éŽöæê áŽ éýëèëá éŽöæê, îëùŽ s áŽ t Žîæï
S ïæéîŽãèæï âèâéâêðâĲæ áŽ âðèï öâñúèæŽ âîåæ ïãèæå àŽæŽîëï s-áŽê t-éáâ
ùŽîæâè áŽòŽäâ. (àŽãæýïâêëå, îëé âðèï öâñúèæŽ éëúîŽëĲŽ ãâîðæçŽèñîæ
áŽ ßëîæäëêðŽèñîæ éæéŽîåñèâĲæå.) Žéæðëé æùãèâĲŽ Žê ßëîæäëêðŽèñîæ
Žê ãâîðæçŽèñîæ çëëîáæêŽðæ áŽ ŽîŽ ëîæãâ âîåáîëñèŽá, â. æ. C ∈ S × S
áŽ

C =
{(

(fs, rs, (tf , rt)
)

:
(
fs = ft áŽ rs 6= rt

)
Žê

(
fs 6= ft áŽ rs = rt

)}
.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . êâĲæïéæâîæ A ïæéîŽãèæïåãæï àŽêãïŽäôãîëå
JA æàæãñîæ éæéŽîåâĲŽ áŽ UA ñêæãâîïŽèñîæ éæéŽîåâĲŽ öâéáâàêŽæîŽá:

JA =
{
(a, a) : a ∈ A

}
, UA =

{
(a, b) : a ∈ A, b ∈ A

}
.

ŽéîæàŽá, UA = A2. îŽáàŽê ∅ ⊆ A2, Žéæðëé ∅ ùŽîæâèæ ïæéîŽãèâù ûŽîéë-
Žáàâêï ĲæêŽîñèæ éæéŽîåâĲŽï áŽ éŽï âûëáâĲŽ ùŽîæâèæ éæéŽîåâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . A áŽ B ïæéîŽãèââĲï öëîæï õëãâè R ĲæêŽîñè
éæéŽîåâĲŽï áŽãñçŽãöæîëå ëîæ ïæéîŽãèâ { D(R) àŽêïŽäôãîæï Žîâ áŽ R(R)
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éêæöãêâèëĲŽåŽ Žîâ. æïæêæ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá

D(R) = {x : (x, y) ∈ R}, R(R) = {y : (x, y) ∈ R}.

é Ž à Ž è æ å æ 1.3. äâéëå àŽêýæèñè 1.1 éŽàŽèæåöæ

D(R) = A, R(R) = A.

é Ž à Ž è æ å æ 1.4. áŽãñöãŽå, îëé àãŽóãï îŽôŽù ìîëàîŽéŽ, îëéâèæù
A = {1, 2, 3, 4, 5} ïæéîŽãèæáŽê çæåýñèëĲï ëî x áŽ y îæùýãï áŽ åñ x < y,
ĲâüáŽãï æïâå z îæùýãï (Žïâãâ A ïæéîŽãèæáŽê), ïŽáŽù x ≤ z < y. ìîëàîŽéŽ
øâîáâĲŽ A-áŽê õãâèŽ îæùýãæï ûŽçæåýãæï öâéáâà. âï ŽéëùŽêŽ àŽêïŽäôãîŽãï
öâéáâà P ⊆ A2 ×A éæéŽîåâĲâĲï:

P =
{

((1, 2, 1), ((1, 3), 1), ((1, 3), 2), ((1, 4), 1), ((1, 4), 2),

((1, 4), 3), ((1, 5), 1), ((1, 5), 2), ((1, 5), 3), ((1, 5), 4),

((2, 3), 2), ((2, 4), 2), ((2, 4), 3), ((3, 4), 3), ((3, 5), 3), ((3, 5), 4),

((4, 5), 4), ((2, 5), 2), ((2, 5), 3), ((2, 5), 4)
}

,

éŽöæê

D(P ) =
{

(1, 2), (1, 3), (1, 4), (1, 5), (2, 4), (2, 3), (2, 5),

(3, 4), (3, 5), (4, 5)
}
⊂ A2,

R(P ) = {1, 2, 3, 4} ⊂ A.

åæåëâñèæ éæéŽîåâĲŽ ïæéîŽãèâï ûŽîéëŽáàâêï áŽ öâàãæúèæŽ áæáæ èŽåæ-
êñîæ ŽïëâĲæå Žôãêæöêëå, Žàîâåãâ ŽîïâĲëĲï éæéŽîåâĲâĲæï Ĳâîúêñèæ ìŽðŽîŽ
ŽïëâĲæå Žôêæöãêæï ìîŽóðæçŽù. éŽàŽèæåŽá, ρ, σ, τ . ýöæîŽá æõâêâĲâê öâéáâà
ŽôêæöãêâĲï:

Ž) (a, b) ∈ ρ, â. æ. (a, b) Žîæï ρ-öæ.

Ĳ) aρb, â. æ. a áŽçŽãöæîâĲñèæŽ b-åŽê ρ éæéŽîåâĲæå.

à) b ∈ ρ(a).

éëùâéñèæ ĲæêŽîñèæ éæéŽîåâĲæáŽê öâæúèâĲŽ àŽéëãæõâêëå ïýãŽ éæéŽîåâ-
ĲâĲæù.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, R Žîæï ĲæêŽîñèæ éæéŽîåâĲŽ.
àŽêãïŽäôãëå R−1 öâĲîñêâĲñèæ éæéŽîåâĲŽ. öâéáâàêŽæîŽá:

R−1 =
{
(x, y) : (y, x) ∈ R

}
.

ŽéîæàŽá, R−1 âèâéâêðâĲæï æàæãâ ûõãæèï ŽçŽãöæîâĲï, éŽàîé ïýãŽ áŽèŽàâĲæå.
éŽöŽïŽáŽéâ, åñ R ⊆ A×B, éŽöæê

R−1 ⊆ B ×A, D(R−1) = R(R), R(R−1) = D(R).
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à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, R Žîæï A ïæéîŽãèâäâ àŽêïŽäôãîñèæ
îŽæéâ éæéŽîåâĲŽ. R éæéŽîåâĲæï áŽéŽðâĲŽ ãñûëáëå æïâå R′ éæéŽîåâĲŽï, îë-
éâèæù àŽêïŽäôãîñèæ öâéáâàêŽæîŽá: xR′y éŽöæê áŽ éýëèëá éŽöæê, îëùŽ x
Žî Žîæï R éæéŽîåâĲŽöæ y-åŽê. ùýŽáæŽ, ïæéîŽãèæï âêŽäâ àãâóêâĲŽ R′ = A2\R.

ñòîë éëýâîýâĲñèæ æóêâĲŽ DR áŽ RR ŽôêæöãêâĲæï àŽéëõâêâĲŽ D(R) áŽ
R(R) ŽôêæöãêâĲæï êŽùãèŽá.

ï Ž ã Ž î þ æ ö ë 1.1.

1. ãåóãŽå, X = {6, 7, 8, 9, 10}, ρ = {(x, y) : x, y ∈ X, x < y}. Žéëûâîâå
ρ-ï áŽ ρ−1-ï õãâèŽ âèâéâêðæ.

2. ãåóãŽå, A = {a, b, c} áŽ E = P(A). Žéëûâîâå E-äâ àŽêïŽäôãîñèæ ⊂
áŽ ⊆ éæéŽîåâĲâĲæï õãâèŽ âèâéâêðæ.

3. A =
{
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20

}
. R Žîæï

A-äâ àŽêïŽäôãîñèæ ĲæêŽîñèæ éæéŽîåâĲŽ:

R =
{
(x, y) : x, y ∈ A, x2 = y

}
.

Žôûâîâå R ïæéîŽãèâ. îŽéáâê âèâéâêðï öâæùŽãï F−1, R′?

4. ãåóãŽå, B = {1, 2, 3, 4, 5, 6} ïæéîŽãèâäâ àŽêïŽäôãîñèæŽ ρ éæéŽîåâĲŽ:

ρ =
{
(x, y) : x, y ∈ B áŽ x + y = 7

}
.

Žôûâîâå ρ, îëàëîù ïæéîŽãèâ. îŽ çŽãöæîæŽ ρ áŽ ρ−1 éæéŽîåâĲâĲï öëîæï?

5. ãåóãŽå, E = Z2 áŽ ρ = {(x, y) : x < y}. Žôûâîâå ρ-ï áŽéŽðâĲŽ ρ′

(\êŽçèâĲæŽ" éæéŽîåâĲæï àŽéëõâêâĲæï àŽîâöâ).

6. ãåóãŽå, σ = ρ = {(x, y) : x ⊂ y}. öâæúèâĲŽ åñ ŽîŽ σ′ Žôãûâîëå
æàæãâ ýâîýæå, îëàëîù ρ′ ûæêŽ ŽéëùŽêŽöæ? áŽŽïŽĲñåâå.

7. ãåóãŽå, óñøŽäâ Žîæï øãâñèâĲîæãæ ûâïæå áŽêëéîæèæ 30 ïŽýèæ: çâê-
ðæ êëéîâĲæ âîå éýŽîâï, èñûæ êëéîâĲæ éâëîâ éýŽîâï. ãåóãŽå, hn ŽôêæöêŽãï
n-êëéîæŽê ïŽýèöæ éùýëãîâĲ éëïŽýèâï. Žé óñøæï éëïŽýèâëĲæï ïæêîŽãèâäâ
àŽêãïŽäôãîëå N éæéŽîåâĲŽ: hi Žîæï hj-åŽê N éæéŽîåâĲâĲæ, åñ æïæêæ éâ-
äëĲèâĲæ ŽîæŽê. ïæéĲëèëâĲæï ïŽöñŽèâĲæå Žôûâîâå N éæéŽîåâĲŽ.

8. àŽêãæýæèëå üŽáîŽçæï áŽòæï ñþîâáâĲæï S ïæéîŽãèâäâ éŽïäâ àŽêãïŽä-
ôãîëå K éæéŽîåâĲŽ: x ñþîŽ Žîæï y ñþîŽïåŽê K éæéŽîåâĲŽöæ, åñ ùýâêï
öâñúèæŽ àŽáŽãæáâï x-áŽê y-äâ âîåæ ïãèæå. Žôûâîâå K éæéŽîåâĲŽ ïæéĲëèë-
âĲæï ïŽöñŽèâĲæå.

9. ãåóãå, G Žîæï éæéŽîåâĲŽ S-äâ àŽêïŽäôãîñèæ éæéŽîåâĲŽ: x éæéŽî-
åâĲŽöæŽ y-åŽê éŽöæê áŽ éýëèëá éŽöæê, îëùŽ x Žîæï åâåîæ ìŽæçæï ïŽûõæïæ
ìëäæùæŽ, ýëèë y Žîæï ñþîŽ, îëéâèæù ìŽæçæï ìæîãâèæ ïãèŽ éåŽãîáâĲŽ.
Žôûâîâå G, D(G) áŽ R(G) ïæéîŽãèââĲæ.

§ 2. àîŽòæçñèæ ûŽîéëáàâêâĲæ

ŽéëùŽêæï Žéëýïêæï áîëï ìæîãâè âðŽìäâ ýöæîŽá éëïŽýâîýâĲâèæŽ áŽýŽä-
ãŽ æéæïŽåãæï, îëé ñòîë êŽåèŽá áŽãæêŽýëå ŽéëùŽêæï õãâèŽ çëéìëêâêðæ. âï
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àŽêïŽçñåîâĲæå éëïŽýâîýâĲâèæŽ éæéŽîåâĲâĲæï Žôûâîæïåãæï. Žé ìŽîŽàîŽòöæ
àŽêãæýæèŽãå éæéŽîåâĲâĲæï Žôûâîæï àîŽòæçñè éâåëáâĲï.

àŽêãæýæèëå X = {a, b, c, d, e} ïæéîŽãèâï áŽ JX , UX áŽ R éæéŽîåâĲâĲæ:
R =

{
(a, b), (a, c), (b, d), (c, e), (e, b)

}
.

áŽãýŽäëå ëîæ, ñîåæâîåéŽîåëĲñèæ ôâîúæ: OX { ßëîæäëêðŽèñîæ,
OY { ãâîðæçŽèñîæ. åæåëâñè éŽåàŽêäâ ûâîðæèâĲæå Žôãêæöêëå X ïæéîŽã-
èæï âèâéâêðâĲæ.

êŽý. 2.1

ïæéîŽãèââĲæ, îëéâèĲæù öââïŽĲŽéâĲŽ JX , UX áŽ R-ï àŽéëïŽýñèæŽ 2.1(Ĳ),
2.1(à), 2.1(á) êŽýŽäâĲäâ.

éæéŽîåâĲæï àîŽòæçñèæ ûŽîéëáàâêæï éâëîâ éâåëáæ éáàëéŽîâëĲï öâé-
áâàöæ: ûâîðæèâĲæï êŽùãèŽá æïîâĲæå öâãŽâîåëå x ∈ D áŽ y ∈ R. âèâéâê-
ðâĲæ (êŽý. 2.2(Ž), 2.3(Ĳ), 2.3(à), 2.3(á))

àŽêïŽäôãîæï DX Žîâ áŽ éêæöãêâèëĲŽåŽ RX Žîâ öâæúèâĲŽ ûŽîéëãŽáàæ-
êëå ìŽîŽèâèñî ôâîúâĲäâ, îëàëîù 2.3 êŽýŽääâŽ êŽøãâêâĲæ:
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êŽý. 2.2

êŽý. 2.3

ŽîïâĲëĲï Žïâåæ éâåëáæù, îëùŽ X ïæéîŽãèâ éëùâéñèæŽ ûâîðæèâĲæå,
ýëèë éŽïäâ àŽêïŽäôãîñèæ éæéŽîåâĲŽ êŽøãâêâĲæŽ æïîâĲæå. 2.4 êŽýŽääâ éëùâ-
éñèæŽ JX , UX áŽ R éæéŽîåâĲâĲæ ŽéàãŽîæ àîŽòæçñèæ éâåëáæå
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ï Ž ã Ž î þ æ ö ë 2.1.

1. áŽýŽäâå áæŽàîŽéŽ, îëéâèæù ûŽîéëŽáàâêï ïŽãŽîþæöë 2.1(1)-öæ àŽê-
ýæèñè ρ éæéŽîåâĲŽï.

2. áŽýŽäâå áæŽàîŽéŽ, îëéâèæù ûŽîéëŽáàâêï ïŽãŽîþæöë 2.1(3)-öæ àŽê-
ýæèñè éæéŽîåâĲŽï.

3. áŽýŽäâå áæŽàîŽéŽ, îëéâèæù ûŽîéëŽáàâêï ïŽãŽîþæöë 2.1(5)-öæ àŽê-
ýæèñè N éæéŽîåâĲŽï, åñ óñøŽäâ Žîæï Žåæ ïŽýèæ.

§ 3. éæéŽîåâĲâĲæï åãæïâĲâĲæ

ùýŽáæŽ, îëé äëàŽáæ éæéŽîåâĲâĲæ, îëéèâĲæù ïæéîŽãèâåŽ ìæîáŽìæîæ
êŽéîŽãèæï éýëèëá óãâïæéîŽãèââĲæŽ, Žî Žîæï àŽêïŽçñåîâĲæå ïŽæêðâîâïë.
éŽàîŽé, îëùŽ éæéŽîåâĲâĲæ ŽçéŽõëòæèâĲï äëàæâîå áŽéŽðâĲæå ìæîëĲâĲï, éŽå-
äâ öâæúèâĲŽ ñòîë éâðæ îŽéæï åóéŽ. Žé ìŽîŽàîŽòöæ àŽêãæýæèŽãå äëàæâîå æé
úæîæðŽá åãæïâĲâĲï, îëéèâĲæù öâæúèâĲŽ ßóëêáâï éæéŽîåâĲŽï. ŽéĲëĲâê, îëé
åãæïâĲŽï Žáàæèæ Žóãï éŽöæê, åñ öâïîñèâĲñèæŽ öâïŽĲŽéæïæ ìæîëĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, ρ Žîæï A ïæéîŽãèâäâ àŽêïŽäôãîñèæ
éæéŽîåâĲŽ. éŽöæê

Ž) ρ îâòèâóïñîæŽ, åñ xρx, êâĲæïéæâîæ x ∈ A;

Ĳ) ρ ïæéâðîæñèæŽ, åñ xρy éæéŽîåâĲŽ æûãâãï yρx éæéŽîåâĲŽï.

à) ρ ðîŽêäæðñèæŽ, åñ xρy áŽ yρz éæéŽîåâĲâĲæ æûãâãï xρz éæéŽî-
åâĲŽï.

á) ρ ŽêðæïæéâðîæñèæŽ, åñ xρy áŽ yρx éæéŽîåâĲâĲæ æûãâãï x = y
ðëèëĲŽï.

öâéëðŽêæèæ ùêâĲâĲæ àŽêãéŽîðëå éŽàŽèæåâĲäâ

é Ž à Ž è æ å æ 3.1.

1. ρ =
{
(x, y) : x, y ∈ N áŽ àŽéõëòæŽ y-æï

}
, éŽöæê ρ éæéŽîåâĲŽ

Ž) îâòèâóïñîæŽ, îŽáàŽê êâĲæïéæâîæ êŽðñîŽèñîæ x îæùýãæ åŽãæï åŽãæï
àŽéõëòæŽ, â. æ. xρx, êâĲæïéæâîæ x ∈ N;

Ĳ) ïæéâðîæñèæ Žî Žîæï, îŽáàŽê 3 àŽéõëòæŽ 6-æï, éŽàîŽé 6 Žî Žîæï
3-æï àŽéõëòæ, â. æ. xρy 6=⇒ yρx.

à) ðîŽêäæðñèæŽ, îŽáàŽê åñ y/x ∈ N áŽ z/y ∈ N, éŽöæê

z

y
=

(y

x

)
·
(z

y

)
∈ N.

â. æ. xρy, yρz =⇒ xρz.

á) ŽêðæïæéâðîæñèæŽ, îŽáàŽê åñ y
x ∈ N áŽ x

y ∈ N, éŽöæê x = y, â. æ.
(xρy áŽ yρx) =⇒ x = y

2. σ =
{
(x, y) : x, y ∈ N, x ≤ y

}
, éŽöæê σ
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Ž) îâòèâóïñîæŽ, îŽáàŽê êâĲæïéæâîæ x-åãæï x ≤ x, â. æ. xσx, êâĲæïéæ-
âîæ x ∈ N.

Ĳ) ŽîŽïæéâðîæñèæŽ, îŽáàŽê åñ 5 ≤ 7, éŽàîŽé 7 6≤ 5, â. æ. xσy 6=⇒
yσx.

à) ðîŽêäæðñèæŽ, îŽáàŽê åñ x ≤ y áŽ y ≤ z, éŽöæê x ≤ z, â. æ.
(xσy, yσz) =⇒ xσz.

á) ŽêðæïæéâðîæñèæŽ, îŽáàŽê åñ x ≤ y áŽ y ≤ x, éŽöæê x = y, â. æ.
(xσy áŽ yσx) =⇒ x = y.

3. τ =
{
(x, y) : x, y∈N\{1} áŽ x áŽ y-ï ïŽâîåë àŽéõëòæ Žóãï

}
, éŽöæê τ

Ž) îâòèâóïñîæŽ, â. æ. xτx, êâĲæïéæâîæ x ∈ N \ {1}.
Ĳ) ïæéâðîæñèæ, â. æ. xτy = yτx.

à) Žî Žîæï ðîŽêäæðñèæ îŽáàŽê 4-ïŽ áŽ 6-æï ïŽâîåë àŽéõëòæŽ 2 ∈
N\{1}-æï áŽ 9-æï { 3 ∈ N\{1}, éŽàîŽé 4-ïŽ áŽ 9-ï ïŽâîåë àŽéõëòæ
Žî Žóãå.

á) Žî Žîæï Žêðæïæéâðîæñèæ: 4σ6, 6σ4, éŽàîŽé 4 6= 6.

é Ž à Ž è æ å æ 3.2. ãåóãŽå, P Žîæï éåâèæ ýŽèýæï ïæéîŽãèâ. àŽêãïŽäôã-
îëå ëîæ éæéŽîåâĲŽ

A =
{
(x, y) : x, y ∈ P, x Žîæï y-æï ûæêŽìŽîæ

}
.

âï éæéŽîåâĲŽ îâòèâóïñîæ Žî Žîæï, ïæéâðîæñèæ Žî Žîæï, Žêðæïæéâðîæ-
ñèæŽ, ðîŽêäæðñèæŽ.

S =
{
(x, y) : x, y ∈ P, áŽ x áŽ y ïŽâîåë éöëĲèâĲæ ßõŽãå

}
.

ùýŽáæŽ, îëé A éæéŽîåâĲŽ îâòèâóïñîæŽ, ïæéâðîæñèæŽ, ðîŽêäæðñèæŽ.

öâãêæöêëå, îëé ïæéâðîæñèëĲæïŽ áŽ ŽêðæïæéâðîæñèëĲæï åãæïâĲâĲæ Žî
Žîæï ñîåæâîåàŽéëéîæùýŽãæ. êâĲæïéæâîæ X ïæéîŽãèæïŽåãæï JX æàæãñîæ éæ-
éŽîåâĲŽ Žîæï ïæéâðîæñèæù áŽ Žêðæïæéâðîæñèæù. öâæúèâĲŽ àãóëêáâï éæéŽî-
åâĲŽ, îëéâèæù Žîù ïæéâðîæñèæŽ áŽ Žîù Žêðæïæéâðîæñèæ.

é Ž à Ž è æ å æ 3.3. ãåóãŽå, P Žîæï éåâèæ ýŽèýæï ïæéîŽãèâ. àŽêãïŽäôã-
îëå B éæéŽîåâĲŽ

B =
{
(x, y) : x, y ∈ P, x Žîæï y-æï úéŽ

}
.

àŽêãæýæèëå ïæðñŽùæŽ, îëáâïŽù ëþŽýöæ Žîæï ëîæ úéŽ. p áŽ q áŽ âîåæ áŽ
{ r. B éæéŽîåâĲŽ Žî Žîæï ïæéâðîæñèæ, îŽáàŽê pBr éŽàîŽé ŽîŽ rBp. âï
éæéŽîåâĲŽ, Žïâãâ, Žî Žîæï Žêðæïæéâðîæñèæ, îŽáàŽê pBq áŽ qBp, éŽàîŽé p
áŽ q àŽêïýãŽãâĲñèæ (êŽý. 3.1)
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êŽý. 3.1

ñòîë äëàŽá ïæðñŽùæŽöæ öâàãæúèæŽ éæéŽîåâĲæï äâéëå àŽêýæèñèæ åãæ-
ïâĲâĲæï æêðâîìîâðŽùæŽ áæŽàîŽéâĲæï ŽàâĲæï àäæå:

Ž) éæéŽîåâĲŽ îâòèâóïñîæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ åæåëâñèæ
çãŽêúæïåãæï (ûâîðæèæïåãæï) áæŽàîŽéŽäâ ŽîïâĲëĲï æïŽîæ, îëéâèæù æûõâĲŽ
áŽ éåŽãîáâĲŽ Žé çãŽêúäâ.

Ĳ) éæéŽîåâĲŽ ïæéâðîæñèæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ åæåëâñèæ æï-
îæïåãæï, îëéâèæù ëî çãŽêúï ŽâîðâĲï, Žàîâåãâ, ŽîïâĲëĲï Žé çãŽêúâĲæï ïŽûæ-
êŽŽôéáâàë éæéŽîåñèâĲæå öâéŽâîåâĲâèæ æïŽîæ.

à) éæéŽîåâĲŽ ðîŽêäæðñèæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ x áŽ y çãŽê-
úâĲæï õëãâèæ ûõãæèæïåãæï, îëéâèĲæù öââîåâĲñèæŽ âîåéŽêâååŽê æïîâĲæï éæ-
éáâãîëĲæå: x-áŽê a1-éáâ, a1-áŽê a2-éáâ, . . ., an-áŽê y-éáâ, ŽîïâĲëĲï, Žàîâ-
åãâ, x-æï y-åŽê öâéŽâîåâĲâèæ æïŽîæ.

á) éæéŽîåâĲŽ ŽêðæïæéâðîæñèæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ Žî Žîïâ-
ĲëĲï ñîåæâîåïŽûæêŽŽôéáâàëæïîâĲæï ûõãæèæå öââîðâĲñèæ ëîæ ïýãŽáŽïýãŽ
çãŽêúæ.

ŽîïâĲëĲï éæéŽîåâĲæï Ĳâãîæ ïýãŽ åãæïâĲŽ, îëéèâĲæù öâæúèâĲëáŽ àŽê-
àãâýæèŽ, éŽàîŽé, äâéëå Žôêæöêñèæ åãæïâĲâĲæ Žîï ñòîæë éêæöãêâèëãŽêæ áŽ
ýöæîŽá æóêâĲŽ öâéáàëéöæ àŽéëõâêâĲñèæ.

ï Ž ã Ž î þ æ ö ë 3.1.

1. Žîæï åñ ŽîŽ öâéáâàæ éæéŽîåâĲâĲæ îâòèâóïñîæ, ïæéâðîæñèæ, ðîŽêäæ-
ðñèæ Žê Žêðæïæéâðîæñèæ:

Ž) R =
{
(a, b) : a, b ∈ Z, a− b Žîæï èñûæ

}
.

Ĳ) A = {(a, b) : a, b ∈ N, a + b Žîæï èñûæ
}

.

à) P éåâèæ ýŽèýæï ïæéîŽãèâŽ,
B =

{
(a, b) : a, b ∈ P a áŽ b-ï ïŽâîåë ûæêŽìŽîæ ßõŽãå

}
.

á) D =
{
(a, b) : a, b ∈ P a Žîæï b-ï éöëĲâèæ

}
.

â) M =
{
(a, b) : a, b ∈ Z, a = 2b

}
.

ã) Q =
{
(a, b) : a, b ∈ Z, a æõëòŽ b-äâ

}
.

ä) E =
{
(a, b) : a, b ∈ Z \ {0}, a õëòï b-ï

}
.

å) F =
{
(a, b) : a, b ∈ N, a õëòï b-ï

}
.
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æ) L = {a, b, c}, éæéŽîåâĲŽ L-äâ:

A =
{
(a, b), (b, a), (a, c), (c, a), (b, c), (c, a)

}
.

2. öâéáâàæ éðçæùâĲñèâĲŽ Žîæï éùáŽîæ: ïæéâðîæñèæ áŽ ðîŽêäæðñèæ éæ-
éŽîåâĲŽ Žîæï îâòèâóïñîæ, îŽáàŽê aRb áŽ bRa æûãâãï aRa-ï. æìëãâå öâù-
áëéŽ. {1, 2, 3} ïæéŽîãèâäâ àŽêïŽäôãîâå éæéŽîåâĲŽ, îëéâèæù æóêâĲŽ ïæéâð-
îæñèæ, ðîŽêäæðñèæ áŽ Žî æóêâĲŽ îâòèâóïñîæ.

3. ãåóãŽå, ρ Žîæï éæéŽîåâĲŽ A áŽ B ïæéîŽãèââĲï öëîæï. åñ a ∈ A,
éŽöæê ρ(a)-æå Žôãêæöêëå {b : aρb} ïæéîŽãèâ. ρ(a) Žîæï B ïæéîŽãèæï óãâ-
ïæéîŽãèâ. ãåóãŽå, {−4,−3,−2,−1, 0, 1, 2, 3, 4} ïæéîŽãèâäâ àŽêïŽäôãîñèæŽ
öâéáâàæ éæéŽîåâĲâĲæ:

ρ = {(a, b) : a < b}, σ =
{
(a, b) : b− 1 < a < b + 2

}
,

τ = {(a, b) : a2 ≤ b}, δ =
{
(a, b) : |a| = |b|}.

æìëãâå öâéáâàæ ïæéîŽãèââĲæ
Ž) ρ(0); Ĳ) σ(0); à) τ(0); á) ρ(1); â) σ−1; ã) τ(−1); ä) δ(0), δ(−2), δ(2).

§ 4. áŽõëòŽ áŽ âçãæãŽèâêðëĲæï éæéŽîåâĲŽ

éîŽãŽè àŽéëåãèæå ŽéëùŽêŽöæ ãæôâĲå áæá ïæéîŽãèââĲï áŽ ãõëòå æïâ-
åêŽæîŽá, îëé õãâèŽ øãâêåãæï ïŽæêðâîâïë ïæðñŽùæŽ öâïŽúèâĲâèæ æõëï àŽéë-
ãæçãèæëå îŽéáâêæéâ ïûëîŽá öâîøâñè éŽàŽèæåäâ. éŽàŽèæåŽá, ìîëàîŽéæ-
îâĲæï âêæï éŽýŽïæŽåâĲèâĲæï ýŽîæïýëĲîæãæ öâòŽïâĲæï éæôâĲæï âîå-âîåæ àäŽ
Žîæï Žé âêŽäâ áŽûâîæèæ çëêçîâðñèæ ìîëàîŽéâĲæï àŽêýæèãŽ. éŽàîŽé åæ-
åëâñèæ ïŽæêðâîâïë âêŽ, æïâåæ éŽôŽèæ áëêæï âêâĲæï øŽåãèæå, îëàëîæùŽŽ
ìŽïçŽèæ ûŽîéëöëĲï ñïŽïîñèëá Ĳâãî ìîëàîŽéŽï áŽ, éŽöŽïŽáŽéâ, ìîëàîŽéâ-
Ĳæ æïâ ñêáŽ öâãŽîøæëå, îëé æïæêæ ïûëîŽá ŽïŽýŽãáâï âêæï ôæîïâĲâĲï áŽ êŽç-
èëãŽêâĲâĲï. ñòîë çëêçîâðñèâĲæ îëé ãæõëå, ãæàñèæïýéëå, îëé âêŽï Žóãï
ïŽéæ úæîæåŽáæ ïŽéŽîåæ ïðîñóðñîŽ, éæïŽûãáëéëĲæï ëåýæ éâåëáæ áŽ éâðæ
éŽï Žî Žóãï ŽîŽêŽæîæ àŽêïŽçñåîâĲñèæ åãæïâĲâĲæ. øãâê öâàãæúèæŽ éŽàŽèæåæï
ïŽýæå Žàãâôë öãæáæ ìîëàîŽéŽ, îëéâèåŽàŽê åæåëâñèæ éŽåàŽêæ öâæùŽãï âêæï
éýëèëá âîå éŽýŽïæŽåâĲâèï (åñéùŽ, äëàŽáŽá, åæåëâñèæ ìîëàîŽéŽ öâæúèâ-
ĲŽ æõâêâĲáâï âêæï âîåäâ éâð éŽýŽïæŽåâĲâèï). éŽöæê Žé ìîëàîŽéâĲæï àŽéëçãèâ-
ãŽ áŽòŽîŽãáŽ âêæï åãæïâĲâĲæï ñáæáâï êŽûæèï. éŽåâéŽðæçñîŽá âï öâæúèâĲŽ
àŽêãïŽäôãîëå öâéáâàêŽæîŽá.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, A ŽîŽùŽîæâèæ ïæéîŽãèâï, Ai,
(i = 1, 2, . . . , n, n ∈ N) Žîæï A ïæéîŽãèæï æïâå óãâïæéîŽãèâåŽ âîåëĲèæëĲŽ,
îëé

n⋃

i=1

Ai = A.

Žé óãâïæéîŽãèâåŽ âîåëĲèæëĲŽï A ïæéîŽãèæï áŽòŽîãŽ âûëáâĲŽ.

é Ž à Ž è æ å æ 4.1. {A,B} Žîæï A ∪B ïæéîŽãèæï áŽòŽîãŽ.
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åñ àŽéëãæõâêâĲå áŽòŽîãæï ùêâĲŽï, öâàãæúèæŽ ñäîñêãâèãõëå, îëé Žîùâ-
îåæ åãæïâĲŽ Žî æõëï àŽéëðëãâĲñèæ, îŽáàŽê åæåëâñèæ âèâéâêðæ âçñåãêæï
áŽòŽîãæï âîå óãâïæéîŽãèâ éŽæêù. ŽéŽïåŽê, äëàŽáŽá, öâæúèâĲŽ àãýãáâĲëáâï
àŽéâëîâĲæï öâéåýãâãâĲæù. åñ öâéáâàöæ éëãæåýëãå, îëé áŽòŽîãæï âèâéâê-
ðâĲæ ûõãæè-ûõãæèŽá Žî æçãâåâĲëáâï, éŽöæê, àŽéâëîâĲŽ ŽôŽî æóêâĲŽ, â. æ.
åæåëâñèæ âèâéâêðæ éýëèëá âîå óãâïæéîŽãèâöæ öâãŽ. ŽóâáŽê ûŽîéëæóéêâĲŽ
áŽõëòæï ùêâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ŽîŽùŽîæâèæ A ïæéîŽãèæï áŽõëòŽ âûëáâ-
ĲŽ óãâïæéîŽãèâåŽ æïâå P(A) âîåëĲèæëĲŽï, îëéèæïåãæïŽù ïîñèáâĲŽ ëîæ
ìæîëĲŽ

1.
n⋃

i=1

Ai = A, Ai ∈ P(A);

2. Ai ∩Aj = ∅, i 6= j.

ŽéàãŽîŽá, A ïæéîŽãèâ áŽõëòæèæŽ æïâåêŽæîŽá, îëé éæïæ åæåëâñèæ âèâ-
éâêðæ âçñåãêæï áŽõëòæï éýëèëá âîå óãâïæéîãèâï.

é Ž à Ž è æ å æ 4.2. E ñêæãâîïŽèñîæ ïæéîŽãèâï

1) {A,A′} Žîæï E-æï áŽõëòŽ;

Ĳ) {A ∩B, A ∩B′, A′ ∩B,A′ ∩B′} Žîæï E-æï áŽõëòŽ;

à) {A \B, A ∩B, B \A} Žîæï A ∪B-æï áŽõëòŽ.

A ïæéîŽãèæï
n⋃

i=1

Ai áŽõëòŽ Žé ïæéîŽãèâäâ àŽêïŽäôãîŽãï àŽîçãâñè π

éæéŽîåâĲŽï:
xπy éŽöæê áŽ éýèëá éŽöæê, îëùŽ x, y ∈ Ak. ùýŽáæŽ, êâĲæïéæâîæ x ∈ A

âèâéâêðæïŽåãæï àãâóêâĲŽ xπx. éŽöŽïŽáŽéâ, π éæéŽîåâĲŽ îâòèâóïñîæŽ.
ãåóãŽå, xπy áŽ yπz. ìæîãâèæ éæéŽîåâĲŽ êæöêŽãï x, y ∈ Ak, éâëîâ { y, z ∈

Ak. ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé x, z ∈ Ak. îŽù êæöêŽãï xπz éæéŽîåâĲŽï.
ŽóâáŽê ãŽïçãêæå, îëé π éæéŽîåâĲŽ ðîŽêäæðñèæŽ.

ãåóãŽå, xπy, â. æ. x, y ∈ π, îŽù æàæãâŽ y, x ∈ π. âï êæöêŽãï, îëé yπx áŽ
π éæéŽîåâĲŽ ïæéâðîæñèæŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ïæéîŽãèâäâ àŽêïŽäôãîñè ĲæêŽîñè éæéŽîåâ-
ĲŽï âçãæãŽèâêðëĲæï éæéŽîåâĲŽ âûëáâĲŽ, åñ æï îâòèâóïñîæ, ïæéâðîæñèæ áŽ
ðîŽêäæðñèæŽ.

é Ž à Ž è æ å æ 4.3. õãâèŽ ïŽéçñåýâáæï ïæéîŽãèâäâ àŽêãïŽäôãîëå
éæéŽîåâĲŽ

{
(x, y) : x áŽ y ïŽéçñåýâáâĲï Žóãå âîåêŽæîæ òŽîåëĲæ

}
.

ùýŽáæŽ, âï âçãæãŽèâêðëĲæï éæéŽîåâĲŽŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, ρ âçãæãŽèâêðëĲæï éæéŽîåâĲŽŽ
A ïæéîŽãèâäâ. x ∈ A âèâéâêðæïŽåãæï àŽêãïŽäôãîëå âçãæãŽèâêðëĲëĲæï [x]
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çèŽïæ

[x] = {y : xρy}.
ŽéàãŽîŽá, [x] Žîæï A-ï õãâèŽ æé âèâéâêðæï ïæéîŽãèâ, îëéèâĲæù ρ-âç-

ãæãŽèâêðñîæŽ x-æï æé öâéåýãâãŽöæ, îëùŽ ïæéîŽãèâäâ àŽêæýæèâĲŽ éýëèëá
âîåæ âçãæãŽèâêðëĲæï éæéŽîåâĲŽ, öâàãæúèæŽ àŽéëãæõâêëå Žàîâåãâ \≡" (\âç-
ãæãŽèâêðñîæŽ") ŽôêæöãêŽ, Žéæðëé

[x] = {y : x ≡ y}.
ùŽèçâñè ïìâùæŽèñî öâéåýãâãŽöæ âçãæãŽèâêðëĲæï Žôêæöãêæïåãæï æõâêâ-

Ĳâê \∼" ïæéĲëèëï. îëáâïŽù àŽêïŽäãîñèæŽ âçãæãŽèâêðëĲæï éæéŽîåâĲŽ, éåâ-
èæ ïæéîŽòãèæï öâéëûéâĲæï êŽùãèŽá öâàãæúèæŽ êâĲæïéæâîŽá Žãæîøæëå ûŽî-
éëéŽáàâêèâĲæ (åæåë-åæåë âçãæãŽèâêðëĲæï çèŽïæáŽê), îŽù ŽéŽîðæãâĲï àŽéë-
åãèâĲï.

é Ž à Ž è æ å æ 4.4. ãåóãŽå, s ïæòóïæîâĲñèæ êŽðñîŽèñîæ îæùýãæŽ.
éåâè îæùýãåŽ Z ïæéîŽãèâäâ àŽêãïŽäôãîëå ρs éæéŽîåâĲŽ:

ρs =
{
(x, y) : x− y = ns, ïŽáŽù n ∈ Z}

.

àŽêãæýæèëå öâéåýãâãŽ s = 10. éŽöæê

[1] = {1, 11, 21,−9,−19, . . .},
[25] = {35, 75,−105,−15, . . .} áŽ Ž. ö.

ïæêŽéáãæèâöæ ŽîïâĲëĲï âçãæãŽèâêðëĲæï éýëèëá Žåæ ïýãŽáŽïýãŽ çèŽ-
ïæ. 0, 1, 2, . . . , 8, 9 îæùýãâĲæ âçñåãêæï ïýãŽáŽïýãŽ çèŽïâĲï. Žéæðëé öâàãæúèæŽ
àŽéëãæõâêëå æïæêæ Žé çèŽïâĲæï ûŽîéëéŽáàâêèâĲŽá. Žé âçãæãŽèâêðëĲæï çèŽïâ-
Ĳæï ïæéîŽãèâ ŽôæêæöêâĲŽ Z10-æå áŽ âûëáâĲŽ êŽöååŽ çèŽïâĲæ éëáñèæå 10.
ïŽäëàŽáëá, êâĲæïéæâîæ m ∈ N-åãæï, Zm êŽöååŽ çèŽïâĲæ éëáñèæå m, öâ-
æùŽãï m ïýãŽáŽïýãŽ çèŽïï:

Zk =
{

[0], [1], [2], . . . , [m− 1]
}

.

àŽêãæýæèëå Z × N ïæéîŽãèâ. (a, b) ûõãæèæ öâæúèâĲŽ àŽêãæýæèëå, îë-
àëîù a/b ûæèŽáæ. = bZ×N ïæéîŽãèæï âèâéâêðâĲæï Žôêæöãêæï âï ëîæ ýâîýæ
ïýãŽáŽïýãŽŽ, éŽàîŽé æïæêæ \æäëéëîòñèæŽ". öâãêæöêëå, îëé öâïŽúèâĲâèæŽ
Žôêæöãêæï âîåæ òëîéæáŽê éâëîâäâ àŽáŽïãèŽ.

ŽîïâĲëĲï ïýãŽáŽïýãŽ âèâéâêðæ Z × N ïæéîŽãèâöæ, îëéèâĲæù ïŽïñîãâ-
èæŽ àŽêãæýæèëå, îëàëîù âîåæ áŽ æàæãâ, åñéùŽ æïæêæ ïýãŽáŽïýãŽêŽæîŽá
øŽæûâîâĲŽ. âï ïæîåñèâ îëé àŽáŽãèŽýëå, Z×N ïæéîŽãèâäâ àŽêãïŽäôãîëå
âçãæãŽèâêðëĲæï éæéŽîåâĲŽ öâéáâàêŽæîŽá: (a, b) ≡ (c, d) éŽöæê áŽ éýëèëá
éŽöæê, îëùŽ a·d = b·c. Žé éæéŽîåâĲæå àŽêïŽäôãîñè âçãæãŽèâêðëĲæï çèŽïâĲï
âûëáâĲŽ îŽùæëêŽèñîæ îæùýãâĲæ, îŽùæëêŽèñî îæùýãåŽ ïæéîŽãèâï Žôêæ-
öêŽãâê Q ïæéĲëèëåæ. êŽéáãæè îæùýãåŽ ïæéîŽãèâ ŽôæêæöêâĲŽ R ïæéĲëèëåæ.
âï îæùýãâĲæ öâæúèâĲŽ ûŽîéëãŽáàæêëå öâéáâàæ òëîéæå:

. . . odn . . . d2d1d0δ1δ2 . . . δn . . . ,



39

ïŽáŽù õëãâèæ di áŽ δj âçñåãêæï ïæéîŽãèâï

{0, 1, 2, 3, 4, 5, 6, 7, 8, 9} = Z10,

dn 6= 0, àŽîáŽ n = 0 öâéåýãâãæïŽ. áŽïŽöãâĲæŽ ñïŽïîñèë ŽîŽìâîæëáñèæ
ŽåûæèŽáæ. êñèæ dn-æï ûæê, øãâñèâĲîæã àŽéëæðëãâĲŽ.

A ïæéîŽãèâäâ àŽêïŽäôãîñèæ âçãæãŽèâêðëĲæï ρ éæéŽîåâĲæï æêáâóïæ âûë-
áâĲŽ ρ éæéŽîåâĲæå æêáñùæîâĲñè A çèŽïâĲï.

ï Ž ã Ž î þ æ ö ë 4.1.

1. áŽŽéðçæùâå, îëé êâĲæïéæâîæ âçãæãŽèâêðëĲæï éæéŽîåâĲŽ ûŽîéëóéêæï
æïâå áŽõëòŽï, îëé êâĲæïéæâîæ x, y ∈ A âèâéâêðâĲæïåãæï ïîñèáâĲŽ Žê [x] =
[y] Žê [x] ∩ [y] = ∅.

2. ãåóãŽå, A ïŽïîñèæ ïæéîŽãèâŽ. îëàëîæ âçãæãŽèâêðëĲæï éæéŽîåâĲâĲæ
ûŽîéëóéêæï âçãæãŽèâêðëĲæï çèŽïâĲæï ñáæáâï áŽ ñéùæîâï.

3. åñ {A1, A2, . . . , An} Žîæï A ïæéîŽãèæï áŽõëòŽ áŽ A ïŽïîñèæŽ, Žø-
ãâêâå, îëé

|A| =
n∑

i=1

|Ai|.

§ 5. áŽèŽàâĲæï éæéŽîåâĲŽ

îŽéáâêŽáŽù ðëèëĲæï ùêâĲæáŽê ûŽîéëóæéêâĲŽ âçãæãŽèâêðëĲæï éŽåâéŽðæ-
çñîæ ùêâĲŽ, äëàæâîåæ ñðëèëĲŽ, Žïâãâ öâæúèâĲŽ àŽéëãæõâêëå, îëàëîù éë-
áâèæ éæéŽîåâĲŽåŽ òŽîåë çèŽïâĲæïåãæï.

A ïæéîŽãèâäâ àŽêïŽäôãîñè îâòèâóïñî, ðîŽêäæðñè áŽ Žêðæïæéâðîæ-
ñè éæéŽîåâĲâĲæï êŽûæèëĲîæãæ áŽèŽàâĲŽ (Žê áŽèŽàâĲŽ) âûëáâĲŽ. áŽèŽàâĲŽ
(Žêñ áŽèŽàâĲæï éæéŽîåâĲŽ) Žîæï ≤ éæéŽîåâĲæï àŽêäëàŽáâĲŽ.

åñ àŽêïŽäôãîñèæ ≤ éæéŽîåâĲŽ, éŽöæê öâæúèâĲŽ < éæéŽîåâĲæï àŽêïŽä-
ôãîŽ öâéáâàêŽæîŽá:

a < b ⇐⇒ a ≤ b áŽ a 6= b.

ŽêŽèëàæñîŽá, åñ éëùâéñèæŽ < éæéŽîåâĲŽ, éŽöæê ≤ éæéŽîåâĲŽŽ àŽêãïŽä-
ôãîŽãå Žïâ:

a ≤ b ⇐⇒ a < b Žê a = b.

é Ž à Ž è æ å æ 5.1. ãåóãŽå, éëùâéñèæŽ êâĲæïéæâîæ A ïæéîŽãèâ, éŽöæê
P(A) ïæéîŽãèâäâ àŽêïŽäôãîñèæ ⊆ éæéŽîåâĲŽ Žîæï ðîæãæŽèñîæ áŽèŽàâĲæï
éæéŽîåâĲŽ (X ⊆ X õãâèŽ X-åãæï, åñ X ⊆ Y áŽ Y ⊆ X, éŽöæê X = Y ; åñ
X ⊆ Y áŽ Y ⊆ Z, éŽöæê X ⊆ Z).

áŽèŽàâĲæï éæéŽîåâĲŽï âûëáâĲŽ ïîñèæ, åñ êâĲæïéæâîæ x, y ∈ A âèâéâê-
ðâĲæïåãæï ïîñèáâĲŽ Žê X ⊆ Y Žê Y ⊆ X (Žê ëîæãâ).

é Ž à Ž è æ å æ 5.2. ùýŽáæŽ, îëé éëùâéñèæ ïæéîŽãèæï óãâïæéîŽã-
èâåŽ ïæéîŽãèâäâ àŽêïŽäôãîñèæ áŽèŽàâĲŽ Žî Žîæï ïîñèæ, ýëèë îæùýãåŽ
ĲñêâĲîæãæ áŽèŽàâĲŽ R êŽéáãæè ôâîúäâ ïîñèæ.
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öâãêæöêëå, îëé ïîñèŽá áŽèŽàâĲñè ïæéîŽãèâï ûîòæãŽá áŽèŽàâ-
ĲñèïŽù ñûëáâĲâê.

éŽåâéŽðæçæï öâïûŽãèŽöæ ìîëàîâïæï éæôûâãâĲåŽé âîåŽá ùýŽáæ ýáâĲŽ,
îëé éŽåâéŽðæçŽ Žî Žîæï ùŽèçâñèèæ æáââĲæï êŽçîâĲæ, ŽîŽéâá âîåæéâëîâ-
ïåŽê áŽçŽãöæîâĲñèæ çëêùâìðñŽèñîæ ùêâĲâĲæï âîåëĲèæëĲŽŽ, îëéèâĲæù àŽéë-
æõâêâĲŽ éîŽãŽèæ âîåæéâëîæïàŽê àŽêïýãŽãâĲñèæ ïæðñŽùæâĲæ. ŽóâáŽê àŽéëéáæ-
êŽîâëĲï, îëé åñ úæîæåŽáæ ìîæêùæìæ áŽáàâêæèæ áŽ àŽéëçãèâñèæŽ, æàæ, òŽó-
ðëĲîæãŽá, âîåêŽæîŽá ûõãâðï ìîëĲèâéâĲï õãâèŽ Žé ïýãŽáŽïýãŽ öâéåýãâãæïå-
ãæï. öâéâàæ éŽàŽèæåæ ûŽîéëŽáàâêï Žéæï éŽîðæã æèñïðîŽùæŽï.

é Ž à Ž è æ å æ 5.3. N ïæéîŽãèâäâ àŽêïŽäôãîñèæ áŽèŽàâĲæï ïŽòñúãâ-
èäâ öâàãæúèæŽ òëîéŽèñîŽá éæãæôëå øãâñèâĲîæãæ áŽèŽàâĲæï éæéŽîåâĲŽ Z,
Q áŽ R îæùýãåŽ ïæéîŽãèââĲäâ.

àŽêãæýæèëå Z éåâè îæùýãåŽ ïæéîŽãèâ.éïþâèëĲæï àŽéŽîðæãâĲæï éæäêæå
Z áŽãõëå öâéáâàêŽæîŽá:

Z = N ∪ {0} ∪A, ïŽáŽù A = {−x : x ∈ N}.
àŽêãïŽäôãîëå Z ïæéîŽãèâäâ éæéŽîåâĲŽ õãâèŽ öâïŽúèë x áŽ y âèâéâê-

ðâĲæï àŽêýæèãæå {N ∪ {0} ∪A} áŽõëòæáŽê.
åñ x = y, éŽöæê x ≤ y áŽ y ≤ x. ãåóãŽå, x 6= y

Ž) åñ x, y ∈ N, éŽöæê Z-öæ áŽèŽàâĲŽ æïâåæãâŽ, îëàëîù N-öæ.

Ĳ) åñ x, y ∈ A, éŽöæê x ≤ y éŽöæê áŽ éýëèëá éŽöæê, îëùŽ −y ≤ −x
N-öæ (éŽà., −7 ≤ −5, îŽáàŽê 5 ≤ 7).

à) åñ x = 0 áŽ y ∈ N, éŽöæê x ≤ y;

á) åñ x ∈ A, y = 0, éŽöæê x ≤ y;

â) åñ x ∈ A, y ∈ N, éŽöæê x ≤ y.

Z ïæéîŽãèâäâ áŽèŽàâĲãæïŽ áŽ éåâè ôâîúäâ øãâñèâĲîæãæ Žîæåéâðæçñèæ
ëìâîŽùæâĲæï ïŽòñúãâèäâ öâàãæúèæŽ àŽêãïŽäôãîëå áŽèŽàâĲŽ îŽùæëêŽèñî
îæùýãåŽ Q ïæéîŽãèâäâ: a/b ≤ c/d éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a ·d ≤ b ·c.
Žé éðçæùâĲñèâĲâĲæï öâéëûéâĲŽï áŽãðëãâĲå ïŽãŽîþæöëï ïŽýæå.

Ĳëèëï, àŽêãïŽäôãîëå áŽèŽàâĲæï éæéŽîåâĲŽ êŽéáãæè îæùýãåŽ R ïæ-
éîŽãèâäâ. àŽêãæýæèëå ëîæ áŽáâĲæåæ îæùýãæï ŽåëĲæå ûŽîéëáàâêŽ

D = · · · odn · · · d2d1d0δ1δ2 · · · ,

C = · · · ocm · · · c2c1c0γ1γ2 · · · .

åñ di = ci áŽ δi = γi õãâèŽ i-åãæï, éŽöæê D = C áŽ, éŽöŽïŽáŽéâ, D ≤ C
áŽ C ≤ D. ûæêŽŽôéáâà öâéåýãâãŽöæ

Ž) åñ dn 6= 0, cn 6= 0 áŽ n 6= m, éŽöæê

D ≤ C, åñ n < m áŽ C ≤ D, åñ m < n;

Ĳ) åñ n = m áŽ di 6= ci, éŽàîŽé dj = cj õãâèŽ æïâåæ j-åãæï, îëé
i < j ≤ n, éŽöæê

D ≤ C, åñ di < ci áŽ C ≤ D, åñ ci < di;
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à) åñ m = n áŽ di = ci õãâèŽ i-åãæï, éŽàîŽé δk 6= γk îëéâèæéâ k-åãæï
áŽ δj = γj õãâèŽ j-åãæï, îëéèæïåãæïŽù 0 < j < k, éŽöæê

C ≤ D, åñ γk < δk áŽ D ≤ C, åñ δk < γk.

éçæåýãâèï öâñúèæŽ âï öâŽéëûéëï áŽéëñçæáâĲèŽá. ñŽîõëòæåæ îæùýãâĲæ
æïâãâ öâæúèâĲŽ àŽéëãæçãèæëå, îëàëîù Z-öæ.

X ïæéîŽãèæï ≤ áŽèŽàâĲæï éæéŽîåâĲŽïåŽê âîåŽá âûëáâĲŽ êŽûæèëĲîæã
áŽèŽàâĲñèæ ïæéîŽãèâ (ŽôæêæöêâĲŽ (X,≤)-æå) êâĲæïéæâî u ∈ (X,≤) âèâ-
éâêðï âûëáâĲŽ x áŽ y âèâéâêðâĲæï äâáŽ ïŽäôãŽîæ, åñ ïîñèáâĲŽ x ≤ u
áŽ y ≤ v. ŽêŽèëàæñîŽá, v ∈ X âèâéâêðï âûëáâĲŽ x áŽ y âèâéâêðâĲæï
óãâáŽ ïŽäôãŽîæ, åñ ïîñèáâĲŽ v ≤ x áŽ v ≤ y. x áŽ y âèâéâêðâĲæï
õãâèŽ äâáŽ ïŽäôãîæï ïæéîŽãèâ ûŽîéëŽáàâêï X ïæéîŽãèæï óãâïæéîŽãèâï áŽ
áŽèŽàâĲñèæŽ ≤ éæéŽîåâĲæå. åñ ŽîïâĲëĲï Žé ïæéîŽãèæï âîåŽáâîåæ ñéùæîâ-
ïæ âèâéâêðæ, â. æ. åñ ŽîïâĲëĲï æïâåæ µ ∈ (X,≤), îëéèæïåãæïŽù ïîñèáâĲŽ:
x ≤ µ, y ≤ µ, µ ≤ u êâĲæïéæâîæ u äâáŽ ïŽäôãîæïåãæï, éŽöæê µ-ï ñûëáâĲâê x
áŽ y âèâéâêðâĲæï äñïð äâáŽ ïŽäôãŽîï (sup). ŽêŽèëàæñîŽá àŽêæéŽîðâ-
ĲŽ x áŽ y âèâéâêðâĲæï äñïðæ óãâáŽ ïŽäôãŽîæ (inf) (â. æ. ñáæáâïæ óãâáŽ
ïŽäôãŽîæ).

öâãêæöêëå, îëé êŽéáãæè îæùýãåŽ R ïæéîŽãèâäâ ĲñêâĲîæãæ áŽèŽàâĲŽ
àŽêïŽäôãîŽãï ŽýŽè ïæéîŽãèââĲï. éŽå ñûëáâĲâê æêðâîãŽèâĲï:

[a, b] =
{
x : x ∈ R, a ≤ x ≤ b

}
.

âï Žîæï øŽçâðæèæ æêðâîãŽèæ (éëêŽçãâåæ, ïâàéâêðæ) a-áŽê b-éáâ.

]a, b[ =
{
x : x ∈ R, a < x < b

}

Žîæï ôæŽ æêðâîãŽèæ a-áŽê b-éáâ. ëîæãâ öâéåýãâãŽöæ a-ï áŽ b-ï âûëáâĲŽ
Ĳëèë ûâîðæèâĲæ.

øŽçâðæèæ æêðâîãŽèæ åŽãæïåŽãöæ öâæùŽãï Ĳëèë ûâîðæèâĲï, ýëèë ôæŽ
æêðâîãŽèæ Žî öâæùŽãï. êŽýâãîŽáôæŽ æêðâîãŽèâĲæ àŽêæïŽäôãîâĲŽ öâéáâàêŽæ-
îŽá:

[a, b[ =
{
x : x ∈ R, a ≤ x < b

}
,

]a, b] =
{
x : x ∈ R, a < x ≤ }

.

àŽêãæýæèëå öâéáâàæ æêðâîãŽèâĲæ:

]−∞, a] = {x : x ≤ a},
]−∞, a[ = {x : x < a},
[a,+∞[ = {x : a ≤ x},
]a,+∞[ = {x : a < x},

]−∞, +∞[ = R.

ï Ž ã Ž î þ æ ö ë 5.1.

1. ãåóãŽå, A êâĲæïéæâîæ ïæéîŽãèâŽ, P(A) éæïæ õãâèŽ óãâïæéîŽãèâåŽ ïæ-
éîŽãèâ, ρ { P() × P(A) ïæéîŽãèâäâ àŽêïŽäôãîñèæ ĲæêŽîñèæ éæéŽîåâĲŽŽ,
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(P, Q)ρ(X, Y ) éŽöæê áŽ éýëèëá éŽöæê, îëùŽ (P4Q) ⊆ (X4Y ). Žîæï åñ
ŽîŽ ρ áŽèŽàâĲŽ éæéŽîåâĲŽ (P4Q = (P ∪Q) \ (∩Q))?

2. ãåóãŽå, A êâĲæïéæâîæ ïæéîŽãèâŽ, ýëèë σ { P(A) × P(A) ïæéîŽãèâ-
äâ öâéáâàêŽæîŽá àŽêïŽäôãîñèæ ĲæêŽîñèæ éæéŽîåâĲŽ: (P, Q)σ(X,Y ) éŽöæê
áŽ éýëèëá éŽöæê, îëùŽ P ≤ X áŽ Q ≤ Y . Žîæï åñ ŽîŽ σ áŽèŽàâĲæï
éæéŽîåâĲŽ? (áŽ åñ Žîæï áŽèŽàâĲæï éæéŽîåâĲŽ, Žîæï åñ ŽîŽ ïîñèæ?)

3.ãåóãŽå, τ áŽ π N2 ïæéîŽãèâäâ öâéáâàêŽæîŽá àŽêïŽäôãîñèæ ĲæêŽîñ-
èæ éæéŽîåâĲâĲæŽ: (a, b)τ(c, d) éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a ≤ c áŽ b ≤ d;
(a, b)π(c, d) éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a ≤ c áŽ b ≥ d. Žîæï åñ ŽîŽ τ
áŽ π ĲæêŽîñèæ éæéŽîåâĲâĲâĲæ?

4. ãåóãŽå, π Žîæï Q-ï áŽáâĲæå îæùýãâĲäâ öâéáâàêŽæîŽá àŽêïŽäôãîñèæ
ĲæêŽîñèæ éæéŽîåâĲâĲŽ: (a/b)π(c/d) éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a·d ≤ b·c.
Žøãâêâå, îëé π Žîæï ïîñèæ áŽèŽàâĲæï éæéŽîåâĲŽ.

§ 6. öâáàâêæèæ éæéŽîåâĲâĲæ

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, éëùâéñèæŽ A, B áŽ C ïæéîŽãèââĲæ,
σ éæéŽîåâĲŽ àŽêïŽäôãîñèæ A áŽ B ïæéîŽãèââĲï öëîæï, ýëèë ρ éæéŽîåâĲŽ
{ B áŽ C ïæéîŽãèââĲï öëîæï. A áŽ C ïæéîŽãèââĲï öëîæï àŽêãïŽäôãîëå
éæéŽîåâĲŽ, îëéâèæù A-áŽê B-öæ æéëóéâáâĲï σ-ï ïŽöñŽèâĲæå, ýëèë B-áŽê
C-öæ ρ-ï ïŽöñŽèâĲæå. Žïâåæ àäæå ŽàâĲñè éæéŽîåâĲŽï âûëáâĲŽ öâáàâêæèæ áŽ
ŽôæêæöêâĲŽ (ρ ◦ σ) ïæéĲëèëåæ, â. æ.

(ρ ◦ σ)(a) = ρ(σ(a)).

êŽý. 6.6

ŽéîæàŽá, (x, y) ∈ ρ ◦ σ, åñ B ïæéîŽãèâöæ ŽîïâĲëĲï æïâåæ z âèâéâêðæ,
îëéèæïåãæïŽù öâïîñèáâĲŽ (x, z) ∈ σ, (z, y) ∈ ρ, ŽóâáŽê àŽéëéáæêŽîâëĲï,
îëé ρ ◦ σ éæéŽîåâĲæï àŽêïŽäôãîæï ŽîâŽ

Dρ◦σ = σ−1Dρ.

ïæðñŽùææï ïŽæèñïðŽùæëá àŽêãæýæèëå êŽý. 6.6. σ éæéŽîåâĲæï Dσ àŽêïŽä-
ôãîæï Žîâ áŽ Rσ éêæöãêâèëĲŽåŽ ïæéîŽãèâ áŽöðîæýñèæŽ âîåæ éæéŽîåñèâ-
Ĳæå, ýëèë ρ éæéŽîåñèâĲæï Dρ áŽ Rρ { ïýãŽ éæéŽîåñèâĲæå, éŽöŽïŽáŽéâ, A,
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B áŽ C ïæéîŽãèââĲäâ ëîéŽàŽá áŽöðîæýñèæ ïâàéâêðâĲæ ûŽîéëŽáàâêï Dρ◦σ,
Dρ ∩Rσ áŽ Rρ◦σ ŽîââĲï, öâïŽĲŽéæïŽá.

ö â ê æ ö ã ê Ž . σ áŽ ρ éæéŽîåâĲâĲæï øŽûâîæáŽê àŽéëéáæêŽîâëĲï,
îëé æïæêæ àŽéëæõâêâĲŽ éŽîþãêæáŽê éŽîùýêæã. éŽöŽïŽáŽéâ, (ρ ◦ σ)(a) êæöêŽãï,
îëé áŽïŽûõæïöæ ŽæôâĲŽ a áŽ σ-ï ïŽöñŽèâĲæå àŽîáŽæóéêâĲŽ, ýëèë öâéáâà
àŽîáŽæóéêâĲŽ ρ-ï ïŽöñŽèâĲæå. ŽèàâĲîŽöæ, äëàþâî, âï øŽæûâîâĲŽ aσρ-ï ïŽýæå.
ïýãŽ éŽåâéŽðæçñîæ ûæàêâĲæï ûŽçæåýãæï õñîŽáôâĲŽ ñêáŽ éæãŽóùæëå æéŽï, åñ
éæéŽîåâĲâĲæï øŽûâîæï îëàëîæ ûâïæŽ éæôâĲñèæ Žé ûæàêöæ.

é Ž à Ž è æ å æ 6.1. ãåóãŽå, êŽðñîŽèñî îæùýãåŽ N ïæéîŽãèâäâ
àŽêïŽäôãîñèæŽ σ áŽ ρ ĲæêŽîñèæ éæéŽîåâĲâĲæ:

σ =
{
(x, y) : x, y ∈ N, y = x + 1

}
,

ρ =
{
(x, y) : x, y ∈ N, x = y2

}
,

éŽöæê

Dσ = {x : x, x + 1 ∈ N} = N,

Dρ = {x2 : x ∈ N},
Dρ◦σ = σ−1Dρ =

{
x2 − 1 : x, x2 − 1 ∈ N}

= {3, 8, 15, 24, 35, . . .}.
ãåóãŽå, A ïæéîŽãèâäâ àŽêïŽäôãîñèæŽ σ éæéŽîåâĲŽ, öâæúèâĲŽ ŽãŽàëå

öâáàâêæèæ σ ◦ σ éæéŽîåâĲŽ. éŽàŽèæåŽá, åñ

σ =
{
(x, y) : x, y ∈ N, y = x + 1

}
,

σ ◦ σ =
{
(x, y) : x, y ∈ N, y = x + 2

}
,

ρ =
{
(x, y) : x, y ∈ N, x = y2

}
,

ρ ◦ ρ =
{
(x, y) : x, y ∈ N, x = y4

}
.

âï éæéŽîåâĲâĲæ öâæúèâĲŽ øŽæûâîëï σ2 áŽ ρ2 ïŽýæå (ïŽäëàŽáëá, âï Žôêæ-
öãêŽ ïæéîŽãèæïåãæï éåèŽá çŽêëêæâîæ Žî Žîæï, åñéùŽ, öâàãæúèæŽ ŽáãæèŽá
áŽãŽéçãæáîëå, îŽáàŽê, åñ (x, y) ∈ σ ◦σ, éŽöæê ((x, z), (z, y)) ∈ σ×σ îŽæéâ
z-åãæï. Žé áîëï ŽîŽãæåŽîæ àŽñàâĲîëĲŽ Žî ûŽîéëæóéêâĲŽ.

åñ àŽéëãæõâêâĲå Žé ŽôêæöãêâĲï, öâãúèâĲå êâĲæïéæâîæ n ∈ N-åãæï àŽêãïŽäôã-
îëå σn öâéáâàêŽæîŽá:

σn =
{

(x, y) : xσz áŽ zσn−1y îëéâèæéâ z-åãæï
}

.

ûæêŽ éŽàŽèæåäâ

σn =
{
(x, y) : x, y ∈ N, y = x + n

}
,

ρn =
{
(x, y) : x, y ∈ N, x = y2n}

.

ïŽæêðâîâïëŽ, Žé öâéåýãâãŽöæ, îŽéáâêŽá éæïŽôâĲæŽ ŽêŽèëàæŽ àŽéîŽãèâ-
ĲŽïåŽê. ãåóãŽå, A Žîæï ïæéîŽãèâ, ýëèë R { éæéŽîåâĲŽ éŽïäâ. JA ◦R, R áŽ
R◦JA âçãæãŽèâêðñîæŽ. Žéæðëé JA Žîæï A-äâ àŽêïŽäôãîñèæ æàæãñîæ éæéŽî-
åâĲŽ, îëéâèïŽù 1-æï ŽêŽèëàæñîæ åãæïâĲŽ Žóãï, â. æ. êŽðñîŽèñîæŽ àŽéîŽã-
èâĲæï ëìâîŽùææï áîëï. öâãêæöêëå, îëé R−1 ◦R = JA = R ◦R−1 ðëèëĲæï
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áŽûâîŽ, ïŽäëàŽáëá, õëãâèåãæï Žî öâæúèâĲŽ. Žéæïåãæï ïŽüæîëŽ áŽéŽðâĲæåæ
ìæîëĲâĲæï éëåýëãêŽ.

ï Ž ã Ž î þ æ ö ë 6.1.

1. ãåóãŽå, R áŽ S éæéŽîåâĲâĲæ àŽêïŽäôãîñèæ éåâè ýŽèýåŽ P ïæéîŽã-
èâäâ:

R =
{
(x, y) : x, y ∈ P áŽ x Žîæï y-æï éŽéŽ

}
,

S =
{
(x, y) : x, y ∈ P áŽ x Žîæï y-æï óŽèæöãæèæ

}
.

Žôûâîâå öâéáâàæ éæéŽîåâĲâĲæ: Ž) R2; Ĳ) S2; à) R ◦ S; á) S ◦R; â) S ◦R−1;
ã) R−1 ◦ S; ä) R−1 ◦ S−1; å) S−1 ◦R, æ) S−1 ◦ S−1, ç) S−1 ◦R−1.

2. Z éåâè îæùýãåŽ ïæéîŽãèâäâ éëùâéñèæŽ ĲæêŽîñèæ éæéŽîåâĲâĲæ, àŽê-
ïŽäôãîñèæ öâéáâàêŽæîŽá:

σ =
{
(x, y) : x, y ∈ Z áŽ y = 2x

}
,

ρ =
{
(x, y) : x, y ∈ Z áŽ x = 2y + 1

}
.

Žôûâîâå öâéáâàæ éæéŽîåâĲâĲæ (åñ ŽîïâĲëĲï) Ž) σ ◦ ρ; Ĳ) ρ ◦ σ; à) σ ◦ ρ−1;
á) σ−1 ◦ ρ; â) ρ−1 ◦ σ−1; ã) ρ2; ä) σ2.

§ 7. éæéŽîåâĲâĲæï øŽçâðãŽ

øŽçâðãæï ùêâĲŽ ûŽîéëŽáàâêï òñêáŽéâêðñî éŽåâéŽðæçñî ùêâĲŽï áŽ àŽéë-
æõâêâĲŽ éŽåâéŽðæçæï ñéîŽãèâï áŽîàöæ. Žé ùêâĲæï ïŽæèñïðîŽùæëá àŽêãæýæ-
èëå öâéáâàæ éŽàŽèæåæ:

Žãæôëå x0 ëĲæâóðæ áŽ p ìîëùâïæ, îëéâèæù ûŽîéëóéêæï ïæéîŽãèâï áŽ
àŽêïŽäôãîŽãï x1, x2, . . . , xn, . . . éæéáâãîëĲŽï, ïŽáŽù

x1 ∈ p(x0)

x2 ∈ p(x1)
. . . . . . . . . . . .

xn ∈ p(xn−1)
. . . . . . . . . . . . . . .

ïæéîŽãèâ, îëéâèæù öâæùŽãï õãâèŽ éæéáâãîëĲæï õãâèŽ âèâéâêðï, îëéâèæù
öâæúèâĲŽ àŽéëõãŽêæèæ æõëï p ìîëùâïæï ïŽöñŽèâĲæå, áŽûõâĲñèæ x0-áŽê, âûë-
áâĲŽ p ìîëùâïæï øŽçâðãŽ x0-æï éæéŽîå. Žéæðëé ìîëùâïæï öâáâàæ öâáæï
pn(x0)-öæ îëéâèæôŽù n-åãæï. éŽàîŽé øãâê Žî ãæùæå ûæêŽïûŽî n-æï éêæöã-
êâèëĲŽ. ñòîë éâðæù, åñ ŽãæôâĲå êâĲæïéæâî y âèâéâêðï Žé øŽçâðãæáŽê áŽ
öâãŽïîñèâĲå p ìîëùâïï y-áŽê áŽûõâĲñèæ, ŽîŽòâîï ŽýŽèï Žî éæãæôâĲå. öâ-
áâàï ñçãâ åãæå øŽçâðãŽ öâæùŽãï. ïæéîŽãèâ Žî öâæúèâĲŽ àŽòŽîåëãáâï Žïâåæ
àäæå (æàæ øŽçâðæèæŽ).

é Ž à Ž è æ å æ 7.1. Žãæôëå s çãŽáîŽðæ, îëéâèæù éëêæöêñèæŽ æïâ, îë-
àëîù 7.1(Ž) êŽýŽääâ êŽøãâêâĲæ áŽ àŽêãïŽäôãîëå r ìîëùâïæ öâéáâàêŽæîŽá:
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S-æï éëùâéñèæ éáâĲŽîâëĲæáŽê r ìîëùâïæ ûŽîéëóéêæï õãâèŽ éáâĲŽîâëĲæï ïæ-
éîŽãèâï, îëéâèæù éææôâĲŽ ïŽŽåæï æïîæï éæéŽîåñèâĲæå éŽîåæ çñåýæå éë-
ĲîñêâĲæï öâáâàŽá.

êŽý. 7.1

ŽéàãŽîŽá, r(s) àãŽúèâãï ïñî. 7.1(Ĳ)-äâ àŽéëïŽýñè çëêòæàñîŽùæŽï. r-
æï ëåýþâî àŽéëõâêâĲæï öâáâàŽá øãâê áŽãñĲîñêáâĲæå ïŽûõæï éáàëéŽîâëĲŽï.
éŽöŽïŽáŽéâ, øŽçâðãŽ éëùâéñè öâéåýãâãŽöæ Žîæï ëåýæ ìëäæùææï ïæéîŽãèâ (æý.
êŽý. 7.2).

êŽý. 7.2

ŽýèŽ àŽêãæýæèëå îŽ éëýáâĲŽ, åñ ìîëùâïï àŽêãïŽäôãîŽãå éæéŽîåâĲâĲæï
ïŽöñŽèâĲæå (âï õëãâèåãæïŽŽ öâïŽúèâĲâèæ, æéæðëé îëé öâïŽòâîæïæ éæéŽîåâĲŽ
öâàãæúèæŽ àŽêãïŽäôãîëå {(x, y) : y ∈ p(x), ïŽáŽù p öâïŽïûŽãèæ ìîëùâïæŽ}
ïæéîŽãèââĲæï ïŽöñŽèâĲæå. øŽçâðãæï ŽïŽàâĲŽá ïŽçéŽîæïæŽ A éæéŽîåâĲŽï ßóë-
êáâï A,A2, . . . , An, . . . öâáàâêæèæ éæéŽîåâĲâĲæ, îëéèâĲæù öâéáâà çëéĲæêæî-
áâĲŽ øãâñèâĲîæãæ åâëîæñè-ïæéîŽãèñîæ àäæå.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ïæéîŽãèâäâ àŽêïŽäôãîñèæ A éæéŽîåâĲæï
ðîŽêäæðñèæ øŽçâðãŽ (Žê ñĲîŽèëá øŽçâðãŽ) âûëáâĲŽ ñïŽïîñèë àŽâîåæŽêâ-
ĲŽï

∞⋃
n=1

An = A ∪A2 ∪A3 ∪ · · · .

A éæéŽîåâĲæï ðîŽêäæðñèæ øŽçâðãŽ ŽôæêæöêâĲŽ A+ ïæéĲëèëåæ.

é Ž à Ž è æ å æ 7.2.
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1. ãåóãŽå, êŽðñîŽèñî îæùýãåŽ ïæéîŽãèâäâ àŽêïŽäôãîñèæŽ R éæéŽî-
åâĲŽ R=

{
(x, y) : y=x+1

}
ðëèëĲæå, éŽöæê R+ ={(x, y) : x<y}.

2. ãåóãŽå, îŽùæëêŽèñî îæùýãåŽ Q ïæéîŽãèâäâ àŽêïŽäôãîñèæŽ σ =
{(x, y) : x < y} éæéŽîåâĲŽ, éŽöæê σ+ = σ.

3. ρ éæéŽîåâĲŽ àŽêïŽäôãîñèæŽ Q-äâ:

ρ = {(x, y) : x · y = 1},

éŽöæê

ρ+ = {(x, x) : x 6= 0} ∪ ρ.

4. ãåóãŽå L Žîæï âîå óŽèŽóöæ éâðîëï ïŽáàñîåŽ ïæéîŽãèâ, ýëèë a, b
áŽ c éëéáâãêë ïŽáàñîâĲæŽ. åñ N éæéŽîåâĲŽ L ïæéîŽãèâäâ àŽêïŽäôãîñèæŽ,
îëàëîù:

N =
{
(x, y) : x Žîæï y-æï éëéáâãêë ïŽáàñîæ

}
,

éŽöæê (a, b), (b, c) ∈ N , (a, a), (b, b), (c, c), (a, c) ∈ N 2. éŽöŽïŽáŽéâ,

N+ = UL = L× L.

5. éåâè îæùýãåŽ Z ïæéîŽãèâäâ éëùâéñèæŽ éæéŽîåâĲŽ

τ =
{
(x, y) : x, y ∈ Z, y = x + 2

}
,

éŽöæê

τ+ = (Z(1) × Z(1)) ∪ (Z(2) × Z(2)) \ {(x, x) : x ∈ Z},
ïŽáŽù Z(1)-æå Žîæï Žôêæöêñèæ çâêð îæùýãåŽ ïæéîŽãèâ, Z(2)-æå { èñû îæ-
ùýãåŽ ïæéîŽãèâ.

Žé éŽàŽèæåâĲæáŽê ŽáãæèŽá áŽãæêŽýŽãå, îëé éæéŽîåâĲæï øŽçâðãŽ, ïŽäë-
àŽáëá, Žî Žîæï îâòèâóïñîæ. éŽàîŽé, äëàþâî ïŽüæîëŽ àŽãýŽáëå îâòèâóïñ-
îæ. âï ŽáãæèŽá öâæúèâĲŽ àŽãŽçâåëå. öâéëãæôëå áŽöãâĲŽ, îëé X ïæéîŽãèâäâ
æàæãñîæ éæéŽîåâĲŽ JX = {(x, x) : x ∈ X} Žîæï Žé ïæéîŽãèâäâ éëùâéñèæ
êâĲæïéæâîæ A éæéŽîåâĲæï êñèëãŽê ýŽîæïýæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . A éæéŽîåâĲæï îâòèâóïñîæ øŽçâðãŽ A∗ âûëáâĲŽ
ïæéîŽãèâï:

A∗ = A0 ∪A ∪A2 ∪ · · · ∪An ∪ · · · =
∞⋃

n=0

An.

ŽéîæàŽá, éæéŽîåâĲâĲæï ðîŽêäæðñèæ áŽ îâòèâóïñîæ øŽçâðãâĲæ âîåéŽ-
êâååŽê áŽçŽãöæîâĲñèæŽ öâéáâàæ åŽêŽòŽîáëĲæå:

A∗ = A+ ∪ JA.
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é Ž à Ž è æ å æ 7.3. ûæêŽ éŽàŽèæåâĲöæ àŽêïŽäôãîñèæ éæéŽîåâĲâĲæï
àŽéëõâêâĲæå éæãæôâĲå:

R∗ =
{
(x, y) : x ≤ y, x, y ∈ N}

,

σ∗ =
{
(x, y) : x ≤ y, x, y ∈ Q}

,

ρ∗ = ρ+ ∪ {0, 0},
N ∗ = N+,

τ∗ = (Z(1) × Z(1)) ∪ (Z(2) × Z(2)).

ï Ž ã Ž î þ æ ö ë 7.1.

1. àŽéëæõâêâå 6.1(1) ïŽãŽîþæöëöæ éëùâéñèæ R áŽ S éæéŽîåâĲâĲæ áŽ
Žôûâîâå öâéáâàæ øŽçâðãâĲæ: Ž) R+; Ĳ ) S+; à) R∗; á) S∗; â) (S ◦ S−1)+; ã)
(R−1 ◦R)∗; ä) (S2 ◦R2)+.

2. 6.1(2) ïŽãŽîþæöëöæ éëùâéñèæ σ, ρ éæéŽîåâĲâĲæïŽåãæï Žôûâîâå øŽçâ-
ðãâĲæ: Ž) σ+; Ĳ) σ∗; à) (ρ−1)+; á) (ρ−1)∗.



Žîæåéâðæçæï úæîæåŽáæ ùêâĲâĲæ

§ 1. \éùæîâ" ïŽïîñèæ ŽîæåéâðæçŽ

ŽîæåéâðæçŽ öâàãæúèæŽ àŽêãæýæèëå, îëàëîù ïæéîŽãèâ ëîæ ëìâîŽùææå,
îëéèâĲæù öâçîâĲæïŽ áŽ àŽéîŽãèâĲæï éïàŽãïŽá éëóéâáâĲï. æï öâæúèâĲŽ öâãæ-
ïûŽãèëå éîŽãŽèæ ýâîýæå. îëé àŽãŽîçãæëå Žîæåéâðæçñèæ ïæïðâéæï éëåýë-
ãêâĲæ, éæãæôëå çëêïðîóñùæñèæ éæŽýèëâĲŽ, áŽ éåâèæ îæùýãâĲæ (0, 1, 2, . . .)
àŽêãæýæèëå, îëàëîù ïæéĲëèëâĲæ öâéáàëéöæ àŽêãæýæèŽãå éýëèëá ïŽïîñè
ŽîæåéâðæçŽï, îëéâèöæù àŽéëæõâêâĲŽ éýëèëá îæùýãåŽ ïŽïîñèæ ïæéîŽãèâ.
ãæàñèæïýéëå, îëé åñ A ∼ Nm, éŽöæê éëàãâåýëãâĲŽ m ïýãŽáŽïýãŽ ïæéĲëèë.
ŽéŽïåŽê, ïæéĲëèëâĲæï ŽîŽãæåŽîæ çëéĲæêŽùææï ñòèâĲŽ Žî àãŽóãï. åñ éýë-
èëá ŽåëĲæåæ îæùýãâĲæ àŽéëæõâêâĲŽ, éŽöæê m ≤ 10. îŽáàŽê éëùâéñèæ äëéæï
õãâèŽ ïæéîŽãèâ ĲæâóùæñîæŽ, öâàãæúèæŽ àŽêãæýæèëå éýëèëá Nm ïæéîŽãèâ.

ñòîë éâðæ åãŽèïŽøæêëâĲæïåãæï àŽêãæýæèëå N6 ïæéîŽãèâ. Žéæïåãæï Žñùæ-
èâĲâèæŽ ŽãŽàëå öâçîâĲæï áŽ àŽéîŽãèâĲæï ëìâîŽùæŽåŽ ùýîæèâĲæ.

öâçîâĲæï ëìâîŽùæŽ öâæùŽãï êâæðîŽèñî âèâéâêðï, îëéâèæù øãâñèâĲ-
îæã, o ïæéĲëèëåæ ŽôæêæöêâĲŽ. éŽàîŽé o 6∈ N6. Žéæðëé àŽéëãæõâêëå Z6 =
{0, 1, 2, 3, 4, 5} ïæéîŽãèâ. ùýŽáæŽ, Z6 ∼ N6. ŽéŽïåŽê, Žîùâîåæ åãæïâĲŽ Žî
áŽàãâçŽîàâĲŽ. ŽéîæàŽá, åñ ãæïŽîàâĲèâĲå êñèëãŽêæ âèâéâêðæï åãæïâĲæå,
àãâóêâĲŽ 1.1 ùýîæèæ.

ùýîæèæ 1.1.

+ 0 1 2 3 4 5
0 0
1 1
2 2
3 3
4 4
5 5

îŽáàŽê öâçîâĲæï ëìâîŽùæŽ çëéñðŽùæñîæŽ, ùýîæèæ ïæéâðîæñèæ ñêáŽ
æõëï. åñ éëãæåýëãå, îëé õëãâèæ âèâéâêðæïŽåãæï ŽîïâĲëĲáâï éëìæîáŽìæ-
îâ âèâéâêðæ, éŽöæê êâĲæïéæâîæ âèâéâêðæ åæåëâñè ïðîæóëêïŽ áŽ åæåëâñè
ïãâðöæ ñêáŽ öâãæáâï äñïðŽá âîåýâè. éŽîåèŽù, åñ

a + b = a + c,
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éŽöæê

−a + (a + b) = −a + (a + c),

(−a + a) + b = (−a + a) + c,

0 + b = 0 + c,

b = c.

öâãêæöêëå, îëé Žó àŽéëãæõâêâå, Žïâãâ, öâçîâĲæï ëìâîŽùææï ŽïëùæŽùæ-
ñîëĲŽ.

àŽêãæýæèëå 1.2 ùýîæèæå àŽêïŽäôãîñèæ öâçîâĲæï ïŽéæ ëìâîŽùæŽ: A,
B áŽ C. A ëìâîŽùæŽ ŽîŽçëéñðŽùæñîæŽ, îŽáàŽê ýîæèæ Žî Žîæï ïæéâðîæ-
ñèæ, B ëìâîŽùæŽöæ áŽîôãâñèæŽ \öâáâàæï âîåŽáâîåëĲæï" çîæðâîæñéâĲæ.
C ŽçéŽõëòæèâĲï õãâèŽ ìæîëĲŽï.

ùýîæèæ 1.2.

A 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 0 4 5 3
2 2 0 1 5 3 4
3 3 5 4 0 2 1
4 4 3 5 1 0 2
5 5 4 3 2 1 0

B 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 1 2 3 4 5
2 2 2 2 3 4 5
3 3 3 3 3 4 5
4 4 4 4 4 4 5
5 5 5 5 5 5 5

C 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 5 3 4 2 0
2 2 3 1 5 0 4
3 3 4 5 0 1 2
4 4 2 0 1 5 3
5 5 0 4 2 3 1

îëàëî ŽãŽàëå ëìâîŽùæŽ, îëéâèæù áŽŽçéŽõëòæèâĲï äâéëå àŽêýæèñè
õãâèŽ åãæïâĲŽï? õãâèŽäâ îåñèŽá öâïŽïîñèâĲâèæŽ ŽïëùæŽùæñîëĲŽ. óãâéëå
öâéëåŽãŽäâĲñè ìîëùâáñîŽöæ ŽïëùæŽùæñîëĲŽï àŽéëãæõâêâĲå, îëàëîù Žàâ-
Ĳæï úæîæðŽá êŽĲæþï áŽ, éŽöŽïŽáŽéâ, âï åãæïâĲŽ öâïîñèáâĲŽ ŽãðëéŽðñîŽá.

êŽĲæþæ 1. öâçîâĲæï ëìâîŽùææïåãæï o Žîæï êñèëãŽêæ âèâéâêðæ, Žéæðëé
ãôâĲñèëĲå 1.3 ùýîæèï

ùýîæèæ 1.3.

+ 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1
2 2
3 3
4 4
5 5

êŽĲæþæ 2. àŽêãïŽäôãîëå ùýîæèæï öâéáâàæ ïðîæóëêæ, îëéâèæù ŽçéŽõë-
òæèâĲï \öâáâàæï âîåŽáâîåëĲæï" ìæîëĲŽï. ýŽäæ îëé àŽãñïãŽå àŽéëõâêâĲñè
ðâóêæçŽï, ïìâùæŽèñîŽá ãæîøâãå öâáâàï, îëéâèæù àŽêïýãŽãáâĲŽ øãâñèâĲîæ-
ãæïàŽê. Žãæôëå:

+ 0 1 2 3 4 5
1 1 3 0 5 2 4
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îŽáàŽê ëìâîŽùæŽ çëéñðŽùæñîæ ñêáŽ æõëï, öâãŽãïëå 1.4 ùýîæèæï öâïŽĲŽéæïæ
ïãâðæ

ùýîæèæ 1.4.

+ 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 3 0 5 2 4
2 2 0
3 3 5
4 4 2
5 5 4

êŽĲæþæ 3. öâãŽãïëå ùýîæèæï áŽêŽîøâêæ ñþîâĲæ ŽïëùæŽùæñîëĲæï àŽéë-
õâêâĲæå. åæåëâñè áâðŽèï áŽãŽçãæîáâå áŽûãîæèâĲæå

2 + 2 = 2 + (1 + 4) = 2 + 1 = 0 + 4 = 4,

2 + 3 = 2 + (1 + 1) = (2 + 1) + 1 = 0 + 1 = 1,

2 + 4 = 2 + (1 + 5) = (2 + 1) + 5 = 0 + 5 = 5,

2 + 5 = 2 + (1 + 3) = (2 + 1) + 3 = 0 + 3 = 3.

Žó àŽéëãæõâêâå 2 + 1 = 0 áŽ 0 + x = x åŽêŽòŽîáëĲâĲæ. öâéáâà

3 + 3 = 3 + (1 + 1) = (3 + 1) + 1 = 5 + 1 = 4,

3 + 4 = (1 + 1) + 4 = 1 + (1 + 4) = 1 + 2 = 0,

3 + 5 = (1 + 1) + 5 = 1 + (1 + 5) = 1 + 4 = 2

áŽ Ž. ö. ŽéàãŽîŽá, (1 + x)-æï éêæöãêâèëĲâĲæï ïŽòæúãâèäâ + ëìâîŽùææïåãæï
ãôâĲñèëĲå ùýîæèï:

ùýîæèæ 1.5.

+ 0 1 2 3 4 5
0 0
1 1 3 0 5 2 4
2 2 0 4 1 5 3
3 3 5 1 4 0 2
4 4 2 5 0 3 1
5 5 4 3 2 1 0

àŽáŽãæáâå àŽéîŽãèâĲæï ëìâîŽùæŽäâ. àŽéîŽãèâĲæïåãæï êâæðîŽèñîæ âèâ-
éâêðæŽ âîåâñèëãŽêæ âèâéâêðæ. öâãåŽêýéáâå, îëé âîåâñèëãŽêæ âèâéâêðæ
àŽêïýãŽãáâĲŽ 0-àŽê, îŽáàŽê, ûæêŽŽôéáâà öâéåýãâãŽöæ, êâĲæïéæâîæ x áŽ y-åãæï
àãâóêâĲëáŽ

x = 0 · x = x · 0, y = 0 + y = y + 0,

Žéæðëé
x · y = x · (0 + y) = (x · 0) + (x · y) = x + (x · y),

â. æ. x êñèëãŽêæ âèâéâêðæŽ: x = 0 âï Žî Žîæï ïûëîæ, Žéæðëé, 0 Žî Žîæï
àŽéîŽãèâĲæïåãæï êâæðîŽèñîæ âèâéâêðæ. âîåâñèëãŽê âèâéâêðŽá Žãæôëå 1.
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1.6 ùýîæèæï ïŽòñúãâèäâ öâàãæúèæŽ ŽêŽèëàæñîŽá àŽêãïŽäôãîëå àŽéîŽã-
èâĲæï ëìâîŽùæŽ. ŽéŽïåŽê, Žé öâéåýãâãŽöæ Žî ñêáŽ éëãæåýëãëå \öâáâàæï
âîåŽáâîåëĲæï" çîæðâîæñéæï öâïîñèâĲŽ. àŽéëãæõâêëå àŽéîŽãèâĲæï ëìâîŽùæ-
æï áæïðîæĲñùæñèëĲŽ öâçîâĲæï éæéŽîå.

ùýîæèæ 1.6.

· 0 1 2 3 4 5
0 0
1 0 1 2 3 4 5
2 2
3 3
4 4
5 5

öâãêæöêëå, îëé 1 + 1 = 3. Žéæðëé áæïðîæĲñùæñèëĲæï àŽéë éæãæôâĲå

3 · 0 = (1 + 1) · 0 = 1 · 0 + 1 · 0 = 0 + 0 = 0,

3 · 2 = (1 + 1) · 2 = 1 · 2 + 1 · 2 = 2 + 2 = 4,

3 · 3 = (1 + 1) · 3 = 1 · 3 + 1 · 3 = 3 + 3 = 4,

3 · 4 = (1 + 1) · 4 = 1 · 4 + 1 · 4 = 4 + 4 = 3,

3 · 5 = (1 + 1) · 5 = 1 · 5 + 1 · 5 = 5 + 5 = 0.

ŽýèŽ öâæúèâĲŽ ãæïŽîàâĲèëå 3 + 3 = 4, 3 + 1 = 5, 1 + 4 = 2, 1 + 2 =
0 åŽêŽòŽîáëĲâĲæå. åñ æïâ ãæéëóéâáâĲå, îëàëîù ûæêŽå, éæãæôâĲå öâéáâà
ëìâîŽùæŽï

ùýîæèæ 1.7.

· 0 1 2 3 4 5
0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 1 4 3 5
3 0 3 4 4 3 0
4 0 4 3 3 4 0
5 0 5 5 0 0 5

éŽöŽïŽáŽéâ, ùýîæèöæ ïðîæóëêæï åæåóéæï êâĲæïéæâîæ öâîøâãæå áŽûõâ-
Ĳñèæ áŽ îæàæ éŽîðæãæ öâäôñáãâĲæï áŽáâĲæå éæïŽôâĲæ Žîæåéâðæçñèæ ïæ-
ïðâéŽŽ. ŽýèŽ ïŽçéŽîæïæŽ áŽãŽáàæêëå, îëé éæôâĲñèæ ïæïðâéŽ Žî âûæêŽŽôé-
áâàâĲŽ ûæêŽå àŽéëåóéñè éëïŽäîâĲâĲï. åñ êëîéŽèñî ŽîæåéâðæçŽöæ a+b = c
áŽ c ∈ Z6, éŽöæê ïŽïñîãâèæŽ øãâêï ŽîæåéâðæçŽöæù (a + b)-ï ìŽïñýæ æõëï c.
éŽöŽïŽáŽéâ, éæãâáæå ŽîøâãêŽéáâ

+ 0 1 2 3 4 5
1 1 2 3 4 5 ?

âèâéâêðæ, îëéâèæù ŽçèæŽ, ñêáŽ æõëï 0, îŽáàŽê 6 6∈ Z6 áŽ 0 Žîæï Z6-æï
âîåŽáâîåæ âèâéâêðæ, îëéâèæù Žî Žîæï Žé ïðîæóëêöæ. Žïâåæ öâîøâãæï öâáâ-
àŽá ãôâĲñèëĲå 1.8 ùýîæèï. æàæ àŽêïŽäôãîŽãï â. û. ŽîæåéâðæçŽï éëáñèæå
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6. (âï ŽîæåéâðæçŽ äñïðŽá æïâ éëóéâáâĲï, îëàëîù øãâñèâĲîæãæ éåâèîæùý-
ãâĲæŽêæ ŽîæåéâðæçŽ, æé àŽéëêŽçèæïæå, îëé õãâèŽ éåâèæ îæùýãæ öâùãèæèæŽ
éŽåæ 6-äâ àŽõëòæå éæôâĲñèæ êŽöåæå.)

ùýîæèæ 1.8.

+ 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

· 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
4 0 4 2 0 4 2
5 0 5 4 3 2 1

ï Ž ã Ž î þ æ ö ë 1.1.

1. Z6-åãæï éæôâĲñèæ \ĲñêâĲîæãæ" Žîæåéâðæçæï éïàŽãïŽá ŽãŽàëå ŽêŽèë-
àæñîæ ŽîæåéâðæçŽ Z16-åãæï {0, 1, . . . , 9, A,B, C, . . . , F} ïæéĲëèëâĲæï àŽéë-
õâêâĲæå.

2. ŽãŽàëå ŽîæåéâðæçŽ Z6-åãæï, îëéâèæù öââïŽĲŽéâĲŽ öâéáâà ïðîæóëêï:

+ 0 1 2 3 4 5
2 2 3 4 0 5 1

3. (1+3)-æï àŽêýæèãæå ãŽøãâêëå, îëé öâéáâà ùýîæèï éæãõŽãŽå ûæêŽŽôé-
áâàëĲŽéáâ:

+ 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 0 3 4 5 2

§ 2. \áæáæ" ïŽïîñèæ ŽîæåéâðæçŽ

øãâê ñçãâ ŽãŽàâå ŽîæåéâðæçŽ Z6-åãæï. àŽãŽòŽîåëãëå âï ïæïðâéŽ. ïŽæèñ-
ïðîŽùæëá àŽêãæýæèëå áŽèŽàâĲñèæ ïŽéâñèæ Z6-áŽê, Žêñ Z6 × Z6 × Z6 ïæ-
éîŽãèæï âèâéâêðâĲæ. åñ Z6 áŽèáŽàâĲñèæŽ øãâñèâĲîæãæ ýâîýæå, â. æ. 0 <
1 < 2 < 3 < 4 < 5, éŽöæê Z6 × Z6 × Z6-äâ àŽêãïŽäôãîëå áŽèŽàâĲŽ öâéáâàæ
ûâïæå:

(a, b, c) < (x, y, z), åñ a < x,

Žê

åñ a = x, b < y,

Žê

åñ a = x, b = y, c < z.

Žé öâéåýãâãŽöæ Z3
6 = Z6 × Z6 × Z6-æï âèâéâêðâĲæ áŽèŽàâĲñèæ æóêâĲŽ öâéáâ-

àêŽæîŽá

(0, 0, 0), (0, 0, 1), . . . , (0, 0, 5)
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(0, 1, 0), (0, 1, 1), . . . , (0, 1, 5)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(0, 5, 0), . . . . . . . . . . . . , (0, 5, 5)

(1, 0, 0), . . . . . . . . . . . . , (1, 0, 5)

(5, 5, 0), (5, 5, 1), . . . , (5, 5, 5)

ŽéîæàŽá, ŽîïâĲëĲï 63 = 216 ïýãŽáŽïýãŽ ïŽéâñèæ. äâéëå éëõãŽêæèæ Z3
6

âèâéâêðâĲæï áŽèŽàâĲæïŽï (0,0,5) ñöñŽèëá (0,1,0)-æï ûæê Žîæï, (0,1,5) ñöñ-
Žèëá ûæê ñïûîâĲï (0,2,0)-ï áŽ Ž. ö. (0,5,5) ñöñŽèëá ûæê ñïûîâĲï (1,0,0)-ï.
éŽöŽïŽáŽéâ, ïŽïñîãâèæ æóêâĲëáŽ ïîñèáâĲëáâï

(0, 0, 5) + 1 = (0, 1, 0).

ŽéŽïåŽê, ŽóŽéáâ Žî æõë 1-æï ûŽîéëáàâêŽ Z3
6-öæ. éæñýâáŽãŽá æéæïŽ, îëé âï

áŽèŽàâĲŽ ĲñêâĲîæãæŽ, ñêáŽ ãæäîñêëå æéŽäâ, îëé Žî àŽéëãæõâêëå Žîùâîåæ
ùêâĲŽ, îëéèæï àŽêïŽäôãîâĲŽù Žî öâéëàãæðŽêæŽ. Žôûâîæï àŽïŽŽáãæèâĲèŽá
Z3

6 ûŽîéëãŽáàæêëå, îëàëîù A2×A1×A0 áŽ àŽêãæýæèëå (a2, a1, a0)-æï áŽ
(b2, b1, b0)-æï þŽéæ. çëéìëêâêðâĲŽá öâçîâĲŽ àãŽúèâãï (a2+b2, a1+b1, a0+b0),
ïŽáŽù öâçîâĲŽ ýáâĲŽ Z6.

àŽêãæýæèëå éŽàŽèæåæ

é Ž à Ž è æ å æ 2.1. àŽêãæýæèëå þŽéæ

(0, 1, 3) + (4, 2, 1) = (4, 3, 4),

îëéâèæù ñòîë åãŽèïŽøæêë æóêâĲŽ, åñ éŽï øŽãûâîå öâéáâàæ ïŽýæå

0, 1, 3
+

4, 2, 1
= 4, 3, 4

åñéùŽ
1, 2, 5

+
2, 2, 1

= 3, 5, 0

0, 0, 5
+

0, 0, 1 (= 1?)
= 0, 0, 0 (= 0?)

öâçîâĲæï ëìâîŽùææï öâáâàŽá A0 ïæéîŽãèâ àŽáŽáæï åŽãæï åŽãöæ. éŽà-
îŽé æéæïŽåãæï, îëé ïŽçéŽëá áæáæ îæùýãâĲæï þŽéï (æïâåï, îëàëîæù 5 +
1-æŽ) öââúèëï àŽéëãæáâï A0-æï ïŽäôãîâĲæáŽê, ïŽüæîëŽ ãŽûŽîéëëå îŽôŽù
éëóéâáâĲŽ A1-öæ áŽ, Žïâãâ, öâïŽúèâĲâèæŽ A2-öæ (âï êŽøãâêâĲæŽ 2.1 ùýîæèöæ).

ùýîæèæ 2.1.

+s 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

+c 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 1 1
3 0 0 0 1 1 1
4 0 0 1 1 1 1
5 0 1 1 1 1 1
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+s-æå ŽôêæöêñèæŽ öâçîâĲæï ëìâîŽùæŽ Z6-öæ (â. æ. êŽöåæ, îëéâèæù éææôâĲŽ
þŽéæï 6-äâ àŽõëòæïŽï), ýëèë +c ùýîæèöæ éëùâéñèæŽ àŽêŽõëòæ, îëéâèæù
éææîâĲŽ þŽéæï 6-äâ àŽõëòæïŽï). Žãæôëå êâĲæïéæâîæ a áŽ b îæùýãâĲæ Z6-áŽê.
éŽöæê éŽåæ þŽéæ (Z-öæ) æóêâĲŽ

a + b = 6 · (a +c b) + (a +s b).

é Ž à Ž è æ å æ 2.1. 4 + 4 = 6 · (4 +c 4) + (4 +s +4) = 6 · 1 + 2 = 8.
åñ 0 ≤ x ≤ n− 1 áŽ 0 ≤ x ≤ n− 1, Žéæðëé

0 ≤ x + y ≤ 2n− 2 < 2n− 1 (n = 6 Z6 − öæ).

åñ áŽãñĲîñêáâĲæå (a2, a1, a0)-æïŽ áŽ (b2, b1, b0)-æï öâçîâĲŽï áŽ ìŽïñýï
ŽôãêæöêŽãå (d2, d1, d0)-æå, éæãæôâĲå

d0 = a0 +s b0,

x0 = a0 +c b0,

d1 = a1 +s b1 +s x0,

x1 =

{
1, åñ a1 +c b1 = 1
(a1 +s b1) +c x0, åñ a1 +c b1 6= 1

d1 = (a2 +s b2) +s x1,

x2 =

{
1, åñ a2 +c b2 = 1
(a2 +s b2) +c x1, åñ a2 +c b2 6= 1

.

îŽáàŽê 0 ≤ ai + bi < 2n− 1 áŽ x0 = 0 Žê xi = 1, Žéæðëé àŽáŽïŽðŽêæ öâáâàæ
(ai + bi + xi−1)-áŽê 1-äâ éâðæ ŽîŽïëáâï æóêâĲŽ. æé öâéåýãâãŽï, îëùŽ x2 > 0,
éëàãæŽêâĲæå àŽêãæýæèŽãå.

öâãêæöêëå, îëé Z3
6-æï êñèëãŽêæ âèâéâêðæŽ (0,0,0), ýëèë âîåâñèëãŽêæ

âèâéâêðæ { (0,0,1).
ŽêŽèëàæñîŽá àŽêæïŽäôãîâĲŽ àŽéîŽãèâĲæï ëìâîŽùæŽ.

ùýîæèæ 2.2.

·p 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
4 0 4 2 0 4 2
5 0 5 4 3 2 1

·c 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 1 1 1
3 0 0 1 1 2 2
4 0 0 1 2 2 3
5 0 0 1 2 3 4

·p ùýîæèöæ éëùâéñèæŽ êŽöåæ, îëéâèæù éææôâĲŽ Z6-æï âèâéâêðâĲæï êŽéîŽã-
èæï 6-äâ àŽõëòæïŽï (â. æ. +p Žîæï Z6-öæ àŽêïŽäôãîñèæ êŽéîŽãèæï ëìâ-
îŽùæŽ), ýëèë +c ùýîæèöæ éëùâéñèæŽ àŽêŽõëòæ, îëéâèæù éææôâĲŽ Z6-æï
âèâéâêðâĲæï êŽéîŽãèæï 6-äâ àŽõëòæïŽï.

ŽóŽéáâ øãâê ãæýæèŽãáæå éýëèëá æé ïæéĲëèëâĲï, îëéèâĲïŽù Žóãï áŽáâ-
Ĳæåæ îæùýãâĲæï ïŽýâ. ùýŽáæŽ, 0, 1, 2, . . . ïæéĲëèëâĲï éëãâóùâå \ĲñêâĲîæãŽá"
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áŽ, éŽöŽïŽáŽéâ, éŽåæ æêðâîìîâðŽùæŽ öâæúèâĲŽ éëãŽýáæêëå, îëàëîù ŽîŽñŽî-
õëòæåæ îæùýãâĲæ. Z3

6-äâ àŽêïŽäôãîñèæ ŽîæåéâðæçŽ éëóéâáâĲï îæùýãâĲäâ
0 = (0, 0, 0)-áŽê 215 = (5, 5, 5)-éáâ, îëéèâĲæù éæôâĲñèæŽ (0-áŽê 5-éáâ) éæé-
áâãîëĲæáŽê Z6-öæ. åñ Z6-æï êŽùãèŽá ŽãæôâĲå {−3,−2,−1, 0, 1, 2} ïæéîŽã-
èâï, éæãæôâĲå ñŽîõëòæå îæùýãâĲï, âï ïæéîŽãèâ Žôãêæöêëå Z−6 -æå. àŽêãæýæ-
èëå Z−6 ×Z6×Z6 ïæéîŽãèâ. éŽöæê öâàãæúèæŽ ŽãŽàëå ŽîæåéâðæçŽ îæùýãâĲäâ
−108-áŽê 107-éáâ. ïæêŽéáãæèâöæ ŽîæåéâðæçŽ æàæãâŽ, îŽù Z3

6-öæ, éýëèëá A2

ïæéîŽãèæï 3, 4 áŽ 5 îæùýãâĲæ öâïŽĲŽéæïŽá æùãèâĲŽ −3, −2 áŽ −1-æå. Žéæ-
ðëé, éŽàŽèæåŽá, (−2, 4, 2) Z-öæ àŽéëæåãèâĲŽ, îëàëîù

(−2 · 36) + (4 · 6) + 2 = −46.

Z6-ïŽ áŽ Z−1
6 ïæïðâéâĲï öëîæï ĲæâóùæŽ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá

3 7−→ −3
4 7−→ −2
5 7−→ −1
x 7−→ x áŽêŽîøâê öâéåýãâãâĲöæ.

àŽéëåãèâĲæ, îëéèâĲæù öâæùŽãï öâçîâĲŽï áŽ àŽéëçèâĲŽï. ŽýŽè Žîæåéâ-
ðæçŽöæ ïŽçéŽëá éŽîðæãæŽ áŽ áŽéëçæáâĲñèæŽ ëî æàæãâëĲŽäâ:

(5, 5, 5) + (0, 0, 1) = (0, 0, 0)

áŽ

(a2, a1, a0) + (b2, b1, b0) = (5, 5, 5).

éŽå Žáàæèæ Žóãï éŽöæê áŽ éýëèëá éŽöæê, îëùŽ

a2 + b2 = 5, a1 + b1 = 5, a0 + b0 = 5.

ŽéîæàŽá, æéæïŽåãæï, îëé àŽéëãåãŽèëå (a2, a1, a0) îæùýãæï éëìæîáŽ-
ìæîâ îæùýãæ (b1, b1, b0), þâî ñêáŽ ãæìëãëå éëùâéñèæ îæùýãæï áŽéŽðâĲŽ
(5,5,5)-äâ öâéáâà éæãñéŽðëå 1 = (0, 0, 1).

é Ž à Ž è æ å æ 2.3. ãæìëãëå (3,4,1)-æï éëìæîáŽìæîâ îæùýãæ.

3, 4, 1
+

2, 1, 4
1

= 0, 0, 0

(5-éáâ áŽéŽðâĲŽ)
,

â. æ. (2,1,5) Žîæï (3,4,1)-æï éëìæîáŽìæîâ:

3, 4, 1
+

2, 1, 5
= 0, 0, 0

â. æ. −(3, 4, 1) = (2, 1, 5), Žïâãâ −(−3, 4, 1) = (2, 1, 5).
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é Ž à Ž è æ å æ 2.4. àŽéëãåãŽèëå (1, 3, 4)−(2, 1, 5). ãæìëãëå−(2, 1, 5).

2, 1, 5
+

3, 4, 0
1

= 3, 4, 1

,

â. æ. −(2, 1, 5) = (3, 4, 1).
öâéáâà éæãñéŽðëå (1,3,4)-ï:

1, 3, 4
+

3, 4, 1
= 5, 1, 5

.

Žïâãâ (5.1.5) = (−1, 1, 5) Z−6 -öæ.
öâãŽéëûéëå éæôâĲñèæ öâáâàæ Z-öæ. àãŽóãï: (1, 3, 4) = 1·62+3·6+4 = 58,

(2, 1, 5) = 2 · 62 + 1 · 6 + 5 = 83, (5, 1, 5) = (−1, 1, 5) = −62 + 6 + 5 = −25,
58− 83 = −25.

ïŽäëàŽáëá, åñ àŽéëåãèâĲæ ûŽîéëâĲï Nm-öæ (Zm), ñêáŽ àŽéëãæõâêëå
áŽéŽðâĲŽ (m− 1)-éáâ áŽ m-éáâ.

ö â ê æ ö ã ê Ž . Zn
m-æï îæùýãæï øŽûâîæïŽï, øãâñèâĲîæã, àŽéëæðëãâĲŽ

éúæéââĲæ áŽ õãâèŽ êñèæ, îëéâèæù áàŽï ìæîãâèæ ŽîŽêñèëãŽêæ ùæòîæï éŽîùý-
êæã. éŽöŽïŽáŽéâ, (1,3,4) øŽæûâîâĲŽ, îëàëîù 134; (0,0,6) îëàëîù 6, (0,0,0)
îëàëîù 0.

ï Ž ã Ž î þ æ ö ë 8.1. Z−m × Zn−1
m Žôãêæöêëå, îëàëîù Zn−

m , ïŽáŽù

Z−m =
{
− m

2
,−m

2
+ 1, . . . , 0, 1, . . . ,

m

2
− 1

}
, åñ m èñûæŽ

áŽ

Z =
{
− m− 1

2
, . . . , 0, 1, . . . ,

m− 1
2

}
, åñ m çâêðæŽ.

àŽéëåãŽèâå: Ž) 10− 7; Ĳ) (−8) + (−21) öâéáâà ïæïðâéâĲöæ

Z4−
7 ,Z3−

10 ,Z5−
5 , . . . ,Z2−

12 .

(ö â ê æ ö ã ê Ž . îæùýãâĲæ éŽàŽèæåöæ éëùâéñèæŽ Z-äâ. Žéæðëé åŽãæáŽê
ñêáŽ àŽáŽãæõãŽêëå öâïŽĲŽéæï ïæïðâéŽöæ, ýëèë öâéáâà àŽéëãåãŽèëå).

§ 3. ëîëĲæåæ ŽîæåéâðæçŽ

Zn
m áŽ Zn−

m ïæéîŽãèââĲäâ ñçãâ ŽàâĲñèæ ŽîæåéâðæçæáŽê ŽáãæèŽá öâà-
ãæúèæŽ àŽéëãõëå ëîëĲæåæ Žîæåéâðæçæï ïŽòñúãèâĲæ. ŽîïâĲëĲï ëîæ, â. û.
ëîëĲæåæ ŽîæåéâðæçŽ. ìæîãâèæ âïŽŽ êæöêæŽêæ áŽ éëáñèæŽêæ òëîéŽ, îë-
éâèæù àŽêïŽäôãîñèæŽ {−,+} ×′ bZn

2 -äâ. â. æ. Zn
2 -äâ áŽéŽðâĲñèæ êæöêæå,

êæöêæï çëáæîâĲŽ, øãâñèâĲîæã, ýáâĲŽ ĲæêŽîñèæ òëîéæå: 0 \+"-åãæï áŽ 1
\−"-åãæï. éâëîâ ŽîæåéâðæçŽ (áŽéŽðâĲæï ëîëĲæåæ ŽîæåéâðæçŽ) Žîæï Zn−

2 ,
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{0, 1} âèâéâêðâĲæå õãâèŽ ìëäæùæŽöæ. ëîëĲæåæ Žîæåéâðæçæï âï ïŽýâ àŽéëæõâ-
êâĲŽ çëéìæñðâîâĲæï ñéîŽãèâïëĲŽöæ. Žéæðëé øãâê àŽêãæýæèŽãå éýëèëá Zn−

2 -
ï. éïþâèëĲŽ ñòîë çëêçîâðñèæ îëé àŽãýŽáëå, àŽêãæýæèëå Z5−

2 ïæéîŽãèâ,
æàæ öâæùŽãï 25 = 32 âèâéâêðï, îëéèâĲæù éëåŽãïâĲñèæŽ −16-áŽ áŽ +15-ï
öëîæï (−16 Žé ïæïðâéŽöæ ûŽîéëáàâĲŽ, îëëàîù (10000) = −24 + 0 · 23 + 0 ·
22+0·21+0·20, ýëèë 15, îëàëîù (01111) = 0·24+1·23+1·22+1·21+1·20).
îæùýãæ −1 ûŽîéëáàâĲŽ, îëàëîù 11111 : −24+1·23+1·22+1·21+1·20, îæ-
ùýãæ 1 ûŽîéëáàâĲŽ, îëàëîù ãæùæå, 00001 : 0·24+0·23+0·22+0·21+1·20.
ëîëĲæå ùæòîï Ĳæðæ âûëáâĲŽ. æéæïŽåãæï, îëé ãæìëãëå îŽæéâ îæùýãåŽ éë-
ìæîáŽìæîâ îæùýãæ Z5

2-öæ (Žêñ áŽéŽðâĲŽ 2-éáâ), þâî ñêáŽ ãæìëãëå áŽéŽðâĲŽ
11111-éáâ. öâéáâà 1-æï éæéŽðâĲæå éæãæôâĲå áŽéŽðâĲŽï 2-éáâ.

é Ž à Ž è æ å æ 3.1. ãæìëãëå { (01011)

0 1 0 1 1
1 0 1 0 0

+
1

= 1 0 1 0 1

{ (áŽéŽðâĲŽ 11111-éáâ)
,

(01001) aris 23 + 21 + 20 = 11, xolo 10101 = −24 + 22 + 20 = −11

-(1 0 1 1 0)
0 1 0 0 1

+
1

= 0 1 0 1 0

(10110 Žîæï −24 + 22 + 21 = −10, ýëèë 01010 { 23 + 21 = 10).

ùýŽáæŽ, îæùýãåŽ öâéëïŽäôãîñèëĲŽé öâæúèâĲŽ àŽéëæûãæëï ìîëĲèâéâ-
Ĳæ, îëéâèåŽ ŽùæèâĲŽï ãâî öâãúèâĲå, éŽàîŽé ñêáŽ ãæùëáâå, îëáæï Žîæï
öâïŽúèâĲâèæ \öâùáëéŽ". áŽéŽðâĲæï òëîéŽ àŽáŽãïâĲæï ìæîëĲæï öâéëûéâĲŽï
àŽîçãâñèŽá ŽŽáãæèâĲï, éýëèëá ñòîëïæ êæöêŽáæ Ĳæðæï àŽéëõâêâĲæï àŽéë
Z5−

2 -öæ Žî îŽæëï Ĳæðæ 24 êëéîæå). âï Ĳæðæ ŽôêæöêŽãï ûŽîéëáàâêæèæ îæ-
ùýãæï êæöŽêï áŽ âûëáâĲŽ êæöŽêæï Ĳæðæ Žê êæöêæï åŽêîæàæ. ãæáîâ öâãŽéëû-
éâĲáâå, åñ îëàëîæ éêæöãêâèëĲŽ Žóãï êæöêæï Ĳæðï, àŽãæýïâêëå, îëé Zn

m-öæ
éŽóïæéŽèñî áŽáâĲæå îæùýãäâ 1-æï éæéŽðâĲŽ àãŽúèâãï éŽóïæéŽèñî ñŽîõëòæå
îæùýãï (ñáæáâïæ ñŽîõëòæåæ îæùýãæ Žîæï êñèæïŽàŽê õãâèŽäâ áŽöëîâĲñèæ

îæùýãæ). ïýãŽ ïæðõãâĲæå îëé ãåóãŽå, îæùýãâĲæ éâëîâáâĲŽ ùæçèñîŽá. Z5−
2 -

öæ àãŽóãï 3.1 ïñîŽåäâ àŽéëïŽýñèæ ïæðñŽùæŽ.

êŽý. 3.1
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îŽ éëýáâĲŽ, åñ öâãçîâĲå ëî x áŽ y îæùýãï, ïŽáŽù −a ≤ x < a áŽ
−a ≤ y < a (Z5−

2 -öæ a = 16). x + y þŽéæ æóêâĲŽ öâéëïŽäôãîñèæ:

−2a ≤ x + y ≤ 2a− 2 < 2a− 1.

àŽêãæýæèëå ïŽéæ öâïŽúèë öâéåýãâãŽ:

(I) åñ −a ≤ x < 0 áŽ −a ≤ y < 0, éŽöæê −2a;

(II) åñ 0 ≤ x < a áŽ 0 ≤ y < a (Žêñ 0 ≤ x ≤ a − 1, 0 ≤ y ≤ a − 1),
éŽöæê 0 ≤ x + y ≤ 2a− 2 < 2a− 1;

(III) åñ −a ≤ x < 0 áŽ 0 ≤ y < a, éŽöæê −a ≤ x + y < a.

öâãêæöêëå, îëé (III) öâéåýãâãŽöæ öâáâàæ Žîæï éëåýëãêæè ïŽäôãîâĲ-
öæ áŽ, éŽöŽïŽáŽéâ, õëãâèåãæï \ïûëîæŽ". àŽãæýïâêëå, îëé åñ z ∈ Z áŽ
−2a ≤ z < −a, éŽöæê z îæùýãæ ïŽïîñè ŽîæåéâðæçŽöæ ûŽîéëáàâĲŽ, îëàëîù
z′ = z + 2a, 0 ≤ z′ < a. ŽêŽèëàæñîŽá, åñ a ≤ z < 2a − 1, éŽöæê z
ûŽîéëæáàæêâĲŽ, îëàëîù z′′ = z − 2a áŽ −a ≤ z′′ < 0 (â. æ., öâïŽĲŽéæïŽá,
2a-ï áŽéŽðâĲæáŽê àŽéëçèâĲæå îæùýãæ éëåŽãïáâĲŽ éëåýëãêæè ïŽäôãîâĲöæ).
ŽéîæàŽá, ìŽïñýæ \ŽîŽïûëîæ" æóêâĲŽ åñ æï (I) öâéåýãâãŽöæ áŽáâĲæåæŽ Žê (II)
öâéåýãâãŽöæ ñŽîõëòæåæ.

âï áŽïçãêâĲæ îëé àŽêãéŽîðëå êæöêæï åŽêîæàæï åãæïâĲâĲæï ðâîéæêâĲöæ,
àŽêãæýæèëå ëîæ îæùýãæï ïýãŽáŽïýãŽ öâïŽúèâĲèëĲŽ:

Ž) ëîæãâ îæùýãæ ñŽîõëòæåæŽ;

Ĳ) ëîæãâ îæùýãæ áŽáâĲæåæŽ;

à) îæùýãâĲï Žóãï ïýãŽáŽïýãŽ êæöŽêæ.

é Ž à Ž è æ å æ 3.2.

1.

1 0 1 0 1
+

1 1 0 1 0
1 0 1 1 1 1

−11+(−6) = −17 Z{öæ, −17 < −16, Žéæðëé −17+

2 · 16 = 15 = 01111 Z5−
2 -öæ;

2.

1 1 1 0 0
+

1 0 1 1 1
1 0 0 0 1 1 −4 + (−19) = −13 Žêñ 10011 Z5−

2 -öæ;

3.

1 1 1 0 1
+

0 0 1 1 0
1 0 0 0 1 1

−3 + 6 = 3 < 16 Žêñ 00011 Z5−
2 -öæ;

4.
0 0 1 0 1

+
0 0 1 1 1
0 1 1 0 0

5 + 7 = 12 < 16, 01100 Z5−
2 -öæ.
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5.

0 1 1 0 0
+

0 1 0 1 0
1 0 1 1 0 12 + 10 = 22 > 16, æéæïŽåãæï, îëé éëåýëãêæè

ïŽäôãîâĲäâ éëåŽãïáâï ïŽüæîëŽ àŽéëãŽçèëå 2 · 16, 22 − 2 · 16 = −10, Žêñ
10110 Z5−

2 -öæ.

Žé öâéåýãâãâĲæï àŽŽêŽèæäâĲæå ãýâáŽãå, îëé \àŽáŽãïâĲŽ" (àŽáŽãïâĲæï öâ-
ùáëéŽ) àãýãáâĲŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ ýáâĲŽ àŽáŽðŽêŽ åŽêîæàöæ Žê
àŽáŽðŽêŽ êæöêæŽêæ åŽêîæàæáŽê, éŽàîŽé ŽîŽ ëîæãâ âîåŽá.

ŽýèŽ áŽãñĲîñêáâå àŽéîŽãèâĲŽï áŽ àŽõëòŽï. àŽêãæýæèëå àŽéîŽãèâĲŽ.
àŽãæýïâêëå, îëé Z-öæ (ŽåëĲæå ïæïðâéŽï) îæùýãæï 10-äâ àŽéîŽãèâĲŽ ýáâĲŽ
õãâèŽ ùæòîæï âîåæ ìëäæùææå éŽîùýêæã \àŽáŽûâãæå" áŽ êñèëãŽê ìëäæùæŽöæ
0 ùæòîæï øŽûâîæå. äëàŽáŽá, Zn

m-öæ m-äâ àŽéîŽãèâĲŽ öâæúèâĲŽ éëãŽýáæêëå
éŽîùýêæã àŽáŽûâãæå.

ŽéîæàŽá, Zn
2 -öæ 2-æï áŽáâĲæå ýŽîæïýäâ àŽéîŽãèâĲŽ ýáâĲŽ åæåëâñèæ

ùæòîæï éŽîùýêæã àŽáŽûâãæå ìëäæùæŽåŽ öâïŽĲŽéæï îæùýãäâ.

é Ž à Ž è æ å æ 3.3. àŽéëåãèâĲï ãŽðŽîâĲå Z5−
2 -öæ.

1. 00011 · 2 = 00110, 00110 · 2 = 01100, Žêñ Z-öæ 3 · 22 = 12;

2. 11110 ·2 = 11100, 11100 ·2 = 1100 Žêñ Z-öæ −1 ·2 = −4, −4 ·2 = −8;

3. 00101 · 2 = 01010, 01010 · 2 = 10100, 10100 · 2 = 01000 Žêñ Z-öæ
5 · 2 = 10, 10 · 2 = 20, 20 · 2 = 40, 40− 2 · 16 = 8.

êâĲæïéæâî éåâè îæùýãäâ àŽéîŽãèâĲæïŽï àŽéëãæõâêëå öâçîâĲæï ëìâîŽùæ-
æï éæéŽîå àŽéîŽãèâĲæï ëìâîŽùææï áæïðîæĲñùæñèëĲæï åãæïâĲŽ áŽ éŽéîŽãèæ
ûŽîéëãŽáàæêëå, îëàëîù 2-æï ýŽîæïýæï þŽéæ.

é Ž à Ž è æ å æ 3.4.

1. àŽéëãåãŽèëå 3 · 5, 5 ûŽîéëãŽáàæêëå, îëàëîù 22 + 20, éŽöæê 3 · 5 =
3 ·22 +3 ·20, îŽáàŽê 2-æï ýŽîæïýâĲäâ àŽéîŽãèâĲŽ ñçãâ ãæùæå îëàëîù ýáâĲŽ:

0 0 0 1 1 { 3 · 20

+
0 1 1 0 0 { 3 · 22

0 1 1 1 1 { 15

2. àŽéëãåãŽèëå (−5) · 3, Žéæðëé ûŽîéëãŽáàæêëå: 3 = 21 + 20,

1 1 0 1 1 { (−5)
+

1 0 1 1 0 { (−5 · 2)
1 1 0 0 0 1 Žêñ 10001 { (-15).

äñïðŽá Žïâãâ, îëàëîù àŽéîŽãèâĲŽï ãŽýáâêáæå \éŽîþãêæã àŽáŽûâãæå",
2-æï áŽáâĲæå ýŽîæïýäâ àŽõëòŽ ýáâĲŽ \éŽîþãêæã àŽáŽûâãæå".

é Ž à Ž è æ å æ 3.5. Z5
2-öæ àŽéëãåãŽèëå
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1.
12
4

= 3, àãŽóãï:

0 1 1 0 0 (12)

0 0 0 1 1 0 0
(
3 =

12
4

)
{ ëîæ ìëäæùææå éŽîþãêæã àŽáŽæûæŽ;

2.
(−6)

2
,

1 1 0 1 0 (-6)

0 1 1 0 1 0 13
(
13 6= (−6)

2

) ;

3.
7
4

,
0 0 1 1 1 (7)

0 0 0 0 1 1 1
(
1 ≈ 7

4

) .

âîå ìëäæùæŽäâ éŽîþãêæã àŽáŽûâãŽ ŽãðëéŽðñîŽá æûãâãï êâĲæïéæâîæ ñŽî-
õëòæåæ îæùýãæï áŽáâĲæåŽá àŽáŽûâãŽï Z5−

2 -öæ. éŽîþãêæã àŽáŽûâãŽ −16-ï
àŽáŽæõãŽêï +8-öæ. âï îëé àŽéëãŽïûëîëå ïŽüæîëŽ, öâáâàï àŽéëãŽçèëå 16,
îŽù éëàãùâéï −8-ï (â. æ. − 16

2 ). æàæãâ öâæúèâĲŽ éæãæôëå, åñ êæöêæö åŽêîæ-

àŽá 0-æï êŽùãèŽá 1-ï áŽãûâîå. ŽéîæàŽá, (−6)
2 éæãõŽãŽîå 11101 = −3-éáâ.

éëýáâĲŽ ñçŽêŽïçêâèæ áŽçŽîàñèæ Ĳæðæï îæùýãäâ éæéŽðâĲæå. âï öââïŽĲŽéâĲŽ
áŽéîàãŽèâĲæï øãâñèâĲîæã Žîæåéâðæçñè ûâïï, îŽáàŽê êŽöåæï (Žêñ áŽàŽî-
àñèæ ùæòîâĲæï) ìæîãâè Ĳæðöæ 1 ûŽîéëŽáàâêï 0,5-ï. ŽéàãŽîæ áŽéîàãŽèâĲæå
éæãæôâĲå 7

4 ≈ 2 (îŽù ñòîë Žýèëï Žîæï îæùýãæï äñïð éêæöãêâèëĲŽïåŽê).

ï Ž ã Ž î þ æ ö ë 3.1.

1. Zn−
2 -æï îëéâèæéâ éëìæîáŽìæîâ îæùýãæï (2-éáâ áŽéŽðâĲæï) éëúâĲêæï

ïûîŽòæ ýâîýæ éáàëéŽîâëĲï öâéáâàöæ: éŽîþãâêŽ ĲëèëáŽê áŽûõâĲñèæ õãâ-
èŽ êñèæáŽ ìæîãâèæ öâéýãâáîæ âîåæŽêæ àŽáŽàãŽóãï ñùãèâèŽá, ýëèë õãâèŽ
áŽêŽîøâêæ Ĳæðæ æùãèâĲŽ. Žøãâêâå, îëé ñé îŽãèâï öâéåýãâãŽöæ âï ýâîýæ àŽéë-
ïŽõâêâĲâèæŽ áŽ àŽêæýæèâå öâéåýãâãŽ, îëùŽ âï Žî éëóéâáâĲï.

2. ãåóãŽå, Z5−
2 -öæ ûŽîéëâĲï öâéáâàæ àŽéëåãèâĲæ. æçîæĲâĲŽ ëîæ x áŽ

y îæùýãæ (éŽåæ þŽéæ Žôãêæöêëå z-æå). åñ z-ï àŽéëãŽçèâĲå y-ï, éæãæôâĲå
îŽôŽù c öâáâàï, ýëèë, åñ z-ï àŽéëãŽçèâĲå c-ï, éŽöæê éæãæôâĲå îŽôŽù d îæ-
ùýãï. îŽ öâæèâĲŽ æåóãŽï c áŽ d îæùýãâĲäâ? îëàëîù àŽêïýãŽãáâĲŽ öâáâàâĲæ,
åñ àŽéëåãèâĲæ ûŽîéëâĲï Zn−

2 -öæ?

§ 4. èëàæçñîæ ŽîæåéâðæçŽ

Ĳñèæï ŽîæåéâðæçŽ éëóéâáâĲï Z2 áŽ Zn
2 ïæéîŽãèââĲäâ áŽ, éŽöŽïŽáŽéâ, öâ-

æùŽãï éýëèëá 0 áŽ 1 îæùýãâĲï. æéæïŽåãæï, îëé ñçâå àŽãâîçãæëå, áŽãæûõëå
èëàæçñîæ Žîæåéâðæçæï \öâáŽîâĲæå áæá" Z5 ïæéîŽãèâäâ àŽêýæèãæå.

Žãæôëå Z5 = {01, 2, 3, 4, 5} ïæéîŽãèâ áŽ ∨ áŽ ∧ ëìâîŽùæâĲæ, îëéèâĲæù
àŽêïŽäôãîñèæŽ 4.1 ùýîæèöæ.

åñ Z5-ï áŽãŽèŽàâĲå ĲñêâĲîæãæ áŽèŽàâĲæå, áŽãæêŽýŽãå, îëé

a ∨ b = max{a, b},
a ∧ b = min{a, b}.
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ùýîæèæ 4.1.

∨ 0 1 2 3 4
0 0 1 2 3 4
1 1 1 2 3 4
2 2 2 2 3 4
3 2 3 3 3 4
4 4 4 4 4 4

∧ 0 1 2 3 4
0 0 0 0 0 0
1 0 1 1 1 1
2 0 1 2 2 2
3 0 1 2 3 3
4 0 1 2 3 4

.

ëîæãâ ëìâîŽùæŽ çëéñðŽùæñîæŽ áŽ ŽïëùæŽùæñîæŽ. ∨-åãæï êâæðîŽèñîæ
âèâéâêðæŽ 0 (0 ∨ x = x), ýëèë ∧-åãæï { 4-æŽêæ (4 ∧ x = x). ŽêŽèëàæñîŽá
öâàãæúèæŽ àŽêãæýæèëå ñòîë äëàŽáæ Zm ïæéîŽãèâ; ĲñêâĲîæãŽá áŽèŽàâ-
Ĳñèæ áŽ éŽïäâ àŽêãïŽäôãîëå Žôêæöêñèæ ∨ áŽ ∧ ëìâîŽùæâĲæ. ãŽøãâêëå, îëé
∧ ëìâîŽùæŽ áæïðîæĲñùæñèæŽ ∨-æï éæéŽîå áŽ, Žïâãâ, ∨ ëìâîŽùæŽ áæïðîæ-
ĲñùæñèæŽ ∧-æï éæéŽîå. Žãæôëå Zm ïæéîŽãèæï êâĲæïéæâîæ ïŽéæ a, b áŽ c
âèâéâêðæ áŽ àŽêãæýæèëå âóãïæ öâïŽúèë öâéåýãâãŽ:

(I) a ≤ b ≤ c;

(II) a ≤ c ≤ b;

(III) b ≤ a ≤ c;

(IV) b ≤ c ≤ a;

(V) c ≤ a ≤ b;

(VI) c ≤ b ≤ a.

öâãêæöêëå, îëé ≤ áŽèŽàâĲŽ öâæúèâĲŽ àŽêãïŽäôãîëå öâéáâàêŽæîŽáŽù:
a ≤ b éŽöæê áŽ éýëèëá éŽöæê, îëùŽ v ∨ b = b. öâãŽéëûéëå åæåëâñèæ

öâéåýãâãæïåãæï, ïîñèáâĲŽ åñ ŽîŽ áæïðîæĲñùæñèëĲæï ìæîëĲŽ:

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c).

(I) a ∧ (b ∨ c) = a ∧ c = a, (a ∧ b) ∨ (a ∧ c) = a ∨ a = a;

(II) a ∧ (b ∨ c) = a ∧ = a, (a ∧ b) ∨ (a ∧ c) = a ∨ a = a;

(III) a ∧ (b ∨ c) = a ∧ c = a, (a ∧ b) ∨ (a ∨ c) = b ∨ a = a;

(IV) a ∧ (b ∨ c) = a ∧ c = c, (a ∧ b) ∨ (a ∧ c) = b ∨ c = c;

(V) a ∧ (b ∨ c) = a ∧ b = a, (a ∧ b) ∨ (a ∧ c) = a ∨ c = a;

(VI) a ∧ (b ∨ c) = a ∧ b = b, (a ∧ b) ∨ (a ∧ c) = b ∨ c = b.

ŽéîæàŽá, áæïðîæĲñùæñèëĲæï ìæîëĲæï àŽéëéïŽýãâèæ ðëèëĲæï éŽîþãâ-
êŽ áŽ éŽîùýâêŽ êŽûæèæ âîåéŽêâåï âéåýãâãŽ. Žéæå êŽøãâêâĲæŽ, îëé ∧ ëìâîŽùæŽ
áæïðîæĲñùæñèæŽ ∨-æï éæéŽîå.

ŽêŽèëàæñîŽá öâàãæúèæŽ ãŽøãâêëå, îëé ∨ ëìâîŽùæŽ áæïðîæĲñùæñèæŽ
∧-æï éæéŽîå:

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c).
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áŽãñĲîñêáâå 4.1 ùýîæèï, îëéâèæù àŽêïŽäôãîŽãï ∨ áŽ ∧ ëìâîŽùæâĲï.
ùýîæèöæ âîåêŽæîæ éêæöãêâèëĲâĲæï éóëêâ âèâéâêðâĲæ êâæðîŽèñîæ âèâéâêðâ-
Ĳæï éæéŽîå àŽêèŽàâĲñèæŽ æïâ, îëàëîù 4.1 êŽýŽääâŽ êŽøãâêâĲæ.

êŽý. 4.1

Žé ïñîŽåäâ çŽîàŽá øŽêï, îëé âï ëìâîŽùæâĲæ âîåéŽêâåæï ïæéâðîæñèæŽ,
îŽù ïŽöñŽèâĲŽï àãŽúèâãï îŽæéâ ðëèëĲŽöæ âîåæ ëìâîŽùæŽ öâãùãŽèëå éâ-
ëîâåæ. âï Žîæï ëîŽáëĲæï ìîæêùæìæ.

àŽêãæýæèëå Z2 ïæéîŽãèâäâ àŽêïŽäôãîñèæ ∧ áŽ ∨ ëìâîŽùæâĲæ:

∨ 0 1
0 0 1
1 1 1

,
∧ 0 1
0 0 0
1 0 1

.

Z2-öæ, øãâñèâĲîæã, ∨ ëìâîŽùææï æêðâîìîâðæîâĲŽ ýáâĲŽ, îëàëîù \Žê", ýë-
èë ∧ ëìâîŽùææï, îëàëîù \áŽ". 0 Žîæï êâæðîŽèñîæ âèâéâêðæ \Žê"-æï éæ-
éŽîå, ýëèë 1 { \áŽ"-ï éæéŽîå. âï öâáâàâĲæ öâæúèâĲŽ àŽêãŽãîùëå ñòîë
éŽôŽè àŽêäëéæèâĲâĲäâ. éŽàŽèæåŽá, Zn

2 -äâ.

é Ž à Ž è æ å æ 4.1.

0 1 1 1 0 1 0 0 1∧
1 1 0 1 0 0 1 0 1
0 1 0 1 0 0 0 0 1

,

0 1 1 1 0 1 0 0 1∨
1 1 0 1 0 0 1 0 1
1 1 1 1 0 1 1 0 1

.

ï Ž ã Ž î þ æ ö ë 4.2. Zn ïæéîŽãèâäâ ∧ áŽ ∨ ëìâîŽùæâĲæ àŽêãïŽäôã-
îëå, îëàëîù éæêæéñéæ áŽ éŽóïæéñéæ:

a ∨ b = max{a, b} áŽ a ∧ b = min{a, b}.
Žøãâêâå, îëé ïîñèáâĲŽ áæïðîæĲñùæñèëĲæï ìæîëĲŽ:

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c).



àîŽòåŽ åâëîæŽ (ïŽûõæïæ ùêâĲâĲæ)

§ 1. ïŽûõæïæ ùêâĲâĲæ

ãåóãŽå, V ïŽïîñè æïæéîŽãèâŽ. öâéëãæôëå ŽôêæöãêâĲæ:

IV =
{
(v, v) : v ∈ V

}
, V 2

− = V 2 \ IV =
{
(v1, v) : v1 6= v2

}
.

V 2
− ïæéîŽãèâäâ àŽêãïŽäôãîëå éæéŽîåâĲŽ öâéáâàêŽæîŽá:

(v1, v2) ∼ (w1, w2), åñ (v1, v2) = (w1, w2) Žê (v1, v2) ∼ (w2, w1).

∼ éæéŽîåâĲæï éêæöãêâèëãŽêæ åãæïâĲŽ øŽéëõŽèæĲâĲñèæŽ öâéáâà ûæêŽáŽáâ-
ĲŽöæ:

û æ ê Ž á Ž á â Ĳ Ž . ∼ éæéŽîåâĲŽ âçãæãŽèâêðëĲæï éæéŽîåâĲŽŽ V 2
−

ïæéîŽãèâäâ.

á Ž é ð ç æ ù â Ĳ Ž . ∼ éæéŽîåâĲŽ Žîæï:

Ž) îâòèâóïñîæ: êâĲæïéæâîæ (v1, v2)∈V 2
− ûõãæèæïåãæï (v1, v2)∼(v1, v2);

Ĳ) ïæéâðîæñèæ: åñ (v1, v2) ∼ (w1, w2), éŽöæê (w1, w2) ∼ (v1, v2).

à) ðîŽêäæðñèæ: åñ (v1, v2) ∼ (w1, w2) áŽ (w1, w2) ∼ (u1, u2), éŽöæê
(v1, v2) ∼ (u1, u2).

ŽéàãŽîŽá, àŽêïŽäôãîñèæ âçãæãŽèâêðëĲæï çèŽïâĲæï ïæéîŽãèâ Žôãêæöêëå
V 2
−/ ∼ ïæéĲëèëåæ. âçãæãŽèâêðëĲæï åæåëâñèæçèŽïæ öâæùŽãï äñïðŽá ëî

âèâéâêðï, îŽáàŽê, åñ (v1, v2) ∈ V 2
−, éŽöæê [(v1, v2)] Žîæï âçãæãŽèâêðëĲæï

çèŽïæ, îëéâèæù öâæùŽãï (v1, v2) âèâéâêðï, éŽöæê

[(v1, v2)] =
[
(v1, v2), (v2, v1)

]
.

ŽýŽè öâéëãæðŽêëå àîŽòæï ùêâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . àîŽòæ âûëáâĲŽ G = (V, E) ûõãæèï, ïŽáŽù V
ûãâîëåŽ ŽîŽùŽîæâèæ ïŽïîñèæ ïæéîŽãèâŽ, ýëèë E Žîæï V 2

−/ ∼ ïæéîŽãèæï
óãâïæéîŽãèâŽ.

ïýãŽ ïæðõãâĲæå öâæúèâĲŽ ãåóãŽå, îëé E ïýãŽáŽïýãŽ ûãâîëåŽ ŽîŽáŽèŽ-
àâĲñè ûõãæèåŽ ïæéîŽãèâŽ.

E ïæéîŽãèâï âûëáâĲŽ àîŽòæï ûæĲëåŽ ïæéîŽãèâ, |V | ŽôêæöêŽãï G àîŽòæï
ûãâîëåŽ îŽëáâêëĲŽï, ýëèë |E| { ûæĲëåŽ îŽëáâêëĲŽï.

öâéáâàæ ûæêŽáŽáâĲŽ ïŽïîñè ïæéîŽãèâäâ àŽêïŽäôãîñè éæéŽîåâĲâĲïŽ áŽ
àîŽòâĲï öëîæï çŽãöæîï àŽéëýŽðŽãï.

65



66

û æ ê Ž á Ž á â Ĳ Ž .

Ž) G = (V, E) àîŽòæ V ïæéîŽãèâäâ àŽêïŽäôãîŽãï ŽîŽîâòèâóïñî ïæéâ-
ðîæñè éæéŽîåâĲŽï;

Ĳ) V ïŽïîñè ïæéîŽãèâäâ éëùâéñèæ ŽîŽîâòèâóïñîæ ïæéâðîæñèæ éæéŽî-
åâĲŽ àŽêïŽäôãîŽãï àîŽòï.

á Ž é ð ç æ ù â Ĳ Ž . Ž) ãåóãŽå, G = (V, E) àîŽòæŽ. V ïæéîŽãèâäâ
àŽêãïŽäôãîëå R(E) éæéŽîåâĲŽ öâéáâàêŽæîŽá: v1R(E)v2 éŽöæê áŽ éýëèëá
éŽöæê, îëùŽ [v1, v2] ∈ E. R(E) éæéŽîåâĲŽ ŽîŽîâòèâóïñîæŽ, îŽáàŽê vR(E)v
éŽöæê áŽ éýëèëá éŽöæê, îëùŽ [(v, v)] ∈ E, éŽàîŽé [(v, v)] 6∈ E, îŽéáâêŽáŽù
(v, v) 6∈ V 2

−. R(E) éæéŽîåâĲŽ ïæéâðîæñèæŽ, îŽáàŽê v1R(E)v2 éŽöæê áŽ éýë-
èëá éŽöæê, îëùŽ [(v1, v2)] ∈ E, éŽàîŽé

[(v1, v2)] =
{
(v1, v2), (v2, v1)

}
= [(v2, v1)].

éŽöŽïŽáŽéâ, v1R(E)v2 éŽöæê áŽ éýëèëá éŽöæê, îëùŽ v2R(E)v1.
Ĳ) ãåóãŽå, R Žîæï V ïæéîŽãèâäâ àŽêïŽäôãîñèæ ŽîŽîâòèâóïñîæ, ïæéâ-

ðîæñèæ éæéŽîåâĲŽ.
R-æï ŽîŽîâòèâóïñîëĲŽ êæöêŽãï, îëé (v, v) 6∈ R êâĲæïéæâîæ v ∈ V âèâ-

éâêðæïåãæï. Žéæðëé R ⊂ V 2
−. ïæéâðîæñèëĲŽ êæöêŽãï, îëé v1Rv2 éŽöæê áŽ

éýëèëá éŽöæê, îëùŽ v2Rv1.
åñ E ïæéîŽãèâï àŽêãïŽäôãîŽãå, îëàëîù R/ ∼ âçãæãŽèâêðëĲæï çèŽïâ-

Ĳæï ïæéîŽãèâï, éŽöæê G(V, E) æóêâĲŽ ïŽúæâĲâèæ àîŽòæ.

àîŽòâĲæ öâæúèâĲŽ ûŽîéëãŽáàæêëå Ĳñèæï âèâéâêðâĲæŽêæ (B = {0, 1})
éŽðîæùâĲæï ïŽöñŽèâĲæå. àîŽòâĲæï åãæïâĲâĲæáŽê Ĳâãîæ öâæúèâĲŽ àŽêãïŽä-
ôãîëå éŽåæ éŽðîæùñèæ ûŽîéëáàâêâĲæå.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . G(V, E) àîŽòæï A ∈ M(n,B) éëéæþêŽãâ
éŽðîæùæ, ïŽáŽù n = |V |, àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá:

aij =

{
1, åñ [v1, v2] ∈ E,

0, åñ [v1, v2] 6∈ E.

ŽéĲëĲâê, îëé vi áŽ vj ûãâîëâĲæ Žîæï éëéæþêŽãâ, åñ aij = 1. ùýŽáæŽ, îëé
aii = 0 (i = 1, 2, . . . , n) áŽ A = AT , A ïæéâðîæñèæŽ.

G(V, E) àîŽòæ öâæúèâĲŽ àŽéëãïŽýëå R2 ïæĲîðõâäâ öâéáâàêŽæîŽá: åæ-
åëâñèæ v ∈ V ûãâîëïåãæï ïæĲîðõâäâ Žôãêæöêëå ûâîðæèæ. ŽéŽïåŽê, åñ
[(v, w)] ∈ E, éŽöæê v áŽ w ûãâîëâĲæ ýŽäæå öâãŽâîåëå.

àŽêãæýæèëå éëùâéñèæ àîŽòæï àŽéëïŽýñèâĲŽ áŽ éëéæþêŽãâëĲæï éŽðîæùŽ
(êŽý. 1.1)

A =







0 1 1
1 0 1
1 1 0


⊕


 .
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êŽý. 1.1

é Ž à Ž è æ å æ 1.1.

1) ãåóãŽå,

V = {v1, v2, v3}, E =
{
[v1, v2], [v1, v3], [v2, v3]

}
,

|V | = 3, |E| = 3
[⊕]

.

2) V = {v1, v2, v3, v4, v5},
E =

{
[v1, v2], [v1, v5], [v2, v3], [v2, v4], [v3, v5], [v3, v4], [v4, v5]

}
,

|V | = 5, |E| = 7.

àŽêãæýæèëå éëùâéñèæ àîŽòæï éëéæþêŽãâëĲæï éŽðîæùŽ áŽ àŽéëïŽýñèâĲŽ

A =




0 1 0 0 1
1 0 1 1 0
0 1 0 1 1
0 1 1 0 1
1 0 1 1 0




.

êŽý. 1.2

öâãêæöêëå, îëé àîŽòâĲæ ûŽîéëŽáàâêï ñòîë \ðëìëèëàæñî", ãæáîâ
\àâëéâðîæñè" ëĲæâóðâĲï, Žêñ àîŽòâĲæ àŽéëýŽðŽãï ñòîë ûãâîëâĲï öëîæï
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éæéŽîåâĲŽï, ãæáîâ ïæãîùâöæ ûãâîëâĲæïŽ áŽ ûæĲëâĲæï àŽêèŽàâĲŽï. ŽéàãŽîŽá,
àîŽòæ öâæúèâĲŽ àŽéëãïŽýëå ñïŽïîñèë îŽëáâêëĲæï ïýãŽáŽïýãŽ, éŽàîŽ, \âç-
ãæãŽèâðñîæ" ýâîýæå. ŽéŽïåŽê, êŽýŽääâ ëîæ ûæĲëï àŽáŽçãâåæáŽê Žî àŽéëé-
áæêŽîâëĲï, îëé àŽáŽçãâåæï ûâîðæèæ Žîæï ûãâîë. ùýŽáæŽ, îëé éëéæþêŽãâ-
ëĲæï éŽðîæùæï óãâáŽ (Žê äâáŽ) ïŽéçñåýŽ êŽûæèæ ïŽçéŽîæïæŽ æéæïŽåãæï, îëé
àîŽòæ àŽêæïŽäôãîëï

A =




0 . . . . . . . . .
. . . 0 . . . . . .
. . . . . . . . . . . .
. . . . . . . . . 0


 .

áæŽàëêŽèæï óãâáŽ êŽûæèæ àŽêïŽäôãîŽãï G àîŽòï.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãæðõãæå, îëé H = (V1, E1) àîŽòæ Žîæï
G = (V,E) àîŽòæï óãâàîŽòæ, åñ V1 ⊆ V áŽ E1 ⊆ E. åñ V1 = V , éŽöæê
ãæðõãæå, îëé H Žîæï G àîŽòæï îñòîâíîé óãâàîŽòæ. åñ V1 Žîæï G =
(V, E) àîŽòæï ûãâîëåŽ ŽîŽùŽîæâèæ óãâïæéîŽãèâ, éŽöæê V1 ûŽîéëóéêæèæ
(V1, E1) óãâàîŽòæ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá

[v+, w] ∈ E1 ⇐⇒ v, w ∈ V1 áŽ [v, w] ∈ E.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .

Ž) ãåóãŽå, éëùâéñèæŽ G1 = (V1, E1) áŽ G2 = (V2, E2) àîŽòâĲæ. ãæ-
ðõãæå, îëé G1 áŽ G2 âçãæãŽèâêðñîæŽ, åñ ŽîïâĲëĲï æïâåæ f : V1 → V2

ĲæâóùæŽ, îëé

vR(E)w =⇒ f(v)R(E2)f(w).

Ĳ) ãåóãŽå, G = (V, E) êâĲæïéæâîæ àîŽòæŽ. àŽêãïŽäôãîëå

δ : V → N ∪ {0}
ŽïŽýãŽ öâéáâàêŽæîŽá: δ(v) ïæáæáâ ñáîæï æé ûæĲëåŽ îŽëáâêëĲŽï, îëéâèæù
öâæùŽãï v ∈ E ûãâîëï. δ(v)-ï ãñûëáëå v ûãâîëï ýŽîæïýæ.

öâéáâàæ ûæêŽáŽáâĲŽ àŽéëýŽðŽãï ëî éŽîðæã, éŽàîŽé éêæöãêâèëãŽê òŽóðï
àîŽòâĲæï åãæïâĲâĲæï öâïŽýâĲ.

û æ ê Ž á Ž á â Ĳ Ž .

Ž)
∑

v∈V

δ(v) = 2|E|;

Ĳ) êâĲæïéæâî àîŽòöæ çâêðæ ýŽîæïýæï ûãâîëåŽ îŽëáâêëĲŽ èñûæŽ.

á Ž é ð ç æ ù â Ĳ Ž . Ž) åæåëâñèæ ûæĲë ëîþâî öâáæï þŽéöæ, ïŽæáŽêŽù
àŽéëéáæêŽîâëĲï éðçæùâĲŽ.

Ĳ) ãåóãŽå, Ve ⊆ V èñûæ ýŽîæïýæï ûãâîëåŽ ïæéîŽãèâŽ, ýëèë V0 ⊆ V {
çâêðæ ýŽîæïýæï ûãâîëåŽ ïæéîŽãèâ. öâãêæöêëå, îëé

V = Ve ∪ V0 áŽ Ve ∩ V0 = ∅.
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éŽöŽïŽáŽéâ, ∑

v∈V

δ(v) =
∑

v∈Ve

δ(v) +
∑

v∈V0

δ(v).

ãæùæå, îëé
∑

v∈V

δ(v) = 2|E|, â. æ. èñûæ îæùýãæŽ,
∑

v∈Ve

δ(v) þŽéöæ åæåëâñèæ

öâïŽçîâĲæ èñûæŽ, Žéæðëé þŽéæù èñûæŽ:
∑

v∈Ve

δ(v) = 2k (k éåâèæ îæùýãæŽ).

ŽéîæàŽá, ∑

v∈V0

δ(v) = 2|E| − 2k = 2(|E| − k).

éŽàîŽé Žé ñçŽêŽïçêâè þŽéöæ åæåëâñèæ δ(v) öâïŽçîâĲæ çâêðæŽ, Žéæðëé |V0|
ñêáŽ æõëï èñûæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .

1. ãåóãŽå, SV áŽ SE êæöêâĲæï ïæéîŽãèââĲæŽ. G = (V, E) àîŽòæï éëêæöãêŽ
Žêñ êæöêâĲæï àŽêŽûæèâĲŽ âûëáâĲŽ òñêóùæŽåŽ ûõãæèï:

f : V → SV ûãâîëâĲæï êæöêâĲæï àŽêŽûæèâĲŽŽ;
g : E → SE ûæĲëâĲæï êæöêâĲæï àŽêŽûæèâĲŽŽ.

2. ãåóãŽå, G1 = (V1, E1) àîŽòæ éëêæöêñèæŽ f1 áŽ g1 òñêóùæâĲæå, ýëèë
G2 = (V2, E2) { f2 áŽ g2 òñêóùæâĲæå.

G1 áŽ G2 àîŽòâĲï âûëáâĲŽ âçãæãŽèâêðñîŽá êæöŽêáâĲñèæ (éëêæöêñèæ),
åñ ŽîïâĲëĲï æïâåæ h : V1 → V2 ĲæâóùæŽ, îëé

Ž) G1 áŽ G2 âçãæãŽèâêðñîæŽ, îëàëîù ŽîŽêæöŽêáâĲñèæ (åñ ŽîŽéë-
êæöêñèæ) àîŽòâĲæ;

Ĳ) öâïŽĲŽéæï ûãâîëâĲï Žóãï âîåæ áŽ æàæãâ êæöŽêæ:

f1(v) = f2(h(v)) êâĲæïéæâîæ v ∈ V1-åãæï;

à) öâïŽĲŽéæï ûæĲëâĲï Žóãï âîåæ áŽ æàæãâ êæöŽêæ:

g1([v, w]) = g2

(
[h(v), h(w)]

)
õëãâèæ v, w ∈ V1-åãæï.

æé öâéåýãâãŽöæ, îëùŽ éëêæöêñèæŽ éýëèëá ûãâëîâĲæ, àãâóêâĲŽ:
{

f : V → SV ,

g = const .

åñ éëêæöêñèæŽ éýëèëá ûãâîëâĲæ, éŽöæê àãâóêâĲŽ
{

f = const,
g : E → SE .

àŽêãæýæèëå éŽàŽèæåâĲæ:

é Ž à Ž è æ å æ 1.2.

1) ãåóãŽå,

V = {v1, v2, v3, v4}, E =
{
[v1, v2], [v2, v3], [v2, v4]

}
,

f : V → ïŽóŽîåãâèëï óŽèŽóâĲæ, g : E → N,
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f(v1) { åĲæèæïæ, g([v1, v2])=éŽêúæèæ åĲæèæïïŽ áŽ ýŽöñîï öëîæï,

f(v2) { ýŽöñîæ,
f(v3) { Ĳëîþëéæ,

g([v2, v3])=éŽêúæèæ ýŽöñîïŽ áŽ Ĳëîþëéï öëîæï,

f(v4) { óñåŽæïæ g([v2, v4])=éŽêúæèæ ýŽöñîïŽ áŽ óñåŽæïï öëîæï.

Žé àîŽòæï àŽéëïŽýñèâĲŽ éëùâéñèæŽ 1.3 êŽýŽääâ.

êŽý. 1.3

2) éëùâéñèæŽ G1 = (V1, E1), ïŽáŽù

V1 = {v1, v2, v3, v4, v5},
E1 =

{
[v1, v2], [v1, v3], [v3, v5], [v2, v4], [v4, v5]

}
.

G2 = (V2, E2), ïŽáŽù

V2 = {w1, w2, w3, w4, w5},
E2 =

{
[w1, w2], [w1, w3], [w3, w5], [w2, w4], [w4, w5]

}
.

G1 áŽ G2 àîŽòâĲæ âçãæãŽèâêðñîŽá éëêæöêñèæŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .

Ž) G = (V,E) àîŽòï âûëáâĲŽ ïîñèæ, åñ êâĲæïéæâîæ v1, v2 ∈ V ûãâ-
îëâĲæïåãæï àãŽóãï [v1, v2] ∈ E. ïîñèæ àîŽòæ, îëéâèïŽù Žóãï n ûãâîë,
ŽôæêæöêâĲŽ Kn ïæéĲëèëåæ.

Ĳ) G = (V, E) àîŽòï âûëáâĲŽ ëîûæèæŽêæ, åñ ŽîïâĲëĲï æïâåæ V =
{V1, V2} áŽõëòŽ, îëé Žîùâîåæ ëîæ ûãâîë V1, Žïâãâ V2-áŽê, Žî Žîæï éë-
ïŽäôãîâ. ëîûæèæŽê àîŽòï âûëáâĲŽ ïîñèæ, åñ êâĲæïéæâîæ v1 ∈ V1 áŽ
v2 ∈ V2 ûõãæèæïåãæï àãŽóãï [v1, v2] ∈ E. åñ |V1| = m áŽ |V2| = n, éŽöæê
ïîñèæ ëîûæèæŽêæ G = (V,E) àîŽòæ ŽôæêæöêâĲŽ Km,n ïæéĲëèëåæ.
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êŽý. 1.4

ï Ž ã Ž î þ æ ö ë 1.1.

1. àŽéëïŽýâå óãâéëå éëõãŽêæèæ éëéæþêŽãâëĲæï éŽðîæùâĲæå ûŽîéëáàâ-
êæèæ àîŽòâĲæ:

A1 =




0 1 1 0 0
1 0 0 0 0
1 0 0 1 1
0 0 1 0 0
0 0 1 0 0




, A2 =




0 1 1 1 0
1 0 0 0 1
1 0 0 1 0
1 0 1 0 1
0 1 0 1 0




.

2. öâŽáàæêâå 1.5 êŽýŽääâ ûŽîéëáàâêæèæ àîŽòâĲæï éëéæþêŽãâëĲæï éŽð-
îæùâĲæ:

êŽý. 1.5

3. áŽýŽäâå 1.5(Ž) êŽýŽääâ éëùâéñèæ àîŽòæï óãâàîŽòæ, ûŽîéëóéêæèæ
{v2, v3, v4, v6} ûãâîëâĲæå.

4. ãåóãŽå, G = (V, E) Žîæï àîŽòæ áŽ |V | = n îëàëîæ öâæúèâĲŽ æõëï
|E|-ï éŽóïæéŽèñîŽá öâïŽúèë éêæöãêâèëĲŽ.
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5. îŽéáâêæ ïýãŽáŽïýãŽ àîŽòæ ŽîïâĲëĲï, îëéèâĲïŽù Žóãï n ûãâîë.

6. àŽéëïŽýâå K3, K4, K5 àîŽòâĲæ.

7. ŽŽàâå ëîûæèæŽêæ àîŽòæï éŽàŽèæåæ.

8. àŽéëïŽýâå K3,3 àîŽòæ.

9. îŽéáâêæ ûæĲë Žóãï Km,n ëîûæèæŽê ïîñè àîŽòï.

§ 2. éŽîöîñðâĲæ, ùæçèâĲæ áŽ ĲéñèëĲŽ

àîŽòâĲæï äëàæâîåæ éêæöãêâèëãŽêæ åãæïâĲŽ àŽéëéáæêŽîâëĲï öâéáâàæ àŽê-
ïŽäôãîâĲæáŽê.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .

Ž) ãåóãŽå, G = (V, E) Žîæï àîŽòæ. G àîŽòöæ k ïæàîúæï éŽîöîñðæ
v ûãâîëáŽê w-öæ âûëáâĲŽ ûãâîëâĲæï (ŽîŽ ŽñùæèâĲèŽá ïýãŽáŽïýãŽ) æïâå
〈v0, v1, . . . , vk〉 éæéáâãîëĲŽï, ïŽáŽù v0 = v, vk = w, [vi−1, vi] ∈ E õëãâ-
èæ i = 1, 2, . . . , k. éŽîöîñðï âûëáâĲŽ øŽçâðæèæ, åñ v0 = vk. éŽîöîñðï
âûëáâĲŽ þŽüãæ, åñ éæïæ õãâèŽ ûãâîë àŽêïýãŽãâĲñèæŽ. øŽçâðæè þŽüãï âûë-
áâĲŽ ùæçèæ. ùæçèï âûëáâĲŽ éŽîðæãæ, åñ éýëèëá v0 = vk, ýëèë õãâèŽ
áŽêŽîøâêæ ûãâîë àŽêïýãŽãâĲñèæŽ.

Ĳ) åñ ŽîïâĲëĲï éŽîöîñðæ v-áŽê w-öæ, v, w ∈ V , éŽöæê ŽéĲëĲâê, îëé w
éæôûâãŽáæŽ v-áŽê.

à) àîŽòï, îëéâèæù Žî öâæùŽãï ùæèâĲï, Žùæçèñîæ âûëáâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .

Ž) G = (V,E) àîŽòï âûëáâĲŽ Ĳéñèæ, åñ éæïæ êâĲæïéæâîæ ëîæ àŽêïýãŽãâ-
Ĳñèæ ûãâîëïåãæï ŽîïâĲëĲï Žé ûãâîëâĲæï öâéŽâîåâĲâèæ éŽîöîñðæ.

Ĳ) Žùæçèñî Ĳéñè àîŽòï ýâ âûëáâĲŽ.

à) Îñòîâíûì äåðåâîì âûëáâĲŽ G = (V, E) àîŽòæï éåŽãŽî óãâàîŽòï,
îëéâèæù ýâï ûŽîéëŽáàâêï.

îëàëîù äâéëå æõë Žôêæöêñèæ, àŽéëåãèâĲæ éëéæþêŽãâëĲæï éŽðîæùâĲäâ
öâæùŽãï éêæöãêâèëãŽêæ æêòëîéŽùæŽï àîŽòæï ĲñêâĲæï öâïŽýâĲ.

öâãêæöêëå, îëé óãâéëå éëõãŽêæè åâëîâéŽï áŽ éæï öâáâàâĲöæ éŽðîæùæï
Ak ýŽîæïýæ àŽéëæåãèâĲŽ M(n,Z)-öæ áŽ ŽîŽ M(n,B)-öæ, Žéæðëé Ak éŽð-
îæùæï âèâéâêðæ öâæúèâĲŽ 1-äâ éâðæ îæùýãæ æõëï.

å â ë î â é Ž . ãåóãŽå, A Žîæï G = (V,E) àîŽòæï éëéæþêŽãâëĲæï
éŽðîæùŽ áŽ |V | = n. Ak éŽðîæùæï cij âèâéâêðæ ñáîæï vi-áŽê vj-éáâ k
ïæàîúæï éŽîöîñðâĲæï îæùýãï.

á Ž é ð ç æ ù â Ĳ Ž . àŽéëãæõâêëå æêáñóùæŽ k-ï éæéŽîå. îëùŽ k = 1,
1 ïæàîúæï éŽîöîñðæ Žîæï äñïðŽá G àîŽòæï ûæĲë. Žé öâéåýãâãŽöæ åâëîâéæï
ïŽéŽîåèæŽêëĲŽ àŽéëéáæêŽîâëĲï A éŽðîæùæï àŽêïŽäãîâĲæáŽê. ãåóãŽå,

A = (aij), Ak−1 = (bij), Ak = (cij),
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éŽöæê

Ak = Ak−1 · A = (cij) =
n∑

l=1

bilalj .

áŽãñöãŽå, îëé åâëîâéŽ ïŽéŽîåèæŽêæŽ (k − 1)-åãæï, Žêñ bil Žîæï vi-áŽê vl-
éáâ (k−1)-ïæàîúæï éŽîöîñðâĲæï îæùýãæ, ýëèë alj , àŽêïŽäôãîâĲæï åŽêŽýéŽá,
Žîæï vl-áŽê vj-éáâ 1 ïæàîúæï éŽîöîñðâĲæï îæùýãæ, éŽöŽïŽáŽéâ, bil·alj êŽéîŽã-
èæ æóêâĲŽ vi-áŽê vj-éáâ k ïæàîúæï æé éŽîöîñðâĲæï îŽëáâêëĲŽ, ïŽáŽù Ĳëèëï

ûæêŽ ûãâîëŽ vl. ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé
n∑

l=1

bilalj æóêâĲŽ vi-áŽê vj-éáâ

k ïæàîúæï õãâèŽ öâïŽúèë éŽîöîñðæï îŽëáâêëĲŽ. Žéæå åâëîâéŽ áŽéðçæùâ-
ĲñèæŽ.

ö â á â à æ .

Ž) G = (V, E) àîŽòöæ éŽîöîñðæ vi ûãâîëáŽê vj-éáâ (i 6= j) ŽîïâĲëĲï
éŽöæê áŽ éýëèëá éŽöæê, îëùŽ n îæàæï çãŽáîŽðñèæ

A+A2 + · · ·+An−1

éŽðîæùæï (i, j)-ñîæ âèâéâêðæ Žî ñáîæï êñèï.

Ĳ) åñ Žî àŽéëãæõâêâĲå i 6= j ìæîëĲŽï, éŽöæê éëåýëãêæè éŽðîæùŽï âóêâĲŽ
A+A2 + · · ·+An ïŽýâ.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, 〈vi, v1, . . . , vj〉 Žîæï éŽîöîñðæ vi ûãâîëáŽê
vj-éáâ. ãåóãŽå, éëùâéñè éæéáâãîëĲŽöæ ûãâîëâĲæ Žî éâëîáâĲŽ. éŽöæê, îŽáàŽê
|V | = n, éŽîöîñðæ öâæùŽãï ŽîŽñéâðâï n − 1 ûæĲëï. åâëîâéæï úŽèæå, A +
A2 + · · ·+An−1 öâïŽçîâĲâĲï öëîæï ŽîïâĲëĲï âîåæ éŽðîæùŽ éŽæêù, îëéèæï
(i, j)-ñîæ âèâéâêðæ Žî ñáîæï 0-ï. Žéæå ŽñùæèâĲâèæ ìæîëĲŽ áŽéðçæùâĲñèæŽ.

åñ éëùâéñè éŽîöîñðöæ éâëîáâĲŽ ûãâîëâĲæ, éŽöæê éŽï âóêâĲŽ
〈
vi, . . . , vr, . . . , vr︸ ︷︷ ︸

øŽçâðæèæ éŽîöîñðæ

, . . . , vj

〉
,

åñ øãâê ŽéëãŽàáâĲå õãâèŽ Žïâå øŽçâðæè éŽîöîñðï, éŽöæê ŽéëùŽêŽ áŽæõãŽêâĲŽ
ûæêŽ öâéåýãâãŽéáâ.

ŽýèŽ ìæîæóæå, ãåóãŽå, A + A2 + · · · + An−1 éŽðîæùæï (i, j)-ñîæ âèâ-
éâêðæ Žî ñáîæï 0-ï. âï éýëèëá éŽöæê Žîæï öâïŽúèâĲâèæ, îëùŽ öâïŽçîâĲæ
éŽðîæùâĲæï (i, j)-ñîæ âèâéâêðâĲæáŽê âîåæ éŽæêù àŽêïýãŽãáâĲŽ 0-àŽê. âï ñçãâ
êæöêŽãï, îëé ŽîïâĲëĲï éŽîöîñðæ vi-áŽê vj-éáâ.

Ĳ) åñ áŽïŽöãâĲæŽ i = j, éŽöæê vi-áŽê vj-öæ éŽîöîñðæï ŽîïâĲëĲŽ êæö-
êŽãï, îëé ŽîïâĲëĲï ûãâîëåŽ 〈vi, v1, . . . , vj〉 éæéáâãîëĲŽ. åñ Žé éæéáâãîëĲŽöæ
õãâèŽ ûãâîë àŽêïýãŽãâĲñèæŽ (àŽîáŽ öâïŽúèë vi = vj öâéåýãâãæïŽ), éŽöæê
éŽîöîñðâĲæ öâáàâĲŽ ŽîŽñéâðâï n + 1 ûãâîëïàŽê (ŽîŽñéâðâï n ûæĲëïàŽê).

éŽöŽïŽáŽéâ,
n∑

k=1

Ak éŽðîæùæï (i, j)-ñîæ âèâéâêðæ Žî ñáîæï 0-ï,

A(R+(E)) = A(R(E)) ∨A(R2(E)) ∨ · · · ∨A(Rn(E)) =
n∨

k=1

A(Rk(E)),
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A(R∗(E)) = I ∨A(R(E)) ∨ · · · ∨A(Rn−1(E)) =
n−1∨

k=0

A(Rk(E)).

àŽãæýïâêëå, îëé êâĲæïéæâîæ R ĲæêŽîñèæ éæéŽîåâĲæïåãæï R+ ïæáæáâ
àŽêæïŽäôãîâĲŽ, îëàëîù

R+ =
∞⋃

k=1

Rk

áŽ, åñ R ⊂ V × V , |V | = n, éŽöæê ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé

A(R+) = A+(R) =
n∨

k=1

A(Rk),

ŽêŽèëàæñîŽá

A(R∗) = A∗(R) =
n−1∨

k=0

A(Rk).

ŽôêæöãêâĲæï àŽéŽîðæãâĲæï éæäêæå A(Rk(E)) Žôãêæöêëå A(Rk)-æå, A(R+(E))
Žôãêæöêëå A(R+)-æå, A(R∗(E)) çæ { A(R∗)-æå.

C = A(R∗) éŽðîæùŽï âûëáâĲŽ G = (V,E) àîŽòæï ĲéñèëĲæï éŽðîæùŽ.
G àîŽòöæ éŽîöîñðæ vi ûãâîëáŽê vj-éáâ (i 6= j) ŽîïâĲëĲï éŽöæê áŽ éýëèëá
éŽöæê, îëùŽ C éŽðîæùæï (i, j)-ñîæ âèâéâêðæ ñáîæï 1-ï. G àîŽòæ ĲéñèæŽ
éŽöæê áŽ éýëèëá éŽöæê, îëùŽ C éŽðîæùæï õãâèŽ (i, j)-ñîæ âèâéâêðæ ñáîæï
1-ï, 1 ≤ i, j ≤ n.

û æ ê Ž á Ž á â Ĳ Ž . R∗ Žîæï V -äâ âçãæãŽèâêðëĲæï éæéŽîåâĲŽ.

á Ž é ð ç æ ù â Ĳ Ž . îŽáàŽê R∗ Žîæï R-æï îâòèâóïñîæ øŽçâðãŽ, Žéæ-
ðëé ïŽüæîëŽ öâãŽéëûéëå éýëèëá ïæéâðîæñèëĲŽ áŽ ðîŽêäæðñèëĲŽ. vR∗w
éæéŽîåâĲæáŽê àŽéëéáæêŽîâëĲï v-áŽê w-éáâ 〈v, v1, . . . , vk, w〉 éŽîöîñðæï Žî-
ïâĲëĲŽ. â. æ.

[v, v1] ∈ E, [v1, v2] ∈ E, . . . , [vk, w] ∈ E,

Žêñ
[w, vk] ∈ E, [vk, vk−1] ∈ E, . . . , [v2, v1] ∈ E, [v1, v] ∈ E.

âï êæöêŽãï, îëé 〈w, vk, vk−1, . . . , v1, v〉 Žîæï w-áŽê v-éáâ éŽîöîñðæ G àîŽò-
öæ. â. æ. wR∗v.

ãåóãŽå, vR∗w áŽ wR∗v, âï ñçŽêŽïçêâèæ êæöêŽãï, îëé ŽîïâĲëĲï
〈w, w1, . . . , wm, u〉 éŽîöîñðæ w-áŽê u-éáâ G àîŽòöæ, ïŽáŽù

[w,w1] ∈ E, [w1, w2] ∈ E, . . . , [wm, u] ∈ E.

åñ àŽêãæýæèŽãå éæéáâãîëĲŽï 〈v, v1, . . . , vk, w, w1, . . . , wm, u〉, âï æóêâĲŽ
éŽîöîñðæ v-áŽê u-éáâ G àîŽòöæ. ŽéîæàŽá, àãâóêâĲŽ, îëé vR∗u. R∗ Žîæï
âçãæãŽèâêðëĲæï éæéŽîåâĲŽ.

R∗ àŽêïŽäôãîŽãï óãâàîŽòâĲæï éêæöãêâèëãŽê çèŽïï.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, {Vi : 1 ≤ i ≤ p} Žîæï G àîŽòæï
R∗ éæéŽîåâĲæå àŽêïŽäôãîñèæ áŽõëòŽ, éŽöæê ŽéĲëĲâê, îëé p Žîæï G àîŽòæï
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ĲéñèëĲæï îæùýãæ. âçãæãŽèâêðëĲæï çèŽïâĲæå ûŽîéëóéêæè (Vi, Ei) óãâàîŽòâĲï
âûëáâĲŽ G àîŽòæï ĲéñèëĲæï çëéìëêâêðâĲæ.

ðõâ âûëáâĲŽ àîŽòï, îëéâèöæù õëãâèæ Ĳéñèæ çëéìëêâêðæ Žîæï ýâ. G =
(V, E) àîŽòæï îñòîâíîé ðõâ Žîæï æïâåæ àŽêùŽèçâãâĲñèæ Ti = (Vi, Ei) ýââĲæï
ûãâîëâĲæï âîåëĲèæëĲŽ, îëé V =

⋃
i

Vi áŽ Ei ⊂ E õãâèŽ i-åãæï (ûãâîëâĲæï

àŽêùŽèçâãâĲŽ êæöêŽãï, îëé Vi ∩ Vj = ∅, îëùŽ i 6= j).

1.2 êŽýŽääâ êŽøãâêâĲæŽ àîŽòæ, îëéèæïåãæïŽù p = 2 ĲéñèëĲæï îæùýãæŽ.

G àîŽòæ

G àîŽòæï îñòîâíîé ðõâ

ï Ž ã Ž î þ æ ö ë 2.1.

1. ãåóãŽå, G = (V,E), ïŽáŽù

V = {v1, v2, v3, v4},
E =

{
[v1, v2], [v1, v3], [v2, v4], [v3, v4]

}
.

G àîŽòæï éëéæþêŽãâëĲæï éŽðîæùæï àŽéëõâêâĲæå àŽêãïŽäôãîëå

Ž) 2 ïæàîúæï éŽîöîñðâĲæï îæùýãæ v3 ûãâîëáŽê v2-öæ;
Ĳ) 3 ïæàîúæï éŽîöîñðâĲæï îæùýãæ v1-áŽê v2-öæ;
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à) Žîæï åñ ŽîŽ G àîŽòæ ĲéñèæŽ.

2. áŽýŽäâå öâéáâàæ àîŽòâĲæïåãæï îñòîâíûå ýââĲæ.

êŽý. 2.1



ìèŽêŽîñèæ àîŽòâĲæ

§ 1. ìèŽêŽîñèæ àîŽòâĲæ

àîŽòåŽ åâëîææï Ĳâãî êŽöîëéöæ àŽêæýæèŽãâê àîŽòâĲæï ïìâùæŽèñî çèŽïï,
îëéèâĲæù öâæúèâĲŽ ûŽîéëãŽáàæêëå êŽýŽäæå R2 ïæĲîðõâäâ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .
Ž) G àîŽòï ìèŽêŽîñèæ âûëáâĲŽ, åñ öâæúèâĲŽ æï ïæĲîðõâäâ æïâ àŽéë-

æïŽýëï, îëé éæïæ ûæĲëâĲæ Žî æçãâåâĲëáâï (ëîæ ûæĲëï åŽêŽçãâåŽ öâæúèâ-
ĲŽ æõëï éýëèëá ûãâîë). Žïâå êŽýŽäï G àîŽòæï îñçŽ âûëáâĲŽ (ïæĲîðõâäâ
àŽéëïŽýñè Žïâå àîŽòï Ĳîðõâè àîŽòïŽù ñûëáâĲâê).

Ĳ) G àîŽòæï îñçŽï âûëáâĲŽ Ĳéñèæ, åñ G ĲéñèæŽ.

é Ž à Ž è æ å æ 1.1. G = (V, E), V = {v1, v2, v3, v4},

E =
{
[v1, v2], [v1, v3], [v1, v4], [v2, v3]

}
.

Žé àîŽòæï àŽéëïŽýñèâĲŽ áŽ îñçŽ éëùâéñèæŽ 1.1 êŽýŽääâ.

êŽý. 1.1

îñçŽ R2 ïæĲîðõâï ßõëòï ŽîââĲŽá.
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é Ž à Ž è æ å æ 1.2. àŽêãæýæèëå êŽýŽääâ àŽéëïŽýñèæ îñçŽ. æï R2

ïæĲîðõâï ßõëòï ëåý êŽûæèŽá: r1, r2, r3 áŽ r4

êŽý. 1.2

(îñçæï Žîâï ûŽýêŽàâĲïŽù ñûëáâĲâê).

ŽîââĲæï ïæéîŽãèâ Žôãêæöêëå R Žïëåæ.

â æ è â î æ ï å â ë î â é Ž . êâĲæïéæâîæ Ĳéñèæ îñçæïåãæï ïîñèáâĲŽ

|V | − |E|+R| = 2.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, |V | = 1, éŽöæê, ùýŽáæŽ, |E| = 1 áŽ
|R| = 1. Žé öâéåýãâãŽöæ åâëîâéŽ ïŽéŽîåèæŽêæŽ. ãåóãŽå, éëùâéñèæŽ îñçŽ,
îëéèæïåãæïŽù ïîñèáâĲŽ |V1|− |E1|+ |R1| = 2, ïŽáŽù |V1| éëùâéñèæ îñçæï
ûãâîëåŽ îæùýãæŽ, |E1| ûæĲëåŽ îæùýãæ, |R1| { ŽîââĲæï îæùýãæ.

àŽêãæýæèëå éëùâéñèæ îñçæï àŽòŽîåëâĲæï ëîæ öâïŽúèë ýâîýæ.

Ž) áŽãñéŽðëå âîåæ ûãâîë áŽ éæãñâîåëå éëùâéñè îñçŽï ûæĲë. Žé öâ-
éåýãâãŽöæ (æý. êŽý. 1.2) 1-æå æäîáâĲŽ |V1| ûãâîëåŽ îŽëáâêëĲŽ áŽ |E1| ûæ-
ĲëåŽ îŽëáâêëĲŽ, ýëèë |R1| îøâĲŽ ñùãèâèæ, |V | = |V1|+1, |E| = |E1|+1,
|R| = |R1|, îæï öâáâàŽáŽù |V | − |E| + |R| àŽéëïŽýñèâĲæï éêæöãêâèëĲŽ Žî
æùãèâĲŽ,

|V | − |E|+ |R| =
= (|V1|+ 1)− (|E1|+ 1) + |R1| = |V1| − |E1|+ |R1| = 2.

Ĳ) öâãŽâîåëå ŽýŽèæ ûæĲëåæ îñçŽäâ ŽîïâĲñèæ ëîæ ûãâîë (æý. êŽý. 1.3).
Žé öâéåýãâãŽöæ ûãâîëåŽ îæùýãæ áŽîøâĲŽ ñùãèâèæ, ýëèë ûæĲëåŽ îæùýãæ áŽ
ŽîâåŽ îæùýãæ 1-æå àŽæäîáâĲŽ: |V | = |V1|, |E| = |E1|+ 1, |R| = |R1|+ 1,

|V | − |E|+ |R| =
= |V1| − (|E1|+ 1) + (|R1|+ 1) = |V1| − |E1|+ |R1| = 2.

öâáâàŽá |V | − |E|+ |R| éêæöãêâèëĲŽ æïâã ñùãèâèæ îøâĲŽ.
êâĲæïéæâîæ îñçŽ éææôâĲŽ |V | = 1 öâéåýãâãæáŽê Ž) áŽ Ĳ) ýâîýæï ïŽöñŽèâ-

Ĳæå. åñ ïŽüæîëŽ, ìîëùâáñîŽ éâëîáâĲŽ. ŽéîæàŽá, îŽáàŽê |V |−|E|+|R| = 2,
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êŽý. 1.3

êŽý. 1.4

îëùŽ |V | = 1, áŽ |V | − |E| + |R| àŽéëïŽýñèâĲæï éêæöãêâèëĲŽ æêãŽîæŽêðñ-
èæ îøâĲŽ Ž) áŽ Ĳ) ýâîýæï öâïîñèâĲæå, Žéæðëé êâĲæïéæâîæ Ĳéñèæ îñçæïåãæï
àãŽóãï

|V | − |E|+ |R| = 2.

ùýŽáæŽ, îëé îñçæï åæåëâñèæ Žîâ öâéëïŽäôãîñèæŽ öâçîñèæ éŽîöîñ-
ðæå.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, G = (V, E) ìèŽêŽîñèæ àîŽòæŽ. G
àîŽòæï îñçæïåãæï r Žîæï ∆r ýŽîæïýæ ãñûëáëå Žé Žîæï öâéëéïŽäôãîâèæ
öâçîñèæ éŽîöîñðæï ïæàîúâï.
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é Ž à Ž è æ å æ 1.3. êŽýŽääâ àŽéëïŽýñèæ îñçæïåãæï r1 Žîæï öâ-
éëéïŽäôãîâèæ öâçîñèæ éŽîöîñðæŽ 〈v1, v2, v3, v5, v3, v4, v1〉, ýëèë r2-æï {
〈v1, v2, v3, v4, v1〉, Žéæðëé ∆r1 = 6, ∆r2 = 4.

êŽý. 1.5

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå, G = (V,E) Žîæï ìèŽêŽîñèæ àîŽòæçæ,
éŽöæê

Ž)
∑

r∈R
∆r = 2E êâĲæïéæâîæ G îñçæïåãæï;

Ĳ) åñ |V | ≥ 3, éŽöæê |E| ≤ 3|V | − 6.

àŽêãæýæèëå K5 ïîñèæ àîŽòæ áŽ K3,3 ëîûæèæŽêæ ïîñèæ àîŽòæ

êŽý. 1.6
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û æ ê Ž á Ž á â Ĳ Ž . K5 áŽ K3,3 Žî Žîæï ìèŽêŽîñèæ àîŽòâĲæ.

á Ž é ð ç æ ù â Ĳ Ž . åñ K5 ìèŽêŽîñèæŽ, éŽöæê ûæêŽ öâáâàæáŽê àãâóêâĲŽ,
îëé |E| ≤ 3|V | − 6, éŽàîŽé, îŽáàŽê K5-åãæï |V | = 5, |E| = 10, éæãæôâĲå
10 ≤ 3 · 5− 6, îŽù ŽîŽïûëîæŽ. ŽéîæàŽá, æéæï áŽöãâĲŽ, îëé K5 ìèŽêŽîñèæŽ,
Žî Žîæï ïûëîæ.

ŽýèŽ áŽãñöãŽå, îëé K3,3 ìèŽêŽîñèæŽ. àãâóêâĲŽ
∑

r∈R
∆r = 2|E|. K3,3-öæ

Žîù âîåæ ïŽéæ ûâãîæ Žî Žîæï âîåéŽêâååŽê öââîåâĲñèæ, éŽöŽïŽáŽéâ, ∆r ≥ 4,
êâĲæïéæâîæ r ∈ R-åãæï. âæèâîæï òëîéñèæáŽê |R| = 2+|E|−|V | = 2+9−3 =
5. éŽöŽïŽáŽéâ,

∑
r∈R

∆r ≥ 5 · 4 = 20, ŽóâáŽê, 2|E| ≥ 20, |E| ≥ 10, éæãæôâå

ûæêŽŽôéáâàëĲŽ. ŽéîæàŽá, áŽãïâĲŽ æéæïŽ, îëé K3,3 ìèŽêŽîñèæŽ ŽîŽïûëîæŽ.
K5 áŽ K3,3 àîŽòâĲæ æéæå Žîæï ïŽæêðâîâïë, îëé æïæêæ ŽîïâĲæåŽá \âîåŽ-

áâîåæ" ŽîŽìèŽêŽîñèæ àîŽòâĲæŽ. õãâèŽ ïýãŽ ŽîŽìèŽêŽîñè àîŽòâĲï Žóãå K5

Žê K3,3-æï \éïàŽãïæ" óãâàîŽòâĲæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .
Ž) G = (V, E) àîŽòæï âèâéâêðŽîñèæ éëüæéãŽ ýáâĲŽ éæïæ îëéâèæéâ

[vi, vj ] ûæĲëï ŽéëàáâĲæå áŽ vi áŽ vj ûãâîëâĲæï àŽæàæãâĲæå.
Ĳ) G àîŽòï âûëáâĲŽ éæüæéãŽáæ G′ àîŽòäâ, åñ G′ éææôâĲŽ G-àŽê âèâéâ-

êðŽîñèæ éëüæéãâĲæï éæéáâãîëĲæå öâïîñèâĲæå.

é Ž à Ž è æ å æ 1.4. 1.7 êŽýŽääâ àŽéëïŽýñèæŽ G áŽ G′ àîŽòâĲæ. ŽéŽïåŽê,
G àîŽòæ éëüæéãŽáæŽ G′-äâ.

êŽý. 1.7

G àîŽòæáŽê ŽéëàáâĲñèæŽ [v1, v2] ûæĲë (v1 áŽ v2 ûãâîë öâùãèæèæŽ âîåæ
w1 ûãâîëåæ). [v4, v5] ûæĲë (v4 áŽ v5 ûãâîë öâùãèæèæŽ âîåæ w4 ûãâîëåæ),
[v6, v7] ûæĲë (v6 áŽ v7 öâùãèæèæŽ w6 ûãâîëåæ).
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å â ë î â é Ž (ç ñ î Ž ð ë ã ï ç æ ) . àîŽòæ ìèŽêŽîñèæŽ
éŽöæê áŽ éýëèëá éŽöæê, îëùŽ æï Žî öâæùŽãï K5 áŽ K3,3 àîŽòâĲäâ éëüæéãŽá
óãâàîŽòâĲï.

à Ž ê ï Ž ä ô ã î â Ĳ Ž .

Ž) G = (V, E) àîŽòæï àŽòâîŽáâĲŽ âûëáâĲŽ G-ï ûãâîëâĲæïåãæï òâîæï
éæùâéŽï æïâ, îëé åñ [v, w] ∈ E, éŽöæê v áŽ w ûãâîëâĲï ïýãŽáŽïýãŽ òâîæ ñêáŽ
ßóëêáâï.

Ĳ) G àîŽòæï χ(G) óîëéŽðñèæ îæùýãæ âûëáâĲŽ æé òâîâĲæï éæêæéŽèñî
îŽëáâêëĲŽï, îëéâèæù ïŽüæîëŽ G àîŽòæï àŽïŽòâîŽáâĲèŽá.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, M îñçŽŽ, àŽêãïŽäôãîëå M ′-æï
éæéŽîå ëîŽáñèæ M ′ îñçŽ öâéáâàêŽæîŽá: M -æï åæåëâñè Žîâöæ Žãæîøæ-
ëå öæàŽ ûâîðæèæ; åñ ëî Žîâï Žóãï ïŽâîåë ûæĲë, éŽöæê àŽãŽðŽîëå Žé
ŽîââĲöæ Žîøâñèæ öæàŽ ûâîðæèâĲæïåãæï áŽéŽçŽãöæîâĲâèæ îçŽèæ. âï ìîëùâïæ
àŽêïŽäôãîŽãï M ′ îñçŽï.

é Ž à Ž è æ å æ 1.5. 1.8 êŽýŽääâ àŽéëïŽýñèæŽ M îñçŽ áŽ éæïæ ëîŽáñèæ
M ′ îñçŽ

êŽý. 1.8

M ′-æï àŽòâîŽáâĲŽ öââïŽĲŽéâĲŽ M -æï ŽîââĲæï æïâå àŽòâîŽáâĲŽï, îëùŽ
ïŽâîåë ûæĲëï éóëêâ ŽîââĲï Žóãï ïýãŽáŽïýãŽ òâîæ. éŽöŽïŽáŽéâ, åâëîâéŽ àŽòâ-
îŽáâĲæï öâïŽýâĲ öâàãæúèæŽ øŽéëãŽõŽèæĲëå öâéáâàêŽæîŽá.

å â ë î â é Ž . M îñçæï ŽîââĲæï æïâåêŽæîæ àŽòâîŽáâĲæïåãæï, îëùŽ
éëéæþêŽãâ ŽîââĲï ïýãŽáŽïýãŽ òâîæ Žóãï, ïŽüæîëŽ ŽîŽñéâðâï ëåýæ òâîæïŽ.

ï Ž ã Ž î þ æ ö ë 1.3.

1. ãåóãŽå, T = (V, E) Žîæï ýâ, |V | = n. áŽŽéðçæùâå, îëé |E| = n− 1.
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2. öâŽéëûéâå âæèâîæï òëîéñèæï éŽîåâĲñèëĲŽ öâéáâàæ àîŽòæïåãæï

3. ãåóãŽå, G = (V, E) ìèŽêŽîñèæ àîŽòæŽ, ∆r çæ { r Žîæï ýŽîæïýæ.
áŽŽéðçæùâå, îëé ∑

r∈R
∆r = 2|E|.

4. ãåóãŽå, G = (V,E) Ĳéñèæ ìèŽêŽîñèæ àîŽòæŽ áŽ |V | ≥ 3. áŽŽéðçæ-
ùâå, îëé |E| ≤ 3|V | − 6.

5. éëæõãŽêâå æéæï éŽàŽèæåæ, îëé Žé ïŽãŽîþæöëï ûæêŽ ŽéëùŽêŽöæ éëùâ-
éñèæ ñðëèëĲŽ ŽîŽïûëîæŽ, îëùŽ |V | ≤ 3.

6. àŽêïŽäôãîâå àîŽòæ, îëéèæïåãæïŽù χ(G) = 4.

7. ãåóãŽå, T Žîæï ýâ. îŽ æóêâĲŽ χ(T )-ï éêæöãêâèëĲŽ.

§ 2. éëêŽùâéåŽ ïðîñóðñîñèæ àîŽòæï ûŽîéëïŽáàâêŽá

Lv-æå Žôãêæöêëå v ∈ V ûãâîëï éëïŽäôãîâ ûãâîëåŽ êñïýŽ.

é Ž à Ž è æ å æ 2.1. 2.1 êŽýŽääâ éëùâéñèæŽ àîŽòæ áŽ êñïýâĲæ, îëéèâĲæù
öâæúèâĲŽ àŽéëãæõâêëå àîŽòæï ûŽîéëïŽáàâêŽá.

êŽý. 2.1

à Ž ê ï Ž ä ô ã î â Ĳ Ž . V = {v1, v2, . . . , vn} ûãâîëåŽ ïæéîŽãèâï
ûãâîëâĲæï áŽèŽàâĲñè ûõãæèåŽ {Lv1 , Lv2 , . . . , Lvn} áŽèŽàâĲñè \êñïýŽåŽ"
ïæéîŽãèâïåŽê âîåŽá áŽèŽàâĲñèæ àîŽòæ âûëáâĲŽ.
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ïŽüæîëŽ Lv êñïýâĲï éëãåýëãëå àŽîçãâñèæ ìæîëĲâĲæ æéæïŽåãæï, îëé
àŽêýæèñèæ ïðîñóðñîâĲæ æõëï àîŽòâĲæ:

Ž) (v, v) 6∈ Lv õëãâèæ v ∈ V -åãæï;

Ĳ) (w, u) ∈ Lw =⇒ (u,w) ∈ Lu.

2.2 êŽýŽääâ àŽéëïŽýñèæ àîŽòæ öâæúèâĲŽ áŽèŽàâĲñèæ àîŽòæï ðâîéæêâĲöæ
öâéáâàêŽæîŽá øŽæûâîëï:

(
{v1, v2, v3, v4},

{(
(v1, v2), (v1, v3), (v1, v4)

)
,
(
(v2, v1), (v2, v3), (v2, v4)

)
,

(
(v3, v1), (v3, v2), (v3, v4)

)
,
(
(v4, v1), (v4, v2), (v4, v3)

)})
.

êŽý. 2.2

áŽèŽàâĲñèæ àîŽòæ àŽêïŽäôãîŽãï âîåŽáâîå ŽîŽáŽèŽàâĲñè àîŽòï. öâ-
ĲîñêâĲñèæ éðçæùâĲŽ éùáŽîæŽ, îŽáàŽê, ïŽäëàŽáëá, öâïŽúèâĲâèæŽ àîŽòæï
áŽèŽàâĲŽ ïýãŽáŽïýãŽ ýâîýæå.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . G1 áŽ G2 áŽèŽàâĲñè àîŽòï âçãæãŽèâêðñîæ
âûëáâĲŽ, åñ ŽîïâĲëĲï f : V1 → V2 ĲæâóùæŽ ûãâîëåŽ ïæéîŽãèââĲï öëîæï,
îëéâèæù æêŽîøñêâĲï \êñïýŽåŽ" ïðîñóðñîŽï. ïýãŽ ïæðõãâĲæå, åñ

Lv =
(
(v, w1), (v, w2), . . . , (v, wk)

)

Žîæï G1-ï ûæĲëåŽ \êñïýŽ", éŽöæê

Lf(v) =
((

f(v), f(w1)
)
,
(
f(v), f(w2)

)
, . . . ,

(
f(v), f(wk)

))

Žîæï G2-ï ûæĲëåŽ \êñïýŽ".

é Ž à Ž è æ å æ 2.2. 2.3 êŽýŽääâ àŽéëïŽýñèæ àîŽòâĲæ âçãæãŽèâêðñîæŽ,
éŽàîŽé æïæêæ, îëàëîù áŽèŽàâĲñèæ àîŽòâĲæ, Žî Žîæï âçãæãŽèâêðñîæ

§ 3. àîŽòæï öâéëãèŽ

3.1. öâïŽãŽèæ. àîŽòâĲåŽê áŽçŽãöæîâĲñè éîŽãŽè ŽéëùŽêŽöæ éëæåýë-
ãâĲŽ àîŽòâĲæï öâéëãèŽ, îŽù êæöêŽãï, îëé àîŽòæï åæåëâñè ûãâîëïåŽê \éæ-
ïãèŽ" ñêáŽ éëýáâï éýëèëá âîåýâè. ŽéàãŽîŽá, àîŽòæï öâéëãèŽ öâàãæúèæŽ
ûŽîéëãŽáàæêëå ûãâîëâĲæï àŽîçãâñèæ éæéáâãîëĲæï ïŽýæå.
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êŽý. 2.3

åñ G =
({v1, v2, . . . , vn}, E

)
àîŽòæï áŽ σ : Nn → Nn àŽáŽêŽùãèâĲŽ,

éŽöæê

t = vσ(1), vσ(2), . . . , vσ(n)

éæéáâãîëĲŽ àŽêïŽäôãîŽãï G àîŽòæï öâéëãèŽï. îŽáàŽê ŽîïâĲëĲï Nn-æï n!
ïýãŽáŽïýãŽ àŽáŽêŽùãèâĲŽ, öâïŽĲŽéæïŽá, ñêáŽ ŽîïâĲëĲáâï n ûãâîëæŽêæ àîŽòæï
öâéëãèæï n! àŽêïýãŽãâĲñèæ ýâîýæ, Žêñ ŽîïâĲëĲï àîŽòæï ûãâîëåŽ áŽèŽàâ-
Ĳæï n! ýâîýæ. vσ(1) ûãâîëï âûëáâĲŽ σ-åæ àŽêïŽäôãîñèæ öâéëãèæï ïŽûõæïæ
ûãâîë.

Žó éëãæõãŽêå àîŽòâĲæï öâéëãèæï éýëèëá ëî éâåëáï.

3.2. àîŽòæï öâéëãèŽ ïæôîéæå. ãåóãŽå,

G =
(
{v1, v2, . . . , vn}, {Lv1 , Lv2 , . . . , Lvn}

)

áŽèŽàâĲñèæ àîŽòæŽ. Žãæîøæëå îëéâèæôŽù vs (1 ≤ s ≤ n) ïŽûõæïæ ûãâîë
áŽ áŽãñöãŽå σ(1) = s. öâéáâà t éæéáâãîëĲæï ûãâîëâĲæ àŽêæïŽäôãîâĲŽ öâé-
áâàêŽæîŽá: vσ(2) Žîæï ìæîãâèæ ûãâîë Lvδ(1) éëéæþêŽãâëĲæï êñïýæáŽê, (â. æ.
vs-æï éëïŽäôãîâ), vδ(3) Žîæï ìæîãâèæ ûãâîë Lvσ(2)-áŽê, îëéâèæù þâî Žî
Žîæï t éæéáâãîëĲŽöæ áŽ Ž. ö. vδ(k) Žîæï ìæîãâèæ ûãâîë Lvσ(k−1)-áŽê, îëéâ-
èæù þâî Žî Žîæï t-öæ. ŽéŽïåŽê, åñ öâàãýãáâĲŽ æïâåæ u ûãâîë, îëé õãâèŽ
ûãâîë Lu-áŽê ñçãâ öâïñèæŽ t-öæ, éŽöæ ìîëùâïæ àŽêéâëîáâĲŽ w ∈ t ûãâîë-
áŽê, ïŽáŽù w Žîæï æïâåæ ñçŽêŽïçêâèæ ûãâîë t éæéáâãîëĲŽöæ, îëé Lw öâæùŽãï
ûãâîëâĲï, îëéèâĲæù Žî Žîæï t-öæ. öâéëãèŽ éåŽãîáâĲŽ éŽöæê, îëùŽ Žîùâîåæ
ûãâîë V \ t-áŽê Žî öâæúèâĲŽ éæôûâñèæ æóêâï t éæéáâãîëĲæï ûãâîëâĲæáŽê.

åñ àîŽòæ ĲéñèæŽ, éŽöæê äâéëå Žôûâîæèæ ìîëùâïæ àŽêïŽäôãîŽãï G-ï
öâéëãèŽï, ûæêŽŽôéáâà öâéåýãâãŽöæ G àîŽòæï éýëèëá âîå çëéìëêâêðï (îë-
éâèæù öâæùŽãï vσ(1)-ï). åñ àîŽòæ Žî Žîæï Ĳéñèæ, éŽöæê G-ï ïîñèæ öâéëãèæï
éæïŽôâĲŽá ìîëùâïæ ñêáŽ áŽãæûõëå G àîŽòæï åæåëâñè Ĳéñè çëéìëêâêðöæ.
Žé éâåëáæï ïŽöñŽèâĲæå öâàãæúèæŽ àŽêãïŽäôãîëå àîŽòæï Ĳéñèæ çëéìëêâê-
ðâĲæï îŽëáâêëĲŽ. Ĳéñè àîŽòöæ ïŽûõæïæ ûãâîëï åæåëâñèæ öâîøâãæï áîëï
éæãæôâĲå âîåŽáâîå öâéëãèŽï. ŽéîæàŽá, öâïŽúèâĲâèæŽ áŽèŽàâĲñèæ Ĳéñèæ
àîŽòæï n öâéëãèŽ (ïæôîéæå). åñ G-ï Žóãï Vi (1 ≤ i ≤ p) Ĳéñèæ çëéìëêâê-
ðâĲæ, ïŽáŽù |Vi| = ni, éŽöæê àãâóêâĲŽ n1 · n2 · np ïæôîéæå öâéëãèŽ.
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é Ž à Ž è æ å æ 3.1. àŽêãæýæèëå 3.1 êŽýŽääâ àŽéëïŽýñèæ áŽèŽàâĲñèæ
àîŽòæ. v1 ïŽûõæïæ ûãâîëáŽê ïæôîéæå öâéëãèŽ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá:
v1, v2, v4, v8, v5, v6, v3, v7.

êŽý. 3.1

3.3. àŽêæãæ öâéëãèŽ. ãåóãŽå,

G =
(
{v1, v2, . . . , vn}, {Lv1 , Lv2 , . . . , Lvn}

)

Žîæï áŽèŽàâĲñèæ àîŽòæ. Žãæîøæëå ïŽûõæïæ vs ûãâîë áŽ áŽãñöãŽå, îëé
Lvs =

(
(vs, w1), (vs, w2), . . . , (vs, wk)

)
.

t éæéáâãîëĲæï ìæîãâèæ k+1 ûâãîæ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá: vσ(1) =
vs, vσ(2) = w1, . . . , vσ(k+1) = wk, ýëèë vσ(k+1+i) Žîæï Lw1 -öæ i-ñîæ ûãâîæ,
îëéâèæù Žî Žîæï t-öæ. Žéæå ŽéëæûñîâĲŽ Lw1 , ìîëùâïæ áŽæûõâĲŽ Lw2-áŽê
áŽ Ž. ö. öâéëãèŽ öâûõáâĲŽ, îëùãŽ õãâèŽ ûãâîë, îëéèâĲæù vσ(1)-áŽê éæôûâ-
ãŽáæŽ, öâãŽ t-öæ. åñ àîŽòæ ĲéñèæŽ, éŽöæê Žé ìîëùâïæå vσ(1)-áŽê éææôûâãŽ
õãâèŽ ûãâîë. â. æ. ýáâĲŽ àîŽòæï ïîñèæ öâéëãèŽ. åñ Žî Žîæï Ĳéñèæ, éŽöæê
åæåëâñèæ çëéìëêâêðæïåãæï ñêáŽ öâæîøâï ïŽûõæïæ ûâîðæèæ. Ĳéñèæ àîŽòæ-
ïåãæï ïŽûõæïæ vσ(1) ûâîðæèæï öâîøâãŽ àŽêïŽäôãîŽãï âîåŽáâîå öâéëãèŽï.
ŽéîæàŽá, åñ àîŽòæ n ûãâîëï öâæùŽãï, ŽîïâĲëĲï G àŽêæãæ öâéëãèŽ (îëàëîù
ïæôîéæï öâéëãèæï áîëï). åñ G Žî Žîæï Ĳéñèæï áŽ éæïæ çëéìëêâêðâĲæŽ Vi

(1 ≤ i ≤ p), |Vi| = ni, éŽöæê ŽîïâĲëĲï n1 · n2 · · ·np àŽêæãæ öâéëãèŽ.

é Ž à Ž è æ å æ 3.2. 3.1 êŽýŽääâ àîŽòæï àŽêæãæ öâéëãèŽ ïŽûõæïæ v1

ûâîðæèæáŽê öâïîñèáâĲŽ öâéáâàêŽæîŽá:

t = (v1, v2, v3, v4, v5, v6, v7, v8).

3.4. ïæôîéæå áŽ àŽêæãæ öâéëãèâĲæï îñòîâíûå ðõââĲæ. ãåóãŽå,
G =

({v1, v2, . . . , vn}, E
)

Žîæï àîŽòæ, ýëèë t = vσ(1), vσ(2), . . . , vσ(n) Žîæï
G-ï öâéëãèŽ. éŽöæê t öâéëãèŽ àŽêïŽäôãîŽãï E ûæĲëåŽ ïæéîŽãèâï Et óãâïæ-
éîŽãèâï öâéáâàêŽæîŽá: [v, w] ∈ Et éŽöæê áŽ éýëèëá éŽöæê, îëùŽ [v, w] ûæĲë
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àŽéëæõâêâĲŽ öâéëãèæï ŽïŽàâĲŽá. ŽêŽèëàæñîŽá, àŽêæïŽäôãîâĲŽ áŽèŽàâĲñèæ
àŽîòâĲæï Lv ïæéîŽãèââĲæïåãæï Lt

v óãâïæéîŽãèââĲæ.

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå,

G =
({v1, v2, . . . , vn}, [Lv1 , Lv2 , . . . , Lvn ]

)

áŽèŽàâĲñèæ Ĳéñèæ àîŽòæ, ýëèë t öâéëãèŽŽ, éŽöæê

Gt =
({v1, v2, . . . , vn}, {Lt

v1
, Lt

v2
, . . . , Lt

vn
})

æóêâĲŽ G-ï áŽèŽàâĲñèæ îñòîâíîå ýâ.

á Ž é ð ç æ ù â Ĳ Ž . îŽáàŽê G Žîæï Ĳéñèæ àîŽòæ, Žéæðëé Gt-ù Žàîâåãâ
ĲéñèæŽ áŽ ûŽîéëŽáàâêï G-ï øëêøýï ( îñòîâ) (îŽáàŽê Gt öâæùŽãï G-ï õãâèŽ
ûãâîëï). åñ Gt öâæùŽãï øŽçâðæè éŽîöîñðï, éŽöæê äëàæâîåæ ûãâîë t-öæ
àŽéëøêáâĲŽ âîåäâ éâðþâî. éŽàîŽé, îŽáàŽê t Žîæï öâéëãèŽ âï öâñúèâĲâèæŽ,
Žéæðëé Gt Žîæï Žùæçèñîæ. éŽöŽïŽáŽéâ, Gt Žîæï ýâ.

ö â á â à æ . õãâèŽ Ĳéñè àîŽòï Žóãï îñòîâíîå ýâ.

êŽý. 3.2

é Ž à Ž è æ å æ 3.3. 3.1 êŽýŽääâ àŽéëïŽýñèæ àîŽòæïåãæï v1 ïŽûõæïæ
ûãâîëáŽê ïæôîéæå áŽ àŽêæãæ öâéëãèâĲæå àŽêïŽäôãîñèæ îñòîâíûå ýââĲæ
æóêâĲŽ, öâïŽĲŽéæïŽá, 3.2(Ž) áŽ 3.2(Ĳ) êŽýŽäâĲäâ àŽéëïŽýñèæ ýââĲæ.

ŽîŽĲéñèæ àîŽòâĲæïåãæï ïîñèæ öâéëãèŽ àŽêïŽäôãîŽãï îñòîâíîé ðõâï.

ï Ž ã Ž î þ æ ö ë 3.1.

1. ãåóãŽå, G =
({v1, v2, v3, v4, v5, v6}, {Lv1 , Lv2 , Lv3 , Lv4 , Lv5 , Lv6}

)
áŽ-

èŽàâĲñèæ àîŽòæŽ, ïŽáŽù

Lv1 =
(
(v1, v2), (v1, v3), (v1, v4)

)
,

Lv2 =
(
(v2, v1), (v2, v5)

)
,

Lv3 =
(
(v3, v1), (v3, v6)

)
,

Lv4 =
(
(v4, v1), (v4, v6), (v4, v5)

)
,

Lv5 =
(
(v5, v2), (v5, v6), (v5, v4)

)
,

Lv6 =
(
(v6, v3), (v6, v4), (v6, v5)

)
.
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àŽêïŽäôãîâå

Ž) ïæôîéæå öâéëãèŽ v2 ïŽûõæïæ ûâîðæèæáŽê;

Ĳ) àŽêæãæ öâéëãèŽ v6 ïŽûõæïæ ûâîðæèæáŽê.

2. áŽýŽäâå ûæêŽ ŽéëùŽêŽöæ éëõãŽêæèæ G àîŽòæï öâéëãèâĲæå àŽêïŽä-
ôãîñèæ îñòîâíîå ýââĲæ.

3. ãåóãŽå, G àîŽòæï éëéæþêŽãâëĲæï éŽðîæùŽï Žóãï Ĳèëçñîæ ïðîñóðñ-
îŽ,

A =




A1 0 . . . 0
0 A2 . . . 0
. . . . . . . . . . . . . . . . .
0 0 . . . Ak


 ,

ïŽáŽù åæåëâñèæ Ai Žîæï Ĳñèæï âèâéâêðâĲæŽêæ çãŽáîŽðñèæ éŽðîæùŽ, ýë-
èë õãâèŽ áŽêŽîøâêæ âèâéâêðæ 0-æï ðëèæŽ. îŽ öâæúèâĲŽ æåóãŽï G àîŽòæï
åãæïâĲâĲäâ? éëæõãŽêâå âîåæ éŽàŽèæåæ áŽ ŽŽàâå öâïŽĲŽéæïæ êŽýŽäæ.



ëîæâêðæîâĲñèæ àîŽòâĲæ

§ 1. ëîæâêðæîâĲñèæ àîŽòâĲæ

1.1. öâïŽãŽèæ. àîŽòåŽ åâëîææï àŽéëõâêâĲæïŽï ýöæîŽá éëæåýëãâĲŽ,
îëé àîŽòæï ûæĲëâĲï ßóëêáâï éæéŽîåñèâĲŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ëîæâêðæîâĲñèæ àîŽòæ Žîæï G = (V, E)
ûõãæèæ, ïŽáŽù V Žîæï ûãâîëâĲæï ïŽïîñèæ ïæéîŽãèâ, ýëèë E çæ { V × V
áâçŽîðñèæ êŽéîŽãèæï êâĲæïéæâîæ óãâïæéîŽãèâ.

û æ ê Ž á Ž á â Ĳ Ž . Ž) ëîæâêðæîâĲñèæ G = (V, E) àîŽòæ àŽêïŽäôãîŽãï
éæéŽîåâĲŽï V ïæéîŽãèâäâ;

Ĳ) ãåóãŽå, V ïŽïîñèæ ïæéŽîãèâŽ. éŽöæê V ïæéîŽãèâäâ ĲæêŽîñèæ éæéŽî-
åâĲŽ àŽêïŽäôãîŽãï ëîæâêðæîâĲñè àîŽòï, îëéèæï ûãâîëåŽ ïæéîŽãèâŽ V .

á Ž é ð ç æ ù â Ĳ Ž . Ž) R(E) éæéŽîåâĲŽ àŽêãïŽäôãîëå öâéáâàêŽæîŽá:
vR(E)w éŽöæê áŽ éýëèëá éŽöæê, îëùŽ (v, w) ∈ E. ùýŽáæŽ, R(E) æóêâĲŽ
ĲæêŽîñèæ éæéŽîåâĲŽ.

Ĳ) ãåóãŽå, R Žîæï ĲæêŽîñèæ éæéŽîåâĲŽ R ïæéîŽãèâäâ, éŽöæê ûæĲëåŽ
ïæéîŽãèâ ŽãŽàëå öâéáâàêŽæîŽá: (v, w) ∈ E éŽöæê áŽ éýëèëá éŽöæê, îëùŽ
vRw. ŽéàãŽîŽá ŽàâĲñèæ G = (V, E) æóêâĲŽ ëîæâêðæîâĲñèæ àîŽòæ.

ûæĲëï éæéŽîåñèâĲŽ àŽêæïŽäôãîâĲŽ ûõãæèæï áŽèŽàâĲæå. éŽàŽèæåŽá, åñ
(v, w) ∈ E, ãæðõãæå, îëé ûæĲë àŽéëáæï v-áŽê áŽ öâáæï w-öæ. áæŽàîŽéŽäâ
éæéŽîåñèâĲæï éæïŽåæåâĲèŽá æïîâĲï æõâêâĲâê.

é Ž à Ž è æ å æ 1.1.

Ž) ãåóãŽå,

V = {v1, v2, v3, v4},
E1 =

{
(v1, v2), (v1, v4), (v2, v3), (v3, v1), (v3, v4)

}
.

êŽýŽääâ éëùâéñèæŽ Žé àîŽòæï éëéæþêŽãâëĲæï éŽðîæùŽ áŽ àŽéëïŽýñèâĲŽ

Ĳ) ãåóãŽå,

E2 =
{

(v1, v2), (v1, v3), (v1, v4), (v2, v3), (v3, v1), (v3, v4), (v4, v4)
}

,

G = (V,E2) ëîæâêðæîâĲñèæ àîŽòæï éëéæþêŽãâëĲæï A2 éŽðîæùŽ áŽ àŽéë-
ïŽýñèâĲŽ éëùâéñèæŽ 1.2 êŽýŽääâ:
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êŽý. 1.1

êŽý. 1.2

öâãêæöêëå, îëé ëîæâêðæîâĲñèæ àîŽòæå àŽêïŽäôãîñèæ ĲæêŽîñèæ éæ-
éŽîåâĲŽ, ïŽäëàŽáëá, Žî Žîæï ïæéâðîæñèæ, ŽîŽîâòèâóïñîæ. öâïŽĲŽéæïŽá,
éëéæþêŽãâëĲæï éŽðîæùæïåãæï öâæúèâĲŽ A 6= A′ áŽ aii 6= 0. (v, v) ïŽýæï ûæ-
ĲëâĲï éŽîõñíï ñûëáâĲâê. v ∈ V ûãâîëï δ(v) ýŽîæïýæ öâæúèâĲŽ øŽæûâîëï
δ(v) = δ−(v) + δ+(v) þŽéæï ïŽýæå, ïŽáŽù δ−(v) Žîæï v-öæ öâéŽãŽèæ ûæ-
ĲëâĲæï îŽëáâêëĲŽ, ýëèë δ+(v) Žîæï v-áŽê àŽéëéŽãŽè ûæĲëåŽ îŽëáâêëĲŽ.
{w : (w, v) ∈ E} áŽ {w : (v, w) ∈ E} ïæéîŽãèââĲï ñûëáâĲâê v ûãâîëï
öâéŽãŽè áŽ àŽéëéŽãŽè çãŽêúâĲï, öâïŽĲŽéæïŽá.

âçãæãŽèâêðëĲæïŽ áŽ éëêæöãêæï ùêâĲâĲæ ëîæâêðæîâĲñè àîŽòâĲäâ ĲñêâĲ-
îæãŽá àŽêäëàŽáâĲŽ.

1.2. éŽîöîñðâĲæ áŽ ĲéñèëĲŽ ëîæâêðæîâĲñè àîŽòâĲöæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . k ïæàîúæï éŽîöîñðæ v ûãâîëáŽê w-öæ ëîæâê-
ðæîâĲñè G = (V, E) àîŽòöæ âûëáâĲŽ ûæĲëâĲæ öâéáâàæ ïŽýæï éæéáâãîëĲŽï:

(v, w1), (w1, w2), . . . , (wk−2, wk−1), (wk−1, w).

â. æ. åæåëâñèæ ûæĲëï éâëîâ ûãâîë âéåýãâãŽ öâéáâàæ ûæĲëï ìæîãâè ûãâîëï.
ýöæîŽá éëýâîýâĲñèæŽ éŽîöîñðæ ûŽîéëãŽáàæêëå ûãâîëâĲæï æé

v, w,w2, . . . , wk−2, wk−1, w
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éæéáâãîëĲæå, îëéèâĲæù éŽï àŽêïŽäôãîŽãï. åñ v = w, éŽîöîñðï âûëáâĲŽ
øŽçâðæèæ. éŽîöîñðæ Žêñ ùæçèæ. ëîæâêðæîâĲñè àîŽòï, îëéâèæù ùæçèï Žî
öâæùŽãï, Žùæçèñîæ âûëáâĲŽ.

ãåóãŽå, D ŽôêæöêŽãï õãâèŽ ëîæâêðæîâĲñèæ àîŽòæï ïæéîŽãèâï, ýëèë
G { õãâèŽ àîŽòæï ïæéîŽãèâï. öâàãæúèæŽ àŽêãïŽäôãîëå F : D → G ŽïŽýãŽ
öâéáâàêŽæîŽá.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, G = (V,E) ∈ D ëîæâêðæîâĲñèæ
àîŽòæŽ. éŽöæê F (G) ∈ G àîŽòæï ûãâîëåŽ ïæéîŽãèâ âéåýãâãŽ V -ï, ýëèë
F (G)-æï ûæĲëåŽ ïæéîŽãèâ àŽêæïŽäôãîâĲŽï E-äâ øŽðŽîâĲñèæ öâéáâàæ ëìâ-
îŽùæâĲæå:

Ž) E-áŽê éëãŽöëîëå õãâèŽ éŽîõñíæ;

Ĳ) (v, w) öâãùãŽèëå [v, w]-æå õãâèŽ (v, w) ∈ E-åãæï. éŽöæê F (G)
àîŽòæ æóêâĲŽ G ëîæâêðæîâĲñè àîŽòåŽê áŽçŽãöæîâĲñèæ àîŽòæ.

ëîæâêðæîâĲñèæ àîŽòâĲæïåãæï Ĳéæï ùêâĲŽ ñòîë éâðŽá öæêŽŽîïëĲîæãæŽ,
ãæáîâ àîŽòâĲæïåãæï. àŽêãïŽäôãîëå ëîæâêðæîâĲñèæ àîŽòâĲæï Ĳéæï ïŽéæ ðæ-
ìæ:

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, G = (V, E) Žîæï ëîæâêðæîâĲñèæ
àîŽòæ. ãæðõãæå, îëé

Ž) G ïñïðŽá ĲéñèæŽ, åñ F (G) àîŽòæ Žîæï Ĳéñèæ.

Ĳ) G ùŽèéýîæãŽá ĲéñèæŽ, åñ v, w ∈ V ïýãŽáŽïýãŽ ûãâîëï õëãâèæ
ûõãæèæïåãæï ŽîïâĲëĲï éŽîöîñðæ v-áŽê w-öæ Žê w-áŽê v-öæ.

à) G úèæâîŽá ĲéñèæŽ, åñ v, w ∈ V ïýãŽáŽïýãŽ ûãâîëï õëãâèæ
ûõãæèæïåãæï ŽîïâĲëĲï éŽîöîñðæ v-áŽê w-öæ áŽ w-áŽê v-öæ.

ùýŽáæŽ, îëé

G úèæâîŽá éĲñèæŽ =⇒ G ùŽèéýîæãŽá ĲéñèæŽ =⇒ G ĲéñèæŽ.

é Ž à Ž è æ å æ 1.2. 1.3 êŽýŽääâ àŽéëïŽýñèæŽ ëîæâêðæîâĲñèæ àîŽòæ

Ž) éýëèëá ïñïðŽá Ĳéñèæ (æý. êŽý. 1.3(Ž));

Ĳ) ùŽèéýîæãŽá ĲéñèæŽ (æý. êŽý. 1.3(Ĳ));

à) úèæâîŽá ĲéñèæŽ (æý. êŽý. 1.3(à));

C = A(R∗) ĲéñèëĲæï éŽðîæùæï ðâîéæêâĲöæ ëîæâêðæîâĲñèæ G àîŽòæ
úèæâîŽá ĲéñèæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ cij = 1, õëãâèæ 1 ≤ i, j ≤ n-
åãæï; G ùŽèéýîæãŽá ĲéñèæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ cij ∨ cji = 1,
õëãâèæ 1 ≤ i, j ≤ n-åãæï.

é Ž à Ž è æ å æ 1.3. àŽêãæýæèëå 1.4 êŽýŽääâ áæŽàîŽéæå ûŽîéëáàâêæèæ
ëîæâêðæîâĲñèæ àîŽòæ
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êŽý. 1.3

êŽý. 1.4

Žé àîŽòæïåãæï àãŽóãï:

A(R) =




0 1 0 1 0
0 1 1 0 0
1 1 0 0 1
0 0 1 0 1
1 0 0 0 0




, A(R2) =




0 1 1 0 1
1 1 1 0 1
1 1 1 1 0
1 1 0 0 1
0 1 0 1 0




,
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A(R3) =




1 1 1 0 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 0
0 1 1 0 1




, A(R4) =




1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 0 1




,

Žéæðëé

C =
4∨

k=0

A(R4) = I ∨A(R) ∨A(R2) ∨A(R3) ∨A(R4)

éŽðîæùæïåãæï cij = 1 õãâèŽ 1 ≤ i, j ≤ 5-åãæï, ŽéîæàŽá, éëùâéñèæ àîŽòæ
Žîæï úèæâîŽá Ĳéñèæ.

åñ G = (V, E) Žîæï ëîæâêðæîâĲñèæ àîŽòæŽ, éŽöæê âçãæãŽèâêðëĲæï ρ
éæéŽîåâĲæå V ûãâîëåŽ ïæéîŽãèâ öâæúèâĲŽ áŽãõëå çèŽïâĲŽá öâéáâàêŽæîŽá:
vρw, åñ v = w Žê ŽîïâĲëĲï éŽîöîñðæ v-áŽê w-öæ áŽ ìæîæóæå. åñ {ViL 1 ≤
i ≤ p} Žîæï V -ï áŽõëòŽ áŽ {Ei : 1 ≤ i ≤ p}, ïŽáŽù Ei = (Vi×Vi)∩E Žîæï
ûæĲëåŽ öâïŽĲŽéæïæ ïæéîŽãèâ, éŽöæê Gi = (Vi, Ei) (1 ≤ i ≤ p) óãâàîŽòâĲï
âûëáâĲŽ G àîŽòæï úèæâîŽá Ĳéñèæ çëâòæùæâêðâĲæ.

ùýŽáæŽ, îëé ρ ⊆ R∗ áŽ A(ρ) öâæúèâĲŽ àŽêæïŽäôãîëï A(R∗)-áŽê, îë-
àëîù A(ρ)ij = A(R∗)ij ∧A(R∗)ji.

G àîŽòæ úèæâîŽá ĲéñèæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ G-ï Žóãï éýë-
èëá âîåæ úèæâîŽá Ĳéñèæ çëéìëêâêðæ, â. æ. åñ p = 1.

é Ž à Ž è æ å æ 1.4. àŽêãæýæèëå 1.5 êŽýŽääâ àŽéëïŽýñèæ ëîæâêðæîâ-
Ĳñèæ àîŽòæ. àãâóêâĲŽ

A(R∗) =




1 1 1 1
0 1 1 0
0 0 1 0
0 0 1 1


 , A(p) =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 .

êŽý. 1.5

ŽéîæàŽá, Gi = ({vi},∅) (1 ≤ i ≤ 4) Žîæï G àîŽòæï úèæâîŽá Ĳéñèæ
çëéìëêâêðâĲæ.
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ãåóãŽå, G = (V, E) Žùæçèñîæ àîŽòæŽ. v ∈ V ûãâîëï âûëáâĲŽ òëåë-
èæ, åñ δ+(v) = 0. åñ (v, w) ∈ E, éŽöæê v Žîæï w-ï ñöñŽèë ûæêŽìŽîæ,
ýëèë w çæ { v-ï ñöñŽèë öåŽéëãŽèæ. åñ ŽîïâĲëĲï éŽîöîñðæ v-áŽê w-öæ,
éŽöæê ŽéĲëĲâê, îëé v Žîæï w-ï ûæêŽìŽîæ, ýëèë w çæ { v-ï öåŽéëéŽãŽèæ.

Žé ùêâĲâĲï Žäîæ Žî Žóãï ùæçèæï öâéùãâèæ àîŽòâĲæïåãæï.

é Ž à Ž è æ å æ 1.5. 1.6 êŽýŽääâ àŽéëïŽýñèæŽ ëîæâêðæîâĲñèæ Žùæçèñîæ
àîŽòæ.

êŽý. 1.6

v3 Žîæï v5-æï ûæêŽìŽîæ.
v4 Žîæï v5-æï ñöñŽèë ûæêŽìŽîæ.
v5 Žîæï v3-æï ñöñŽèë öåŽéëéŽãŽèæ.

éüæáîë çŽãöæîæ ŽîïâĲëĲï Žùæçèñîæ ëîæâêðæîâĲñè àîŽòâĲïŽ áŽ êŽûæ-
èëĲîæã áŽèŽàâĲñè éæéŽîåâĲâĲï öëîæï.

û æ ê Ž á Ž á â Ĳ Ž . Ž) ãåóãŽå, \<" Žîæï êŽûæèëĲîæã áŽèŽàâĲæï
éæéŽîåâĲŽ ïŽïîñè V ïæéîŽãèâäâ, éŽöæê åñ

E =
{
(v, w) : v < w

}
,

G = (V, E) æóêâĲŽ Žùæçèñîæ àîŽòæ.
Ĳ) ãåóãŽå, G = (V,E) Žîæï Žùæçèñîæ ëîæâêðæîâĲñèæ àîŽòæå. \<" éæ-

éŽîåâĲŽ V -äâ àŽêæïŽäôãîâĲŽ öâéáâàêŽæîŽá: v < w, åñ v Žîæï w-ï ûæêŽìŽîæ.
éŽöæê < æóêâĲŽ êŽûæèëĲîæãæ áŽèŽàâĲæï éæéŽîåâĲŽ v-äâ.

ëîæâêðæîâĲñèæ ýâ T = (V,E) Žîæï Žùæçèñîæ ëîæâêðæîâĲñèæ àîŽòæ,
îëéâèæù âîå vr ∈ V ûãâîëï Žî Žóãï ûæêŽìŽîæ, ýëèë õãâèŽ áŽêŽîøâê ïýãŽ
ûãâîëï Žóãï éýëèëá âîåæ ñöñŽèë ûæêŽìŽîæ. vr-ï âûëáâĲŽ ýæï òâïãæ.
ĲæêŽîñèæ ýâ âûëáâĲŽ ëîæâêðæîâĲñè ýâï, îëéâèöæù åæåëâñè ûãâîëï Žóãï
ŽîŽñéâðâï ëîæ ñöñŽèë öåŽéëéŽãŽèæ, â. æ. δ+(v) ≤ 2 õëãâèæ v ∈ V -åãæï.

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå, G = (V, E) ëîæâêðæîâĲñèæ àîŽòæŽ.
öâéáâàæ ûæêŽáŽáâĲâĲæ âçãæãŽèâêðñîæŽ:
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Ž) G Žîæï ýâ.

Ĳ) F (G) àîŽòæ Žîæï Ĳéñèæ áŽ ŽîïâĲëĲï vr ûãâîë, îëéâèïŽù Žî Žóãï
ûæêŽìŽîæ, ýëèë õãâèŽ áŽêŽîøâê ûãâîëï Žóãï éýëèëá âîåæ ñöñŽèë
ûæêŽìŽîæ.

à) G-ï Žóãï vr ûãâîë, îëéâèæù êâĲæïéæâî ïýãŽ ûãâîëï ñâîåáâĲŽ âîåŽ-
áâîåæ éŽîöîñðæå.

á) G-ï Žóãï vr ûãâîë, îëéâèïŽù Žî Žóãï ûæêŽìŽîæ; õã âèŽ ïýãŽ ûãâîëï
Žóãï éýëèëá âîåæ ñöñŽèë ûæêŽìŽîæ; ŽîïâĲëĲï éŽîöîñðæ vr-áŽê
åæåëâñè ûãâîëéáâ.

1.3. áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ àîŽòâĲæ áŽ öâéëãèâĲæ. éëéæ-
þêŽãâëĲæï êñïýâĲæ éëéæþêŽãâëĲæï éŽðîæùâĲæï éæéŽîå ëîæâêðæîâĲñèæ àîŽòâ-
Ĳæï ûŽîéëáàâêæï ŽèðâîêŽðæñèæ òëîéŽŽ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ àîŽòæ âûëáâĲŽ
G = (V,E) ûõãæèï, ïŽáŽù V ûãâîëâĲæï ïŽïîñèæ ïæéîŽãèâŽ, ýëèë E ëîæ-
âêðæîâĲñèæ ûæĲëâĲæ áŽèáŽàâĲñè êñïýŽåŽ ïæéîŽãèâŽ. E-ï âèâéâêðâĲï Žóãï
öâéáâàæ ïŽýâ:

Lv =
(
(v, w1), (v, w2), . . . , (v, wk)

)
,

ïŽáŽù v, wk ∈ V .

é Ž à Ž è æ å æ 1.6. àŽêãæýæèëå áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ àîŽòæ

G =
(
(v1, v2, v3, v4, v5),

{(
(v1, v2), (v1, v3)

)
,
(
(v2, v3)

)
,
(
(v4, v3), (v4, v5), (v4, v4)

)})
.

G àîŽòæ öâæúèâĲŽ ûŽîéëãŽáàæêëå éëéæþêŽãâëĲæï êñïýâĲæå:

êŽý. 1.7

áŽ öâæúèâĲŽ ûŽîéëãŽáàæêëå áæŽàîŽéæå (êŽý. 1.9)

áŽèŽàâĲñèæ G ëîæâêðæîâĲñèæ àîŽòæ àŽêïŽäôãîŽãï âîåŽáâîå ŽîŽáŽ-
èŽàâĲñè ëîæâêðæîâĲñèæ àîŽòï: åæåëâñèæ áŽèŽàâĲñèæ

(
(v, w1), (v, w2), . . . , (v, wk)

)
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êŽý. 1.8

êñïýŽ ñêáŽ öâãùãŽèëå
{
(v, w1), (v, w2), . . . , (v, wk)

}
ïæéîŽãèæå. ŽïâåêŽæ-

îŽá àŽêïŽäôãîñè ëîæâêðæîâĲñè àîŽòï âûëáâĲŽ G-ï áŽóãâéáâĲŽîâĲñèæ
ëîæâêðæîâĲñèæ àîŽòæ.

é Ž à Ž è æ å æ 1.7. T Žîæï áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ ýâ

T =
({

v1, v2, v3, v4, v5, v6, v7, v8

}
,

{(
(v1, v2), (v2, v3)

)
,
(
(v2, v4), (v2, v5)

)
,
(
(v3, v6), (v3, v7), (v3, v8)

)})
.

êŽý. 1.9

v1 Žîæï T ýæï òâïãæ (æý. êŽý. 1.10).

à Ž ê ï Ž ä ô ã î â Ĳ Ž . Ž) ãåóãŽå, SV áŽ SE ïæéîŽãèââĲæŽ. G = (V, E)
áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ àîŽòæï ïîìåòêà (êæöŽêæ, éëêæöãêŽ) âûëáâĲŽ
(f, g), ïŽáŽù

f : V −→ SV Žîæï ûãâîæåŽ êæöŽêæ,

g : E −→
∞⋃

k=1

Sk
E Žîæï ûæĲëåŽ êæöŽêæ.
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g ŽïŽýãŽï Žóãï öâéáâàæ ïŽýâ:

g
(
(v, w1), (v, w2), . . . , (v, wk)

)
= (α1, α2, . . . , αk) ∈ Sk

E .

2) ŽéĲëĲâê, îëé ëîæ G1 = (V1, E1) áŽ G2 = (V2, E2) êæöêæŽêæ àîŽòæ
(f1, g1) áŽ (f2, g2) éëêæöãêâĲæï òñêóùæâĲæå, âçãæãŽèâêðñîæŽ, åñ ŽîïâĲëĲï
æïâåæ h : V1 → V2 ĲæâóùæŽ, îëé

Ž)
(
(v, w1), (v, w2), . . . , (v, wk)

) ∈ E1 éŽöæê áŽ éýëèëá éŽöæê, îëùŽ((
h(v), h(w1)

)
, . . . ,

(
h(v), h(wk)

)) ∈ E2 (âçãæãŽèâêðñîæŽ îëàëîù
áŽèŽàâĲñèæ àîŽòâĲæ);

Ĳ) f1(v) = f2(h(v)) õãâèŽ v ∈ V ûãâîëïåãæï (ûãâîëåŽ êæöêâĲæ âéåý-
ãâãŽ);

à) õãâèŽ
(
(v, w1), (v, w2), . . . , (v, wk)

) ∈ E1 ûæĲëïåãæï àãŽóãï

g1

(
(v, w1), (v, w2), . . . , (v, wk)

)
= g2

((
h(v), h(w1)

)
, . . . ,

(
h(v), h(wk)

))

(â. æ. ûæĲëåŽ êæöêâĲæ âéåýãâãŽ).

àŽêãïŽäôãîëå ëîæâêðæîâĲñèæ àîŽòâĲæï öâéëãèŽ. áŽèŽàâĲñèæ ëîæâê-
ðæîâĲñèæ àîŽòâĲæï öâéëãèŽ äñïðŽá æïâãâ àŽêæïŽäôãîâĲŽ, îëàëîù ŽîŽëîæ-
âêðæîâĲñèæ àîŽòâĲæïåãæï. áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ ýââĲæïåãæï ýöæîŽá
éëïŽýâîýâĲâèæŽ ïýãŽ öâéëãèâĲæ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, T =
({v1, v2, . . . , vn}, E

)
Žîæï

áŽèŽàâĲñèæ ëîæêâðæîâĲñèæ ýâ áŽ

Lv =
(
(v, w1), (v, w2), . . . , (v, wk)

) ∈ E.

{w1, w2, . . . , wk} ïæéîŽãèâäâ àŽêãïŽäôãîëå < éæéŽîåâĲŽ öâéáâàêŽæîŽá: wi <
wj éŽöæê áŽ éýëèëá éŽöæê, îëùŽ i < j. ŽïâåêŽæîŽá àŽêãïŽäôãîëå < éæ-
éŽîåâĲŽ E-ï åæåëâñèæ êñïýæïåãæï.

û æ ê Ž á Ž á â Ĳ Ž . < éæéŽîåâĲŽ Žîæï êŽûæèëĲîæã áŽèŽàâĲæï éæéŽîåâĲŽ
V ïæéîŽãèâäâ.

á Ž é ð ç æ ù â Ĳ Ž . v < v éæéŽîåâĲæïåãæï ïŽüæîëŽ ŽîïâĲëĲáâï
(
(q, w1), . . . , (q, v), . . . , (q, v), . . . , (q, wk)

)

ïŽýæï êñïýŽ, éŽàîŽé âï öâñúèâĲâèæŽ, îŽáàŽê T ýâï Žî Žóãï ùæèâĲæ. ŽéîæàŽá,
v ≮ v êâĲæïéæâîæ v ∈ V -åãæï.

v < w áŽ w < u éæéŽîåâĲâĲæáŽê àŽéëéáæêŽîâëĲï, îëé ŽîïâĲëĲï æïâåæ
x, y ∈ V , îëéâèåŽåãæïŽù

Lx =
(
(x, w1), . . . , (x, v), . . . , (x, w), . . . , (x,wk)

)
,

Ly =
(
(y, u1), . . . , (y, w), . . . , (y, u), . . . , (y, ul)

)
.
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åñ x 6= y, éŽöæê àãâóêâĲŽ δ−(w) = 2 ((x,w) áŽ (y, w)), îŽù öâñúèâĲâèæŽ,
îŽáàŽê T Žîæï ýâ. ŽéîæàŽá, x = y áŽ

Lx =
(
(x, w1), . . . , (x, v), . . . , (x, w), . . . , (x, u), . . . , (x,wk)

)
.

â. æ. v < u.
ŽéîæàŽá, < éæéŽîåâĲŽ Žîæï êŽûæèëĲîæãæ áŽèŽàâĲæï éæéŽîåâĲŽ V -äâ.
< éæéŽîåâĲŽ ŽáŽîâĲï éýëèëá âîåæ ûãâîëáŽê àŽéëïñè ûãâîëâĲï.

é Ž à Ž è æ å æ 1.8. áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ T ýæïåãæï (æý. êŽý.
1.11) àãŽóãï:

v2 < v3, v4 < v5, v6 < v7, v7 < v8, v6 < v8.

êŽý. 1.10

ö â ê æ ö ê ã Ž . v ∈ V , Γ+(v)-æå Žôãêæöêëå õãâèŽ æé ûãâîëåŽ ïæéîŽãèâ,
îëéèâĲæïåãæïŽù v Žîæï \ûæêŽìŽîæ". ŽêŽèëàæñîŽá, Γ−(v)-æå Žôãêæöêëå æé
ûãâîëåŽ ïæéîŽãèâ, îëéèâĲæïåãæïŽù v Žîæï \öåŽéëéŽãŽèæ".

à Ž ê ï Ž ä ô ã î â Ĳ Ž . < éæéŽîåâĲŽï ñûëáâĲâê áŽèŽàâĲñèæ ëîæâê-
ðæîâĲñèæ T = (V, E) ýæï ûãâîëâĲæï ðîŽêïãâîïŽèñî áŽèŽàâĲŽï.

ãåóãŽå, < éæéŽîåâĲŽ àŽêïŽäôãîŽãï <l éæéŽîåâĲŽï V -äâ öâéáâàêŽæîŽá:
åñ wi < wj , éŽöæê w′i <l w′j õãâèŽ w′i ∈ Γ+(wi) ∪ {wi} áŽ õãâèŽ w′j ∈
Γ+(wj) ∪ {wj}-åãæï.

û æ ê Ž á Ž á â Ĳ Ž .

1) <⊆<l;

2) <l êŽûæèëĲîæã áŽèŽàâĲæï éæéŽîåâĲŽŽ V -äâ.

á Ž é ð ç æ ù â Ĳ Ž . 1) ùýŽáæŽ. (w′i = wi, w′j = wj).
2) Ž) v <l v éæéŽîåâĲæáŽê àŽéëéáæêŽîâëĲï, îëé Žê v < v Žê ŽîïâĲëĲï

æïâåæ x, my ∈ V , îëé x < y áŽ v ∈ Γ+(x)∪ {x}, v ∈ Γ+(y)∪ {y}. ŽéŽïåŽê,
v ≮ V , îŽáàŽê < êŽûæèëĲîæãæ áŽèŽàâĲæï éæéŽîåâĲŽŽ. ŽêŽèëàæñîŽá, x < y
éæéŽîåâĲæáŽê àŽéëéáæêŽîâëĲï x 6= y áŽ v ∈ Γ+(x) ∪ {x}, v ∈ Γ+(y) ∪ {y}.



99

âï êæöêŽãï, îëé δ−(v) = 2 Žê δ−(w) = 2 îëéâèæôŽù w ∈ Γ−(v)-åãæï. âï
öâñúèâĲâèæŽ, îŽáàŽê T Žîæï ýâ. ŽéîæàŽá, v ≮l vl õãâèŽ v ∈ V -åãæï.

Ĳ) ãåóãŽå, àãŽóãï v <l w áŽ w <l u. v <l w êæöêŽãï, îëé v < w Žê
ŽîïâĲëĲï æïâåæ x, y ∈ V , îëé x < y áŽ v ∈ Γ+(x) ∪ {x}, w ∈ Γ+(y) ∪ {y}.
w <l u êæöêŽãï, îëé w < u Žê ŽîïâĲëĲï æïâåæ r, s ∈ V ûãâîëâĲæ, îëé r < s
áŽ w ∈ Γ+(r) ∪ {r}, u ∈ Γ+(s) ∪ {s}. w ∈ Γ+(r) ∪ {r} áŽ w ∈ Γ+(y) ∪ {y}
àãŽúèâãï, îëé Žê r ∈ Γ+(y), Žê y ∈ Γ+(r). éŽöŽïŽáŽéâ, ýâï Žóãï 1.12 êŽýŽääâ
àŽéëïŽýñèæ âîå-âîåæ òëîéŽ.

êŽý. 1.11

åñ r ∈ Γ+(y), éŽöæê s ∈ Γ+(y) áŽ x < y àãŽúèâãï x <l s. éŽàîŽé
u ∈ Γ+(s), öâïŽĲŽéæïŽá, x <l u áŽ, îŽáàŽê v ∈ Γ+(z) àãŽóãï v <l u. åñ y ∈
Γ+(r), éŽöæê x ∈ Γ+(r) áŽ r < s àãŽúèâãï x < els. éŽàîŽé, u ∈ Γ+(s)∪ {s},
éŽöŽïŽáŽéâ, x <l u, ýëèë v ∈ Γ+(x), éæãæôâĲå v <l u.

ŽéîæàŽá, <l Žîæï êŽûæèëĲîæãæ áŽèŽàâĲæï éæéŽîåâĲŽ V -äâ.
äëàþâî v <l w-ï çæåýñèëĲâê, îëàëîù \v æéõëòâĲŽ w-äâ éŽîùýêæã".

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå, T = (V, E) Žîæï áŽèŽàâĲñèæ ëîæâêðæ-
îâĲñèæ ýâ. éŽöæê vi, vj ∈ V (i 6= j) Žê vi <l vj , Žê vj <l vi, Žê vi áŽ vj âîå
éŽîöîñðäâŽ.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, vi, vj ∈ V áŽ vi 6= vj . éŽöæê ŽîïâĲëĲï
æïâåæ v0 ûãâîë, îëé vi ∈ Γ+(uα) ∪ {uα} áŽ vj ∈ Γ+(uα) ∪ {uα}. åñ
vi = aα Žê vj = vα, éŽöæê vi áŽ vj âîå éŽîöîñðäâŽ. ûæêŽŽôéáâà öâéåýãâãŽöæ
àŽêãæýæèëå val-áŽê ìæîáŽìæî àŽéëéŽãŽèæ w1, w2, . . . , wk ûãâîëâĲæ. éŽöæê Žê

vi ∈ Γ+(wl) áŽ vj ∈ Γ+(wm), wl 6= wm,

Žê
vi, vj ∈ Γ+(wk).
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ìæîãâè öâéåýãâãŽöæ àãŽóãï: vi <l vj Žê vj <l vi æéæï éæýâáãæå wl <
wm, åñ wm < wl. éâëîâ öâéåýãâãŽöæ ìîëùâïæ éâëîáâĲŽ wk-áŽê, ïŽêŽé Žî
öâïîñèáâĲŽ ìæîãâèæ öâéåýãâãæï ìæîëĲâĲæ, Žê éæãæôâĲå vi = aa Žê vj = va.
Žé öâéåýãâãŽöæ vi áŽ vj âîå éŽîöîñðäâŽ.

àŽãŽòŽîåëãëå <l êŽûæèëĲîæãæ áŽèŽàâĲŽ V -ï ïîñè áŽèŽàâĲŽéáâ.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, T = (V,E) áŽèŽàâĲñèæ ëîæâê-
ðæîâĲñèæ ýâŽ. àŽêãïŽäôãîëå <1 ïîñèæ áŽèŽàâĲŽ V -äâ öâéáâàêŽæîŽá: vj

àŽéëáæï vi-áŽê, éŽöæê vi <1 vj , ûæêŽŽôéáâà öâéåýãâãŽöæ vi < vj , åñ vi <l vj .
<1 éæéŽîåâĲŽï ñûëáâĲâê ûæêŽáŽèŽàâĲŽï V -äâ.

ùýŽáæŽ, <l⊆<1.

êŽý. 1.12

é Ž à Ž è æ å æ 1.9. ãåóãŽå, T = (V, E) Žîæï ?? êŽýŽääâ àŽéëïŽýñèæ
áŽèŽàâĲñèæ ëîæâêðæîâĲñèæ ýâ. éŽöæê V {a, b, c, d, ef, g, h, i} ïæéîŽãèâäâ <1

ûæêŽáŽáâĲŽ öâæúèâĲŽ øŽãûâîëå, îëàëîù

a <1 b <1 e <1 f <1 c <1 d <1 g <1 i <1 h.

öâïŽĲŽéæïŽá, ûãâîëåŽ öâéëãèŽï âóêâĲŽ ïŽýâ

a, b, w, f, c, d, g, i, h.

à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, T = (V,E) áŽèŽàâĲñèæ ëîæâê-
ðæîâĲñèæ ýâŽ. V -äâ àŽêãïŽäôãîëå <2 ïîñèæ áŽèŽàâĲŽ öâéáâàêŽæîŽá: åñ
vi àŽéëáæï vj-áŽê, éŽöæê vi <2 vj ûæêŽŽôéáâà öâéåýãâãŽöæ vi <2 vj , åñ
vi <l vj . <2 áŽèŽàâĲŽï ñûëáâĲâê \ ïîñòïîðÿäêî" V -äâ.

ùýŽáæŽ, <l⊆ V2.

é Ž à Ž è æ å æ 1.10. ãåóãŽå, T = (V, E) Žîæï ?? êŽýŽääâ éëùâéñèæ
ýâ. éŽöæê ïîñòïîðÿäîê V -äâ âóêâĲŽ öâéáâàæ ïŽýâ:

e <2 f <2 b <2 c <2 i <2 g <2 h <2 d <2 a,

ýëèë T -ï öâéëãèŽ æóêâĲŽ:

e, f, b, c, i, g, h, d, a.
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à Ž ê ï Ž ä ô ã î â Ĳ Ž . ãåóãŽå, T = (V, E) Žîæï ïîñèæ ĲæêŽîñèæ
ýâ. V -äâ àŽêãïŽäôãîëå <s ïæéâðîæñèæ áŽèŽàâĲŽ öâéáâàêŽæîŽá: åæåëâñèæ
ûãâîëïåãæï, îëéâèæù òëåëèï Žî ûŽîéëŽáàâêï áŽ Žóãï w1 áŽ w2 (w1 < w2)
ìæîáŽìæî àŽéëéŽãŽèæ ûãâîëâĲæ. áŽãñöãŽå:

w′1 <3 v, õãâèŽ w′1 ∈ Γ+(w1) ∪ {w1}-åãæï,

v < w′2, õãâèŽ w′2 ∈ Γ+(w2) ∪ {w1}-åãæï.

<s áŽèŽàâĲŽ æóêâĲŽ <l áŽèŽàâĲæï àŽòŽîåëâĲŽ.



103

algebruli struqturebi

Cven gamoviyenebT Semdeg aRniSvnebs:

 _ naturaluri ricxvebisaTvis;

 _ mTeli ricxvebisaTvis;

 _ racionaluri ricxvebisaTvis;

 _ namdvili ricxvebisaTvis;

 _ kompleqsuri ricxvebisaTvis;


 _ dadebiTi racionaluri ricxvebisaTvis;


 _ dadebiTi namdvili ricxvebisaTvis.

binaruli operaciebi

maTematikaSi xSirad vxvdebiT situaciebs, rodesac mocemulia 

raime simravle da am simravlis nebismieri ori elementisagan amave 

simravlis axali elementis miRebis wesi. aseTi situaciebis magali-

Tebia:

m a g al i T i 1 . Tu mocemulia namdvil ricxvTa simravle 

da misi raime ori elementi (e. i. ori namdvili ricxvi), Cven Seg-

viZlia es ricxvebi SevkriboT an gavamravloT erTmaneTze, raTa mi-

viRoT axali elementi (e. i. axali namdvili ricxvi).

m a g al i T i 2 . Tu mocemulia n n zomis matricebis simrav-

le, maSin ori aseTi matricis SekrebiT an maTi erTmaneTze gamrav-

lebiT miiReba axali n n zomis matrici.

m a g al i T i 3 . ganvixiloT raime X simravle da misi Tavis 

TavSi yvela asaxvis simravle  E X . nebismieri ori aseTi asaxvis 

kompozicia aris isev X simravlis Tavis TavSi asaxva, anu  E X

simravlis elementi.
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m a g al i T i 4 . ganvixiloT raime X simravle da  E X sim-

ravlis is qvesimravle, romelic Sesdgeba mxolod bieqciuri asax-

vebisgan. es simravle aRvniSnoT  X simboloTi. radgan nebismie-

ri ori bieqciis kompozicia isev bieqciaa, amitom  X simravlis 

nebismieri ori elementis (anu X simravlis nebismieri ori Tavis 

Tavze bieqciuri asaxvis) kompozicia aris isev am simravlis ele-

menti.

Tanamedrove algebra Seiswavlis iseT simravleebs, romelbic 

aRWurvilia misi nebismieri ori elementisagan axali elementis mi-

Rebis erTi an ramdenime wesiT, romelTac b i n a r ul i  o p e r a c i -

e b i ewodeba.

g a n m a rt e b a 1 . mocemul X simravleze gansazRvruli b i -

n a r ul i  o p e r a c i a ewodeba asaxvas X X dekartuli namrav-

lidan X simravleSi.

magaliTad, namdvili ricxvebis Sekrebis da gamravlebis Cveu-

lebrivi operaciebi, romlebic ganxiluli iyo magaliTi 1-Si, aris 

asaxvebi   simravlidan  simravleSi, romlebic namdvil 

ricxvTa  ,x y wyvils uTanadebs x y da x y ricxvebs, Sesaba-

misad.

rodesac mocemulia raime zogadi operacia :f X X X  , nam-

dvil ricxvebze gansazRvruli Sekrebisa da gamravlebis cnobili 

binaruli operaciebis analogiurad, f asaxvis mniSvnelobas  ,x y

wyvilze (anu X simravlis  ,f x y elements) x y simboloTi 

aRniSnaven. maSasadame, Tu  ,x y X X  , maSin  ,f x y x y  .

m a g al i T i 5 . ganvsazRvroT mTel ricxvTa simravleze bina-

ruli operacia Semdegnairad:

2n m nm   .

maSin, magaliTad, 

2 3 2 3 2 6 2 8       da    4 5 4 5 2 18        .

m a g al i T i 6 . vTqvaT, X raime simravlea, ℘( )ܺ ki misi yve-
la qvesimravlis simravle. Tu ܣ, ∋ ܤ ℘( )ܺ (e. i. Tu A da B
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aris X simravlis qvesimravleebi), maSin A B da A B aris 

agreTve ℘( )ܺ simravlis elementi (anu ܺ   simravlis qvesimravle). 

es niSnavs, rom ܺ   simravlis ori qvesiravlis gaerTianeba da Tanak-

veTa ℘( )ܺ simravleze gansazRvravs binarul operaciebs. ori qve-

simravlis \A B sxvaoba ki gansazRvravs mesame binarul operacias ℘( )ܺ-ze.
m a g al i T i 7 . Cven SegviZlia ganvsazRvroT binaruli opracia 

sibrtyis yvela wertilTa simravleze Semdegnairad: Tu P da Q

aris sibtryis nebismieri ori wertili, maSin P Q iyos PQ mo-

nakveTis Suawertili.

m a g al i T i 8 . ganvixiloT gamoklebis operacia naturalur 

ricxvTa simravleze. igi araa binaruli operacia, radgan rodesac 

erT naturalur ricxvs akldeba sxva naturaluri ricxvi, sxvaoba 

SeiZleba aRar iyos isev naturaluri ricxvi. magaliTad, 

9 10 1   da 1  .

rodesac X simravle sasrulia, maSin masze mocemuli binaru-

li operacia SeiZleba warmodgindes am binaruli operaciis Sesaba-

misi cxriliT. qvemoT moyvanili cxrili warmoadgens  , ,X x y z

simravleze gansazRvruli binaruli operaciis gamravlebis cxrils, 

romlis drosac x x y  , x y z  , x z y  , y x y  da a. S.

 x y z
x y z y
y y x z
z x z z

komutaciuri da asociuri binaruli operaciebi

Cven axla ganvixilavT im zogierT kerZo saxis binarul opera-

ciebs, romlebic saWiroa monoidisa da jgufis cnebebis gansasaz-

Rvravad.

g a n m a rt e b a 2 . raime X simravleze gansazRvrul binarul 

operacis ewodeba k o m ut a c i u r i , Tu

x y y x   yvela ,x y X elementisTvis
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da ewodeba a s o c i u r i , Tu

   x y z x y z     yvela ,x y X elementisTvis.

m a g al i T i 9 . namdvil ricxvebze gansazRvruli Sekrebisa da 

gamravlebis cnobili operaciebi aris komutaciuric da asociuric.

m a g al i T i 1 0 . mocemuli simravlis qvesimravleebis Tanakve-

Tisa da gaerTianebis binaruli operaciebi (ix. magaliTi 6) aseve 

aris komutaciuric da asociuric.

m a g al i T i 1 1 . nebismieri naturaluri n ricxvisTvis, gam-

ravlebisa da Sekrebis operaciebi n simravleze aris agreTve ko-

mutaciuric da asociuric.

m a g al i T i 1 2 . Tu X raime simravlea, maSin kompoziciiT 

gansazRvruli operacia  E X -ze (ix. magaliTi 4) aris asociuri, 

magram araa komutaciuri (ratom?); e. i. arsebobs iseTi binaruli 

operacia, romelic asociuria, magram araa komutaciuri.

m a g al i T i 1 3 . magaliTi 7-Si ganxiluli sibrtyis wertilTa 

simravleze gansazRvruli binaruli operacia aris komutaciuri, 

magram araa asociuri (ratom?). e. i. arsebobs iseTi binaruli 

operacia, romelic komutaciuria, magram araa asociuri.

m a g al i T i 1 4 . gamoklebis operacia namdvil ricxvebze arc 

komutaciuria da arc asociuri. marTlac, komutaciuroba niSnavs, 

rom x y y x   nebismieri x , y namdvili ricxvebisTvis, xolo 

asociuroba ki, rom    x y z x y z     yvela x , y , z namdvi-

li ricxvebisTvis. cxadia, rom am ori tolobidan arc erTi araa 

igiveoba. magaliTad, 5 3 3 5   da    2 5 3 4 5 3 4 6        .

vTqvaT, X raime simravlea, xolo  ki masze gansazRvruli 

raime binaruli operacia. Tu , , ,x y w z X , maSin gamosaxulebebi

         ,x y w z x y w z x y w z        da

sazogadod, erTmaneTisgan gansxvavebulia, magram Tu  aris asoci-

uri binaruli operacia, maSin asociurobis ZaliT gvaqvs:

         x y w z x y w z x y w z           .



107

amis gamo, Cven SegviZlia es sami gamosaxuleba ubralod ase Cavwe-

roT:

x y w z   .

zogadad, rodesac binaruli operacia asociuri, maSin nebismie-

ri rTuli gamosaxuleba, romelic Sedgenilia X simravlis ele-

mentebis,  operaciisa da frCxilebis gamoyenebiT,. SegviZlia gava-

TavisufloT frCxilebisagan im pirobiT, rom elementebis Tanamim-

devroba ucvleli rCeba. amitom nebismieri x X elementisa da 

nebismieri naturaluri n ricxvisaTvis azri aqvs gamosaxulebas


n

x x x  
-jer

romelsac mokled ase CavwerT: nx (aq cxadia igulisxmeba, rom 
aris asociuri binaruli operacia). maSin advili sanaxavia, rom ne-

bismieri ,n m ricxvebisTvis, n m n mx x x   .

SevniSnoT, rom Tu  asociuri araa, maSin nx gamosaxulebas 

azri ara aqvs. marTlac, ganvixiloT magaliTi 8-Si gansazRvruli

binaruli operacia. 3x xarisxis gansasazRvravad gvaqvs mxolod 

ori SesaZlebloba:

   x x x x x x   da

magram, radgan

 x x x x y z    

da

 x x x y x y     ,

amitom  x x x  da  x x x  gamosaxulebebi erTmaneTis toli

araa da amitom gaugebaria, Tu ra unda vigulisxmoT 3x gamosaxu-

lebis qveS. 

neitraluri elementi

vTqvaT, ܺraime simravle, xolo  ki masze gansazRvruli bina-

ruli operacia.

g a n m a rt e b a 3 . e X elements ewodeba neitrauli ( ope-

raciis mimarT), Tu nebismieri ݔ ∈ eܺlementisaTvis gvaqvs tolo-

bebi:

x e e x x    .
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m a g al i T i 1 5 . ganvixiloT namdvil ricxvTa simravleze gam-

ravlebis operaciiT gansazRvruli binaruli operacia. radgan ne-

bismieri x namdvili ricxvisaTvis, 1 1x x x    , amitom 1

aris neitraluri elementi Cveulebrivi gamravlebiT  -ze gan-

sazRvruli binaruli operaciis mimarT.

m a g al i T i 1 6 . Tu wina magaliTSi, gamravlebis operacias 

SevcvliT Sekrebis operaciiT, miRebul binarul operaciasac eqneba 

neitraluri elementi, kerZod, 0 (ratom?).

m a g al i T i 1 7 . analogiurad, Tu n raime naturaluri 

ricxvia, maSin gamravlebis (Sekrebis) operacias n -ze aqvs neitra-

luri elementi 1 (0).

m a g al i T i 1 8 . ganvixiloT gamoklebiT gansazRvruli binaru-

li operacia  simravleze. mas ara aqvs neitraluri elementi. 

marTlac, Tu e aris neitraluri elementi gamoklebis mimarT, 

maSin nebismieri x namdvili ricxvisaTvis gveqneboda tolobebi

e x x e x    ,

rac cxadia, SeuZlebelia (Tu 0x  , miviRebT, rom 0e e   da 

maSin 5 0 5  da 0 5 5   toli ricxvebi unda yofiliyo).

rogorc vnaxeT, binarul operacias SeiZleba neitraluri ele-

menti ar gaaCndes.

w i n a d a d e b a 1 . Tu raime simravleze gansazRvrul binarul 

operacias gaaCnia neitraluri elementi, maSin is erTaderTia.

d a m t k i c e b a . vTqvaT,  aris X simravleze gansazRvruli 

binaruli operacia. Tu e da e orive aris am operaciis mimarT 

neitraluri elementi, maSin x e e x x    tolobaSi x e mniS-

vnelobis CasmiT miviRebT, rom e e e   . magram, radgan e aria 

agreTve neitraluri elementi, amitom e x x  nebismieri x X
elementisaTvis. kerZod, e e e  da amitom e e e e    .

naxevarjgufebi

g a n m a rt e b a 4 . n a x e v a r j g uf i aris  ,X  wyvili, sa-

dac X raime simravlea, xolo  ki masze gansazRvruli asociuri 

binaruli operacia.
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m a g al i T i 1 9 .  , da  ,  orive aris naxevarjgufi, 

xolo  , ki ara.

m a g al i T i 2 0 . nebismieri n ricxvisTvis,  ,n  da 

 ,n  orive naxevarjgufia.

m a g al i T i 2 1 . Tu X raime simravlea, maSin (℘( )ܺ, ∪) da (℘( )ܺ, ∩) orive naxevarjgufia.

rogorc zemoT moyvanili magaliTebidan Cans, erTi da igive sim-

ravleze SeiZleba gansazRvruli iyos ramodenime gansxvavebuli 

naxevarjgufis struqtura.

m a g al i T i 2 2 . vTqvaT, X aris erTelementiani simravle, 

e. i.  X x . ganvsazRvroT masze  binaruli operacia formu-

liT: x x x  , maSin  ,X  aris naxevarjgufi.

m a g al i T i 2 3 . vTqvaT, X aracarieli simravlea. ganvsaz-

RvroT masze binaruli operacia Semdegnairad:

x y y  nebismieri ,x y X elementebisTvis.

maSin  ,X  aris naxevarjgufi. marTlac, Tu , ,x y z X , maSin 

   ;x y z y z z x y z x z z          .

amitom  aris asociuri binaruli operacia da, maSasadame,  ,X 

ki naxevarjgufi.

monoidebi

g a n m a rt e b a 5 . monoidi aris naxevarjgufi, romlis binarul 

operacias gaaCnia neitraluri elementi.

m a g al i T i 2 4 .  , ,0 aris monoidi, radgan  , naxe-

varjgufia, xolo 0 ki neitraluri elementi Sekrebis mimarT (ix. 

magaliTi 19). analogiurad,  , ,1 monoidia.

m a g al i T i 2 5 . nebismieri n ricxvisTvis,  , ,0n  da 

 , ,1n  orive monoidia.
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m a g al i T i 2 6 . Tu X raime simravlea, maSin (℘( )ܺ, ∪) da (℘( )ܺ, ∩) agreTve monoidebia.

m a g al i T i 2 7 . mTel ricxvTa  simravleze ganvsazRvroT 

binaruli operacia Semdegnairad:

a b a b ab    ,

maSin  , monoidia. marTlac, Tu , ,a b c , maSin gvaqvs:

     a b c a b ab c a b ab c a b ab c

a b ab c ac bc abc

a b c ab ac bc abc

             

       
      

da

     

.

a b c a b c bc a b c a b c bc

a b c bc ab ac abc

a b c ab ac bc abc

            

       
      

maSasadame,    a b c a b c     , rac niSnavs, rom  aris asociu-

ri. Semdeg, radgan nebismieri a mTel ricxvisTvis,

0 0 0 0a a a a a       
da

0 0 0a a a a      ,

amitom 0 aris neitraluri elementi  operaciis mimarT. sabolo-

od,  aris asociuri binaruli operacia  simravleze, romelsac 

gaaCnia neitraluri elementi, saxeldobr, 0. amitom  , ,0 aris 

monoidi.

jgufebi

g a n m a rt e b a 6 . jgufi ewodeba iseT  , ,X e monoids, rom-

lis nebismieri x X elementisTvis arsebobs iseTi x X elemen-

ti, rom x x x x e    .

x elements ewodeba x elementis S e b r u n e b ul i , amitom 

jgufi SeiZleba, ganisazRvros rogorc monoidi, romlis yvela 

elements gaaCnia Sebrunebuli.

jgufis ganmartebaSi ar moiTxoveba, rom misi ganmsazRvreli bi-

naruli operacia iyos komutaciuri. magram, rodesac es piroba 

sruldeba, maSin jgufs ewodeba k o m ut a c i u r i an a b el ur i .
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m a g al i T i 2 8 .  , ,0 aris abeluri jgufi. marTlac, Cven 

viciT, rom  , ,0 aris monoidi. amitom sakmarisia vaCvenoT, rom 

yovel elements gaaCnia Sebrunebuli. magram, Tu x -is rolSi avi-

RebT  x -s, advili sanaxavia, rom x aris x -is Sebrunebuli 

SekrebiT gansazRvruli operaciis mimarT.

m a g al i T i 2 9 .  , ,1 monoidia, magram is araa jgufi. 

marTlac, ar arsebobs 0-is Sebrunebuli gamravlebiT gansazRvruli 

binaruli operaciis mimarT, radgan Tu aseTi 0 elementi iarsebeb-

da, maSin gveqneboda toloba

0 0 0 0 1    .

magram 0 0 0  da 0 0 0  , saidanac miviRebdiT, rom 0 1 , rac 

SeuZlebelia.

m a g al i T i 3 0 . wina magaliTSi vnaxeT, rom  , ,1 araa 

jgufi. magram (ℝ\∅, ∙, 1) ki aris abeluri jgufi: nebismieri x
elementis Sebrunebuli x aris 1,x xolo abeluroba gamomdina-

reobs namdvili ricxvebis gamravlebis komutaciurobidan.

m a g al i T i 3 1 . nebismieri n ricxvisTvis,  , ,0n  abe-

luri jgufia, xolo  , ,1n  ki ara.

m a g al i T i 3 2 . Tu  , ,X e jgufia, romelic mxolod erT 

elements Seicavs, maSin is elementi unda iyos e . amitom  X e . 

maSin X jgufis binaruli operacia srulad gansazRvrulia 

e e e  tolobiT. piriqiT, Tu  X x erTelementiani simravlea 

da Tu masze ganvsazRvravT binarul operacias x x x  tolobiT, 

maSin  , ,X x aris jgufi (Seadare magaliTi 22-s).

jgufs ewodeba s a s r ul i , Tu misi elementebis raodenoba sas-

rulia, da ewodeba u s a s r ulo , Tu misi elementebis raodenoba 

usasruloa.
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Tu  , ,X e jgufi sasrulia, misi elementebis raodenoba X

simboloTi aRiniSneba. X -s ewodeba X simravlis rigi.

m a g al i T i 3 3 . Tu  , ,X e monoidia, maSin ×ܺaRvniSnoT X

simravlis im elementebis simravle, romelTac gaaCnia Sebrunebuli. 

maSin  , ,X e  aris jgufi.

m a g al i T i 3 4 .  , ,0n  aris sasruli (abeluri) jgufi ne-

bismieri n ricxvisTvis, xolo  , ,1 ki usasrulo.

m a g al i T i 3 5 . nebismieri n ricxvisTvis,  , ,1n
  aris 

jgufi.

mocemuli X simravlis gadaadgileba ewodeba am simravlis bi-

eqcias Tavis Tavze. maSasadame, X -is gadaadgileba aris 

:f X X asaxva, romelic erTdroulad ineqciacaa da sureqciac. 

magaliTad, X simravlis igivuri asaxva 1 :X X X Tavis Tavze 

aris gadaadgileba. Tu f da g X simravlis gadaadgilebebia, ma-

Sin maTi gf kompozicia isev X -is gadaadgilebaa, radganac ori 

bieqciuri asaxvis kompozicia isev bieqciuri asaxvaa. X simravlis 

yvela gadaadgilebebs simravle  S X simboloTi aRiniSneba.

m a g al i T i 3 6 . ganvixiloT  da davafiqsiroT misi raime 

a elementi. maSin asaxva :af   , romelic gansazRvrulia 

formuliT

  ,af x a x x  

aris  simravlis gadaadgileba; e. i. nebismieri a elementis-

Tvis,  af S  .

m a g al i T i 3 7 . vTqvaT, X raime simravlea da ganvixiloT 

misi gadaadgilebebis simravle  S X . maSin  S X aris araabelu-

ri jgufi masze asaxvebis kompoziciiT gansazRvruli binaruli 

operaciis mimarT, romlis neitraluri elementia 1X , xolo 

:f X X gadaadgilebis Sebrunebuli f gadaadgileba ki f
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asaxvis Seqceuli funqcia 1f  . radgan kompoziciis operacia arako-

mutaciuria, amitom  S X araa abeluri jgufi.

jgufTa TeoriaSi miRebulia, rom binaruli operaciebi Caiwe-

ros kargad cnobili Sekrebis ` ~ da gamravlebis `  ~ niSnebis 

gamoyenebiT. maSasadame, x y gamosaxulebis nacvlad xSirad weren 

x y an x y gamosaxulebebs. magaliTad, Sekrebisa da gamravlebis 

niSnebis gamoyenebiT komutaciuroba, Sesabamisad, Caiwereba ase:

x y y x     da  x y y x   .

SevniSnoT, rom Sekrebis niSani ZiriTadad abeluri jgufebis bi-

naruli operaciebis Casawerad gamoiyeneba. am dros miRebulia, rom ݔ + gamosaxulebas ewodeba xݕ da y elementis jami, 0-iT aRi-

niSneba neitraluri elementi, xolo x elementis Sebrunebuli 

elementi ki x simboloTi aRiniSneba. magaliTad, x y Caiwereba 

x y saxiT, xolo 
n

x x x  
-jer

ki nx saxiT. analogiurad:

xy aRniSnavs x y -s;

1 _ neitralur elements;
1x _ x elementis x Sebrunebuls;

nx ki 
n

x x x  
-jer

gamosaxulebas.

nx da nx xarisxebi SeiZleba ganmartebul iqnas agreTve yvela 

mTeli ricxvisaTvis Semdegnairad:

   

    10 1

0 ;

1 .
nn n

x x n x nx

x x x x
 

   

  

da

da

SevniSnoT, rom bolo tolobis misaRebad Cven gamoviyeneT winadade-

ba 6.

jgufebis elementaruli Tvisebebi

vTqvaT, G jgufia (e. i. G aris raime simravle, romelzedac 

gansazRvrulia gamravlebis operacia, romelsac gaaCnia neitraluri 

elementi 1). rogorc viciT, neitraluri elementi aris erTaderTi. 

axla vaCvenoT, rom nebismieri x elementis 1x Sebrunebulic 

erTaderTia. amisaTvis jer davamtkicoT Semdegi
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w i n a d a d e b a 2 . G jgufis nebismieri ori ,x y G elemen-

tebisaTvis arsebobs erTaderTi iseTi elementi a G , rom ax y

da es elementia 1yx . analogiurad, arsebobs erTaderTi iseTi b

elementi, rom xb y da es elementia 1x y .

d a m t k i c e b a . Tu ax y , maSin am tolobis orive mxaris 1x

-ze gamravlebiT miiReba, rom   1 1ax x yx  . magram asociurobis 

da Sebrunebuli elementis ganmartebis ZaliT 

   1 1 1ax x a xx a a     . amitom, Tu ax y , maSin 1a yx . 

piriqiT, Tu 1a yx , maSin    1 1 1ax yx x y xx y y      .

winadadebis meore nawili mtkicdeba analogiurad.

Tu am winadadebaSi 1y  , maSin gveqneba:

w i n a d a d e b a 3 . Tu x G da arsebobs iseTi a G , rom 

1ax  , maSin 1x a . analogiurad, Tu arsebobs iseTi b G , rom 

1bx  , maSin 1b x .

radgan 1 1xx  , amitom Tu winadadeba 3-Si a -s SevcvliT x -

iT, xolo x -s ki 1x -iT, miviRebT:

w i n a d a d e b a 4 . Tu x G , maSin   11x x
  .

w i n a d a d e b a 5 . Tu ,x y G , maSin   1 1 1xy y x
   .

d a m t k i c e b a . radgan

          1 1 1 1 1 1 1 11 1xy y x x y y x x yy x x x xx             ,

amitom   1 1 1xy y x
   toloba gamomdinareobs winadadeba 3-dan.

am winadadebis samarTlianoba advilad zogaddeba n cali ele-

mentis SemTxvevaSi da gvaqvs:

  1 1 1 1
1 2 1 1n n nx x x x x x

   
    .

axla, Tu 1 2 nx x x   , miviRebT:
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w i n a d a d e b a 6 . Tu x G , maSin nebismieri naturaluri n

ricxvisTvis,    1 1 nnx x
  .

S e n i S v n a 1 . adiciuri Caweris gamoyenebisas, winadadeba 2 ase 

Camoyalibdeboda: Tu ,x y G , maSin arsebobs erTaderTi iseTi 

a G elementi, rom a x y  da es elementia  y x y x    . 

analogiurad, arsebobs erTaderTi iseTi b G elementi, rom 

x b y  da es elementia  x y y x    . winadadeba 4 da winada-

deba 5-dan miiReba, rom 

 x x   da    x y x y x y         .

m a g al i T i 3 8 . neitraluri elementis Sebrunebuli isev 

neitraluri elementia (ratom?).

qvejgufebi

vTqvaT, G raime jgufia.

g a n m a rt e b a 7 . G simravlis raime aracarieli H qvesim-

ravles ewodeba G jgufis qvejgufi, Tu sruldeba Semdegi ori 

piroba:

1. Tu ,x y H , maSin xy H .

2. Tu x H , maSin ݔି ଵ∈ .ܪ

maSasadame, H G aris G jgufis qvejgufi, Tu is Caketilia 

gamravlebis da Sebrunebulis povnis operaciebis mimarT.

adiciuri Cawerisas, qvejgufeobis piroba ase gamoiyureba:

1. Tu ,x y H , maSin x y H  .

2. Tu x H , maSin x H  .

w i n a d a d e b a 7 . Tu H aris G jgufis qvejgufi, maSin H
aris jgufi.

d a m t k i c e b a . 1. pirobis gamo, sakmarisia vaCvenoT, rom 

1 H . amisaTvis ganvixiloT H simravlis nebismieri x H ele-

menti (aseTi elementi yovelTvis arsebobs, radgan ganmartebiT H
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aris G simravlis aracarieli qvesimravle). maSin 2. pirobis Za-

liT, 1xx H  . magram 1 1xx  . amitom 1 H .

w i n a d a d e b a 8 . H G aracarieli qvesimravle aris G
jgufis qvejgufi maSin da mxolod maSin, rodesac sruldeba 

Semdegi piroba:

Tu ,x y H , maSin 1xy H  .

d a m t k i c e b a . davuSvaT, rom H aris G -s qvejgufi da rom 

,x y H . radgan y H , amitom 2. pirobis ZaliT 1y H  da 

Semdeg 1. pirobis ZaliT, 1xy H  .

piriqiT, davuSvaT, rom Tu ,x y H , maSin 1xy H  . maSin, 

radgan x H , amitom 11 xx H  . garda amisa, radgan 1, x H , 

amitom 1 11x x H    . maSasadame, imisaTvis, rom vaCvenoT H -is 

qvejgufoba, saWiroa vaCvenoT, rom Tu ,x y H , maSin xy H . 

magram, radgan y H , amitom 1y H  da axla, radgan 1,x y H  , 

amitom   11x y H
  . magram winadadeba 4-is ZaliT,   11y y

  . 

amitom xy H .

S e n i S v n a 2 . adiciuri Cawerisas, wina piroba ase Caiwerebo-

da:

Tu  ,x y H ,  maSin  x y H  .

m a g al i T i 3 9 . Tu H aris G jgufis qvejgufi da Tu 

x H , maSin nx H , sadac n nebismieri mTeli ricxvia.

m a g al i T i 4 0 . nebismier G jgufs gaaCnia sul mcire ori 

qvejgufi: TviTon G da  1 .  1 qvejgufs G jgufis 

tr i v i alu r i qvejgufi ewodeba.

m a g al i T i 4 1 .  , aris  , jgufis qvejgufi, xolo 

 , ki  , jgufis qvejgufi.

m a g al i T i 4 2 . vTqvaT, n raime naturaluri ricxvia. maSin 

simravle

 , 2 , ,0, , 2 ,n n n n  
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aris  , jgufis qvejgufi.

m a g al i T i 4 3 . simravle  0,2,4 aris  6 , jgufis 

qvejgufi. misi qvejgufia agreTve  0,3 simravle.

w i n a d a d e b a 9 . Tu H da H  aris G jgufis ori 

qvejgufi, maSin H H  aris agreTve G -s qvejgufi.

d a m t k i c e b a . vTqvaT, ,x y H H   , maSin ,x y H da 

amitom winadadeba 8-is ZaliT, 1xy H  . analogiurad, 1xy H  , 

amitom 1xy H H   da maSin isev winadadeba 8-is ZaliT, 

H H  aris G jgufis qvejgufi.

vTqvaT, G raime jgufi da g ki misi raime elementi. ganvixi-

loT simravle

 : ,nH x G x g n    .

w i n a d a d e b a 1 0 . H aris G jgufis qvejgufi.

d a m t k i c e b a . Tu nx g H  da mx g H  , maSin 

n m n mxy g g g H    da   11 n nx g g H
    (ixile 

winadadeba 6). amitom H aris G jgufis qvejgufi.

g a n m a rt e b a 8 . vTqvaT, G jgufia da g ki misi raime 

elementi. maSin  ,nH g n  qvejgufs ewodeba g elementiT 

warmoqmnili G jgufis qvejgufi da g simboloTi aRiniSneba.

G jgufis H qvejgufs ewodeba c i kl ur i , Tu arsebobs 

iseTi g G elementi, rom H g . TviTon g elements ki H

qvejgufis w a r m o m q m n e l i ewodeba. kerZod, Tu raime g G

elementisTvis, G g , maSin G -s ewodeba c i klur i jgufi, da 

g -s misi warmomqmneli.
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Tu G g , maSin  2 1 0 1 2, , , 1, , ,G g g g g g    da radgan 

n m n m m n m ng g g g g g      , amitom G aris abeluri jgufi. 

maSasadame, gvaqvs:

w i n a d a d e b a 1 1 . nebismieri cikluri jgufi abeluria.

S e n i S v n a 3 . Tu gamoviyenebdiT adiciur Caweras, cikluri 

G jgufis elementebi ase warmodgindeboda

, 2 , ,0 0, , 2 ,a a a a a    

m a g al i T i 4 4 .  , aris cikluri jgufi. marTlac, 

radgan nebismieri mTeli ricxvi n warmoidgineba 1n  saxiT, 

amitom 1 .

m a g al i T i 4 5 . Tu n raime naturaluri ricxvia, maSin n -is 

jeradi mTeli ricxvebis n simravle aris  , jgufis ciklu-

ri qvejgufi da es qvejgufi warmoqmnilia n ricxviT.

SevniSnoT, rom zogadad ciklur jgufs SeiZleba erTze meti 

warmomqmneli hqondes. magaliTad,  , 1    da  , 1   .

m a g al i T i 4 6 . mTeli luwi ricxvebis E simravle aris 

 , jgufis cikluri qvejgufi da 2E  .

imisda mixedviT, cikluri jgufis warmomqmnelis yvela 

xarisxebi gansxvavdeba Tu ara erTmaneTisgan, arsebobs ori saxis 

cikluri jgufi: sasruli da usasrulo. Tu G g da 

 2 1 0 1 2, , , , , ,g g g e g g    simravlis yvela elementi erTmane-

Tisgan gansxvavdeba, e. i. n mg g , Tu n m , maSin amboben, rom 

g G elementis rigi aris usasrulo, an rom g elements aqvs 

usasrulo rigi. am faqts simbolurad ase Caweren: g   . Tu ar-

sebobs iseTi mTeli n m ricxvebi, rom n mg g , maSin

     1 11 mn m n m n n m n ng g g g g g g g g e
           

da amitom arsebobs iseTi dadebiTi mTeli ricxvi k (magaliTad, 

k n m  ), rom kg e . aseTi Tvisebis umcires ricxvs g
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elementis r i g i ewodeba. im faqts rom g elementis rigi aris 

k , ase Caweren: g k .

w i n a d a d e b a 1 2 . vTqvaT, g G elementis rigiaÀ k . Tu 

,m n mTeli ricxvebia, maSin m ng g , maSin da mxolod maSin, 

rodesac m n iyofa k -ze.

d a m t k i c e b a . Tu m n kl  , l , maSin m n kl  da 

amitom  lm n kl n kl n k n k n ng g g g g g g e g e g          (aq gamo-

viyeneT is faqti, rom g k ).

piriqiT, vTqvaT, m ng g da m n lk r   , sadac 0 r k  . 

maSin 

   
 

1 1

1 .

n n m n m n m n lk r

llk r k r l r r

e g g g g g g g g

g g g g g g

            

      

magram, radgan g k da radgan r k , amitom 0r  , anu m n

iyofa k -ze.

Tu g k , maSin nebismieri n SeiZleba ase Caiweros: 

n mk s  , sadac 0 s k  . amitom gvqeneba:

  1
mn mk s mk s k s m s sg g g g g g g g       

maSasadame, g ciklur jgufs aqvs zustad k elementi:

 0 1 2 11, , , , kg g g g g    .

wina winadadebaSi 0n  mniSvnelobis CasmiT miviRebT

w i n a d a d e b a 1 3 . Tu g k , maSin 1mg  maSin da mxolod 

maSin, rodesac m iyofa k -ze.

m a g al i T i 4 7 . nebismier jgufSi misi neitraluri elementis 

rigia 1. 

m a g al i T i 4 8 .  , jgufis nebismieri elementis rigi 

usasruloa, radgan Tu 0ng  , maSin aucilebald 0g  .
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m a g al i T i 4 9 .  , ,1  jgufs aqvs 1-gan gansxvavebuli 

mxolod erTi sasruli rigis mqone elementi. es elementia 1 da 

misi rigia 2, radgan      2
1 1 1 1      . igive SeiZleba iTqvas 

 , ,1  jgufis Sesaxeb.

winadadeba 14. cikluri jgufis nebismieri qvejgufi isev 

cikluria.

d a m t k i c e b a . vTqvaT, G aris cikluri jgufi, xolo H ki 

misi raime qvejgufi. Tu G g , g G , maSin n -iT aRvniSnoT is 

umciuresi naturaluri ricxvi, romlisTvisac ng H . Tu 
mg H , maSin n m da amitom m nl s  , sadac 0 s n  . maSin 

 lm nl s nl s n sg g g g g g     da radgan ng H , amitom 

 lnl ng g H  da radgan   1s nl mg g g


  , amitom qvejgufis gan-

martebis gamo, sg H . radgan 0 s n  , amitom 0s  , rac niS-

navs, rom  lm ng g . e. i. H qvejgufis nebismieri elementi aris 

ng elementis raime xarisxi, amitom .nH g

lagranJis Teorema

vTqvaT, G jgufia, x G misi raime elementi, xolo H ki 

G simravlis raime qvesimravle. ganvixiloT Semdegi simravle

 ,Hx hx h H  .

Hx kvlav G simravlis qvesimravlea da Tu H aris sasruli 

simravle  1, , nx x , maSin  1 2, , , nHx x x x x x x  .

analogiurad ganimarteba xH simravle. SevniSnoT, rom arako-

mutaciurobis gamo, zogadad, Hx xH .

Tu ,x y H , maSin asociurobis gamo

           ,Hx y H xy x yH xy H xH y x Hy  da .

cxadia, Tu G komutaciuria, maSin Hx xH .
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g a n m a rt e b a 8 . vTqvaT, H aris G jgufis qvesimravle. Hx
saxis simravles, sadac ,x G ewodeba H qvesimravlis m a r j v e -

n a  m o s a z R v r e  kl a s i da G H simboloTi aRiniSneba. analo-

giurad, xH saxis simravles ewodeba H qvesimravlis m a r c x e n a  

m o s a z R v r e  kl a s i da \G H simboloTi aRiniSneba.

w i n a d a d e b a 1 5 . vTqvaT, G aris raime jgufi, ,x y G misi 

ori nebismieri elementi da H ki G simravlis qvejgufi, maSin an 

Hx Hy an Hx Hy   . garda amisa, Hx Hy maSin da mxolod 

maSin, rodesac 1yx H  .

d a m t k i c e b a . Tu Hx Hy   , maSin arsebobs iseTi g G
elementi, rom g Hx da g Hy . es niSnavs, rom arsebobs iseTi 

1 2,h h H ori elementi, rom 1 2h x h y . aqedan  1
1 2x h h y . axla 

Tu z Hx , maSin arsebobs iseTi h H elementi, rom z hx , da 

amitom     1 1
1 2 1 2z h h h y hh h y   . magram, radgan H aris G

jgufis qvejgufi, amitom 1
1 2hh h H  da, maSasadame, 

 1
1 2z hh h y Hy  . miviReT, rom Hx Hy . simetriulad, 

Hy Hx da, maSasadame, Hx Hy .

Tu 1yx H  , maSin 1yx h  raime h H elementisaTvis, da 

amitom y hx , rac niSnavs, rom y Hx . radgan 1y y  da, 

radgan 1 H , amitom y Hy da miviReT, rom y Hx Hy  , rac 

zemoT damtkicebulis Tanaxmad niSnavs Hx Hy tolobas.

piriqiT, Tu Hx Hy , maSin y hx raime h H elementisa-

Tvis, radgan  y Hy . amitom 1yx h H   . amiT Teorema damtki-

cebulia.

aqedan miiReba Semdegi

w i n a d a d e b a 1 6 . Tu H aris G jgufis qvejgufi, maSin 

 ,G H Hx x G  aris G simravlis dayofa (e.i. G simravle 

warmoidgineba rogorc wyvil-wyvilad TanaukveTi G H raodeno-

bis Hx saxis simravleebs gaerTianebad). 
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analogiurad miiReba, rom \G H aris agreTve G simravlis 

dayofa. 

SevniSnoT, rom, radgan eH He H  , amitom H aris rogorc 

marcxena, ise marjvena mosazRvreobis klasi.

m a g al i T i 5 0 . ganvixiloT  6 , da misi qvejgufi 

      0 , 2 , 4H  . maSin

 
 
        
 
        

0 ,

2

3 1 , 3 , 5 ,

4 ,

5 2 , 3 , 5 .

H H

H H

H

H H

H

 

 

 

 

 

SevniSnoT, rom radgan  6 , abeluri jgufia, Cven viyenebT 

adiciur Caweras.

l a g r a n J i s  T e o r e m a . Tu G sasruli jgufia, xolo H

ki misi qvejgufi, maSin H -is rigi aris G -s rigis gamyofi da 

G H G H  .

d a m t k i c e b a . jer vaCvenoT, rom nebismieri x G
elementisaTvis, H da Hx Sedgeba erTi da igive raodenobis 

elementisagan. amisaTvis ganvixiloT asaxva :f H Hx , romelic 

gansazRvruli formuliT  f h hx , da vaCvenoT, rom f aris 

bieqciuri. Tu    1 2f h f h , 1 2,h h H , maSin 1 2h x h x da am 

tolobas orive mxaris 1x -ze gamravlebiT miviRebT, rom 1 2h h . 

e. i. f aris ineqciuri.

imisaTvis, rom vaCvenoT, rom f aris agreTve sureqciuli, 

ganvixiloT nebismieri y Hx elementi. maSin 1yx H  da gvaqvs

     1 1 1 1f yx yx x y x x y y       .

es niSnavs, rom f yofila sureqciulic da, maSasadame, is aris 

bieqciuri.
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axla, radgan G simravle warmoidgineba rogorc wyvil-wyvi-

lad TanaukveTi G H raodenobis Hx saxis simravleebs gaerTia-

nebad da, radgan TiToeuli aseTi simravlis elementebis raodeno-

baa H , amitom

G G H H  .

simetriulad miiReba, rom

\G G H H  .

amitom \G H G H , rac niSnavs, rom H -s marcxena da marjvena 

mosazRvre klasebis raodenobebi tolia.

S e d e g i 1 . Tu G raime sasruli jgufia da x G , maSin 

x aris G -s gamyofi.

S e d e g i 2 . yvela sasruli jgufi, romlis rigic martivia, 

aris cikluri.

d a m t k i c e b a . vTqvaT, G aris iseTi sasruli jgufi, rom G

aris martivi da ganvixiloT misi neitraluri elementisagan gan-

sxvavebuli nebismieri x G elementi da misgan warmoqmnili cik-

luri x qvejgufi. maSin lagranJis Teoremis Tanaxmad, x aris 

G -s gamyofi da radgan x e , amitom 1x  , saidanac davas-

kvniT, rom x G . es ki niSnavs, rom G x .

f e r m i s  T e o r e m a . Tu a da p martivi, ricxvia, maSin
pa a iyofa p -ze. 

normaluri jgufebi

g a n m a rt e b a 9 . vTqvaT, G jgufia da H misi raime qvejgu-

fi. amboben, rom H aris G jgufis n o r m al ur i  q v e j g u f i

an, rom H aris normaluri G jgufSi, Tu nebismieri x G ele-

mentisaTvis, Hx xH .
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maSasadame, H aris normaluri G -Si, Tu H -is marcxena da 

marjvena mosazRvre klasebi erTmaneTs emTxveva. SevniSnoT, rom Tu 

G abeluria, maSin misi nebismieri qvejgufi aris normaluri.

Tu Hx xH tolobis orive mxares gavamravlebT 1x -ze mar-

cxnidan, miviRebT, rom H aris normaluri G -Si maSin da mxolod 

maSin, rodesac 1x Hx H  nebismieri x G elementisaTvis.

nebismieri jgufisaTvis, TviT es jgufi da trivialuri qve-

jgufi aris normaluri. Tu erTze meti rigis mqone jgufs 

mxolod es ori normaluri qvejgufi aqvs, mas m a r t i v i ewodeba.

Sedegi 1-is Tanaxmad, Tu sasruli jgufis rigi martivi 

ricxvia, maSin es jgufi martivia. 

w i n a d a d e b a 1 7 . H aris normaluri G -Si maSin da mxo-

lod maSin, rodesac nebismieri x G elementisaTvis, 1x Hx H  .

d a m t k i c e b a . erTi mxare zeviT SevamowmeT ukve, amitom 

davuSvaT, rom 1x Hx H  CarTva sruldeba nebismieri x G
elementisaTvis, maSin 

 1 1 1x x Hx x xHx  

da amitom,

   1 1 11 1 .H H xx H xx xHx      

aqedan miiReba, rom 1H x Hx da radgan pirobiT 1x Hx H  mi-

viRebT, rom 1x Hx H  nebismieri x elementisaTvis, anu rom H

aris normaluri G -Si.

w i n a d a d e b a 1 8 . Tu H da K aris G jgufis ori norma-

luri qvejgufi, maSin H K aris agreTve G -s normaluri qve-

jgufi.

d a m t k i c e b a . winadadeba 9-is ZaliT, rom H K aris G
jgufis qvejgufi. ganvixiloT axla G jgufis nebismieri x
elementi. maSin H K H  CarTvis ZaliT, 

 1 1x H K x x Hx H    . analogiurad,  1x H K x K   . maSa-

sadame,  1x H K x H K    da sasurveli Sedegi axla miiReba 

wina winadadebidan.
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faqtor-jgufi

vTqvaT, G jgufia da H ki misi raime normaluri qvejgufi. 

\G H simravleze ganvsazRvroT binaruli operacia Semdegnairad: 

Tu Hx da Hy aris H qvejgufis ori nebismieri marjvena mosaz-

Rvre klasi, maSin  Hx Hy H xy  . SevamowmoT, rom es ganmarteba 

koreqtuli, e. i. rom Tu Hx Hx  da Hy Hy  , maSin ∗ᇱݔܪ
=ᇱݕܪ ݔܪ ∗ anu rom,ݕܪ Hx y Hxy   . radgan H normaluria G -

Si, amitom nebismieri z G elementisaTvis, zH Hz . amitom

gvaqvs:

     
 
 
 .

H xy H x y Hx Hx

x Hy x H Hx

x Hy Hy Hy

Hx y x H Hx

  

   

   

    

radgan

radgan

radgan

radgan

w i n a d a d e b a 1 9 .  , ,G H H aris jgufi.

d a m t k i c e b a . Tu , ,x y z G , maSin gvaqvs

   
         .

Hx Hy Hz H xy Hz

H xy z H x yz Hx H yz Hx Hy Hz

    

      

maSasadame,  aris asociuri binaruli operacia. radgan nebismieri 

x G elementisaTvis 

 1 1Hx H Hx H H x Hx     

da 

 1 1H Hx H Hx H x Hx      ,

amitom H aris neitraluri elementi  operaciis mimarT. garda 

amisa, Tu  x G , maSin 1Hx da Hx klasis Sebrunebuli, radgan

 1 1 1Hx Hx H xx H H     

da 

 1 1 1Hx Hx H x x H H      .

maSasadame,  , ,G H H aris jgufi.
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m a g al i T i 5 1 .  ,m  aris  , jgufis qvejgufi. radgan 

 , aris abeluri jgufi, amitom  ,m  aris misi normaluri 

qvejgufi. maSin m  simravleze Sekrebis operacia ase ganimar-

teba

     m x m y m x y        .

advili saCvenebelia, rom    , ,mm     .

jgufTa homomorfizmi

ori jgufis Sesadareblad gamoiyeneba iseTi asaxvebi erTi jgu-

fidan meoreSi, romlebic inaxavs jgufis operaciebs. aseT asaxvebs 

h o m o m o r f i z m e b i ewodeba.

g a n m a rt e b a 1 0 . homorfizmi  ,G  jgufidan  ,G  jguf-

Si aris iseTi asaxva :f G G , rom nebismieri ,x y G elemen-

tebisaTvis      .f x y f x f y  

sxva sityvebiT rom vTqvaT, homomorfizmi ori elementis 

namravls maTi anasaxebis namravlSi asaxavs.

m a g al i T i 5 2 . nebismieri jgufidan nebismier sxva jgufSi 

yovelTvis arsebobs erTi mainc homomorfizmi. es aris e. w. tr i -

v i alu r i homomorfizmi, romelsac yvela elements uTanadebs 

neitralur elements. radgan 1 1 1  nebismier jgufSi, amitom 

advili sanaxavia, rom aseTi asaxva namdvilad homomorfizmia.

:f G G homomorfizms ewodeba:

a) m o n o m o rf i z m i , Tu f asaxva ineqciuria;

b) e p i m o rf i z m i , Tu f asaxva sureqciulia;

g) i z o m o rf i z m i , Tu f asaxva aris bieqcia, e. i. 

erTdroulad sureqciac da ineqciac.

Tu G G , maSin f homomorfizms ewodeba e n d o m o rf i z m i

da ewodeba a v t o m o rf i z m i , Tu f aris izomorfizmi.

m a g al i T i 5 3 . vTqvaT, H aris G jgufis normaluri qve-

jgufi da ganvixiloT asaxva :p G G H , romelic x G ele-

ments uTanadebs misi mosazRvreobis Hx klass. maSin es asaxva 
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aris homomorfizmi, radgan Tu ,x y G , maSin 

       p xy H xy Hx Hy p x p y    . radgan cxadia, rom p aris 

sureqciuli asaxva, amitom p aris epimorfizmi.

m a g al i T i 5 4 . Tu G nebismieri jgufia, maSin G -s Tavis 

Tavze igivuri asaxva 1 :G G G aris homomorfizmi. radgan 1G

aris bieqcia, amitom 1G faqtiurad aris avtomorfizmi.

m a g al i T i 5 5 . vTqvaT, n raime naturaluri ricxvia da gan-

vixiloT asaxva :nf   , romelic gansazRvrulia Semdegnairad: 

 nf m nm . radgan 

       n n nf m m n m m nm nm f n f m          ,

amitom nf aris homomorfizmi  , jgufidan Tavis TavSi, anu 

is aris  , jgufi endomorfizmi.

m a g al i T i 5 6 . vTqvaT, G jgufia, x ki misi raime elemen-

ti. ganvixiloT asaxva :f G , romelic gansazRvrulia Semdeg-

nairad:   nf n x . maSin f aris homomorfizmi  , jgufidan 

G jgufSi. marTlac,      n n n nf n n x x x f n f n       .

SevniSnoT, rom wina magaliTi aris am magaliTis kerZo SemTxve-

va.

m a g al i T i 5 7 . vTqvaT, 1n  . ganvixiloT asaxva : np   , 

romelic gansazRvrulia Semdegnairad:    p m m , sadac  m

aris m -is ekvivalentobis klasi moduliT n , maSin p aris epi-

morfizmi.

m a g al i T i 5 8 . vTqvaT, G jgufia da x ki misi raime ele-

menti. ganvixiloT asaxva :xf G G gansazRvrul Semdegnairad: 

  1
xf y x yx . xf aris homomorfizmi. marTlac, Tu ,y y G , 

maSin 

          1 1 1
x x xf yy x yy x x yx x y x f y f y        .
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rodesac G da G jgufebis binaruli operaciebi mutiplikaciu-

radaa Cawerili, maSin :f G G asaxvis homomorfulobis piroba 

Semdegnairad Caiwereba:

     f xy f x f y yvela ,x y G elementebisaTvis.

w i n a d a d e b a 2 0 . Tu :f G G homomorfizmi da ,x y G , 

maSin 

      11f xy f x f y
  .

d a m t k i c e b a . radgan f homomorfizmia, amitom gvaqvs 

       1 1f xy f y f xy y f x   .

aqedan miviRebT, rom       11f xy f x f y
  .

Tu am winadadebaSi vigulisxmebT, rom 1x y  , xolo Semdeg 

ki, rom 1x  , miviRebT:

w i n a d a d e b a 2 1 . Tu :f G G jgufebis homomorfizmia, 

maSin  1 1f  da     11f y f y
  nebismieri y G elementisa-

Tvis.

m a g al i T i 5 9 . asaxva :f   , romelic gansazRvrulia 

z z TanadobiT, aris homomorfizmi, radgan 

     1 2 1 2 1 2 1 2f z z z z z z f z f z   .

cxadia, rom f aris sureqcia: Tu x  , maSin  f x x . magram 

f araa ineqcia. marTlac    f z f z  , radgan z z  .

w i n a d a d e b a 2 2 . Tu :f G G da :f G G  orive 

homomorfizmia, maSin maTi kompozicia :gf G G aris agreTve 

homomorfizmi.

d a m t k i c e b a . Tu ,x y G , maSin gvaqvs:

     
              ( ) ( ) .

gf xy g f xy

g f x f y g f x g f y gf x gf y

 

  
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w i n a d a d e b a 2 3 . Tu :f G G izomorfizmia, maSin 
1 :f G G   aris agreTve izomorfizmi.

rodesac G da G jgufebis binaruli operaciebi adiciuri 

saxiTaa warmodgenili, maSin winadadeba 20 da winadadeba 21-da

miviRebT, rom      f x y f x f y   da  0 0f  .

izomorfuli jgufebi

g a n m a rt e b a 1 1 . or G da G jgufs ewodeba izomorfuli 

(da amis simbolurad ase Caweren G G ), Tu arsebobs 

izomorfizmi :f G G .

m a g al i T i 6 0 . ganvixiloT asaxva :f   , romelic asea 

ganmartebuli:   xf x e . radgan

     x y x yf x y e e e f x f y    ,

amitom f aris homomorfizmi  , ,0 jgufidan  , ,1  jguf-

Si. rogorc cnobilia,   xf x e funqcia aris bieqciuri. maSasada-

me, f aris jgufebis izomorfizmi da amitom  , ,0 da 

 , ,1  jgufebi izomorfulia. 

m a g al i T i 6 1 . radgan xe funqciis Seqceuli funqciaa 

  lng x x funqcia, amitom winadadeba 23-is ZaliT asaxva

  : , lnf x x x   

aris jgufebis izomorfizmi.

m a g al i T i 6 2 . vTqvaT, 3C mesame rigis cikluri jgufia. Tu 

3x C iseTi elementia, rom 3C x , maSin  2
3 1, ,C x x . axla 

vTqvaT, 3 3:f C C aris nebismieri endomorfizmi, maSin viciT, 

rom  1 1f  . radgan    22f x f x , amitom f srulad gansaz-

Rvrulia  f x -is mniSvnelobis codniT. amitom gvaqvs sami Sem-

Txveva:
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1.   1f x  . maSin      2 1 1 1f x f x f x    da amitom f

aris trivialuri homomorfizmi.

2.  f x x . maSin      2 2f x f x f x x  da am SemTxvevaSi 

f aris 3C -is igivuri homomorfizmi.

3.   2f x x . maSin      2 4 1 3 1f x f x f x x x x x x      .

pirvel SemTxvevaSi cxadia, rom f araa izomorfizmi. meore da 

mesame SemTxvevaSi ki es asea. maSasadame, 3C aris Tavisi Tavis izo-

morfuli sul mcire ori gansxvavebuli izomorfizmis saSualebiT. 

jgufebis raime Tvisebas ewodeba s a k u T r i v i , Tu nebismieri 

ori izomorfuli G da G jgufebisaTvis, G jgufs aqvs es 

Tviseba maSin da mxolod maSin, rodesac G jgufs aqvs igive 

Tviseba. magaliTad, sasruli jgufis rigi aris sakuTrivi Tviseba. 

marTlac, Tu sasruli G da G jgufebi izomorfulia, maSin 

arsebobs raime izomorfizmi :f G G . radgan yoveli izomor-

fizmi bieqciaa, amitom f asaxva aris bieqciuri. e. i. G da G
simravleebs aqvT erTi da igive raodenobis elementebi.

m a g al i T i 6 3 . jgufis Tviseba iyos abeluri, aris 

sakuTrivi. marTlac, Tu :f G G izomorfizmia da Tu G

abeluria, maSin G jgufis nebismieri ori ,x y G  
elementebisaTvis, gvaqvs:

       
        

1 1 1

1 1 1 1 ,

x y f f x y f f x f y

f f y f x ff y ff x y x

  

   

       

       

rac niSnavs, rom G jgufic abeluria. aq gamoviyeneT is faqti, 

rom izomorfizmis Sebrunebuli asaxva isev izomorfizmia (ix. wina-

dadeba 23).

m a g al i T i 6 4 . samelementiani simravlis gadaadgilebebs 3S

jgufs da  6 ,  jgufs aqvT erTi da igive raodenobis elemen-

tebi anu maTi rigi erTi da igivea da, kerZod, aris 6, magram isini 

izomorfuli jgufebi ar aris. 
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m a g al i T i 6 5 . Tu :f G G izomorfizmia da  f x x , 

maSin 1nx  maSin da mxolod maSin, rodesac   1
n

x  . marTlac, 

Tu 1nx  , maSin 

        1 1
nn nx f x f x f     .

piriqiT, Tu   1
n

x  , maSin 

       1 1 1 1 1
n nnx f x f x f       ,

radgan 1f  aris agreTve homomorfizmi. maSasadame, izomorfuli 

jgufebis Sesabamis elementebs aqvT erTi da igive rigi. 

m a g al i T i 6 6 . ganvixiloT jgufi G , romelic Sedgeba 

oTxi e , t , u da v elementebisagan da romlis gamravlebis 

operaciis cxrili gamoiyureba Semdegnairad

e t u v
e e t u v
t t e v u
u u u e t
v v u t e

am jgufis neitraluri elementia e da misi rigi cxadia, aris 4. 

miuxedavad imisa, rom  4 , � jgufis rigic 4-ia da rom es 

orive jgufi abeluria, isini araizomorfuli jgufebia. marTlac, 

 4 , � jgufSi arsebobs elementi, romlis rigia 4 (kerZod, 

 1 ), maSin, rodesac G jgufSi neitraluri elementis garda 

yvela sxva elementis rigi aris 2. 

homomorfizmis birTvi da anasaxi

nebismieri homomorfizmi or jgufs Soris gamoxatavs raime kav-

Sirs am jgufebis struqturebs Soris. magaliTad, jgufebis izo-

morfizmis SemTxvevaSi, erTi jgufis struqtura SeiZleba srulad 

aRdges meore jgufis struqturis saSualebiT. rodesac homomor-

fizmi izomorfizmi araa, amdenis gakeTebis saSualeba aRara gvaqvs, 

magram nebismieri homomorfizmis dros yovelTvis gvaqvs izomor-
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fizmi am homomorfizmiT dakavSirebuli jgufebis faqtor-jgufsa

da qvejgufs Soris.

g a n m a rt e b a 1 2 . vTqvaT, :f G G jgufebis homomorfiz-

mia. simravles

    :Ker f x G f x e  

ewodeba f homomorfizmis b i r T v i , xolo simravles

    Im :f f x x G 

ki misi a n a s a x i .

w i n a d a d e b a 2 4 . Tu :f G G jgufTa homomorfizmia, 

maSin misi birTvi aris G jgufis normaluri qvejgufi, xolo 

misi anasaxi ki G jgufis (ara aucileblad normaluri) qvejgufi.

d a m t k i c e b a . Tu  ,x y Ker f , maSin    f x f y e  . ami-

tom winadadeba 20-is ZaliT,  1f xy e  , e. i.  1xy Ker f  , 

rac niSnavs, rom  Ker f aris G jgufis qvejgufi. rom vaCvenoT 

misi normaluroba G -Si, ganvixiloT nebismieri  x Ker f da 

nebismieri y G . maSin, radgan

               1 11 1f yxy f y f x f y f y e f y f y f y e
       ,

amitom  1yxy Ker f  , rac niSnavs, rom  Ker f aris normaluri  

G -Si.

winadadeba 24-is ZaliT,  Im f aris G jgufis qvejgufi, Tu 

nebismieri  , Imx y f  elementebsaTvis,   1
x y

  aris agreTve 

 Im f -is elementi. magram anasaxis ganmartebis ZaliT, arsebobs 

iseTi ,x y G , rom  f x x da  f y y . maSin

           1 11 1f xy f x f y f x f y x y
       ,

rac niSnavs, rom    1
Imx y f

   , e. i.  Im f aris G jgufis 

qvejgufi.
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l e m a . vTqvaT, G da G jgufebi, :f G G ki maTi 

homomorfizmia. Tu ,x y G aris G jgufis nebismieri ori 

elementi, maSin    f x f y maSin da mxolod maSin, rodesac 

Kx Ky , sadac  K Ker f .

d a m t k i c e b a . Tu    f x f y , maSin gvaqvs:

             1 11 1f xy f x f y f x f y f x f x e
      

amitom  1xy K Ker f   da, maSasadame, Kx Ky winadadeba 15-

is ZaliT. piriqiT, Tu Kx Ky , maSin arsebobs iseTi k K , rom 

y kx da amitom

           f y f kx f k f x e f x f x    .

h o m o m o r f i z m i s  T e o r e m a . vTqvaT, :f G G jgufTa 

homomorfizmia da ker( )K f . maSin asaxva

 
   

: Im ,f G K f

f kx f x









aris izomorfizmi.

d a m t k i c e b a . Tu kx ky , maSin    f x f y wina lemis 

Tanaxmad da amitom f  gansazRvrulia koreqtulad.

axla, Tu    f x f y , maSin Kx Ky isev wina lemis 

Tanaxmad, amitom f  aris ineqciuri asaxva. misi gansazRvrebidan 

gamomdinare, f  aris agreTve sureqciuli. e. i. f  asaxva aris bi-

eqciuri. amitom sakmarisia, vaCvenoT, rom f  aris homomorfizmi. 

amisaTvis ganvixiloT G jgufis ori nebismieri x da y

elementi. gveqneba:

*( ) *( ( )) ( ) ( ) ( ) *( ) *( )f KxKy f K xy f xy F x f y f Kx f Ky    ,

rac niSnavs, rom f  aris homomorfizmi.

advili sanaxavia, rom kanonikuri CadgmiT inducirebuli asaxva 

 : Imi f G aris monomorfizmi.
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T e o r e m a . vTqvaT, :f G G aris jgufebis homomorfizmi. 

Tu ker( )K f , maSin diagrama

sadac :p G G K aris kanonikuri proqcia (ix. magaliTi 53), 

aris komutaciuri. sxva sityvebiT rom vTqvaT, f if p .

d a m t k i c e b a . radgan nebismieri x G elementisaTvis 

( ) ,p x Kx *( ) ( )f Kx f x da     i f x f x , amitom

( * )( ) ( *)( ( )) ( *)( ) ( *( )) ( ( )) ( ).if p x if p x if Kx i f Kx i f x f x    
maSasadame, jgufebis nebismieri homomorfizmi SeiZleba 

warmodgenili iqnas rogorc sami homomorfizmis kompozicia, 

romelTagan pirveli epimorfizmia, meore _ izomorfizmi, xolo 

mesame ki monomorfizmi.

m a g al i T i 6 7 . radgan : /p G G K epimorfizmia (ix. 

magaliTi53), xolo  : Imf G K f  ki izomorfizmi (da, 

kerZod, epimorfizmi), da radgan ori epimorfizmis kompozicia 

kvlav epimorfizmia, homomorfizmebis Teoremidan gamomdinareobs, 

rom f aris epimorfizmi maSin da mxolod maSin, rodesac 

 : Imi f G aris izomorfizmi, anu rodesac  Im f G .

m a g al i T i 6 8 . ganvixiloT jgufebis homomorfizmi 

:f G G . Tu f aris monomorfizmi, maSin    Ker f e (rad-

gan viciT, rom  f e e ). piriqiT, Tu    Ker f e , maSin 

lema 1-is ZaliT, Tu    f x f y , maSin x ex ey y   , anu f

aris monomorfizmi.

Tu homomorfizmebis TeoremaSi f aris G jgufis igivuri 

endomorfizmi, maSin    Ker f e da  Im f G , amitom 

 G e G .
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m a g al i T i 6 9 . vTqvaT, G cikluri jgufia, xolo x ki 

misi iseTi elementi, rom G x . ganvixiloT homomorfizmi

 : , nf G f n x 

(ix. magaliTi 56). cxadia, rom    Im :nf x n  . magram jgufi 

 :nx n aris zustad x , amitom ( )im f x H  . 

ganvixiloT axla f -is birTvis. cxadia, rom

   : nKer f n x e   .

amitom, Tu H usasruloa, maSin    0Ker f  (ix. magaliTi 67). 

amitom homomorfizmis Teoremis Tanaxmad,  0 G   . e. i. H

da  aris izomorfuli jgufebi.

Tu H sasrulia da misi rigia m , maSin  Ker f aris m -is 

yvela jeradebis qvejgufi m , amitom m G  . miviReT, rom 

nebismieri cikluri jgufi izomorfulia Semdegi cikluri jgufi 

izomorfulia Semdegi cikluri jgufebidan erT-erTis:

, , 2 , 3 , , ,m          (*)

am jgufebidan arcerTi ori izomorfuli araa, radgan maTi rigebi 

gansxvavdeba. amitom (*) aris cikluri jgufebis sruli sia. 

rgolebi

Cven aqamde ganvixilavdiT simravleebs maTze gansazRvruli erTi 

binaruli operaciiT. axla ganvixiloT simravleebi, romlebzedac 

erTdroulad gansazRvrulia ori binaruli operacia, romlebic 

erTmaneTTanaa SeTanxmebuli garkveuli azriT. 

g a n m a rt e b a 1 3 .  r g ol i aris simravle R da masze 

ganmartebuli Sekrebis ` ~ ga gamravlebis `  ~ ori binaruli 

operacia ise, rom  ,R  aris abeluri jgufi,  ,R  aris monoidi 

da sruldeba Semdegi d i s t r i b u c i ulo b i s kanonebi:

 
 

1) ,

2) ,

r s t rs rt

r s t st st

  

  
      , ,r s t R .
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m a g al i T i 7 0 .  ,  ,  ,  simravleebi Cveulebrivi 

Sekrebisa da gamravlebis binaruli operaciebis mimarT aris rgoli.

m a g al i T i 7 1 . n n zomis matricaTa simravle matricebis 

Sekrebisa da gamravlebis cnobili operaciebis mimarT aris rgoli.

m a g al i T i 7 2 . orelementiani simravle  ,a b masze 

ganmartebuli Sekrebisa da gamravlebis Semdegi operaciebis mimarT 

aris rgoli: 

 a b  a b
a a b b a a
b b a b a b

g a n m a rt e b a 1 4 . R rgolis ewodeba k o m u t a c i u r i , Tu 

 ,R  aris komutaciuri monoidi.

m a g al i T i 7 3 .  ,  ,  ,  komutaciuri rgolebia.

m a g al i T i 7 4 . magaliTi 70-Si moyvanili yvela rgoli aris 

komutaciuri, magram magaliTi 71-Si moyvanili ki ara, radgan 

viciT, rom matricebis gamravleba araa komutaciuri.

m a g al i T i 7 5 . ganvixiloT raime  ,R  abeluri jgufi da 

masze ganvsazRvroT gamravlebis operacia Semdegnairad: 0r s 
yvela ,r s R elementebisaTvis. advili Sesamowmebelia, rom es 

gansazRvravs komutaciuri rgolis struqturas R -ze.

R rgols ewodeba rgoli gayofiT, Tu   \ 0 ,R  aris jgufi, 

anu Tu R rgolis nulisagan gansxvavebul yovel elements gaaCnia 

Sebrunebuli gamravlebis mimarT. Tu rgoli gayofiT komutaciuria, 

maSin mas v e l i ewodeba.

m a g al i T i 7 6 .  araa rgoli gayofiT, radgan magaliTad 2-

s ar gaaCnia Sebrunebuli.

m a g al i T i 7 7 .  ,  ,  samive velia.

m a g al i T i 7 8 . qvaternionebis algebra  aris rgoli 

gayofiT, magram araa veli.
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w i n a d a d e b a 2 5 . vTqvaT, R rgolia. maSin 

1) nebismieri r R elementisaTvis sruldeba toloba 

0 0 0r r    ;

2)    1 1r r r       .

d a m t k i c e b a . 1) gvaqvs:  0 0 0 0 0r r r r        .

Tu am tolobas orive mxares gamovaklebT 0r  -s, miviRebT, rom 

0 0r   . analogiurad, 0 0r  .

3) radgan 0 0r   , amitom gvaqvs

      0 0 1 1 1 1 1r r r r r r              .

am tolobis orive mxridan r -is gamoklebiT miviRebT, rom 

( 1)r r    .

S e d e g i 3 . Tu R rgolia. maSin 

   r s rs      da      , ,r s rs r s R     .

SevniSnoT, rom rgolis ganmartebidan ar gamomdinareobs, rom 0 

da 1 gansxvavebuli elementebia. Tu 0 1 , maSin nebismieri r R
elementisaTvis, gveqneba:

1 0 0r r r     ,

amitom mocemul R rgols gaCnia erTaderTi elementi, 

saxeldobr 0. aseT rgols tr i v i al ur i an n ulo v a n i rgoli 

ewodeba.

w i n a d a d e b a 2 6 . vTqvaT, R rgolia. Semdegi ori winadadeba 

eqvivalenturia:

1) nebismieri , ,r s t R elementebisavis, Tu 0r  da rs rt , 

maSin s t .

2) nebismieri ,r s R elementebisavis, Tu 0rs  , maSin 0r 
an 0s  .

d a m t k i c e b a . 1)-Si 0t  mniSvnelobis CasmiT miiReba 2).

piriqiT, Tu rs rt , maSin   0r s t  da amitom 2)-is ZaliT, 

0s t  , e. i. s t .
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g a n m a rt e b a 1 5 . R rgolis nulisagan gansxvavebul r

elements ewodeba n ul i s  g a m y o f i , Tu arsebobs iseTi s R
elementi, rom 0rs  .

g a n m a rt e b a 1 6 . rgols, romelic winadadeba 26-is erT-erT 

(da, maSasadame, orive) pirobas akmayofilebs, a r e ewodeba. 

komutaciur ares m T elo b i s  a r e ewodeba.

m a g al i T i 7 9 .  aris mTelobis are (da saxelwodebac am 

magaliTidan modis).

m a g al i T i 8 0 . nebismieri rgoli gayofiT aris are da 

nebismieri veli aris mTelobis are.

w i n a d a d e b a 2 7 . Tu raime R rgoli sasrulia (e. i. Tu mas 

aqvs sasruli raodenobis elementebi) da aris mTelobis are, maSin 

is aris veli.

d a m t k i c e b a . vTqvaT, R aris sasruli mTelobis are da 

r R aris misi aranulovani raime elementi. ganvixiloT simravle 

 ,rs s R . Tu 1 22 2s s raime 1 2,s s S elementebisaTvis, maSin 

1 2s s winadadeba 26-is ZaliT. amitom yvela rs aris gansxvavebu-

li. es ki niSnavs, rom R -is nebismier elements aqvs aseTi saxe. 

kerZod, 1 'rs , ' .s R es ki niSnavs, rom r aris Sebrunebuli da, 

maSasadame, R aris veli.

g a n m a rt e b a 1 7 . vTqvaT, R rgolia. R simravlis aracari-

el S R simravles ewodeba R rgolis q v e r g ol i , Tu S
aris rgoli R -is binaruli operaciebis mimarT.

SevniSnoT, rom Tu S R aris R rgolis qvergoli, maSin 

 ,S  aris  ,R  abeluri jgufis qvejgufi, xolo  ,S  ki 

 ,R  monoidis qvemonoidi.

m a g al i T i 8 1 .   rgolis nebismieri qvergoli emTxveva  -

s. marTlac, Tu S   aris raime qvergoli, maSin 1 S da radgan 

S TviTon aris rgoli, amitom 1 1 1 1
n

n S    

-jer

nebismieri 

mTeli n elementisaTvis. amitom S  .
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m a g al i T i 8 2 .   aris  ,  da  rgolebis qvergoli, 

 aris  da  rgolebis qvergoli, xolo  aris  rgolis 

qvergoli.

w i n a d a d e b a 2 8 . vTqvaT, R rgolia, xolo S ki misi 

sakuTrivi qvesimravle. S aris R rgolis qvergoli maSin da 

mxolod maSin, rodesac

1 . S Caketilia R rgolis Sekrebisa da gamravlebis 

operaciebis mimarT, e. i. Tu ,r s S , maSin ,r s rs S  .

2 . nebismieri s S elementisaTvis, s S  .

g a n m a rt e b a 1 8 . vTqvaT, R rgolia. R rgolis Sebrunebadi 

elementebis jgufi aris  ,R  monoidis Sebrunebadi elementebis 

jgufi. is R simboloTi aRiniSneba.

m a g al i T i 8 3 .   1   da     , , 1n nn m n    u.s.g. .

m a g al i T i 8 4 .  Tu R rgolia gayofiT, maSin  \ 0R R  .

idealebi

jgufebis SemTxvevis msgavsad, faqtor-rgoli rom ganvixiloT, 

gvWirdeba Semdegi

g a n m a rt e b a 1 9 . vTqvaT, R rgolia. I R qvesimravles 

ewodeba R rgolis m a r c x e n a  i d e al i , Tu I aris  ,R 

jgufis qvejgufi da nebismieri r R da x I elementebisaTvis, 

. analogiurad,  ,R  jgufis raime qvejgufs ewodeba R rgolis 

marjvena ideali, Tu nebismieri r R da x I elementebisaTvis, 

xr I . I R qvesimravles ewodeba R rgolis ( o r m x r i v i )  

i d e al i , Tu is erTdroulad marcxena idealicaa da marjvenac.

SevniSnoT, rom Tu R rgoli komutaciuria, maSin misi 

marcxena da marjvena da ormxrivi idealebi erTmaneTs emTxveva da 

amitom Cven maT movixseniebT ubralod rogorc idealebs.

m a g al i T i 8 5 .  Tu R nebismieri rgolia, maSin  0 R da 

R R orive aris R rgolis ormxirivi ideali. maT R rgols 
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arasakuTrivi idealebi ewodeba, yvela sxva ideals ki sakuTrivi. 

rgols, romelsac mxolod arasakuTrivi idealebi aqvs, m a r t i v i

ewodeba.

m a g al i T i 8 6 .  luwi ricxvebis simravle aris  rgolis 

(ormxrivi) ideali.

m a g al i T i 8 7 .  radgan ori kenti ricxvis jami luwi 

ricxvia, amitom kenti ricxvebis simravle araa  rgolis ideali. 

g a n m a rt e b a 2 0 . komutaciuri R rgolis I ideals 

ewodeba martivi, Tu nebismieri ,r s R elementebisaTvis, Tu 

rs I , maSin an r I , an s I .

m a g al i T i 8 8 .  Tu R rgolia da r R , maSin simravle 

 ,Rr sr s R  aris R rgolis marcxena ideali. faqtiurad, Rr

aris r elementis Semcveli minimaluri ideali. am ideals r
e l e m e n t i T  w a r m o q m n il i  m T a v a r i  m a r c x e n a  i d e al i

ewodeba. analogiurad,  ,rR rs s R  simravle aris R rgolis 

r elementiT warmoqmnili marjvena mTavari ideali.

SevniSnoT, rom rodesac R komutaciuria, maSin Rr rR . am 

SemTxvevaSi, es ideali  r simboloTi aRiniSneba.

m a g al i T i 8 9 .   rgolis nebismieri ideli aris mTavari, 

anu aqvs  n saxe, sadac n raime mTeli ricxvi (radgan 

komutaciuria, amitom marcxena da marjvena idealebi erTmaneTs 

emTxveva).

w i n a d a d e b a 2 9 . nebismier rgols gayofiT aqvs mxolod 

arasakuTrivi idealebi.

d a m t k i c e b a . vTqvaT, R rgolia gayofiT da I R ki misi 

raime (vTqvaT) marcxena ideali. Tu  0I  , maSin arseobos iseTi 

elementi s I , rom 0s  . radgan s aranulovania da radgan 

daSvebiT R aris rgoli gayofiT, amitom arsebobs s elementis 

Sebrunebulis 1s R  elementi. maSin, radgan I aris marcxena 

ideali, amitom 1s s I  . magram 1 1s s  , e. i. 1 I . maSin isev I -
is marcxena idealobidan miiReba, rom nebismieri r R
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elementisaTvis 1r r I   , rac niSnavs, rom I R . damtkiceba 

analogiuria marjvena I idealis SemTxvevaSic.

m a g al i T i 9 0 .   rgolSi

1) ideali    7 7 :n n  aris martivi imitom, rom Tu 

 7mn , maSin 7mn k , k , da radgan 7 martivi 

ricxvia, amitom an m iyofa 7-ze (e. i. an  7m ), an n

iyofa 7-ze (e. i.  7n ).

2)  rgolis ideali    14 14 :n n  araa martivi, 

radgan, magaliTad, 28 4 7 (14)   , magram arc  4 14 da 

arc  7 14 .

am magaliTis 1) nawilSi moyvanili msjelobis analogiuri 

msjelobiT mtkicdeba Semdegi

w i n a d a d e b a 3 0 .  rgolis  n ideali martivia maSin da 

mxolod maSin, rodesac n martivi ricxvia.

g a n m a rt e b a 2 1 . R rgolis I ideals ewodeba maqsimaluri, 

Tu ar arsebobs R rgolis iseTi sakuTrivi ideali, romelic 

Seicavs I -s da ar emTxveva mas. 

m a g al i T i 9 1 .  Cven viciT, rom  rgolis nebismieri ideali 

aris  n saxis. radgan    n m maSin da mxolod maSin, rodesac 

m yofs n -s, amitom  n aris maqsimaluri ideali maSin da 

mxolod maSin, rodesac 1n  da n -s ara aqvs sakuTrivi 

gamyofebi, e. i. rodesac n aris martivi.

maxasiaTebeli

g a n m a rt e b a 2 2 . R rgolis maxasiaTebeli  char R aris is 

umciresi naturaluri ricxvi, romlisTvisac sruldeba toloba 

1 1 1 1 0
n

n      

-jer

.
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Tu aseTi naturaluri ricxvi ar arsebobs, maSin vambobT, rom 

  0char R  .

m a g al i T i 9 2 .         0char char char char       .

m a g al i T i 9 3 .   nchar n .

w i n a d a d e b a 3 1 . Tu R mTelobis area, maSin   0char R 

an  char R martivia.

d a m t k i c e b a . davuSvaT, rom   0char R n  . Tu n

Sedgenilia, maSin n kl , sadac 1 k n  da 1 l n  . maSin 

maxasiaTeblis gansazRvris Tanaxmad, 1 0k   da 1 0l   . magram 

maSin      1 1 1 1 0k l k l n         , rac niSnavs, rom R rgols 

gaaCnia nulis gamyofebi, rac pirobas ewinaaRmdegeba. maSasadame, n
unda iyos martivi.

rgolTa homomorfizmi

g a n m a rt e b a 2 3 . vTqvaT, R da R ori rgolia. asaxvas 

:f R R ewodeba homomorfizmi R rgolidan R rgolSi, Tu 

f erTdroulad aris  ,R  da  ,R  jgufebisa da  ,R  da 

 ,R  monoidebis homomorfizmi. ufro konkretulad es niSnavs, 

rom 

     
     

f r s f r f s

f rs f r f s

  


    nebismieri ,r s R elementebisTvis.

gansazRvrebidan gamomdinareobs, rom  1 1f  da  0 0f  . 

garda amisa,  f r r   nebismieri r R elementisaTvis.

:f R R homomorfizms ewodeba:

 endomorfizmi, Tu R R .
 epimorfizmi, Tu f asaxva sureqciulia.

 monomorfizmi, Tu f asaxva ineqciuria.

 avtomorfizmi, Tu R R da f aris izmorfizmi.
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or R da R rgols ewodeba izomorfuli, Tu arsebobs raime 

izomorfizmi :f R R .

g a n m a rt e b a 2 4 . vTqvaT, :f R R rgolTa raime 

homomorfizmi. f -is birTvi,  ker f , ewodeba    : , ,f R R  

jgufTa homomorfizmis birTvs, e. i.

    ker : 0f r R f r   .

w i n a d a d e b a 3 2 . Tu :f R R rgolTa homomorfizmia, 

maSin  ker f aris R rgolis ormxrivi ideali.

d a m t k i c e b a . radgan  ker f aris    : , ,f R R  

jgufTa homomorfizmis birTvic, amitom  ker f aris R rgolis 

adiciuri jgufis qvejgufi. Tu axla ker( )r f , maSin nebismieri 

s R elementisaTvis gveqneba:

        0 0f sr f s f r f s   

da

       0 0f rs f r f s f s    ,

rac niSnavs, rom , ker( )sr rs f , e. i.  ker f aris R rgolis 

ormxrivi ideali.

w i n a d a d e b a 3 3 . Tu :f R R rgolTa homomorfizmia, 

maSin f asaxvis anasaxi  Im f aris R rgolis qvergoli.

d a m t k i c e b a . Tu  , Imr s f  , maSin  f r r da 

 f s s raime ,r s R elementebisaTvis. maSin 

     f r s f r f s r s      da      f rs f r f s r s   , amtiom 

 Imr s f   da  Imr s f  , rac winadadeba 28-is ZaliT 

niSnavs, rom  Im f aris R rgolis qvergoli.

m a g al i T i 9 3 . nebismieri R rgolisTvis, igivuri asaxva 

1: R R aris rgolTa homomorfizmi.
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m a g al i T i 9 4 . vTqvaT, n da ganvixiloT asaxva 

:nf   , m nm . Cven viciT (ix. winadadeba 55), rom es asaxva 

aris  , jgufis endomorfizmi. magram, sazogadod, is araa 

rgolTa homomorfizmi. marTlac,  1 2 1 2nf m m nm m , xolo 

 1 1nf m nm da  2 2nf m nm , amitom     2
1 2 1 2n nf m f m n m m . 

maSasadame,      1 2 1 2n n nf m m f m f m yvela 1 2m m 

elementisaTvis maSin da mxolod maSin, rodesac 2n n , e. i. 

rodesac 0n  an 1n  .

w i n a d a d e b a 3 4 . Tu R rgolia gayofiT, maSin nebismieri 

:f R R homomorfizmisaTvis, an f asaxvaa ineqciuri, an 

 0R  .

d a m t k i c e b a . radgan  ker f aris R -is ormxrivi ideali 

winadadeba 32-is ZaliT, amitom is aris an  0 an R (ix. 

winadadeba 29). pirvel SemTxvevaSi f aris ineqciuri asaxva (ix. 

magaliTi 68), xolo meore SemTxvevaSi, radgan  0 1 1f  , amitom 

 0R  .

vTqvaT, R rgolia, xolo I R misi raime ormxrivi ideali. 

maSin, kerZod, I aris  ,R  jgufis normaluri qvejgufi 

(ratom?) da amitom SegviZlia ganvixiloT R I faqtor-jgufi. 

viciT, rom am faqtor-jgufSi Sekreba ganimarteba Semdegnairad:

     r I s I r s I      .

ganvsazRvroT axla R I simravleze gamravlebis operacia ase:

  r I s I rs I    .

w i n a d a d e b a 3 5 . Sekrebisa da gamravlebis zemoT moyvanili 

operaciebi R I simravleze gansazRvravs rgolis struqturas. 

garda amisa, asaxva :p R R I , r r I  aris rgolTa 

homomorfizmi, romlis birTvia I .



145

d a m t k i c e b a . sakmarisia vaCvenoT, rom gamravlebis operacia 

gansazRvrulia koreqtulad, e. i. rom gamravlebis operacia araa 

damoukidebeli eqvivalentobis klsasebidan warmomadgenlebis 

arCevaze. amitom davuSvaT, rom

r I r I     da  s I s I   .

maSin r r x   da s s y   , sadac ,x y I . amitom gveqneba:

   r s r x s y rs z       ,

sadac z xs ry xy   . radgan I ormxrivi idealia, amitom z I
da, maSasadame,

rs I r s I    .

SevniSnoT, rom Tu R komutaciuria, maSin R I agreTve komutaci-

uria. R I rgols ewodeba R rgolis f a q to r - r g ol i I ide-

aliT. 

w i n a d a d e b a 3 6 . vTqvaT, :f R R rgolTa homomorfizmia.

1) Tu I R aris R rgolis marcxena (marjvena, ormxrivi) 

ideali da f aris sureqciuli asaxva, maSin  f I R

aris R rgolis marcxena (marjvena, ormxrivi) ideali.

2) Tu I R  aris R rgolis marcxena (marjvena, ormxrivi) 

ideali, maSin  1f I  aris R rgolis marcxena (marjvena, 

ormxrivi) ideali.

3) Tu S R aris R rgolis marcxena qvergoli, maSin  f S

aris R rgolis qvergoli. kerZod, f asaxvis anasaxi aris 

R rgolis qvergoli.

4) Tu S R  aris R rgolis qvergoli, maSin  1f R  aris 

R rgolis qvergoli.

5) Tu : ' "g R R rgolTa homomorfizmia, maSin : "gf R R
aseve rgolTa homomorfizmia.

w i n a d a d e b a 3 7 . vTqvaT, :f R R rgolTa homomorfizmia 

da  kerI f . maSin asaxva :f R I R  ,  r I f r  aris 

rgolTa homomorfizmi, romelic aris izomorfizmi maSin da 

mxolod maSin, rodesac f aris sureqciuli asaxva.                
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d a m t k i c e b a . sakmarisia aRvniSnoT, rom f  homomorfizmis 

birTvia 0 da amitom f  aris ineqciuri asaxva.

m a g al i T i 9 5 . asaxva n  ,  modm m n aris 

rgolTa sureqciuli asaxva, romlis birTvia  n . amitom 

n n   .

rgolTa lokalizacia

vTqvaT, F velia da R ki misi qvergoli. maSin R aris 

mTelobis are da advili Sesamowmebelia, rom F -is is umciresi 

qveveli, romelic moicavs R -s, aris simravle

   1 , , 0Q R ab F a b R b   da

cxadia, Tu 0c  , maSin    11ab ac bc
  . amitom, Tu 1ab

namravls aRvniSnavT 
a

b
simboloTi, maSin  

  , , 0
a

Q R a b R b
b

    
 

da .

garda amisa, 
a ac

b bc
 , Tu 0c  . rogorc vxedavT, R rgolidan 

 Q R veli aigeba igivenairad, rogorc mTeli ricxvebis 

rgolebidan igeba racionalur ricxvTa veli. ganvixiloT axla 

Sebrunebuli amocana: vTqvaT, mocemulia mTelobis are R . 

SegviZlia vipovoT iseTi veli, romlis qvergolic iqneboda R ? am 

kiTxvaze pasuxi dadebiTia.

ganvixiloT raime mTelobis are R . vTqvaT,  ,a b da  ,c d

aris R elementebis iseTi wyvilebi, rom 0b  da 0d  . 

vuwodoT am wyvilebs e q v i v al e n t ur i (da es ase CavweroT 

   , ~ ,a b c d ), Tu ad bc . R mTelobis aris elementebisgan 

Sedgenil wyvilebs Soris ganmartebuli es mimarTeba aris 

eqvivalentobis mimarTeba.

marTlac, refleqsuroba da simetriuloba advili saCvenebelia, 

amitom davuSvaT, rom    , ~ ,a b c d da    , ~ ,c d e f . gansazRvre-
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biT maSin ad bc da cf de . Tu pirvel tolobas gavamravlebT 

f -ze, meores ki b -ze, miviRebT:

adf bcf bcf bde da

saidanac adf bde . maSin 0adf bde  da amitom   0d af be  . 

radgan R mTelobis area, mas nulebis gamyofebi ara aqvs da 

radgan 0d  Cveni daSvebiT, amitom 0af be  , e. i. af be . rac 

niSnavs, rom    , ~ ,a b e f . maSasadame, `~ ~ aris eqvivalentobis 

mimarTeba.

 ,a b wyvilis eqvivalentobis klasi aRvniSnoT 
a

b
simboloTi. 

axla ganvsazRvroT, Tu rogor SevkriboT da rogor gavamravloT 

es ekvivalentobis klasebi: Tu 
a

b
da 

c

d
ekvivalentobis nebismieri 

ori klasia, maTi jami ganvsazRvroT ase: 

a c ad bc

b d bd


  ,

xolo namravli ki ase:

a c ac

b d bd
  .

vaCvenoT, rom Sekrebis da gamravlebis es operaciebi koreqtuladaa 

gansazRvruli, e. i. rom am operaciebis gansazRvra araa damokide-

buli 
a

b
da 

c

d
ekvivalentobis klasebidan maTi warmomadgenlebis 

amorCevaze. vTqvaT, 
a a

b b





da 

c c

d d





. unda vaCvenoT, rom maSin

ad bc a d b c

bd b d

    


 
,

magram es toloba sworia maSin da mxolod maSin, rodesac 

   b d ad bc bd a d b c       

anu

b d ad b d bc bda d bdb c          .

es toloba ki samarTliania, radgan

ab a b cd dc    da .       (1)
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analogiurad, 
a c a c

b d b d

 
  

 
maSin da mxolod maSin, rodesac 

ac a c

bd b d

 


 
. es toloba ki sruldeba maSin da mxolod maSin, 

rodesac acb d bda c    anu, rodesac ab cd a bdc    , es ki 

sruldeba (1)-is ZaliT.

axla advili Sesamowmebelia, rom Sekrebisa da gamravlebis ze-

moT gansazRvruli operaciebi 
a

b
eqvivalentobis klasebis simrav-

leze, romelsac Cven ( )Q R simboloTi aRvniSnavT, gansazRvravs 

rgolis sturquras. am rgolis erTeulia 
1

1
klasi, xolo 0 ki _ 

0

1
. sinamdvileSi ( )Q R aris veli. amis dasamtkiceblad, sakmarisia 

vaCvenoT, rom nebismieri aranulovan elements gaaCnia Sebrunebuli 

elementi. radgan nulovani elementia 
0

1
, amitom Tu 

0

1

a

b
 , maSin 

1 0 0a a b     . amitom 
a

b
klasi aranulovania maSin da mxolod 

maSin, rodesac 0a  (da aseve 0b  ). maSin misi Sebrunebuli 

elementi iqneba 
b

a
, radgan 

1

1

a b ab ab

b a ba ab
    (radgan R rgoli 

komutaciuria, amitom ab ba ).

SevniSnoT, rom asaxva 

 : ,
1

a
q R Q R a 

aris rgolTa ineqciuri homomorfizmi.

 Q R vels ewodeba R mTelobis aris w il a d T a  v el i . 

rodesac R   , maSin  Q R  .

w i n a d a d e b a 3 8 . vTqvaT, R mTelobis area, K raime veli, 

xolo :f R K ki ineqciuri homomorfizmi. maSin arsebobs 

erTaderTi rgolTa homomorfizmi  :f Q R K  , romlisTvisac 

Semdegi diagrama aris komutaciuri (anu f f p ):
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d a m t k i c e b a . pirdapiri Semowmeba aCvenebs, rom 

 
 

f aa
f

b f b
    
 

formuliT gansazRvruli asaxva akmayofilebs 

winadadebis pirobas. 

sasruli rgolebi da velebi

rgols ewodeba sasruli, Tu misi elementebis raodenoba 

sasrulia. sasruli rgolebis SemTxvevaSi, maTi gamravlebisa da 

Sekrebis operaciebi cxrilis saSualebiT moicema. magaliTad,  0,1

simravleze Semdegi operaciebi

 0 1    0 1
0 0 1 0 0 0
1 1 0 1 0 1

gansazRvravs rgolis struqturas. SevniSnoT, rom rgolis es 

struqtura aris ubralod 2  rgoli. 

rogorc viciT, n  aris rgoli nebismieri n
ricxvisaTvis, romelsac gaaCnia sasruli raodenobis elementebi. 

magram yvela sasruli rgoli aseTi saxis araa.

m a g al i T i 9 6 . ganvixiloT simravle  0,1, ,a b da 

ganvsazRvroT maTze Sekrebisa da gamravlebis operaciebi 

Semdegnairad:

 0 1 a b  0 1 a b
0 0 1 a b 0 0 0 0 0
1 1 0 b a 1 0 1 a b
a a b 0 1 a 0 a a 0

b b a 1 0 b 0 b 0 b



150

advili Sesamowmebelia, rom  0,1, ,a b simravle masze 

gansazRvruli aseTi operaciebiT aris rgoli da rom is araa 

4  rgolis izomorfuli (ratom?).

vTqvaT, R aris rgoli. ganvixiloT asaxva

 




1 1 1, 0

: , 1 0, 0

1 1 1 , 0

n

n

n

f R f n n n

n



    


    
         

 







-jer

-jer

Tu

Tu

Tu

.

rogorc viciT, f aris  , jgufis homomorfizmi  ,R 

jgufSi. vaCvenoT, rom faqtobrivad f aris rgolTa homomorfizmi. 

marTlac, nebismieri ,n m dadebiTi ricxvebisaTvis

             1 1 1 1f nm nm n m n m f n f m         .

radgan    f k f k   , wina toloba samarTliania im 

SemTxvevaSic, rodesac an n , an m aris uaryofiTi. amitom f

aris rgolTa homomorfizmi.

ganvixiloT axla nebismieri rgolTa homomorfizmi :f R . 

rgolTa homomorfizmis ganmartebis ZaliT,  1 1f  da amitom 

nebismieri 0n  mTeli ricxvisTvis gvaqvs:

        1 1 1 1 1 1 1
nn

f n f f f n f n
 

            
 

 

-jer-jer

.

amitom, roca 0n  , maSin

            1 1 1f m f m f m m m m                .

amrigad, arsebobs erTaderTi rgolTa homomorfizmi :f R

da is moicema formuliT:   1f n n  .

davuSvaT axla, rom  0R  (e. i. R aratrivialuri rgolia). 

maSin :f R homomorfizmis birTvi ver iqneba mTeli 

(winaaRmdeg SemTxvevaSi,  1 1 0f  da maSin  0R  ) da, amitom 
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aris n saxis ideali, sadac n raime naturaluri ricxvia. 

amitom homomorfizmis Teoremis Tanaxmad, asaxva

  1m n m R    

aris ineqciuri homomorfizmi. amitom n  SegviZlia gavaigivoT 

R rgolis qvergolidan.

w i n a d a d e b a 3 9 . zemoT aRweril situaciaSi,  char R n .

d a m t k i c e b a . Tu 0n  , maSin dasamtkicebeli araferia 

(radgan ar arsebobs iseTi naturaluri ricxvi m , rom 1 0m   ). 

Tu 0n  da arsebobs iseTi naturaluri k ricxvi, rom 1 0k   , 

maSin k n  , anu k nm , m . amitom k n , rac niSnavs, rom 

n aris is umciresi naturaluri ricxvi, rodesac sruldeba 

toloba 1 0n   , anu sxva sityvebiT rom vTqvaT  char R n .

Tu n aris  rgolis martivi ideali, maSin 0n  an n
aris martivi ricxvi. rogorc viciT, pirvel SemTxvevaSi, 

  0char R  da amitom f aris ineqciuri asaxva, anu R rgoli 

Seicavs  rgolis izomorful qvergols. meore SemTxvevaSi, n

aris martivi da R rgoli Seicavs n  vels izomorful 

qvevels. 

p  veli aRiniSneba pF simboloTi da mis m a rt i v  v el s

uwodeben.

w i n a d a d e b a 4 0 . sasrul rgols maxasiaTebeli aris am 

rgolis elementebis raodenobas gamyofi.

d a m t k i c e b a . vTqvaT,  n char R da R rgolis 

elementebis raodenobaa m . maSin m aris  ,R  adiciuri jgufis 

rigi da lagranJis Teoremis Tanaxmad, 0mr  nebismieri r R
elementisaTvis. axla, Tu m qn k  , sadac 0 k n  , maSin 

    0 0 0kr m qn r mr q nr       .

magram, radgan k n da  char R n , amitom 0k  . e. i. n aris 

m -is gamyofi.
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winadadeba 31-is ZaliT, rodesac R aris mTelobis are, misi 

maxasiaTebeli an 0-ia, an martivi ricxvi. pirvel SemTxvevaSi 

rgoli Caidgmeba R rgolSi da amitom winadadeba 38-is ZaliT, es 

Cadgma gagrZeldeba  velis R mTelobis areSi Cadgmamde. anu R

iqneba  -algebra (gavixsenoT, rom Tu K raime komutaciuri 

rgolia, maSin K -algebra ewodeba  ,A i wyvils, sadac A aris 

raime komutaciuri rgoli, xolo i ki homoorfizmi K rgolidan 

A rgolSi).

w i n a d a d e b a 4 1 . Tu F sasruli velia, maSin F simravlis 

elementebis raodenoba nF p , sadac p martivi ricxvia, n ki 

naturaluri ricxvi.

d a m t k i c e b a . Tu   0char F  , maSin zemoT moyvanili 

SeniSnvnis ZaliT, F Seicavs  vels, rac SeuZlebelia. amitom 

arsebobs iseTi martivi p ricxvi, rom  char F p . maSin F

aris pF -algebra da amitom igi SeiZleba ganxiluli iqnas rogorc 

sasrulganzomilebiani veqtoruli sivrce pF -velze. Tu es 

ganzomileba aris n , maSin cxadia, rom nF p .

w i n a d a d e b a 4 2 . Tu F sasruli velia da  char F p , 

maSin asaxva pa a aris F velis avtomorfizmi (e. i. bieqciuri 

homomorfizmi F velidan Tavis TavSi).

d a m t k i c e b a . ganvixiloT asaxva

 : , pf F F f a a  .

maSin cxadia,  1 1 1pf   . xolo Tu ,a b F nebismieri 

elementebia, maSin gveqneba

       p p pf ab ab a b f a f b  

axla ganvixiloT  f a b , gveqneba:

   
0

p
p k k p k

p
k

f a b a b c a b 



    .
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radgan 0,k p mniSvnelobebisaTvis TiToeuli k
pc koeficienti 

iyofa p -ze, amitom isini yvela aris 0. amitom 

     0 0 0p p p p p
p pf a b c a b c a b b a f a f b       . amitom f aris 

F velis endomorfizmi. ganvixiloT axla misi birTvi:

     ker : 0 0pf a F a    .

amitom f aris ineqciuri endomorfizmi da, radgan F velis 

elementebis raodenoba sasrulia, f unda iyos agreTve 

sureqciuli. amitom f aris bieqciuri da, maSasadame, f aris F

velis avtomorfizmi.

w i n a d a d e b a  4 3 . nebismieri martivi p da naturaluri n

ricxvebisaTvis arsebobs sasruli veli np
F , romelic zustad np

elements Seicavs. nebismieri ori aseTi veli izomorfulia.

w i n a d a d e b a 4 4 . nebismieri veli Seicavs umcires qvevels.

d a m t k i c e b a . cxadia, rom mocemuli velis qvevelebs 

nebismieri TanakveTa isev qvevelia. kerZod, yvela qvevelis 

TanakveTa aris veli, romelic aris nebismieri sxva qvevelis 

qveveli.

g a n m a rt e b a 2 5 . velis umcires qvevels, am velis m a rt i v

qvevels uwodeben.

w i n a d a d e b a 4 5 . Tu F sasruli velia da  char F p , 

maSin F -is martivi qveveli izomorfulia pF velis. garda amisa, 

es izomorfizmi erTaderTia.

d a m t k i c e b a . cxadia, rom :f F , 1n n  homomorfiz-

mis anasaxi  Im f aris pF velis izomorfuli. axla, F velis 

nebismieri qveveli Seicavs 1-s da amitom  1n  -sac, n , anu 

 Im f qvevelia F velis nebismier qveveli, da amitom unda iyos 

martivi. 
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S e d e g i 4 . Tu p martivi ricvia, maSin pF izomorfizmamde 

sizustiT erTaderTi sasruli velia, romelic Seicavs p

elements.

analogiuri msjelobiT miiReba Semdegi

w i n a d a d e b a 4 6 . Tu   0char F  , maSin F velis martivi 

qvevelia  .

Tu F velia da E F misi qvevelia, maSin F SeiZleba 

ganxilul iqnas rogorc veqtoruli sivrce E velze.

w i n a d a d e b a 4 7 . Tu F sasruli velia, xolo E ki misi 

qveveli, maSin E -s aqvs nq elementi, sadac q E da

 dim :n F E .

d a m t k i c e b a . radgan F aris veqtoruli sivrce E -ze da 

radgan F aris sasruli, F aris sasrulganzomilebiani E -

veqtoruli sivrce. Tu   dim :n F E , maSin F -s aqvs n

elementisagan Semdgari bazisi. vTqvaT, es bazisia 1, , na a . maSin 

F -is nebismieri elementi erTaderTi formiT warmodgenilia 

rogoc jami 
1

n

i i
i

x a


 , sadac ix E . radgan TiToeuli ix -s 

SeuZlia miiRos zustad q gansxvavebuli mniSvneloba, amitom F -s 

aqvs zustad nq cali elementi.

w i n a d a d e b a 4 8 . vTqvaT, F sasruli velia. maSin mas aqvs 
np cali elementi, sadac  p char F , xolo n ki aris F -is 

ganzomileba mis martiv qvevelze.

d a m t k i c e b a . radgan  char F p martivia, amitom F -is 

martivi qveveli izomorfulia pF velis. radgan pF p , amitom 

Sedegi gamomdinareobs wina winadadebidan.

w i n a d a d e b a 4 9 . vTqvaT, F sasruli velia da kF p . 

maSin mis nebismier qvevels aqvs mp elementi, sadac m aris n -is 
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gamyofi. piriqiT, n -is nebismieri m gamyofisaTvis arsebobs F -is 

erTaderTi qveveli, romelsac aqvs zustad mp elementi.

w i n a d a d e b a 5 0 . nebismieri velis aranulovanis elementebis 

simravle aris cikluri jgufi gamravlebis mimarT.

m a g al i T i 9 7 . 302
F velis yvela qvevelis sapovnelad 

saWiroa 30-is yvela gamyofis povna. radgan es gamyofebia 1, 2, 3, 

5, 6, 10, 15, amitom 302
F velis qvevelebs Soris damokidebuleba 

gamosaxulia Semdeg diagramaze:

sadac aRniSnavs qvevelis CarTvas.

bulis algebrebi

vTqvaT, raime simravlea. n a w ilo b r i v i  d al a g e b i s  

m i m a r T e b a simravleze aris binaruli mimarTeba ` ~ -ze, 

romelic aris

1) refleqsuri, e. i., nebismieri elementisaTvis;

2) antisimetriuli, e. i., Tu da , maSin ;

3) tranzituli, e. i., Tu da , maSin .

vTqvaT, nawilobriv dalagebuli simravlea (e. i. 

aris raime simravle, xolo ki masze gansazRvruli raime nawi-

lobrivi dalagebis mimarTeba). amboben, rom elementi aris

qvesimravlis zeda sazRvari (da amas ase weren ), 

Tu

A
A  A

a a a A
a b b a a b

a b a c a c

 ,A  A


a A

S A a S 
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1. nebismieri elementisaTvis;

2. Tu yvela elementisaTvis, maSin .

antisimetriulobis gamo simravlis umciresi zeda sazRvari, 

rodesac is arsebobs, erTaderTia. rodesac aris orelementiani 

simravle , maSin aRniSvnis navclad aRniSvna 

gamoiyeneba. rodesac , maSin aRiniSneba 0 simboloTi. 

cxadia, rom 0 aris simravlis umciresi elementi (ratom?).

ganvixiloT nawilobriv dalagebuli simravle iseTi, 

rom mis nebismier sasrul qvesimravles gaaCnia zusti zeda 

sazRvari. advili sanaxavia, rom maSin binaruli operacia da 

elementi 0 akmayofilebs Semdeg pirobebs:

(i) ;

(ii) ;

(iii) ;

(iv) ,

sadac , , aris simravlis nebismieri elementebi. amitom 

aris komutaciuri monoidi, romlis nebismieri elementi 

aris idempotenti (Tu naxevarjgufia, maSin elementi 

aris idempotenti, Tu ).

piriqiT, gvaqvs Semdegi

w i n a d a d e b a 5 1 . vTqvaT, iseTi komutaciuri monoi-

dia, romlis yvela elementi aris idempotenti. maSin simravle-

ze arsebobs erTaderTi nawilobriv dalagebis mimarTeba iseTi, rom 

aris simravlis zusti zeda sazRvari, xolo 0 ki ca-

rieli simravlis zusti zeda sazRvari (anu -s umciresi elemen-

ti).

d a m t k i c e b a . davuSvaT, aris nawilobrivi dalagebis 

mimarTeba -ze, romelic akayofilebs winadadebis pirobebs. maSin 

cxadia, rom nebismieri elementebisaTvis, maSin da 

mxolod maSin, rodesac . piriqiT, Tu pirobiT 

ganvsazRvreT mimarTebas, maSin aris refleqsuri (i)

pirobis ZaliT, xolo misi antisimetriuloba gamomdinareobs 

s a s S
s b s S a b

S
S

 ,s t  ,s t s t

S   S
A

 ,A 



a a a 
a b b a  

   a b c a b c    

0a a 
a b c A

 , ,0A 

 ,A  a A

a a a 

 , ,0A 

A

a b  ,a b

A


A

a A a b
a b b  a b b 

a b 
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ganmartebidan: Tu (e. i. Tu ) da (e. i. Tu 

), maSin . tranzitulobis saCveneblad 

davuSvaT, rom da (e. i. rom da ). 

maSin gvaqvs:

amitom .

axla piriqiT, vTqvaT aris simravlis nebismieri 

ori elmenti. maSin (radgan 

(i) pirobiT), amitom . analogiurad miviRebT, 

rom . Tu da , maSin

amitom . e. i. aris simravlis zusti zeda 

sazRvari, da bolos, (iv) tolobis ZaliT, 0 aris 

nawilobriv dalagebuli simravlis umciresi elementi.

wina winadadebaSi gansazRvrul struqturas ewodeba 

n a x e v a r m e s e r i .

oradulad, zusti zeda sazRvris ganmartebaSi monawile 

utolobebis SebrunebiT miiReba z u st i  q v e d a  s a z R v r i s

cneba. , da 0 aRniSvnebis Sesabamisi aRniSvnebi axla 

iqneba da 1.

m e s e r i ewodeba nawilobriv dalagebul simravles, romlis 

nebismier sasrul qvesimravles gaaCnia zusti zeda da qveda 

sazRvrebi.

winadadeba 51 da misi oradulidan gamomdinareobs, rom meseri 

aris simravle masze gansazRvruli ori komutaciuri monoidis 

struqturiT ise, rom
 am simravlis nebismieri elementi aris idempotenturi orive 

binaruli operaciis mimarT, da

a b a b b  b a
b a a  b a b b a a    

a b b c a b b  b c c 

 
 

,

(iii)

.

a c a b c b c c

a b c

b c a b b

c b c c

     

  

  

  

radgan

pirobis ZaliT

= radgan

radgan

a c
,a b A A

   a a b a a b a b      

a a a  a a b 
b a b  a c b c

     

 

,

.

a b c a b c b c b c c

a c

c a c a c c

       

 

   

radgan e. i.

radgan e. i.

a b c  a b  ,a b

 ,A 

S a b
,S a b
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 am simravleze inducirebuli ori nawilobrivi dalagebis 

mimarTeba erTmaneTis oradulia.

w i n a d a d e b a 5 2 . vTqvaT, da 

naxevarmeserebi. maSin aris meseri maSin da mxolod 

maSin, rodesac nebismieri elementebisaTvis sruldeba 

Semdegi ori toloba:

;

.

d a m t k i c e b a . Tu es ori toloba sruldeba, maSin 

tolobidan gamomdinareobs, rom da piriqiT. 

amitom simravleze inducirebuli orive nawilobrivi dalagebis 

mimarTeba aris oraduli.

im meserebSi, romlebic praqtikaSi xSirad gvxvdeba, sruldeba 

Semdegi e. w. d i s t r i b u c i ulo b i s kanoni:

(1) .

w i n a d a d e b a 5 3 . Tu meserSi sruldeba distribuciulobis 

kanoni, maSin sruldeba agreTve misi oraduli kanoni:

(2)

d a m t k i c e b a .  gvaqvs:

aq pirvel tolobaSi gamoviyeneT (1), meoreSi _ , mesameSi 

isev (1), meoTxeSi -is asociuroba, xolo mexuTeSi ki .

w i n a d a d e b a 5 4 . vTqvaT, aris distribuciuli meseri da 

. maSin arsebobs erTaderTi iseTi elementi , rom

 , ,0A   , ,1A 

 , ,0, ,1A  

,a b A

   a a b a  

   a a b a  

a b b 

 a b a a b a    

A

      , , ,a b c a b a c a b c A      

      , , ,a b c a b a c a b c A      

         
  
    
    
 .

a b a c a b a a b c

a a b c

a a c b c

a a c b c

a b c

         

    

     

     

  

 
  

A

, ,a b c A x A
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.

d a m t k i c e b a .  Tu da iseTi elementebia, rom orive 

akmayofilebs am pirobebs, maSin 

,

radgan aris simravlis zusti qveda 

zRvari. analogiurad, da amitom .

g a n m a rt e b a 2 6 . vTqvaT, meseria. elements 

ewodeba elements d a m a t e b a , Tu da .

wina winadadebis ZaliT, elementis damateba erTaderTia, roca 

is arsebobs. elementis damateba siboloTi aRiniSneba.

g a n m a rt e b a 2 7 .  distribuciul mesers ewodeba b ul i s  

al g e b r a , Tu mis nebismier elements gaaCnia damateba.

m a g al i T i 9 8 . simravle aris bulis algebra.

m a g al i T i 9 9 . Tu raime simravlea, maSin ℘( )ܺ aris 

meseri, sadac mimarTeba qvesimravleebis CarTviTaa gansazRvru-

li; e. i. Tu ܣ, )߳℘ ܤ )ܺ, maSin maSin da mxolod maSin, ro-

desac aris -s qvesimravle. maSin ∨ Seesabameba ori simravlis 

gaerTianebas, xolo ki maT TanakveTas. 0 Seesabameba simrav-

les, da 1 Seesabameba simravles. cnobilia, rom ℘( )ܺ aris dis-

tribuciuli meseri. ufro metic, ℘( )ܺ aris bulis algebra: Tu ܣ ℘߳( )ܺ, e. i. Tu aris simravlis qvesimravle, maSin misi 

damateba aris sxvaoba.

m a g al i T i 1 0 0 . vTqvaT, aris klasikur gamonaTqvamTa 

logikis yvela gamonaTqvamTa klasi. SemoviRoT am klasze mimarTeba 

` ~ Semdegnairad: maSin da mxolod maSin, rodesac 

da (sadac aRniSnavs implikaciis logikur operacias). 

advili sanaxavia, rom ` ~ aris ekvivalentobis mimarTeba -ze. ek-

vivalentobis klasebis erToblioba aRvniSnoT -iT. axla -ze 

ganvsazRvroT , da operaciebi Semdegnairad:

x a b x a c   da

x y

         x x x a x c x y a x y x a x y b x y                

b x y y a     ,x y

y x y  x y

A x A
a A 0x a  1x a 

a a

 0,1

X


A B
A B

 
X

A X

X \X A

L

 p q p q
q p 

 L

L L

 
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amis Semdeg, aRvniSnoT 1-iT da ki 0-iT (aq 

aris nebismieri gamonaTqvami). radgan nebismieri sxva 

gamonaTqvamebs, da , amitom 1 da 

0 ganzogadebulia koreqtulad. pirdapiri Semowmeba gviCvenebs, rom 

aris bulis algebra.

m a g al i T i 1 0 1 . ganvixiloT elementaruli xdomilobaTa 

raime sivrce da ganvsazRvroT masze , , operaciebi Sem-

degnairad:
 Tu (e. i. Tu da aris ori nebismieri 

xdomiloba sivrcidan), maSin Aܣ ∨ ܤ aris xdomileba, 

romelic Sesdgeba im elementaruli xdomilobebidan, 

romlebic an -s ekuTvnis, an -s.
 Tu , maSin aris xdomiloba, romelic 

Sedgeba im elementaruli xdomilobebisgan, romlebic 

erTdroulad ekuTvnis -sac da -sac.

 Tu , maSin aris misi sawinaaRmdego xdomiloba.
 1 aris aucilebeli xdomiloba (e. i. ).
 0 aris SeuZlebeli xdomiloba .

maSin aris bulis algebra.

radgan elementis damateba erTaderTia, amitom gvaqvs Semdegi

w i n a d a d e b a 5 5 . Tu bulis algebraa da , maSin 

.

w i n a d a d e b a 5 6 . Tu bulis algebraa da , maSin  

ܽ ∧ ܾതതതതതതത= തܽ∨തܾ  da ܽ ∨ ܾതതതതതതത= തܽ∧തܾ.
d a m t k i c e b a . gvaqvs:

     
     

   

,

,

.

p q p q

p q p q

p p

  

  



 p p  p p p

q

   p p q q      p p q q  

 , , , ,0,1L  

  

,A B A B



A B

,A B A B

A B

A A




 , , , ,1,0  

A a A

 a a

A ,a b A
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meores mxriv gvaqvs:

e. i. aris elementis damateba.

S e n i S v n a 4 . wina winadadebaSi damtkicebul tolobebs d e  

m o r g a n i s  k a n o n e b i ewodeba.

S e n i S v n a 5 . Tu gavaanalizebT wina winadadebis meore 

tolobis damtkicebas, davinaxavT, rom igi miiReba pirveli 

tolobis damtkicebidan masSi da da agreTve 1 da 0 

simboloebis urTierTSenacvlebiT. es aris kerZo SemTxveva e. w. 

o r a d ulo b i s  p r i n c i p i s a  b ul i s  al g e b r e b i s a T v i s , 

romelic SemdgomSi mdebareobs: Tu bulis algebrebis raime klasSi 

damtkicebulia raime debulebis samarTlianoba, samarTliani iqneba 

agreTve misi oraduli debulebac, romelic miiReba sawyisi 

debulebidan masSi da da agreTve 1 da 0 simboloebis 

urTierTSenacvlebiT.

vTqvaT, aris bulis algebra. simravleze ganvsazRvroT 

Sekrebis operacia Semdegnairad:

.

w i n a d a d e b a 5 7 . sruldeba Semdegi distribuciulobis 

kanoni:

.

d a m t k i c e b a . gvaqvs:

         
     
   1 1 1 1 1.

a b a b a b a a b b

a a b a b b

b a

         

      

      

         
     
   0 0 0 0.

a b a b a b a a b b

a a b a b b

a b a

         

      

      

a b a b

 

 

A A

   a b a b b a    

      , , ,a b c a b a c a b c A      
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SevniSnoT, rom bolos wina tolobaSi gamoviyeneT de morganis 

kanoni.

advili sanaxavia, rom asociurobis kanoni

agreTve sruldeba. garda amisa, nebismieri elementisaTvis 

gvaqvs:

da 

.

sabolood miviReT, rom aris jgufi (komutaciuri ` ~ 

operaciis ganmartebis Tanaxmad) da, maSasadame, 

aris komutaciuri rgoli.

piriqiT, vTqvaT, iseTi rgolia, romlis yvela elementi 

aris idempotenti (e. i. nebismieri elementisaTvis). 

aseT rgols b ul i s  r g ol s uwodeben.

w i n a d a d e b a 5 8 . Tu bulis rgolia, maSin 

(i) aris komutaciuri.

(ii) nebismieri elementisaTvis, .

d a m t k i c e b a . vTqvaT, nebismieri elementebia. maSin 

gvaqvs

.

      
   

     
         

     
     

   

0 0

.

a b c a b c c b

a b c a c b

a b c a c b

a b a a b c a c a a c b

a b a c a c a b

a b a c a c a b

a b a c

       

      

        

            

        

        

   

   a b c a b c    

a A

    0 0 0a a a a a a       

       0 0 0 1 0 1 0a a a a a a           

 , ,0A  

 , , ,0,1A A   

A
2a a a A

A
A

a A 0a a 

,a b A

 2 2 2a b a b a ab ba a a ab ba b          
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amitom . Tu maSin miviRebT, rom , anu 

, maSin da amitom .

am winadadebis (ii)-dan gamomdinareobs, rom nebismieri bulis 

rgolis maxasiaTebeli aris 2. 

Tu bulis rgolia, maSin aris naxevarmeseri, 

romelSic nawilobrivi dalagebis mimarTeba ganimarteba 

Semdegnairad: maSin da mxolod maSin, rodesac (ix. 

winadadeba 51-is damtkiceba).

ganvixiloT axla gamosaxuleba. gveqneba:

,

da, amgvarad,

.

amitom aris simravlis zeda sazRvari. Tu 

aris agreTve am simravlis zeda sazRvari, maSin

,

amitom da, maSasadame, aris 

simravlis zusti zeda sazRvari. aRvniSnoT igi simboloTi. 

pirdapiri Semowmeba gviCvenebs, rom ` ~ aris distribuciuli `

~ operaciis mimarT da rom aris -s damateba. amitom 

aris bulis algebra.

sainteresoa, ra iqneba bulis algebraze gansazRvruli 

Sekrebis operacia (ix. ganmarteba winadadeba 57-is win). gvaqvs:

es niSnavs, rom Tu gvaqvs bulis algebra da misgan avagebT 

bulis rgols, xolo misgan ki bulis algebras, mivi-

RebT isev sawyis bulis algebras. e. i. . analogiu-

rad, . am faqts s t o u n i s  o r a d o b a s uwodeben bulis 

0ab ba  a b 2 2 0a a 
0a a  ab ba  ab ba

A  , ,1A 

a b ab a

a b ab 

  2 2 2a a b ab a ab a b a ab ab a ab a          

 b a b ab b  

a b ab   ,a b c

 a b ab c ac bc abc a b ab       

a b ab c   a b ab   ,a b

a b


 1 a a

 # , , ,1 ,0,1A A c   
#A

             
   

1 1

6 .

a b b a a b b a a ab b ba

a ab b ab a ab a ab

a b ab ab ab ab ab ab

a b ab a b

             

        

        
    

A

A  #
A

A  #
A A 

 #
A A 
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algebrebsa da bulis rgolebs Soris. kategoriaTa Teoriis enaze 

es niSnavs, rom bulis algebrebisa da bulis rgolebs kategoriebi 

izomorfulia.

savarjiSoebi

1. aCveneT, rom n elementian simravleze arsebobs 
2nn gansxva-

vebuli binaruli operacia. ipoveT  ,A a b simravleze gan-

sazRvruli 16-ve operacia. maTgan ramdenia komutaciuri? aso-

ciuri? maTgan ramdens gaaCnia neitraluri elementi?

2.  simravleze ganvsazRvroT binaruli operacia  Semdeg-

nairad: 1x y xy   . aCveneT, rom  aris komutaciuri, 

magram araasociuri binaruli operacia.

3. ganvsazRvroT  -ze binaruli operacia  Semdegnairad:

n m n m   . 

aris es operacia komutaciuri? asociuri? aaqvs am operacias 

neitraluri elementi?

4. aris magaliTi 7-Si gansazRvruli binaruli operacia komuta-

ciuri? asociuri? aaqvs am operacias neitraluri elementi?

5. ganvixiloT ori asaxva , :f g   , romlebic gansazRvru-

lia Semdegnairad:   2f n n da   ,
2
0,

n
n

g n
n


 


Tu luwia

Tu kentia
. 

daamtkiceT, rom 1gf  , magram 1fg  .

6. daamtkiceT, rom Tu  , ,G e naxevarjgufia, maSin misi ori 

nebismieri x da y elementisaTvis, Tu  x y e  , maSin 

 2
b a b a   .

7.  simravleze ganvsazRvroT binaruli operacia  Semdegnai-

rad:
x y x y xy   

daamtkiceT, rom  , aris naxevarjgufi, romelsac gaaCnia 

neitraluri elementi.
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8. daamtkiceT, rom G jgufis neitraluri elementi aris is 

erTaderTi elementi, romlisTvisac sruldeba 2x x
toloba.

9. daamtkiceT, rom 
a b

b a

 
  

saxis matricebis simravle, sadac 

,a b da 2 2 0a b  , aris jgufi matricebis Cveulebrivi 

gamravlebis mimarT.

10. daamtkiceT, rom Tu sasrul jgufSi aris luwi raodenobis 

elementi, maSin arsebobs neitraluri elementisagan gansxvave-

buli iseTi elementi, romelic aris Tavisi Tavis 

Sebrunebuli.

11. daamtkiceT, rom Tu jgufi Seicavs xuTze nakleb elements, 

maSin es jgufi abeluria.

12. daamtkiceT, rom Tu G jgufia da g G , maSin   11g g
  .

13. ipoveT  5 -is rigi  25 ,  jgufSi.

14. ipoveT  2 -is rigi   25 ,

  jgufSi.

15. qvemoT CamoTvlili qvesimravleebdan, romeli warmoadgens qve-

jgufs?

a)       81 , 3 ,  ;

b)           51 , 2 , 3 , 4 ,  ;

g)           80 , 2 , 4 , 6 ,  ;

d)             100 , 2 , 4 , 6 , 8 ,  .

16. vTqvaT, X raime simravlea. ℘( )ܺ simravleze ganvixiloT 

Semdegi binaruli operacia:

   \X Y X Y X Y   

daamtkiceT, rom (℘( )ܺ,∗) aris abeluri jgufi.

17. vTqvaT,  , ,A a b c . aris ℘(ܣ) simravle jgufi gaerTianebis 

binaruli operaciis mimarT? TanakveTis binaruli operaciis 

mimarT?
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18. daamtkiceT, rom G jgufi aris abeluri maSin da mxolod 

maSin, rodesac misi nebismieri ori x da y elementisaTvis, 

sruldeba toloba   1 1 1xy x y
   .

19. ganvixiloT jgufi  16 , . CamoTvaleT  16 qvejgufis 

yvela elementi. ra rigi aqvs am elements?

20. vTqvaT, x G elementis rigia 8. ipoveT Semdegi elementebis 

rigebi:

a) 2x ; b) 3x ; g) 4x ; d) 5x ; e) 6x .

21. ipoveT Semdegi cikluri jgufebis yvela gansxvavebuli 

warmomadgeneli:

a) 8 ; b) 15 ; g) 16 ; d) 18 .

22. daamtkiceT, rom G jgufi aris abeluri maSin da mxolod 

maSin, rodesac asaxva :f G G , 1x x aris G jgufis 

endomorfizmi.

23. ganvixiloT asaxva 2 2:f   , romelic gansazRvrulia 

formuliT     3f n n . daamtkiceT, rom f aris jgufebis 

endomorfizmi da ipoveT misi birTvi. aris f epimorfizmi? 

monomorfizmi?

24. Tu G jgufia, maSin ra iqneba  e G qvejgufis mosazRvre-

obis klasebi G -Si? analogiuri kiTxva G G
qvejgufisaTvis. 

25. daamtkiceT, rom Tu H da K aris G jgufis ori 

qvejgufi, maSin nebismieri x G elementisaTvis sruldeba 

toloba  Hx Kx H K x   .

26. ganvixiloT  , jgufis normaluri qvejgufi  , (nor-

maluroba gamomdinareobs  , jgufis abelurobidan) da 

Sesabamisi faqtor-jgufi   . daamtkiceT, rom x    

elements, sadac x , aqvs sasruli rigi maSin da mxolod 

maSin, rodesac x aris racionaluri, e. i. rodesac 
m

x
n



raime mTeli m da naturaluri n ricxvebisaTvis.
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27. daamtkiceT, rom G da G qvejgufebi, maSin asaxva 

:f G G , romelic mocemulia formuliT  f x e , aris 

homomorfizmi.

28. daamtkiceT, rom nebismieri mTeli n ricxvisaTvis,  , da 

 ,n  jgufebi izomorfulia.

29. daamtkiceT, rom  ,  da  , jgufebi araa 

izomorfuli.

30. ramdeni gansxvavebuli warmomqmneli SeiZleba hqondes me-6 

rigis ciklur jgufs?

31. daamtkiceT, rom Tu raime abeluri jgufi Seicavs me-3 rigis 

elements, maSin es jgufi cikluria.

32. Tu cikluri jgufis warmomqmnelia x elementi, romlis 

rigia m , maSin kx aris amave jgufis warmomqmneli maSin da 

mxolod maSin, rodesac k da m urTierTmartivi ricxvebia.

33. aCveneT, rom Tu K aris H jgufis qvejgufi, xolo H ki 

G jgufis qvejgufi, maSin K aris G jgufis qvejgufi.

34. daamtkiceT, rom nebismieri abeluri jgufis sasruli rigis 

mqone elementebis qvesimravle aris qvejgufi.

35. daamtkiceT, rom jgufi, romlis rigia mp ( p martivia, m

ki naturaluri), Seicavs p rigis qvejgufs.

36. qvemoT CamoTvlili asaxvebidan romelia  ,  jgufis 

endomorfizmi?

a) x x ; b) 2x x ; g) 2x x ; d) 
1

x
x

 ; e) x x ; 

v) 3x x ; z)
1

x
x

 ; T) x x .

37. daamtkiceT, rom Tu jgufis rigia 3 an 4, maSin is cikluria. 

38. daamtkiceT, rom Tu G jgufia, xolo x ki misi nebismieri 

elementi, maSin 1x x .

39. vTqvaT, aris komutaciuri rgoli. ganvixiloT misi yvela 

idempotentebis simravle . SemoviRoT am simravleze 

da operaciebi Semdegnairad:

R

 B R 


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daamtkiceT, rom aris bulis algebra. 

40. daamtkiceT, rom orze meti elementis mqone bulis rgols 

yovelTvis gaaCnia nulis gamyofebi.

,

2 .

a b ab

a b a b ab

 
   

 , , ,0,1A  



þàñòæ, îàëèæ, ãâèæ

§ 1. ŽèàâĲîñèæ ïðîñóðñîâĲæ áŽ óãâïðîñóðñîâĲæ

à Ž ê é Ž î ð â Ĳ Ž . ïæéîŽãèâï éŽïäâ àŽêïŽäôãîñèæ øŽçâðæèæ ëìâ-
îŽùæâĲæå, âûëáâĲŽ ŽèàâĲîñèæ ïðîñóðñîŽ.

îëàëîù ûâïæ ëìâîŽùæâĲï àŽŽøêæŽå îŽæéâ éŽýŽïæŽåâĲâèæ åãæïâĲâĲæ, îëé-
èâĲæù öâïŽúèâĲâèæŽ øŽéëõŽèæĲáâï åâëîâéâĲæï ïŽýæå áŽ, îëéèâĲæù òŽîåëá
àŽéëæõâêâĲŽ àŽéëåãèâĲöæ (ïðîñóðñîâĲï åŽãæïæ åâëîâéâĲæå, àŽéëåãèæï ûâ-
ïâĲæå áŽ öâáâàâĲæå ýŽêáŽýŽê ñûëáâĲâê ŽèàâĲîñè ïæïðâéâĲï).

õëãâèæ ïðîñóðñîæïåãæï ŽîïâĲëĲï óãâïðîñóðñîæï ùêâĲŽ. éŽàŽèæåŽá,
àŽêãæýæèëå ßæìëåâðñîæ ïðîñóðñîŽ, â. û. éŽøãâêâĲâèæ. ãåóãŽå, A éŽøãâ-
êâĲâèæŽ. áŽãñöãŽå, îëé A-äâ àŽêïŽäôãîñèæŽ éýëèëá âîåæ ~ ëìâîŽùæŽ.
éŽöŽïŽáŽéâ, ñòîë äñïðŽá âï öâæúèâĲŽ øŽæûâîëï (A,~) ïŽýæå, Žêñ éæéåæåâ-
Ĳâèæ öâæùŽãï A ïæéîŽãèâï éŽïäâ àŽêïŽäôãîñèæ ~ ëìâîŽùææå. åñ B ⊆ A áŽ
(B, ~) Žàîâåãâ éŽøãâêâĲâèæŽ (çâîúëá, ~ ëìâîŽùæŽ öâïŽúèâĲâèæŽ øŽçâðæèæ
æõëï B-äâ), éŽöæê (B, ~)-ï âûëáâĲŽ óãâéŽøãâêâĲâèæ.

àŽêãæýæèëå ïýãŽ ïðîñóðñîŽ, (C,⊕) (⊕ áŽ ~ ëìâîŽùæâĲæ ñêáŽ æõëï
âîåæ áŽ æàæãâ îæàæï; éŽàŽèæåŽá, åñ âîå-âîåæ éŽåàŽêæ ĲæêŽîñèæŽ, Žïâåæ-
ãâ ñêáŽ æõëï éâëîâù. C-äâ öâïŽúèâĲâèæŽ àŽêãïŽäôãîëå ïýãŽ ëìâîŽùæâĲæù,
åñéùŽ ŽýèŽ éŽå Žî àŽêãæýæèŽãå). åñ ŽîïâĲëĲï ϕ : A → C ŽïŽýãŽ æïâåæ,
îëé ϕ(x ~ y) = ϕ(x) ⊕ ϕ(y) êâĲæïéæâîæ x áŽ y-åãæï A-áŽê, éŽöæê ϕ-ï âûë-
áâĲŽ ßëéëéëîòæäéæ. åñ ŽîïâĲëĲï A-ïŽ áŽ C-ï öëîæï ßëéëéëîòæäéæ, éŽöæê
àŽîçãâñèæ Žäîæå (A,~) ïðîñóðñîæï (ϕ(A),⊕) ßëéëéëîòñèæ ŽêŽïŽýæ æû-
ãâãï ûæêŽîâ ïŽýâï, îŽáàŽêŽù øãâê öâàãæúèæŽ öâãŽïîñèëå ~ ëìâîŽùæŽ A-äâ
áŽ öâéáâà ŽãïŽýëå C-öæ (ϕ-ï ïŽöñŽèâĲæå), Žê þâî ŽãïŽýëå C-öæ, öâéáâà
öâãŽïîñèëå ⊕ ëìâîŽùæŽ. ëîæãâ öâéåýãâãŽöæ öâáâàæ âîåæ áŽ æàæãâŽ. Žéæ-
ðëé éëãæóùâãæå æïâ îëàëîù éëïŽýâîýâĲâèæŽ øãâêåãæï. Žé ïæðñŽùæŽöæ ñçâå
àŽîçãâãŽöæ áŽàãâýéŽîâĲŽ 1.1 ïñîŽåäâ éëùâéñèæ çëéñðŽùæñîæ áæŽàîŽéŽ.
1.1(Ž)-äâ éëùâéñèæŽ ïæéîŽãèââĲæ áŽ ïðîñóðñîâĲæ, ýëèë 1.1(Ĳ)-äâ àŽêýæ-
èñèæŽ ùŽèçâñèæ âèâéâêðâĲæïŽåãæï. 1.1(Ĳ)-äâ éŽîþãêæáŽê àŽéëïŽýñèæŽ âî-
åæ áŽ æàæãâ öâáâàæï ëîæ àŽêïýãŽãâĲñèæ òëîéŽ. áæŽàîŽéæï çëéñðŽùæñîëĲŽ
=⇒ ëìâîŽùææï àŽêéŽîðâĲæáŽê.

çâîúëá, éæãæôâĲå, îëé ϕ ◦ ~ = ⊕ ◦ ϕ, îŽù Žî êæöêŽãï çëéñðŽùæñîë-
ĲŽï éçŽùîæ Žäîæå, îŽáàŽê ~ áŽ ⊕ àŽêïýãŽãâĲñèæ ëìâîŽùæâĲæŽ. ðëèëĲæï
ëîæãâ éýŽîâ ŽôêæöêŽãï âîåæ áŽ æàæãâ îæàæï ëìâîŽùæâĲæï çëéĲæêŽùæŽï áŽ,
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öâïŽĲŽéæïŽá, éæãáæãŽîå äñïðŽá àŽêéŽîðâĲŽéáâ:

ŽïŽýãŽ ◦ ëìâîŽùæŽ = ëìâîŽùæŽ ◦ ŽïŽýãŽ,

A×A
~ //

ϕ

²²

A

ϕ

²²
C × C ⊕

// C

,

(x, y) //

²²

x ~ y

ϕ

²²
(ϕ(x), ϕ(y)) ⊕

// ϕ(x)⊕ ϕ(y) = ϕ(x ~ y)

.

êŽý. 1.1(Ž) êŽý. 1.1(Ĳ)

é Ž à Ž è æ å æ 1.1. ãåóãŽå, θ : Z → Z10 Žîæï ŽïŽýãŽ éåâè îæùýãåŽ
ïæéîŽãèæï êŽöååŽ çèŽïâĲäâ éëáñèæå 10, éŽöæê θ(20) = 0, θ(17) = 7.

àŽêãæýæèëå (Z, +) áŽ (Z10,+), øãâñèâĲîæãæ + ëìâîŽùææå Z-åãæï áŽ
Z10-åãæï. ùýŽáæŽ, θ Žîæï ßëéëéëîòæäéæ, îŽáàŽê

θ(24 + 38) = θ(62) = 2,

θ(24) + θ(38) = 4 + 8 = 2 (Z10-öæ).

Žé öâéåýãâãŽöæ áæŽàîŽéŽ àŽéëæõñîâĲŽ öâéáâàêŽæîŽá:

(Z, +)2 //

θ

²²

(Z, +)

θ

²²
(Z10, +)2 // (Z10,+)

,

êŽý. 1.1(à)

ŽéîæàŽá, ïðîñóðñîâĲï öëîæï ßëéëéëîòæäéæ æêŽýŽãï ïðîñóðñîŽï.
ïñîâóùæñèæ Žê æêâóùæñîæ ŽïŽýãâĲæï éæïŽôâĲŽá öâïŽúèâĲâèæŽ öâéëãæðŽ-

êëå öâäôñáãŽ ŽïŽýãæï îŽêàäâ, Žéæðëé, åñ ŽïŽýãŽ ßëéëéëîòæäéæŽ, öâàãæúèæŽ
ãæãŽîŽñáëå, îëé æï ñäîñêãâèõëòï ïðîñóðñîæáŽê ïðîñóðñîŽäâ àŽáŽïã-
èæï éâóŽêæäéï (ìæîæóæåŽù!). õëãâèàãŽîæ æêòëîéŽùææï áŽçŽîàãæï àŽîâöâ.

àŽêéŽîðâĲŽ. æêâóùæñî ßëéëéëîòæäéï âûëáâĲŽ éëêëéëîòæäéæ, ïñîâó-
ùæñè éëêëéëîòæäéï âûëáâĲŽ âìæéëîòæäéæ, Ĳæâóùæñî ßëéëéëîòæäéï çæ {
æäëéëîòæäéæ. åñ ŽîïâĲëĲï æäéëéëîòæäéæ ïðîñóðñîâĲï öëîæï, ŽéëĲëĲâê,
îëé æïæêæ æäëéëîòñèêæ ŽîæŽê.

ïæðõãŽ \æäëéëîòñèæŽ" êæöêŽãï \æàæãâ òëîéæïŽŽ" áŽ, Žéæðëé àëêæã-
îñèæŽ ãæòæóîëå, îëé æäëéëîòæäéæ àŽéëæûãâãï ŽèàâĲîñèæ ïðîñóðñîâĲæï
ïæéîŽãèæï âçãæãŽèâêðëĲæï çèŽïâĲŽá áŽõëòŽï (æý. ïŽãŽîþæöë 1.1.2).

é Ž à Ž è æ å æ 1.2. ({∅, E},∩,∪) áŽ ({0, 1},∧,∨) (æý. § 4, åŽãæ 4)
æäëéëîòñèâĲæŽ.
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á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, φ(∅) = 0 áŽ ϕ(E) = 1. ùýŽáæŽ, φ Žîæï
ĲæâóùæŽ, éŽöæê

ϕ(∅ ∩∅) = ϕ(∅) = 0 = 0 ∧ 0 = ϕ(∅) ∧ ϕ(∅),

ϕ(∅ ∩ E) = ϕ(∅) = 0 = 0 ∧ 1 = ϕ(∅) ∧ ϕ(E),

ϕ(E ∩∅) = ϕ(∅) = 0 = 1 ∧ 0 = ϕ(E) ∧ ϕ(∅),

ϕ(E ∩ E) = ϕ(E) = 1 = 1 ∧ 1 = ϕ(E) ∧ ϕ(E),

ϕ(∅ ∩∅) = ϕ(∅) = 0 = 0 ∨ 0 = ϕ(∅) ∨ ϕ(∅),

ϕ(∅ ∩ E) = ϕ(E) = 1 = 0 ∨ 1 = ϕ(∅) ∨ ϕ(E),

ϕ(E ∩ E) = ϕ(E) = 1 = 1 ∨ 0 = ϕ(E) ∨ ϕ(∅),

ϕ(E ∩ E) = ϕ(E) = 1 = 1 ∨ 1 = ϕ(E) ∨ ϕ(E).

ŽéîæàŽá, ϕ Žîæï ßëéëéëîòæäéæ áŽ, éŽöŽïŽáŽéâ, æäëéëîòñèæù. áŽĲë-
èëï, Žôãêæöêëå, îëé ïðîñóðñîŽ öâïŽúèâĲâèæŽ æäëéëîòñèæ æõëï åŽãæïæ
åŽãæï (æàñèæïýéâĲŽ ŽîŽðîæãæŽèñîæ æäëéëîòæäéæ) áŽ Žïâãâ, öâïŽúèâĲâèæŽ
æäëéëîòñèæ æõëï åŽãæïæ óãâïðîñóðñîæï (âï öâïŽúèâĲâèæŽ éýëèëá ñïŽï-
îñèë ïæéîŽãèââĲöæ).

à Ž ê é Ž î ð â Ĳ Ž . åñ ŽïŽýãæï àŽêïŽäôãîæïŽ áŽ éêæöãêâèëĲŽåŽ
ŽîââĲæ âîåéŽêâåï âéåýãâãŽ, ßëéëéëîòæäéï âûëáâĲŽ âêáëéëîòæäéæ, ýëèë
æäëéëîòæäéï { Žãðëéëîòæäéæ.

é Ž à Ž è æ å æ 1.3. éëùâéñèæŽ A ïæéîŽãèæïåãæï (P(A),∩,∪) áŽ
(P(A),∪,∩) æäëéëîòñèæŽ ϕ : X → X ′ ŽïŽýãæï éæéŽîå.

á Ž é ð ç æ ù â Ĳ Ž . ùýŽáæŽ, ϕ Žîæï æêâóùæŽŽ áŽ ïñîâóùæŽù, åñ
B, C ∈ P(A), éŽöæê

ϕ(B ∩ C) = (B ∩ C)′ = B′ ∪ C ′ = ϕ(B) ∪ ϕ(C),

ϕ(B ∪ C) = (B ∪ C)′ = B′ ∩ C ′ = ϕ(B) ∩ ϕ(C).

éëàãæŽêâĲæå, öâãêæöêŽãå, îëé âï åŽêŽòŽîáëĲâĲæ êŽåèŽá àãæøãâêâĲï Ĳñèæï
ŽèàâĲîŽåŽ ïæéîŽãèæï ëîŽáñèëĲŽï áŽ ϕ Žîæï Žãðëéëîòæäéæ.

ï Ž ã Ž î þ æ ö ë 1.1.
1. ãŽøãâêëå, îëé ëîæ (Z6, ∗) ïðîñóðñîŽ àŽêýæèñè 4.1.2 éŽàŽèæåöæ

æäëéëîòñèæŽ.
2. ãåóãŽå, (A, ~), (B, ~) áŽ (C,¯) éŽøãâêâĲèâĲæŽ, ýëèë ϕ : A → B áŽ

θ : B → C æäëéëîòæäéâĲæŽ. ãŽøãâêëå, îëé θ ◦ ϕ : A → C, ϕ−1 : B → A
Žïâãâ æäëéëîòæäéâĲæŽ.

§ 2. ñéŽîðæãâïæ ëìâîŽùæñèæ ïðîñóðñîâĲæ

àŽêãæýæèëå ŽèàâĲîñèæ ïðîñóðñîâĲæ, îëéèâĲæù öâæùŽãâê éýëèëá âîå
ĲæêŽîñè ëìâîŽùæŽï, ïŽáŽù öâïŽúèâĲâèæŽ Žé áŽ éëéáâãêë ìŽîŽàîŽòâĲöæ
ïðîñóðñîâĲæ áŽèŽàâĲñè æóêâï \ïæúèæâîæï" éæýâáãæå. (ŽéĲëĲâê, îëé A ñò-
îë ïñïðæŽ, ãæáîâ B, åñ A öâæúèâĲŽ àŽêãæýæèëå, îëàëîù B \êŽîøâêæ"
ïðîñóðñîæå.)
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éëàãæŽêâĲæå ãêŽýŽãå, îëé äëàæâîåæ ïðîñóðñîŽ éëæùâéŽ ëîæ ñòîë
ïñïðæ ïðîñóðñîæï \öâîûõéæï" öâáâàŽá. áŽ, éŽöŽïŽáŽéâ, éçŽùîæ áŽèŽàâĲŽ
Žó öâñúèâĲâèæŽ. åæåëâñèæ ïðîñóðñîŽ öâæúèâĲŽ àŽêãéŽîðëå ŽîŽ éŽîðë
úæîæåŽáæ ïðîñóðñîñèæ ðâîéæêâĲæå, ŽîŽéâá úæîæåŽáæ åãæïâĲâĲæåŽù.

à Ž ê é Ž î ð â Ĳ Ž . S ïæéîŽãèâï ~ ĲæêŽîñèæ ëìâîŽùææå, âûëáâĲŽ
êŽýâãŽîþàñòæ, åñ ïîñèáâĲŽ ŽïëùæŽùæñîëĲŽ:

x ~ (y ~ z) = (x ~ y) ~ z, ∀x, y, z ∈ S.

à Ž ê é Ž î ð â Ĳ Ž . M ïæéîŽãèâï éŽïäâ àŽêïŽäôãîñèæ ĲæêŽîñèæ
ëìâîŽùææå, âûëáâĲŽ éëêëæáæ, åñ:

I) ~ ŽïëùæŽùæñîæŽ;

II) ŽîïâĲëĲï u ∈ M æïâåæ, îëé

u ~ x = x = x ~ u, êâĲæïéæâîæ x ∈ M -åãæï

(u-ï âûëáâĲŽ âîåâñèëãŽêæ âèâéâêðæ ~-æï éæéŽîå).

êŽýâãŽîþàñòâĲæ áŽ éëêëæáâĲæ éêæöãêâèëãŽê îëèï åŽéŽöëĲâê ïæéĲëèë-
åŽ ïðîæóëêâĲæïŽ áŽ âêŽåŽ åâëîæâĲæï áŽéñöŽãâĲæïŽï.

é Ž à Ž è æ å æ 2.1. ãåóãŽå, A = {x, y, z}. àŽêãæýæèëå x, y, z, îëàëîù
ïæéĲëèëâĲæ áŽ ŽîŽ îëàëîù ëĲæâóðâĲæï Žê ‘ñùêëĲåŽ" ïŽýâèâĲæ, éæãæôâĲå,
îëé A Žîæï ŽêĲŽêæ. A∗ àŽêãïŽäôãîëå, îëàëîù ïæéîŽãèâ, A-ï ïæéĲëèëåŽ
ïðîæóëêâĲæïŽ. éŽöæê A∗ öâæùŽãï x, y, z, xx, xy, yx, xxyz, zyx áŽ Ž. ö. A∗-äâ
àŽêãéŽîðëå ¯ ëìâîŽùæŽ öâéáâàæ ûâïæå:

åñ α, β ∈ A∗, éŽöæê α ¯ β = αβ, â. æ. ïðîæóëêâĲæï éæûâîŽ éæõëèâĲæå,
Žêñ xyz ¯ z = xyzz, xz ¯ yz = xzyz áŽ Ž. ö.

åæåëâñèæ α ïðîæóëêï Žóãï àŽîçãâñèæ ïæàîúâ, îëéâèæù Žîæï éŽïöæ
ïæéĲëèëâĲæï îŽëáâêëĲŽ áŽ ŽôæêæöêâĲŽ |α|-æå (àŽéâëîâĲŽ öâáæï îŽëáâêë-
ĲŽöæ). éŽàŽèæåŽá,

|x| = 1, |xy| = 2, |xxxzy| = 5.

âï îŽôŽù Žäîæå ßàŽãï ïæéîŽãèæï ïæéúèŽãîââĲæï ŽôêæöãêŽï. çâîúëá,

|x| = 1, |{x}| = 1,

|xy| = 2, |{x, y}| = 2,

|yx| = 2, |{y, x}| = 2.

éŽàîŽé

|xyx| = 3, |{x, y, x}| = |{x, y}| = 2.

Žéæðëé ïîñèæ ŽêŽèëàæŽ Žî Žîæï. ùŽîæâèæ ïæéîŽãèæï ŽêŽèëàæñîŽá ùŽîæ-
âèæ ïðîæóëêæ ŽôæêæöêâĲŽ Λ-æå, Λ ∈ Aα áŽ |Λ| = 0, Λ ¯ α = α ¯ Λ = α
êâĲæïéæâîæ α ïðîæóëêæïåãæï.

éŽöŽïŽáŽéâ, êâĲæïéæâîæ A ŽêĲŽêæïåãæï A ïðîñóðñîŽ (A∗,¯) Žîæï éëêë-
æáæ, Λ çæ { âîåâñèëãŽêæ âèâéâêðæŽ ¯-æï éæéŽîå.
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äâéëå éëõãŽêæèæ éŽàŽèæåæ úŽèæŽê éêæöãêâèëãŽêæŽ. ïŽçéŽëá áæáæ A
ŽêĲŽêæïåãæï, îëéâèæù öâæùŽãï çëéìæñðâîæï ìâîæòâîæñèæ éëûõëĲæèëĲæïå-
ãæï éæïŽûãáëé õãâèŽ ïæéîŽãèâï, çëéìæñðâîñè ïæïðâéâĲöæ àŽéëõâêâĲñèæ âêâĲæ
Žîæï A∗-æï óãâïæéîŽãèâ. âï ùêâĲŽ úæîæåŽáæŽ âêâĲæï òëîéŽèñîæ öâïûŽãèæï
áîëï.

éâïŽéâ (áŽ ñçŽêŽïçêâèæ) ëìâîŽùæñèæ ïðîñóðñîŽ Žîæï éëêëæáæï ñöñ-
Žèë áŽ ĲñêâĲîæãæ àŽòŽîåëâĲŽ.

à Ž ê é Ž î ð â Ĳ Ž . G ïæéîŽãèâï éŽïäâ àŽêïŽäôãîñèæ ~ ĲæêŽîñèæ
ëìâîŽùææå þàñòæ âûëáâĲŽ, åñ ïîñèáâĲŽ:

Ž) ~ ŽïëùæŽùæñîæŽ;

Ĳ) ŽîïâĲëĲï u ∈ G (âîåâñèëãŽêæ âèâéâðæ ~-æï éæéŽîå) æïâåæ, îëé
u ~ x = x = x ~ u, ∀x ∈ G.

à) õëãâèæ x ∈ G-åãæï ŽîïâĲëĲï y ∈ G æïâåæ, îëé x ~ y = u = y ~ x
(y-ï âûëáâĲŽ x-æï öâĲîñêâĲñèæ ~-æï éæéŽîå).

åñ þàñòñîæ ëìâîŽùæŽ ŽôæêæöêâĲŽ ~ ïæéĲëèëåæ, éŽöæê u = 1 áŽ y =
x−1, ýëèë, åñ ëìâîŽùæŽ ŽôæêæöêâĲŽ ⊕ ïæéĲëèëåæ, éŽöæê u = 0 áŽ y = −x.

þàñòâĲæ õãâèŽäâ éêæöãêâèëãŽêæŽ Žé ïŽé ïðîñóðñîŽï öëîæï, îŽáàŽê éŽï-
öæ öâæúèâĲŽ ŽéëãýïêŽå a ~ x = b àŽêðëèâĲŽ. éŽîåèŽù, åñ a ~ x = b, éŽöæê

a−1 ~ (a ~ x) = a−1 ~ b (a ∈ G =⇒ a−1 ∈ G),

(a−1 ~ a) ~ x = a−1 ~ b (~ ŽïëùæŽùæñîëĲæï àŽéë),

1 ~ x = a−1 ~ b (öâĲîñêâĲñèæï åãæïâĲŽ),

x = a−1 ~ b âîåâñèëãêæï åãæïâĲŽ).

\þàñòåŽê" áŽ \éëêëæáåŽê" âîåŽá ýöæîŽá ýéŽîëĲâê ïæðõãŽï { \çëéñ-
ðŽùæñîæ". âï êæöêŽãï, îëé þàñòñîæ ëìâîŽùæŽ Žîæï çëéñðŽùæñîæ, â. æ.

y ~ x = x ∗ y ∀x, y ∈ M Žê ∀x, y ∈ G.

þàñòæï ŽóïæëéâĲæáŽê àŽéëéáæêŽîâëĲï úŽèæŽê Ĳâãîæ ïŽïŽîàâĲèë öâáâàæ.
àŽêãæýæèëå éŽîðæãæ éŽàŽèæåæ.

é Ž à Ž è æ å æ 2.2. (G, ∗) þàñòöæ

(a ∗ b)−1 = b−1 ~ a−1.

á Ž é ð ç æ ù â Ĳ Ž .

(a ∗ b) ∗ (b−1 ∗ a−1) = a ∗ (b ∗ b−1) ∗ a−1 = a ∗ 1 ∗ a−1 = a ∗ a−1 = 1.

â. æ. a ∗ b-ï éŽîþãâêŽ öâĲîñêâĲñèæŽ b−1 ∗a−1. ŽêŽèëàæñîŽá, öâæúèâĲŽ ãŽøãâ-
êëå, îëé æï éŽîùýâêŽ öâĲîñêâĲñèæùŽŽ, ïŽæáŽêŽù àŽéëéáæêŽîâëĲï ïŽĲëèëë
öâáâàæ.

þàñòâĲæ øãâêåãæï ìæîãâèæ éŽàŽèæåæŽ, ïŽáŽù òŽîåëá àŽéëæõâêâĲŽ æäë-
éëîòæäéâĲæ. àŽêãæýæèëå (R, +) áŽ (]0,∞[ , ∗) þàñòâĲæï æäëéëîòæäéæ, îë-
éâèïŽù ñûëáâĲâê èëàŽîæåéï. æï ŽéõŽîâĲï çŽãöæîï àŽéîŽãèâĲæïŽ áŽ öâçîâĲæï
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ëìâîŽùæâĲï öëîæï:

a ∗ b = ϕ−1(ϕ(a) + ϕ(b)),

ϕ : x → hyp(x) îŽæéâ p ∈ ]0, +∞[ -åãæï.

ï Ž ã Ž î þ æ ö ë 2.1.

1. áŽŽéðçæùâå âîåâñèëãŽêæ áŽ öâĲîñêâĲñèæ âèâéâêðâĲæï âîåŽáâîåëĲŽ
(G, ∗) þàñòöæ;

2. Žøãâêâå, îëé åñ (G, ~) þàñòöæ { a ~ b = a ~ c, éŽöæê b = c áŽ åñ
x ∗ a = y ∗ a, éŽöæê x = y;

3. öâŽéëûéâå, îëé ïŽïîñèæ ïæéîŽãèæï øŽïéæå ïæéîŽãèâ óéêæï þàñòï
øŽïéŽåŽ àŽéîŽãèâĲæï éæéŽîå.

§ 3. îàëèâĲæ áŽ ãâèâĲæ

3.1. îàëèâĲæ.

à Ž ê é Ž î ð â Ĳ Ž . ïæéîŽãèâï éŽïäâ àŽêïŽäôãîñèæ ëîæ ĲæêŽîñèæ
ŽèàâĲîñèæ ëìâîŽùææå, âûëáâĲŽ îàëèæ, åñ ïîñèáâĲŽ öâéáâàæ ŽóïæëéâĲæ:

1) ~ ŽïëùæŽùæñîæŽ;

2) ⊕ ŽïëùæŽùæñîæŽ;

3) ⊕ çëéñðŽùæñîæŽ;

4) ⊕ ëìâîŽùæŽï Žóãï âîåâñèëãŽêæ âèâéâðîæ, â. û. \êñèæ" áŽ Žôæêæ-
öêâĲŽ \0"-æå;

5) ŽîïâĲëĲï öâĲîñêâĲñèæ âèâéâêðâĲæ ⊕-æï éæéŽîå (â. û. éëìæîáŽìæ-
îâ). éŽöŽïŽáŽéâ, (Zn, ~, +) õëãâèæ n ∈ N -åãæï Žîæï îàëèæ, îàë-
èæ çëéñðŽùæñîæŽ, åñ ~ ëìâîŽùæŽ Žîæï çëéñðŽùæñîæ.

6) áæïðîæĲñùæñèëĲæï ŽóïæëéŽ

Ž) X ~ (y ⊕ z) = (x ~ y)⊕ (x ~ z);

Ĳ) (x⊕ y) ~ z = (x ~ z)⊕ (y ~ z) õëãâèæ x, y, z ∈ R-åãæï.

îàëèï âûëáâĲŽ âîåâñèëãŽêæ îàëèæ, åñ éŽïöæ ŽîïâĲëĲï âîåâñèëãŽêæ
âèâéâêðæ ~-æï éæéŽîå.

Žáãæèæ ïŽêŽýŽãæŽ, îëé (R, ~,⊕) îàëèöæ õëãâèæ a, b ∈ R-åãæï ïîñè-
áâĲŽ

0 ~ a = a ~ 0 = 0,

a ∗ (−b) = (−a) ~ b = −(a ~ b),

(−a) ∗ (−b) = a ∗ b.

−a Žîæï a-ï öâĲîñêâĲñèæ ⊕-æï éæéŽîå, a ⊕ (−b) øŽæûâîâĲŽ, îëàëîù
a− b.
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é Ž à Ž è æ å æ 3.1. (Zn, ∗, +) Žîæï çëéñðŽùæñîæ âîåâñèëãŽêæ îàëèæ
n ∈ N -åãæï.

äëàŽáŽá, (Zn, ∗, +) ïæïðâéŽöæ õëãâèåãæï Žî Žîæï öâïŽúèâĲâèæ \àŽõë-
òŽ" (öâĲîñêâĲñèæï ŽîïâĲëĲŽ ∗-æï éæéŽîå). âï Žîæï àŽêïýãŽãâĲŽ ãâèïŽ áŽ çë-
éñðŽùæñî, âîåâñèëãŽê îàëèï öëîæï. éŽàŽèæåŽá, àŽêãæýæèëå (Z6, ∗,+).
Z6-öæ ŽîïâĲëĲï âèâéâêðâĲæ, îëéèâĲæù àŽêïýãŽãáâĲŽ êñèæïŽàŽê, éŽàîŽé êŽé-
îŽãèöæ àãŽúèâãï êñèï; éŽàŽèæåŽá, (2; 3), (3; 4), (3; 2), (4; 3).

(R, ~,⊕)-öæ ŽîŽêñèëãŽê a áŽ b âèâéâêðâĲï âûëáâĲŽ êñèæï àŽéõëòâĲæ,
åñ ab = 0. åñ R Žî Žîæï çëéñðŽùæñîæ, éŽöæê a-ï âûëáâĲŽ éŽîùýâêŽ êñèæï
àŽéõëòæ, b-ï çæ { éŽîþãâêŽ. Žáãæèæ ïŽøãâêâĲâèæŽ, îëé Zp Žî öâæùŽãï êñèæï
àŽéõëòâĲï, åñ p éŽîðæãæ îæùýãæŽ.

åñ (G, ~) þàñòöæ a~b = a∗c, éŽöæê b = c. éŽàîŽé îàëèæï öâéåýãâãŽöæ
âï õëãâèåãæï ŽîŽŽ ïŽéŽîåèæŽêæ.

å â ë î â é Ž . äâéëå Žôêæöêñèæ ìæîëĲŽ K îàëèöæ ïŽéŽîåèæŽêæŽ
éŽöæê áŽ éýëèëá éŽöæê, åñ îàëèæ Žî öâæùŽãï êñèæï àŽéõëò âèâéâêðâĲï.

á Ž é ð ç æ ù â Ĳ Ž . ï Ž ç é Ž î æ ï ë Ĳ Ž. ãåóãŽå, R-ï ŽîŽ Žóãï êñèæï
àŽéõëòâĲæ, åñ x ~ y = x ∗ z áŽ x 6= 0, éŽöæê

x ~ y − x ~ z = x ~ y − x ~ y = 0,

x ~ y − x ~ z = x ~ (y ⊕ (−z)) = x ∗ (y − z) = 0.

éŽàîŽé, îŽáàŽê îàëèæ Žî öâæùŽãï êñèæï àŽéõëòâĲï áŽ x 6= 0, Žéæðëé y−z =
0 =⇒ y = z. î.á.à.

Ž ñ ù æ è â Ĳ è ë Ĳ Ž . ãåóãŽå, a~b = a~c ðëèëĲæáŽê àŽéëéáæêŽîâëĲï,
îëé b = c. ãåóãŽå, x ~ y = 0, éŽöæê x ~ y = x ~ 0 áŽ åñ x 6= 0, éŽöæê y = 0.
ìæîæóæå, åñ y = 0, éŽöæê

x ~ y = 0 = 0 ~ y =⇒ x = 0,

â. æ. åñ x ∗ y = 0, àŽéëéáæêŽîâëĲï, îëé Žê x = 0 Žê y = 0. î.á.à.

à Ž ê é Ž î ð â Ĳ Ž . çëéñðŽùæñî, âîåâñèëãŽê, ñêñèàéõëòë îàëèï
âûëáâĲŽ éåâèëĲæï Žîâ. â. æ. D ïæéîŽãèâ éŽïäâ àŽêïŽäôãîñèæ ëîæ ĲæêŽîñèæ
ëìâîŽùææå, îëéâèöæù ïîñèáâĲŽ ŽóïæëéâĲæ:

1) ⊕ çëéñðŽùæñîæŽ;

2) ⊕ ŽïëùæŽùæñîæŽ;

3) ~ ŽïëùæŽùæñîæŽ;

4) ~ çëéñðŽùæñîæŽ;

5) âîåâñèëãŽêæï ŽîïâĲëĲŽ ⊕-æï éæéŽîå (0);

6) öâĲîñêâĲñèæ âèâéâêðæï ŽîïâĲëĲŽ ⊕-æï éæéŽîå (−x).

7) âîåâñèëãŽêæï ŽîïâĲëĲŽ ~-æï éæéŽîå (1).
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8) áæïðîæĲñùæñèëĲæï ŽóïæëéŽ

x ~ (y ⊕ z) = (x ~ y)⊕ (x ~ z) ∀x, y, z ∈ D.

9) åñ x 6= 0 áŽ x~y = x~z, éŽöæê y = z. õëãâèæ ïŽïîñèæ éåâèëĲæï
Žîâ ãâèæŽ, éŽàîŽé ŽîïâĲëĲï ñïŽïîñèë éåâèëĲæï ŽîââĲæ, îëéèâĲæù
Žî ŽîæŽê ãâèâĲæ.

3.2. ãâèâĲæ.

à Ž ê é Ž î ð â Ĳ Ž . F ïæéîŽãèâï éŽïäâ àŽêïŽäôãîñèæ ëîæ ĲæêŽîñ-
èæ ŽèàâĲîñèæ ëìâîŽùææå, (F, ~,⊕) ãâèæ âûëáâĲŽ, åñ ïîñèáâĲŽ öâéáâàæ
ŽóïæëéâĲæ:

1) ⊕ çëéñðŽùæñîæŽ;

2) ⊕ ŽïëùæŽùæñîæŽ;

3) ⊕-æï éæéŽîå âîåâñèëãŽêæ âèâéâêðæï ŽîïâĲëĲŽ (0);

4) ⊕-æï éæéŽîå öâĲîñêâĲñè âèâéâêðæï ŽîïâĲëĲŽ (−x);

5) ~ çëéñðŽùæñîæŽ;

6) ~ ŽïëùæŽùæñîæŽ;

7) ~-æï éæéŽîå âîåâñèëãŽêæï ŽîïâĲëĲŽ (1);

8) õëãâèæ x ∈ F \ {0}-åãæï ŽîïâĲëĲï y ∈ F âèâéâêðæ æïâåæ, îëé
x ~ y = 1 (öâĲîñêâĲñèæ x−1);

9) áæïðîæĲñùæñèëĲæï ŽóïæëéŽ

x ~ (y ⊕ z) = (x ~ y)⊕ (x ~ z) ∀x, y, z ∈ F.

é Ž à Ž è æ å æ 3.2. (R; ∗,+) Žîæï ãâèæ, (R, +) áŽ (R \ {0}, ∗)
çëéñðŽùæñîæ þàñòâĲæŽ. (N, ∗, +) Žî Žîæï ãâèæ, (B(A),∩,∪) Žî Žîæï ãâèæ,
îŽáàŽê Žî Žóãï öâĲîñêâĲñèæ âèâéâêðæ.

ûæêŽ àŽêéŽîðâĲâĲöæ àŽéëãæõâêâå ~ áŽ⊕ ïæéĲëèëâĲæ ëìâîŽùæâĲæï ŽôïŽêæ-
öêŽãŽá, îŽáàŽê âï ëìâîŽùæâĲæöâæúèâĲŽ àŽêïýãŽãâĲñèæ æõëï øãâñèâĲîæãæ \·",
\+" ëìâîŽùæâĲæïàŽê.

û æ ê Ž á Ž á â Ĳ Ž . ãâèæï âîåâñèëãŽêæ âèâéâêðæ âîåùãèŽáæŽêæŽ.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, x ∗ e = x áŽ x ∗ e′ = x ∀x ∈ F , éŽöæê

e = e ∗ e′ = e′ ∗ e = e′ =⇒ e = e′ = 1.

ŽêŽèëàæñîŽá éðçæùáâĲŽ öâçîâĲæï ëìâîŽùææï éæéŽîå.

û æ ê Ž á Ž á â Ĳ Ž . öâĲîñêâĲñèæ âèâéâêðâĲæ ãâèöæ âîåŽáâîåæŽ.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, x ∈ F \ {0} áŽ áŽãñöãŽå, îëé Žî-
ïâĲëĲï ëîæ x áŽ y æïâåæ, îëé x ∗ y = 1, x ∗ z = 1. çëéñðŽùæñîëĲæáŽê
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àŽéëéáæêŽîâëĲï, îëé

y ∗ x = 1 = z ∗ x =⇒
=⇒ y = y ∗ 1 = y ∗ (x + z) = (y ∗ x) ∗ z = 1 ∗ z = z =⇒ y = z = x−1.

öâçîâĲæï ëìâîŽùææï éæéŽîå éðçæùáâĲŽ ŽêŽèëàæñîŽá.

å â ë î â é Ž . (F, ∗, +)-öæ ïîñèáâĲŽ öâéáâàæ ŽóïæëéâĲæ:

1) a ∗ 0 = 0;

2) (−a) = a ∗ (−1), −a(+b) = (−a) + (−b);

3) −(−a) = a, (−1) ∗ (−1) = 1;

4) åñ a 6= 0, éŽöæê a−1)−1 = a;

5) a ∗ b = 0 =⇒ a = 0 Žê b = 0;

6) (−a) ∗ (−b) = a ∗ b.

á Ž é ð ç æ ù â Ĳ Ž .
1) a ∗ 1 = 1 áŽ a + 0 = a =⇒

a + (a ∗ 0) = (a ∗ 1) + (a ∗ 0) = a ∗ (1 + 0) = a + 1 = a.

â. æ. Žîæï öâçîâĲæï éæéŽîå âîåâñèëãŽêæ, =⇒ a ∗ 0 = 0.
2) a + (a ∗ (−1)) = (a ∗ 1) + (a ∗ (−1)) = a ∗ (1 + (−1)) = a ∗ 0 = 0 =⇒

−a = a ∗ (−1). Žéæï àŽéëõâêâĲæå

−(a + b) = (a + b) ∗ (−1) = a ∗ (−1) + b ∗ (−1) = −a + (−6).

3) (−a)+a = 0 áŽ (−a)+(−(−a)) = 0. îŽáàŽê öâĲîñêâĲñèæ âèâéâêðâĲæ
âîåŽáâîåæŽ, Žéæðëé a = −(−a) =⇒ 1 = −(−1). ãåóãŽå, x = −1, éŽöæê
1 = −(x) = x ∗ (−1) = (−1) ∗ (−1).

4) öâãêæöêëå, îëé a−1 6= 0. îŽáàŽê ûæêŽŽôéáâà öâéåýãâãŽöæ éæãæôâĲå:

1 = a ∗ a−1 = a ∗ 0 = 0.

îŽù âûæêŽŽôéáâàâĲŽ ãâèæï ŽóïæëéâĲï. áŽéðçæùâĲŽ ŽêŽèëàæñîæŽ 3)-æï áŽéð-
çæùâĲæï.

5) ãåóãŽå, a 6= 0, éŽöæê ŽîïâĲëĲï a−1 áŽ b = 1 ∗ b = (a−1 ∗ a) ∗ b =
a−1 ∗ (a ∗ b) = a−1 ∗ 0 = 0.

6) 2)-áŽê àŽéëéáæêŽîâëĲï, îëé (−b) = b ∗ (−1) áŽ (−b) = b ∗ (−1).
ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé

(−a)∗ (−b) = (a∗ (−1))∗ (b∗ (−1)) = a∗ ((−1)∗ (−1))∗b = a∗ (1)∗b = a∗b.

øŽêŽûâîæï ïæéŽîðæãæïåãæï éæôâĲñèæ öâåŽêýéâĲŽ, îëé ãâèöæ âèâéâêðâ-
Ĳæïåãæï, åñ Žî ûâîæŽ òîøýæèâĲæ, õëãâèåãæï ìæîãâèæ ïîñèáâĲŽ àŽéîŽãèâ-
ĲŽ, öâéáâà éæéŽðâĲŽ, éŽàŽèæåŽá,

a + b ∗ c ≡ a + (∗b ∗ c).
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ãâèæï ŽéëýïêŽáëĲæáŽê àŽéëéáæêŽîâëĲï éŽïöæ ûîòæãæ àŽêðëèâĲæï Žéë-
ýïêŽáëĲŽ. âï úŽèæŽê éêæöãêâèëãŽêæŽ áŽ, òŽóðæñîŽá, ãâèâĲæïåãæï úæîæåŽáæ
åãæïâĲŽŽ.

ãâèöæ ûîòæãæ àŽêðëèâĲŽ Žîæï a∗x+b = 0 ïŽýæï àŽéëïŽýñèâĲŽ, 0, a, b ∈
F .

å â ë î â é Ž . åñ a 6= 0, éŽöæê a ∗ x + b = 0 àŽêðëèâĲŽï Žóãï âîåŽáâ-
îåæ ŽéëêŽýïêæ F -öæ (Žêñ ŽîïâĲëĲï âîåŽáâîåæ ãâèæï âèâéâêðæ, îëéâèæù
àŽêðëèâĲŽï Žóùâãï üâöéŽîæð ðëèëĲŽá, åñ x-ï öâãùãèæå Žé âèâéâêðæå).

á Ž é ð ç æ ù â Ĳ Ž .

a ∗ x + b = 0,

a ∗ x + b + (−b) = 0 + (−b),

a ∗ x + (b + (−b))− b (ŽïëùæŽùæñîëĲŽ áŽ 0-æï åãæïâĲŽ),

a ∗ x + 0 = (−b) (éëìæîáŽìæîëĲæï åãæïâĲŽ),

a ∗ x = (−b) (êñèæï åãæïâĲŽ),

a−1 ∗ (a ∗ x) = a−1 ∗ (−b) (a 6= 0),

(a−1 ∗ a) + x = a−1 ∗ (−b) (ŽïëùæŽùæñîëĲŽ),

1 ∗ x = a−1 ∗ (−b) (öâĲîñêâĲæåæ),

x = a−1 ∗ (−b) (âîåâñèëãŽêæï åãæïâĲŽ).

îŽáàŽê âîåâñèëãŽêæ áŽ éëìæîŽáŽìæîâ âèâéâêðâĲæ âîåŽáâîåæŽ ãâèöæ,
Žéæðëé −b áŽ a−1 âîåŽáâîåæ àäæå àŽêæïŽäôãîâĲŽ Žé àŽêðëèâĲæáŽê áŽ,
öâïŽĲŽéæïŽá, öâáâàæù âîåŽáâîåæŽ.

àŽêðëèâĲŽ a∗x∗x+ b∗x+ c = 0, a, b, c ∈ R, äëàŽáŽá ŽîŽŽ ŽéëýïêŽáæ
R-öæ, éŽåæ ŽéëýïêŽáëĲæïåãæï ïŽüæîëŽ R ãâèæï àŽòŽîåëâĲŽ çëéìèâóïñî îæ-
ùýãåŽ ãâèŽéáâ. çëéìèâóïñîçëâòæùæâêðâĲæŽêæ ìëèæêëéæŽèñîæ àŽêðëèâĲâĲæ
õëãâèåãæï ŽéëýïêŽáæŽ çëéìèâóïñî îæùýãåŽ ãâèöæ, ïýãŽ ñòîë òŽîåë ãâèæ
Žî ŽîïâĲëĲï.

3.3. ïŽïîñèæ ãâèâĲæ. ŽóŽéáâ êŽýïâêâĲæ õãâèŽ ãâèæ æõë ñïŽïîñèë.
àŽêãæýæèëå ŽýŽèæ ãâèâĲæ, îëéâèæù öâæùŽãâê ïŽïîñè îŽëáâêëĲŽ âèâéâêðâ-
Ĳï.

ãåóãŽå, a ∈ F , éŽöæê a, a + a, a + a + a, . . . âèâéâêðâĲæ çãèŽã ãâèæï
âèâéâêðâĲæŽ, a + a ≡ 2, a + a + a ≡ 3a, a + a + · · ·+ a︸ ︷︷ ︸

n-þâî

≡ na (n ŽîŽŽ

ŽñùæèâĲâèæ æõëï ãâèæï âèâéâêðæ), ŽêŽèëàæñîŽá, a∗a = a2, . . . , a · a · · · a︸ ︷︷ ︸
n-þâî

=

an, a 6= 0.

à Ž ê é Ž î ð â Ĳ Ž . åñ ŽîïâĲëĲï æïâåæ ñéùæîâïæ êŽðñîŽèñîæ n, îëé
na = 0, éŽöæê n-ï âûëáâĲŽ a âèâéâêðæï Žáæùæñîæ îæàæ, åñ ŽîïâĲëĲï æïâåæ
ñéùæîâïæ îæùýãæ, îëé am = 1, éŽöæê mï âûëáâĲŽ a-ï éñèðæìèæçŽùæñîæ
îæàæ.
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å â ë î â é Ž . ãâèæï ŽîŽêñèëãŽê âèâéâêðâĲï Žóãå âîåæ áŽ æàæãâ
Žáæùæñîæ îæàæ.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, a, b ∈ F \ {0} áŽ áŽãñöãŽå, îëé a áŽ
b-ï Žáæùæñîæ îæàâĲæŽ, öâïŽĲŽéæïŽá, n áŽ m, éŽöæê

nb = n(a ∗ a−1) ∗ b = na ∗ (a−1 ∗ b) = 0 ∗ a−1 ∗ b = 0 =⇒ m ≤ n,

ŽêŽèëàæñîŽá,

ma = m(b ∗ b−1) ∗ a = (mb) ∗ (b−1 ∗ a) = 0 ∗ b−1 ∗ a = 0 =⇒
=⇒ n ≤ m =⇒ m = n.

à Ž ê é Ž î ð â Ĳ Ž . åñ ãâèæï õãâèŽ ŽîŽêñèëãŽêæ âèâéâêðæï îæàæŽ
n, ŽéĲëĲâê, îëé n Žîæï F ãâèæï éŽýŽïæŽåâĲâèæ, åñ Žïâåæ n Žî ŽîïâĲëĲï,
ŽéĲëĲâê, îëé ãâèæ Žîæï êñèéŽýŽïæŽåâĲèæŽêæ.

åñ |F | = m ∈ N , àŽéëéáæêŽîâëĲï, îëé F -ï Žóãï m âèâéâêðæ, Žêñ F
ïŽïîñèæŽ. åñ F êñèéŽýŽïæŽåâĲèæŽêæŽ, éŽöæê æï ŽñùæèâĲèŽá ñïŽïîñèëŽ.

å â ë î â é Ž . õëãâèæ ïŽïîñèæ ãâèæï éŽýŽïæŽåâĲèæ éŽîðæãæ îæùýãæŽ.

á Ž é ð ç æ ù â Ĳ Ž . áŽãñöãŽå, îëé ïŽïîñèæ F ãâèï Žóãï éŽýŽïæŽåâĲâèæ
n áŽ n = p ∗ q, ïŽáŽù p, q < n, p, q ∈ N . ãåóãŽå, a ∈ F \ {0}. éŽöæê
0 = na = (p ∗ q)a = p(qa), qa ∈ F . ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé åñ qa = 0
öâïîñèáâĲŽ n ≤ q, îŽáàŽê n Žîæï éŽýŽïæŽåâĲâèæ, ûæêŽŽôéáâà öâéåýãâãŽöæ
qa ∈ F \ {0}. ëîæãâ öâéåýãâãŽöæ éæãæôâå ûæêŽŽôéáâàëĲŽ. àŽéëéáæêŽîâëĲï,
îëé n éŽîðæãæŽ.

å â ë î â é Ž . ïŽïîñè ãâèï Žóãï éŽýŽïæŽåâĲâèæ p áŽ |F | = pn îŽæéâ
n ∈ N -åãæï.

á Ž é ð ç æ ù â Ĳ Ž . øãâê ñçãâ ãæùæå, îëé åñ p Žîæï F -æï éŽýŽïæŽåâĲâèæ,
éŽöæê p éŽîðæãæŽ. ãåóãŽå, |F | = q, åñ p = q åâëîâéŽ ùýŽáæŽ, îŽáàŽê n = 1.
ãåóãŽå, p 6= q áŽ a1 ∈ F \ {0}. àŽêãæýæèëå

F1 =
{
y : y = na1, n ∈ N, 1 ≤ n ≤ p

}
, |F1| = p,

Žãæôëå ŽýèŽ a2 ∈ F \ F1 áŽ ãåóãŽå,

F2 =
{
y : y = na1 + ma2 : m, n ∈ N, 1 ≤ n ≤ p, 1 ≤ m ≤ p

}
.

åñ F2 = F ìîëùâïï ãŽéåŽãîâĲå. ûæêŽŽôéáâà öâéåýãâãŽöæ ãæýæèŽãå a3 ∈
F \ F2 áŽ Ž. ö. Ĳëèëï îŽáàŽê F ïŽïîñèæŽ, ìîëùâïæ öâûõáâĲŽ áŽ éæãæôâĲå
F1, F2, . . . , Fn ïæéîŽãèââĲï îŽæéâ n ∈ N -åãæï.

F -æï õëãâèæ âèâéâêðæ f âîåŽáâîåæ àäæå øŽæûâîâĲŽ f = m1a1+m2a2+
· · ·+mnan, ïŽáŽù 1 ≤ mi ≤ p õãâèŽ i = 1, . . . , n-åãæï. éŽöŽïŽáŽéâ, ŽîïâĲëĲï
pn Žïâåæ ïŽýæï àŽéëïŽýñèâĲŽ, â. æ. |F | = pn. î.á.à.

éŽöŽïŽáŽéâ, êâĲæïéæâî ïŽïîñè ãâèï Žóãï pn âèâéâêðæ îŽæéâ p, n ∈ N -
åãæï (p éŽîæðæãæŽ). çâîúëá, õëãâèæ Žïâåæ p áŽ n-åãæï ŽîïâĲëĲï pn îæàæï
ïŽïîñèæ ãâèæ, éŽàîŽé Žéæï áŽéðçæùâĲŽ Žîùåñ æïâ éŽîðæãæŽ.
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éŽàŽèæåæï ïŽýæå àŽêãæýæèëå (Z3, ∗, +), ïŽáŽù ∗, + êŽøãâêâĲæŽ 5.1 ùý-
îæèäâ. Žáãæèæ ïŽøãâêâĲâèæŽ, îëé ïîñèáâĲŽ 1){8) ŽóïæëéâĲæ.

ù ý î æ è æ 3.1.

∗ 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1

æàæãâ ùýîæèâĲæ àŽêãæýæèëå Z4-öæ.

ù ý î æ è æ 3.2.

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

ùýŽáæŽ, Z4-öæ 2-æŽêï Žî Žóãï öâĲîñêâĲñèæ, Žéæðëé Z4 Žî Žîæï ãâèæ.
ãâèæ 4 = 22 ŽîïâĲëĲï. éŽàîŽé Žî âéåýãâãŽ Z4-ï. éëùâéñèæ îæàæï ïŽïîñèæ
ãâèâĲæ æàâĲŽ ïŽçéŽëá îåñèŽá { éîŽãŽèûâãîåŽ åâëîææï àŽéëõâêâĲæå. æïæêæ
éêæöãêâèëãŽê îëèï åŽéŽöëĲâê çëáæîâĲæï åâëîæŽöæ.

3.4. áŽèŽàâĲñèæ ãâèâĲæ. øãâê ñçãâ ãêŽýâå, îëé R ïæéîŽãèâ øãâñèâ-
Ĳîæãæ · áŽ + ëìâîŽùæâĲæï éæéŽîå óéêæï ãâèï. åãæåëê ãâèæï ïðîñóðñîŽ
Žî æûãâãï âèâéâêðåŽ îŽæéâ åãŽèïŽäîæïæå áŽèŽàâĲŽï, åñêáŽù R-æï Ĳñêâ-
Ĳîæã áŽèŽàâĲŽï. õãâèŽ ãâèæ Žî Žîæï áŽèŽàâĲñèæ, Žéæðëé øãâê ñêáŽ öâãŽéë-
ûéëå áŽéŽðâĲæå îŽ ìæîëĲâĲæï öâïîñèâĲŽŽ ïŽüæîë, îëé ãæïŽñĲîëå âèâ-
éâêðåŽ áŽèŽàâĲŽäâ. áŽèŽàâĲŽ öâïŽúèâĲâèæŽ ïýãŽáŽïýãŽàãŽîŽá. áŽãæûõëå
áŽáâĲæåëĲæï åãæïâĲæå. æï ñöñŽèëá éæàãæõãŽêï ãâèæï âèâéâêðâĲæï áŽèŽàâ-
ĲŽéáâ, öâéáâà çæ { ïæàîúæï ùêâĲŽéáâ.

à Ž ê é Ž î ð â Ĳ Ž . ŽéĲëĲâê, îëé F ãâèæ áŽèŽàâĲñèæŽ, åñ æï öâæùŽãï
ŽîŽùŽîæâè P óãâïæéîŽãèâï, îëéâèæù øŽçâðæèæ · áŽ + ëìâîŽùæâĲæï éæéŽîå
áŽ õëãâèæ x ∈ F -åãæï ïîñèáâĲŽ äñïðŽá âîåæ öâéáâàæ åŽêŽòŽîáëĲâĲæáŽê
x ∈ P \ {0}, x = 0, −x ∈ P \ {0}.

P Žîæï ïæéîŽãèâ f -æï õãâèŽ áŽáâĲæåæ âèâéâêðâĲæïŽ (0 öâæúèâĲŽ öâáæ-
ëáâï P -öæ, öâæúèâĲŽ ŽîŽ; àŽîçãâñèëĲæïŽåãæï öâãåŽêýéáâå, îëé öâáæï). åñ
x ∈ P , éŽöæê ãŽéĲëĲå, îëé x áŽáâĲæåæŽ áŽ ãûâîå: x ≥ 0 åñ −x ∈ P \ {0},
ãŽéĲëĲå, îëé ñŽîõëòæåæŽ áŽ ãûâîå x < 0, ŽêŽèëàæñîŽá, åñ x áŽ y F -
æï âèâéâêðâĲæŽ, ãŽéĲëĲå, îëé x ≤ y (êŽçèâĲæŽ Žê ðëèæŽ) éŽöæê áŽ éýëèëá
éŽöæê, îëùŽ y−x ∈ P áŽ x < y éŽöæê áŽ éýëèëá éŽöæê, îëùŽ y−x ∈ P \{0}.
ïæéĲëèëâĲæ <, ≤ öâæúèâĲŽ àŽéëãæõâêëå ïŽûæêŽŽôéáâàëï øŽûâîæïŽåãæï éâ-
ëîâ éýîæáŽê.

\≤" éæéŽîåâĲŽ Žîæï áŽèŽàâĲæï éæéŽîåâĲŽ.
ŽóâáŽê àŽéëéáæêŽîâëĲï
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å â ë î â é Ž . ãåóãŽå, F áŽèŽàâĲñèæ ãâèæŽ áŽ a, b, c, d ∈ F , éŽöæê

1) åñ a ≤ b áŽ b ≤ c, éŽöæê a ≤ c;

2) a ≤ a;

3) åñ a ≤ b áŽ b ≤ a, éŽöæê a = b;

4) åñ a 6= 0, éŽöæê a2 > 0;

5) 1 > 0;

6) åñ a ≤ b, éŽöæê a + c ≤ b + c;

7) åñ a ≤ b áŽ c ≤ d, éŽöæê a + c ≤ b + d;

8) åñ a ≤ b, 0 < c áŽ d < 0, éŽöæê a ∗ c′leqb ∗ c, b ∗ d ≤ a ∗ d;

9) åñ 0 < a, éŽöæê 0 < a−1 áŽ åñ b < 0, éŽöæê b−1 < 0.

á Ž é ð ç æ ù â Ĳ Ž . Ž) a ≤ b áŽ b ≤ c =⇒ b − a ∈ P áŽ c − b ∈ P ,
éŽöæê c− a = c− b + b− a ∈ P . îŽáàŽê P øŽçâðæèæŽ + ëìâîŽùææï éæéŽîå,
â. æ. a ≤ c.

2) ùýŽáæŽ, a− a = 0 ∈ P .
3) a ≤ b áŽ b ≤ a, åñ b − a = x, éŽöæê x ∈ P áŽ −x ∈ P , îŽù

âûæêŽŽôéáâàâĲŽ P -ï àŽêéŽîðâĲŽï, â. æ. x = 0 áŽ a = b.
4) åñ a 6= 0 áŽ Žê a ∈ P Žê −a ∈ P ; P øŽçâðæèæŽ, éŽöæê àŽéëéáæêŽîâëĲï,

îëé a2 ∈ P , (−a) · (−a) = a2. ŽóâáŽê, åñ −a ∈ P , éŽöæê a2 ∈ P .
5) 12 = 1 =⇒ (4)-æï åŽêŽýéŽá 1 > 0.
6) ñöñŽèëá àŽéëéáæêŽîâëĲï b− a = (b+ c)− (a+ c) åŽêŽòŽîáëĲæáŽê.
7) áŽïŽéðçæùâĲâèï éæãæôâĲå (b−a)+(d−c) = (b+d)−(a+c) åŽêŽòŽî-

áëĲæáŽê áŽ æéæï àŽåãŽèæïûæêâĲæå, îëé P øŽçâðæèæŽ.
8) éðçæùáâĲŽ ŽêŽèëàæñîŽá öâéáâàæ åŽêŽòŽîáëĲæï àŽåãŽèæïûæêâĲæå

(b− a) ∗ c = b ∗ c− a ∗ c áŽ (b− a) ∗ (−d) = a ∗ d− b ∗ d.
9) 0 < a =⇒ a ∈ P \ {0}, åñ a−1 = 0, éŽöæê 1 = a ∗ a−1 = a ∗ 0 = 0

áŽ åñ a−1 6∈ P , (8)-æï àŽéë 1 = a−1 ∗ a < 0 ∗ a = 0. ëîæãâ öâéåýãâãŽöæ
éæãæôâå ûæêŽŽôéáâàëĲŽ, éŽöŽïŽáŽéâ, 0 < a−1. áŽêŽîøâêæ êŽûæèæù éðçæùáâĲŽ
ŽêŽèëàæñîŽá.

éæãæôâå éïàŽãïæ åŽêŽòŽîáëĲâĲæ ïæáæáæï ùêâĲæïåãæï áŽèŽàâĲñè ãâèâ-
Ĳöæ.

à Ž ê é Ž î ð â Ĳ Ž . åñ F Žîæï áŽèŽàâĲñèæ ãâèæ, éŽöæê

X −→
{

x åñ x ≥ 0
−x åñ x < 0

òñêóùæŽï ãñûëáëå ŽĲïëèñðñîæ éêæöãêâèëĲŽ (ïæáæáâ, ïæàîúâ Žê éëáñèæ).
âï òñêóùæŽ ŽôæêæöêâĲŽ |x| ïæéĲëèëåæ áŽ æçæåýâĲŽ, îëàëîù \x-æï éë-

áñèæ".
øŽéëãŽõŽèæĲëå åâëîâéâĲæ áŽéðçæùâĲæï àŽîâöâ (áŽŽéðçæùâå åŽãŽá ïŽãŽî-

þæöëï ïŽýæå!).
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å â ë î â é Ž . åñ F áŽèŽàâĲñèæ ãâèæŽ áŽ a, b ∈ F , éŽöæê

1) |a| = 0 éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a = 0;

2) | − a| = |a|;
3) |a ∗ b| = |a| ∗ |b|;
4) åñ 0 ≤ b, éŽöæê |a| ≤ b éŽöæê áŽ éýëèëá éŽöæê, îëùŽ −b ≤ a ≤ b;

5) −|a| ≤ a ≤ |a|;
6) ||a| − |b|| ≤ |a± b| ≤ |a|+ |b| ïŽéçñåýâáæï ñðëèëĲŽ.

ï Ž ã Ž î þ æ ö ë 3.1.

1. áŽŽéðçæùâå, îëé (R, ∗, +)-öæ ïîñèáâĲŽ

Ž) 0 ∗ a = a ∗ 0 = 0;

Ĳ) a ∗ (−b) = (−a) ∗ b = −(a ∗ b);

à) (−a) ∗ (−b) = a ∗ b.

2. ãŽøãâêëå, îëé åñ (R, ∗,+) îæàâĲöæ õëãâèæ a ∈ R-åãæï ïîñèáâĲŽ
a ∗ a = 0, éŽöæê R çëéñðŽùæñîæŽ.

3. Žøãâêâå, îëé Zn-öæ êñèæï àŽéõëòâĲæ éýëèëá æï âèâéâêðâĲæŽ, îëéâ-
èåŽù Žóãå ïŽâîåë ŽîŽðîæãæŽèñîæ àŽéõëòæ n-åŽê. éŽöŽïŽáŽéâ, Zp, ïŽáŽù
p éŽîðæãæŽ Žîæï ãâèæ.

4. Žøãâêâå, îëé õëãâèæ ïŽïîñèæ éåâèëĲæï Žîâ Žîæï ãâèæ.

5. Žøãâêâå, îëé (Z, ∗,+) Žîæï éåâèëĲæï Žîâ, éŽàîŽé Žî Žîæï ãâèæ.

6. ãåóãŽå, p < q, ýëèë (Zp, ∗p,+p) áŽ (Zq, ∗q, +q) øãâñèâĲîæãæ êŽöååŽ
çèŽïâĲæŽ éëáñèæå p áŽ q. áŽŽéðçæùâå, îëé Zp ⊂ Zq, éŽàîŽé (Zp, ∗p, +p)
Žî Žîæï óãâîàëèæ (Zq, ∗q, +q) îàëèöæ.

Žøãâêâå, îëé ∗q áŽ +q Žî Žîæï Zp-öæ.

7. áŽŽéðçæùâå, îëé (Z6, ∗,+) Žî Žîæï ãâèæ.

8. Žøãâêâå, îëé ïŽïîñè ãâèï Žóãï ŽîŽêñèëãŽêæ éŽýŽïæŽåâĲâèæ áŽ îëé
êñèéŽýŽïæŽåâĲèæŽêæ ãâèæ ñïŽïîñèëŽ.

9. ãåóãŽå, a1, a2, . . . , zn3 Žîæï àŽêéŽîðâĲñèæ 3.2-æï ñçŽêŽïçêâè åâëîâ-
éŽöæ. Žøãâêâå, îëé õëãâèæ m1a1 + m2a2 + · · ·+ mnan àŽéëïŽýñèâĲŽ àŽêïŽä-
ôãîŽãï ãâèæï âîåŽáâîå âèâéâêðï.

10. (F, ∗, +) ãâèöæ Žéëýïâêæå àŽêðëèâĲŽ

a + d ∗ y = c,

x ∗ d + y = b.
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∗ a b c d
a a a a a
b a b c d
c a c d b
d a d b c

+ a b c d
a a b c d
b b a d v
c c d a b
d d a b a

11. áŽŽéðçæùâå, îëé åñ a∗ b > 0, a, b ∈ F , éŽöæê Žê a, b > 0 Žê a, b < 0.

12. Žøãâêâå, îëé áŽèŽàâĲñè ãâèöæ a2 + b2 = 0 éŽöæê áŽ éýëèëá éŽöæê,
îëùŽ a = b = 0.

13. ãåóãŽå, F áŽèŽàâĲñèæŽ áŽ a, b ∈ F , 0 ≤ a ≤ b. Žøãâêâå, îëé
a2 ≤ b2.

14. áŽŽéðçæùâå, îëé õëãâèæ ãâèæ Žîæï éåâèëĲæï Žîâ.

15. áŽèŽàâĲñè ãâèöæ −|a| ≤ a ≤ |a| áŽ −|a| ≤ −a ≤ |a| ñðëèëĲâĲæï
àŽåãŽèæïûæêâĲæå áŽŽéðçæùâå, îëé

Ž) |a± b| ≤ |a|+ |b|;
Ĳ) ||a| − |b|| ≤ |a± b|.





ûîòæãæ ŽèàâĲîŽ

§ 1. ûîòæãæ ŽèàâĲîŽ

ñéâðâï ïŽýâèéúôãŽêâèëöæ ãâóðëîâĲï Žôûâîâê îëàëîù ëĲæâóðâĲï, îëéâ-
èåŽù Žóãå \ïæàîúâ" áŽ \éæéŽîåñèâĲŽ". øãâê àŽêãéŽîðŽãå ãâóðëîâĲï ñòîë
äëàŽáŽá, ïŽáŽù ïæàîúæïŽ áŽ éæéŽîåñèâĲæï ùêâĲŽ ŽîïâĲæåæŽ.

1.1. ãâóðëîñèæ ïæãîùââĲæ áŽ ûîòæãæ àŽîáŽóéêâĲæ.

à Ž ê é Ž î ð â Ĳ Ž . ãåóãŽå, F ãâèæŽ, V óãâïæéîŽãèâ \+" ĲæêŽîñèæ
ëìâîŽùææå. áŽãñöãŽå, îëé õëãâèæ a ∈ F áŽ x ∈ V -åãæï àŽêïŽäôãîñèæŽ
ax ∈ V âèâéâêðæ. åñ ïîñèáâĲŽ ŽóïæëéâĲæ:

Ž) (V,+) çëéñðŽùæñîæ þàñòæŽ;

Ĳ) ∀x, y ∈ V áŽ a, b ∈ F -åãæï

(a + b)x = ax + bx,

a(x + y) = ax + by,

(a− b)x = a(bx),
1F x = x,

ïŽáŽù 1F Žîæï F -æï éñèðæìèæçŽùæñîæ âîåâñèæ,

éŽöæê ŽéĲëĲâê, îëé V Žîæï ãâóðëîñèæ ïæãîùâ F -äâ. V -ï âèâéâêðâĲï ñûë-
áâĲâê ãâóðëîâĲï, \+" ëìâîŽùæâĲï âûëáâĲŽ ãâóðëîâĲæï öâçîâĲŽ áŽ Λ : F ×
V → V ŽïŽýãŽï öâéáâàæ ûâïæå: Λ(a, x) = ax âûëáâĲŽ ãâóðëîæï àŽéîŽãèâĲŽ
ïçŽèŽîäâ.

ãâóðëîñèæ ïæãîùâ F -äâ àŽêæéŽîðâĲŽ îëàëîù (V, +, Λ) ïŽéâñèæ, îëéâ-
èæù ŽçéŽõëòæèâĲï äâéëŽôêæöêñè ŽóïæëéâĲï. ãâóðëîñè ïæãîùæï êñèæ Žôæ-
êæöêâĲŽ 0-æå, ŽóïæëéâĲæáŽê àŽéëéáæêŽîâëĲï, îëé 0F x = 0 ∀x ∈ V -åãæï áŽ
a0 = 0 ∀ a ∈ F -åãæï.

öâéáâà éŽàŽèæåâĲöæ êŽøãâêâĲæ æóêâĲŽ, îëé æóêâĲŽ ïæéîŽãèâåŽ ïýãŽáŽïýãŽ
çèŽïâĲï Žóãå ãâóðëîñèæ ïæãîùæï ïðîñóðñîŽ.

é Ž à Ž è æ å æ 1.1.

1. Fn (n ∈ N) ãâóðëîñèæ ïæãîùâŽ F -äâ öâéáâàæ ëìâîŽùæâĲæå:

(a1, a2, . . . , an) + (b1, b2, . . . , bn) = (a1 + b1, a2 + b2, . . . , an + bn),

a(a1, a2, . . . , an) = (aa1, aa2, . . . , aan).
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Fn-æï êñèæ Žîæï (0F , . . . , 0F ), a1, a2, . . . , an âèâéâêðâĲï âûëáâĲŽ a ãâóðëîæï
çëéìëêâêðâĲæ.

2. ãåóãŽå, B õãâèŽ ŽïŽýãŽåŽ ïæéîŽãèâŽ, f : [a, b] → R. éŽöæê B Žîæï
ãâóðëîñèæ ïæãîùâ R-äâ öâéáâàæ ëìâîŽùæâĲæå:

(f + g)(x) = f(x) + g(x), ∀ f, g ∈ B,

(af)(x) = af(x), ∀ a ∈ R.

3. ãåóãŽå, B, B b B Žîæï õãâèŽ ñûõãâð ŽïŽýãŽåŽ ïæéîŽãèâ B-áŽê.
éŽöæê B Žîæï ãâóðëîñèæ ïæãîùâ B-äâ àŽêïŽäôãîñèæ ëìâîŽùæâĲæï éæéŽîå.

U ïæéîŽãèâï U ⊆ V âûëáâĲŽ V -ï óãâïæãîùâ, åñ æï åãæåëê Žîæï ãâóðë-
îñèæ ïæãîùâ V -äâ àŽêïŽäôãñèæ ëìâîŽùæâĲæï éæéŽîå.{

(a1, . . . , an−1, 0F ) : ai ∈ F
}

ïæéîŽãèâ Žîæï Fn ãâóðëîñèæ ïæãîùæï
óãâïæãîùâ. B Žîæï B-ï óãâïæãîùâ. åñ U ãâóðëîñè ïæãîùâŽ V -öæ, éŽöæê
0 ∈ U .

Rn ãâóðëîñèæ ïæãîùâ (1 ≤ n ≤ 3) ûŽîéëæóéêâĲŽ ĲñêâĲîæãŽá. Rn-æï
ëìâîŽùæâĲï Žóãå àŽîçãâñèæ àâëéâðîæñèæ æêðâîìîâðŽùæŽ. R2-åãæï êŽøãâêâ-
ĲæŽ 1.1 ïñîŽåäâ. åñ r = (x, y) ∈ R2, éŽöæê x áŽ y çëéìëêâêðâĲæ àŽêæïŽäôã-
îâĲŽ o ûâîðæèöæ ñîåæâîåàŽáŽéçãâåæ ëîæàæêŽèñîæ ûîòââĲæï àŽïûãîæã. çñ-
åýâ Žé ûîòââĲï öëîæï ŽæåãèâĲŽ ïŽŽåæï æïîæï ïŽûæêŽŽôéáâàë éæéŽîåñèâĲæå
ox ôâîúæáŽê. Žïâå ïæïðâéŽï âûëáâĲŽ éŽîåçñåýŽ çëëîáæêŽðåŽ ïæïðâéŽ R2-
öæ. ãâóðëîâĲæï öâçîâĲŽ R2-öæ àâëéâðîæñèŽá öââïŽĲŽéâĲŽ ìŽîŽèâèëàîŽéæï
ûâïï, îëàëîù âï êŽøãâêâĲæŽ 1.1(à) êŽýŽääâ.

Rn ïæãîùæï àâëéâðîæŽ àŽêýæèñèæ æóêâĲŽ óãâãæå, ŽýèŽ çæ öâéëãæðŽêëå
ĲŽäæïæïŽ áŽ àŽêäëéæèâĲæï ùêâĲŽ.

åñ V ãâóðëîñèæ ïæãîùâŽ F -äâ áŽ S ⊆ V , éŽöæê
n∑

i=1

aixi, ai ∈ F , xi ∈ S

éëùâéñè þŽéï âûëáâĲŽ S-æï ãâóðëîñèæ ûîæòæãæ çëéĲæêŽùæŽ. ŽéĲëĲâê, îëé
{xi : 1 ≤ i ≤ k} ãâóðëîñèæ ïŽïîñèæ ïæéîŽãèâ ûîòæãŽá áŽéëñçæáâĲâèæŽ,
åñ

k∑

i=1

aixi = 0 =⇒ a1 = a2 = · · · = ak = 0.

ûæêŽŽôéáâà öâéåýãâãŽöæ ïæéîŽãèâï âûëáâĲŽ ûîòæãŽá áŽéëçæáâĲñèæ. S óãâ-
ïæéîŽãèâï S ≤ V âûëáâĲŽ V ïæãîùæï ûŽîéëéóéêâèæ. V -ï êâĲæïéæâîæ âèâéâ-
êðæ Žîæï S-æï âèâéâêðâĲæï ûîòæãæ çëéĲæêŽùæŽ. V ïæãîùæï áŽèŽàâĲñè ûî-
òæãŽá áŽéëñçæáâĲâè ïæéîŽãèâï âûëáâĲŽ V -ï ĲŽäæïæ.

é Ž à Ž è æ å æ 1.2. R3-öæ (5; 5;
√

2) ãâóðëîæŽîæï (1; 1; 0) áŽ (0; 0; 3)
ãâóðëîâĲæï ûîòæãæ çëéĲæêŽùæŽ, îŽáàŽê

(5; 5;
√

2) = 5(1; 1; 0) +
√

2
3

(0; 0; 3).

L =
{
(1; 1; 0), (0; 0; 3)

}
ïæïðâéŽ ûîòæãŽá áŽéëñçæáâĲâèæŽ R3-öæ. îŽáàŽê

a(1; 1; 0) + b(0; 0; 3) = (a; a; 3b) = 0 éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a = 0
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êŽý. 1.1

áŽ b = 0. éŽàîŽé L Žî Žîæï ĲŽäæïæ, îŽáàŽê æï àŽêïŽäôãîŽãï éýëèëá
{(x; x; y) : x, y ∈ R} ⊂ R3 óãâïæãîùâï. B = L ∪ {1; 0; 0} ĲŽäæïæ Žîæï L-æï
àŽòŽîåëâĲŽ R3-æï ĲŽäæïŽéáâ. Žáãæèæ ïŽøãâêâĲâèæŽ, îëé ãóðëîñèæ ïæãî-
ùæï õëãâèæ âèâéâêðæ ùŽèïŽýŽá ûŽîéëæáàæêâĲŽ B = {e1, e2, . . . , en} ĲŽäæïæï
âèâéâêðâĲæå. îŽáàŽê åñ

x =
n∑

i=1

aiei =
n∑

i=1

biei =⇒ 0 = x− x =
n∑

i=1

(bi − ai)ei =⇒

=⇒ bi − a + i = 0 =⇒ bi = ai, 1 ≤ i ≤ n.

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå, S = {x1, . . . , xm} Žîæï V -ï ûŽîéëéóéêâèæ
ïæéîŽãèâ áŽ L = {y1, . . . , yl} Žîæï V -ï ûîòæãŽá áŽéëñçæáâĲâè âèâéâêðåŽ
ïæéîŽãèâ. éŽöæê m ≥ l.
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á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, m < l. îŽáàŽê S ûŽîéëóéêæï V -
ï, Žéæðëé ŽîïâĲëĲï a1, a2, . . . , am ∈ F æïâåæ, îëé y1 = a1x1 + a2x2 +
· · ·+ amxm. ŽéŽïåŽê, y1 6= 0. îŽáàŽê L ûîòæãŽá áŽéëñçæáâĲâèæ ïæéîŽãèâŽ
V -öæ (æý. ïŽãŽîþæöë 4.4). éŽöŽïŽáŽéâ, a1, a2, . . . , am-áŽê îëéâèæôŽù 6= 0.

ãåóãŽå, a1 6= 0, éŽöæê x1 = a−1
1 y1 − a−1

1 a2x2 − · · · − a−1
1 amxm. â. æ. x1

Žîæï {y1, y2, . . . , xm} ûîòæãæ çëéĲæêŽùæŽ. îŽáàŽê S ûŽîéëóéêæï V -ï, Žéæðëé
{y1, x2, . . . , xm}-æù ûŽîéëóéêæï V -ï, Žéæðëé {y1, x2, . . . , xm}-æù ûŽîéëóéêæï
V -ï; ŽêŽèëàæñîŽá, éæãæôâĲå, îëé {y1, y2, x3, . . . , xm} ûŽîéëóéêæï V -ï. åñ
àŽãæéâëîâĲå Žé ìîëùâïï m-þâî, éæãæôâĲå, îëé {y1, y2, . . . , ym} ûŽîéëóéêæï
V -ï, ym+1 = p1y1+p2y2+· · ·+pmym, ïŽáŽù p1, . . . , pm ∈ F áŽ õãâèŽ âîåá-
îëñèŽá ŽîŽŽ êñèæ, îŽáàŽê ym+1 6= 0 =⇒ ym+1−p1y1−p2y2−· · ·−pmym =
0. âï çæ öâñúèâĲâèæŽ, îŽáàŽê {y1, y2, . . . , yl} ûîòæãŽá áŽéëñçæáâĲâèæŽ. Žóâ-
áŽê àŽéëéáæêŽîâëĲï, îëé m > l.

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå, B áŽ B′ Žîæï V ãâóðëîñèæ ïæãîùæï
ĲŽäæïâĲæ. éŽöæê |B| = |B′|.

á Ž é ð ç æ ù â Ĳ Ž . ãåóãŽå, B={e1, e2, . . . , en} áŽ B′={e′1, e′2, . . . , e′n}.
ûæêŽ ûæêŽáŽáâĲæï úŽèæå n ≥ m áŽ m ≥ n =⇒ m = n. ãâóðëîñèæ

ïæãîùæï ĲŽäæïæï ïæéúèŽãîâï âûëáâĲŽ V ïæãîùæï àŽêäëéæèâĲŽ áŽ òŽôæ-
êæöêâĲŽ dim(V )-æå.

û æ ê Ž á Ž á â Ĳ Ž . dim(Fn) = n.

á Ž é ð ç æ ù â Ĳ Ž . àŽêãéŽîðëå B = {e1, e2, . . . , en}, ïŽáŽù

li = (0, . . . , 0, 1F︸︷︷︸
i-ñî ŽáàæèŽï

, 0, . . . , 0)

áŽ ãŽøãâêëå, îëé B Žîæï Fn-æï ĲŽäæïæ. ùýŽáæŽ,

(a1, a2, . . . , an) =
n∑

i=1

aiei.

Žéæðëé B ûŽîéëóéêæï Fn-ï áŽ
n∑

i=1

biei = 0 =⇒ (b1, b2, . . . , bn) = 0 =⇒ b1 = b2 = · · · = bn = 0 = 0F .

â. æ. B Žîæï ĲŽäæïæ áŽ dim(V ) = |B| = n.
ûæêŽ àŽêéŽîðâĲæáŽê àŽéëéáæêŽîâëĲï, îëé ĲŽäæïæ õëãâèåãæï öâæùŽãï

ïŽïîñè îŽëáâêëĲŽ âèâéâêðâĲï. ŽéŽïåŽê, õãâèŽ ïæãîùâöæ öâñúèâĲâèæŽ ĲŽäæïæ
àŽéëõëòŽ. éŽàŽèæåŽá, B áŽ B-öæ Žî Žîæï ĲŽäæïæ.

ĲŽäæïæïŽ áŽ àŽêäëéæèâĲæï ùêâĲŽ öâæúèâĲŽ àŽêäëàŽááâï éåèæŽêŽá ãâó-
ðëîñè ïæãîùââĲäâ, éýëèëá Žïâåæ àŽêäëàŽáâĲŽ øãâê Žî àãüæîáâĲŽ. åñ V
ïæãîùâï Žóãï ĲŽäæïæ (äâéëå êŽýïâêâĲæ), éŽöæê ŽéëĲëĲâê, îëé ïæãîùâï Žóãï
ïŽïîñèæ àŽêäëéæèâĲŽ áŽ éŽï ñûëáâĲâê ïŽïîñèàŽêäëéæèâĲæŽê ãâóðëîñè ïæ-
ãîùâï.

àŽêãæýæèëå ŽýèŽ ãâóðëîñèæ ïæãîùæï ßëéëîòæäéâĲæ.
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à Ž ê é Ž î ð â Ĳ Ž . ãåóãŽå, V1 áŽ V2 ãâóðëîñèæ ïæãîùââĲæŽ F -äâ.
ŽéĲëĲâê, îëé T : V1 → V2 ŽïŽýãŽ ûîòæãæŽ, åñ

T (x + y) = Tx + Ty, T (ax) = a(Tx).

åñ V2 = V1, éŽöæê T -ï âûëáâĲŽ V1 ïæãîùæï ûîòæãæ àŽîáŽóéêŽ.
öâáàëéöæ øãâêåãæï ïŽæêðâîâïë æóêâĲŽ ïŽïîñèàŽêäëéæèâĲæŽêæ ãâóðëîñ-

èæ ïæãîùâ R-äâ áŽ éæïæ ûîòæãæ àŽîáŽóéêŽ. Žé åŽãæï áŽêŽîøâê êŽûæèöæ V -æå
Žôêæöêñèæ æóêâĲŽ ãâóðëîñèæ ïæãîùâ, ýëèë End(V ) { V ïæãîùæï õãâèŽ
ûîòæã àŽîáŽóéêŽåŽ ïæéîŽãèâ (âêáëéëîòæäéåŽ ïæéîŽãèâ).

öâãêæöêëå, îëé äâéëåóéñèæ ûæêŽáŽáâĲâĲæï ñéâðâïëĲŽ öâïŽúèâĲâèæŽ ûŽî-
éëãŽáàæêëå ñòîë äëàŽáæ ïŽýæå.

àŽáŽãæáâå V -ï ŽèàâĲîæáŽê End(V )-æï ŽèàâĲîŽäâ áŽ ãŽøãâêëå, îëé
End(V ) øŽçâðæèæŽ öâçîâĲæï, àŽéîŽãèâĲæïŽ áŽ ïçŽèŽîäâ àŽéîŽãèâĲæï ëìâ-
îŽùæâĲæï éæéŽîå. åŽãáŽìæîãâèŽá öâãêæöêëå, îëé IV æàæãñîæ ŽïŽýãŽ áŽ OV

êñèëãŽêæ ŽïŽýãŽ ûîòæãæŽ V -äâ, îŽáàŽê, àŽêéŽîðâĲæï åŽêŽýéŽá,

IV x = x∀ ∈ V, OV x = 0 ∀x ∈ V.

éŽöŽïŽáŽéâ, ∀x, y ∈ V áŽ λ ∈ R àãŽóãï

IV (x + y) = x + y = IV x + IV y,

IV (λx) = λx = λ(IV x),

OV (x + y) = 0 = 0 + 0 = OV x + OV y,

OV (λx) = 0 = λ0 = λOV x.

åñ S, T ∈ End(V ), éŽöæê S + T áŽ S ◦ T àŽêæéŽîðâĲŽ òëîéñèâĲæå:

(S + T )x = Sx + Tx∀x ∈ V,

(S · T )x = S(Tx)∀x ∈ V.

ŽôïŽêæöêŽãæŽ End(V )-æï öâéáâàæ åãæïâĲâĲæ.

û æ ê Ž á Ž á â Ĳ Ž . (End(V ), ◦,+) Žîæï âîåâñèëãŽêæ îàëèæ.

á Ž é ð ç æ ù â Ĳ Ž . éæãñåæåëå áŽéðçæùâĲæï úæîæåŽáæ âðŽìâĲæ. ñêáŽ
ãŽøãâêëå, îëé

(I) S, T ∈ End(V ) =⇒ S + T ∈ End(V ) áŽ S ◦ T ∈ End(V );

(II) (End(V ), +) çëéñðŽùæñîæ þàñòæŽ.

åñ S, T, Y ∈ End(V ), éŽöæê

(III) S ◦ (T ◦ U) = (S ◦ T ) ◦ U ;

(IV) S ◦ (T + U) = S ◦ T + S ◦ U ;

(V) IV ◦ T = T ◦ IV = T .

àãŽóãï:

(I) (S + T )(x + y) = S(x + y) + T (x + y) = SxSy + Tx + Ty =

(Sx + Tx) + (Sy + Ty) = (S + T )x + (S + T )y.
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ŽêŽèëàæñîŽá

(S + T )(λx) = Sλx + Tλx = λSx + λTx = λ(Sx + Tx) = λ(S + T )x.

S ◦ T ∈ End(V )-æï áŽéðçæùâĲŽá ãðëãâĲå ïŽãŽîþæöëï ïŽýæå

(II) (S + (T + U))x = Sx + (T + U)x = Sx + (Tx + Ux) =

= (Sx + Tx) + Ux = (S + T )x + Ux = ((S + T ) + U)x.

â. æ. + ëìâîŽùæŽ ŽïëùæŽùæñîæŽ áŽ OV ∈ End(V ) âèâéâêðæ ŽçéŽõëòæèâĲï
ìæîëĲŽï:

T + OV = OV + T = T ∀T ∈ End(V )

áŽ Žîæï Žáæùæñîæ âîåâñèæ End(V )-öæ. T ∈ End(V )-åãæï àŽêãïŽäôãîëå
T : V → V ŽïŽýãŽ öâéáâàæ åŽêŽòŽîáëĲæå

(−T )x = −(Tx) ∀x ∈ V.

Žáãæèæ ïŽøãâêâĲâèæŽ, îëé −T ∈ End(V ) áŽ (−T + T ) = T + (−T ) =
OV , Žéæðëé −T ŽïŽýãŽ Žîæï Žáæùæñîæ öâĲîñêâĲñèæ T -åãæï. (End(V );+)-æï
çëéñðŽùæñîëĲŽ àŽéëéáæêŽîâëĲï (V ; +)-æï çëéñðŽùæñîëĲæáŽê.

(III) éðçæùâĲŽ àŽéëéáæêŽîâëĲï III åŽãæï öâáâàâĲæáŽê.

(IV) õëãâèæ x ∈ V -åãæï àãŽóãï:

(S ◦ (T + U))x = S((T + U)x) = S(Tx + Ux) = S(Tx) + S(Ux) =

= (S ◦ T )x + (S ◦ U)x = (S ◦ T + S ◦ U)x.

(V) áŽéðçæùâĲŽ ðîæãæŽèñîæŽ.
ãåóãŽå, T ∈ End(V ) áŽ λ ∈ R. àŽêãïŽäôãîëå λT : V → V ŽïŽýãŽ

öâéáâàæ ûâïæå
(λT )x = λ(Tx) ∀x ∈ V.

Žáãæèæ ïŽøãâêâĲâèæŽ, îëé λT ∈ End(V ). Λ : R × End(V ) → End(V )
ŽïŽýãŽï, îëéâèæù àŽêæïŽäôãîâĲŽ Λ(λ, T ) = λT åŽêŽòŽîáëĲæå, âûëáâĲŽ
ïçŽèŽîäâ àŽéîŽãèâĲŽ.

û æ ê Ž á Ž á â Ĳ Ž . (End(V );+; Λ) ãâóðëîñèæ ïæãîùâŽ (End(V );+)-
äâ.

á Ž é ð ç æ ù â Ĳ Ž . ûæêŽ ûæêŽáŽáâĲæáŽê àŽéëéáæêŽîâëĲï, îëé
(End(V );+) Žîæï çëéñðŽùæñîæ þàñòæ. éŽöŽïŽáŽéâ, øãâê ñêáŽ ãŽøãâêëå, îëé
ïçŽèŽîäâ àŽéîŽãèâĲŽ ŽçéŽõëòæèâĲï ìæîëĲâĲï:

(λ + µ)T = λT + µT, λ(S + T ) = λS + λT,

(λµ)T = λ(µT ), 1RT = T,

ïŽáŽù λ, µ ∈ R áŽ S, T ∈ End(V ). àãŽóãï öâéáâàæ åŽêŽòŽîáëĲâĲæï þŽüãæ:

((λ + µ)T )x = (λ + µ)(Tx) = λ(Tx) + µ(Tx) = (λT )x + (µT )x.

áŽêŽîøâêæ åŽêŽòŽîáëĲâĲæ éðçæùáâĲŽ ŽêŽèëàæñîŽá.
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û æ ê Ž á Ž á â Ĳ Ž . àŽéîŽãèâĲæï ëìâîŽùæŽ îàëèöæ áŽ Λ ïçŽèŽîäâ
àŽéîŽãèâĲŽ End(V )-öæ ŽçéŽõëòæèâĲï öâéáâà ìæîëĲâĲï:

λ(S ◦ T ) = (λS) ◦ T = S ◦ (λT ),

ïŽáŽù λ ∈ R áŽ S, T ∈ End(V ).

á Ž é ð ç æ ù â Ĳ Ž .

(λ(S ◦ T ))x = λ((S ◦ T )x) = λ(S(Tx)) = (λS)(Tx) = ((λS) ◦ T )x,

(λ(S ◦ T ))x = λ((S ◦ T )x) = λ(S(Tx)) = S(λ(Tx)) = (S ◦ (λT ))x.

ŽèàâĲîñè ïðîñóðñîâĲï, îëéâèåŽù Žóãå æàæãâ åãæïâĲâĲæ, îŽù End(V )-
ï, ñûëáâĲâê ûîòæã ŽèàâĲîâĲï.

à Ž ê é Ž î ð â Ĳ Ž . (X; +, ◦A) ëåýâñèï âûëáâĲŽ ûîòæãæ ŽèàâĲîŽ
R-äâ, åñ éëùâéñèæŽ Λ : R×X → X ŽïŽýãŽ áŽ ïîñèáâĲŽ:

(I) (X; +, Λ) ãâóðëîñèæ ïæãîùâŽ R-äâ;

(II) (X; ◦, +) îàëèæŽ;

(III) Λ áŽ ◦ ŽçéŽõëòæèâĲâê öâéáâà ìæîëĲâĲï:

λ(x1 · x2) = (λx1) ◦ x1 = x1 ◦ (λx2)

∀λ ∈ R áŽ x1, x2 ∈ X.

End(V )-öæ éæôâĲñèæ öâáâàâĲæ öâàãæúèæŽ øŽéëãŽõŽèæĲëå öâéáâàêŽæîŽá.

û æ ê Ž á Ž á â Ĳ Ž . End(V ) äâéëŽôêæöêñèæ ëìâîŽùæâĲæå Žîæï ûîòæãæ
ŽèàâĲîŽ éñèðæìèæçŽùæñîæ âîåâñèæå.

åñ T ∈ End(V ) áŽ ∃S : V → V æïâåæ, îëé

S ◦ T = T ◦ S = IV ,

éŽöæê S ∈ End(V ). Žïâå öâéåýãâãŽöæ T -ï âûëáâĲŽ öâĲîñêâĲŽáæ, ýëèë S =
T−1-ï T àŽîáŽóéêæï öâĲîñêâĲñèæ.

Aut(V )-åæ Žôãêæöêëå õãâèŽ öâĲîñêâĲñèæ àŽîáŽóéêâĲæï ïæéîŽãèâ End(V )-
áŽê, â. æ. V -ï ŽãðëéëîòæäéåŽ ïæéîŽãèâ.

û æ ê Ž á Ž á â Ĳ Ž . (Aut(V ), ◦) Žîæï þàñòæ.

á Ž é ð ç æ ù â Ĳ Ž . îŽáàŽê IV ∈ Aut(V ) áŽ IV ◦IV = IV , öâïŽĲŽéæïŽá
ŽîïâĲëĲï I−1

V , îëéâèæù IV -æï ðëèæŽ.
ãåóãŽå, S ∈ Aut(V ), éŽöæê

S−1 ◦ S = S ◦ S−1 = IV .

Žéæðëé (S−1)−1 ŽîïâĲëĲï áŽ âéåýãâãŽ S-ï. â. æ. S−1 ∈ Aut(V ), åñ S′, T ∈
Aut(V ), éŽöæê

(S ◦ T ) ◦ (T−1 ◦ S−1) = S ◦ (T ◦ T−1) ◦ S−1 = S ◦ S−1 = I)v.
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êŽý. 1.2

ŽêŽèëàæñîŽá, (T−1 ◦ S−1) ◦ (S ◦ T ) = IV , Žéæðëé (S ◦ T )−1 ŽîïâĲëĲï áŽ
îŽáàŽê S, T ∈ Aut(V ) =⇒ S ◦ T ∈ Aut(V ). ëìâîŽùææï ŽïëùæŽùæñîëĲŽ
ñçãâ áŽéðçæùâĲñèæŽ.

1.2. ïðîñóðñîñèæ àŽéëïŽýñèâĲâĲæ Rn-öæ. àŽêãæýæèëå Rn-æï àâ-
ëéâðîæñèæ æêðâîìîâðŽùæŽ, ïŽáŽù ãâóðëîæï \ïæàîúâï" áŽ \éæéŽîåñèâĲŽï"
Žóãï àâëéâðîæñèæŽäîæ. àŽêãæýæèëå R2. åñ r(x, y) ∈ R2, éŽöæê éŽêúæèæ
(x, y) ûâîðæèæáŽê (0, 0) ûâîðæèŽéáâ Žîæï (x2 + y2)1/2. âï éŽêúæèæ Žôãêæö-
êëå ‖r‖-æå, âï òŽóðæñîŽá Žîæï ‖ · ‖ : R2 → R ŽïŽýãŽ. éŽï âûëáâĲŽ ïæàîúâ
(æàæãâŽ, îŽù éëáñèæ Žê êëîéŽ). àŽêãæýæèëå r1(x1, y1) áŽ r2(x2, y2) ûâîðæ-
èâĲæ (ïñî. 1.4)

ãåóãŽå, θ1 áŽ θ2 [0, π] öñŽèâáæáŽáê ŽôâĲñèæ çñåýââĲæŽ, îëéâèïŽù óéêæï
r1 áŽ r2 ãâóðëîâĲæ ox ôâîúæï áŽáâĲæå éæéŽîåñèâĲŽïåŽê. éŽöæê r1 áŽ r2

ãâóðëîâĲï öëîæï éŽêúæèæŽ ‖r2−r1‖, ýëèë θ = θ2−θ1 { éŽå öëîæï çñåýâŽ,

cos θ = cos(θ2 − θ1) = cos θ1 cos θ2 + sin θ1θ2 =

=
x1

‖r1‖
x2

‖r2‖ +
y1

‖r1‖
y2

‖r2‖ =
x1x2 + y1y2

‖r1‖ ‖r2‖ .

x1x2 + y1y2 àŽéëïŽýñèâĲŽ öâàãæúèæŽ àŽéëãæõâêëå éŽêúæèâĲæï áŽ çñåýââĲæï
áŽïŽåãèâèŽá r2-öæ. àŽêãïŽäôãîëå Φ : R2 ×R2 → R ŽïŽýãŽ öâéáâàêŽæîŽá

Φ(r1, r2) = x1x2 + y1y2,

éŽöæê

‖r‖ = (Φ(r1, r2))1/2, cos θ =
Φ(r1, r2)

[Φ(r1, r1)Φ(r2, r2)]1/2
.
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θ çñåýâ R2-æï ëî ãâóðëîï öëîæï àŽêæéŽîðâĲŽ ùŽèïŽýŽá æé ìæîëĲæå, îëé
0 ≤ θ ≤ π. îëùŽ θ = 0, Žê θ = π, ŽéĲëĲâê, îëé r1 áŽ r2 ŽîŽèâèâñîâĲæŽ
(çëèæêâŽîñèæŽ).

àŽéëõâêâĲæå éŽåâéŽðæçŽöæ Φ(r1, r2)-ï ŽôêæöêŽãâê r1 · r2-æå áŽ ñûëáâ-
Ĳâê ïçŽèŽîñè êŽéîŽãèï. åñ r1 6= 0 áŽ r2 6= 0, éŽöæê r1 · r2 = 0. éŽöæê áŽ
éýëèëá éŽöæê, îëùŽ θ = π/2. Žé öâéåýãâãŽöæ ŽéĲëĲâê, îëé r1 áŽ r2 ñî-
åæâîåéŽîåëĲñèæŽ (ëîåëàëêŽèñîæŽ). éëãæõãŽêëå ïçŽèŽîñèæ êŽéîŽãèæï
åãæïâĲâĲæ.

û æ ê Ž á Ž á â Ĳ Ž .

1) r · r ≥ 0 áŽ r · r = 0 éŽöæê áŽ éýëèëá éŽöæê, îëùŽ r = (0, 0);

2) r1 · r2 = r2 · r1 ∀ r1, r2 ∈ R2;

3) r1 · (r2 + r2) = r1 · r2 + r1 · r3 ∀ r1, r2, r3 ∈ R2;

4) λ(r1 · r2) = (λr1) · r2 = r1 · (λr2), ∀ r1, r2 ∈ R2, λ ∈ R.

á Ž é ð ç æ ù â Ĳ Ž .

1) åñ r = (x, y) = R2, éŽöæê r · r = (x2 + y2) ≥ 0 ∀x, y ∈ R áŽ r · r = 0
éŽöæê áŽ éýëèëá éŽöæê, îëùŽ x = 0 áŽ y = 0.

2) r1 · r2 = x1x2 + y1y2 = x2x1 + y2y1 = r2 · r1.

3) áŽ (4) éðçæùáâĲŽ ŽêŽèëàæñîŽá (áŽŽéðçæùâå!).

äëàŽáŽá, åñ V ãâóðëîñèæ ïæãîùâŽ R-äâ áŽ Φ : V × V → R ŽïŽýãŽ
ŽçéŽõëòæèâĲï (1){(4) ìæîëĲâĲï, éŽöæê (V ; Φ) ãâóðëîñè ïæãîùâöæ àŽêæýæèâĲŽ
çñåýæïŽ áŽ ïæàîúæï ùêâĲâĲæ. Φ ŽïŽýãŽï âûëáâĲŽ V -ï öæàŽ êŽéîŽããèæ, ýëèë
(V ; Φ)-ï { ãâóðëîñèæ ïæãîùæï öæàŽ êŽéîŽãèæ. çâîúëá, åñ àŽêãéŽîðŽãå
Φ : Rn ×Rn → R (n ∈ N) ŽïŽýãŽï öâéáâàæ ûâïæå:

Φ(a, b) ≡ a · b =
n∑

i=2

aibi,

ïŽáŽù a = (a1, a2, . . . , an), b = (b1, b2, . . . , bn), éŽöæê âï ŽïŽýãŽ æóêâĲŽ Žô-
êæöêñèæ åãæïâĲâĲæï éóëêâ. àŽêãæýæèëå a ãâóðëîæï ïæàîúâ, îëàëîù ‖a‖ =
(a · a)1/2. ýëèë

cos(â, b) =
a · b

‖a‖ ‖b‖ (çñåýâ ∈ [0, π]).

Rb öâïŽúèâĲâèæŽ àŽêæéŽîðëï ïýãŽ öæàŽ êŽéîŽãèâĲæù.
äâéëéëõãŽêæè àŽéîŽãèâĲŽï ñûëáâĲâê øãâñèâĲîæãï Žê âãçèæáñî êŽéîŽãèï.
îëùŽ n = 1, âï êŽéîŽãèæ Žîæï øãâñèâĲîæãæ àŽéîŽãèâĲŽ R-öæ, ýëèë

arccos xy
|x| |y| çñåýâ Žîæï 0 Žê π, xy-æï êæöêæï öâïŽĲŽéæïŽá. ‖ · ‖ êëîéŽ Žîæï

R-æï | · | éëáñèæï àŽêäëàŽáâĲŽ áŽ Žóãï ŽêŽèëàæñîæ åãæïâĲâĲæ. éŽàŽèæåŽá,
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öâàãæúèæŽ ãŽøãâêëå, îëé

‖a‖ ≥ 0 ∀ a ∈ Rn,

‖a‖ = 0 éŽöæê áŽ éýëèëá éŽöæê, îëùŽ a = 0,

‖λa‖ = |λ| ‖a‖ ∀ a ∈ Rn áŽ λ ∈ R,

‖a + b‖ ≤ ‖a‖+ ‖b‖ ∀ a, b ∈ Rn.

a ∈ Rn ãâóðëîï âûëáâĲŽ âîåâñèëãŽêæ, åñ ‖a‖ = 1 (âï æàæãâŽ, îëé a·a = 1).
åñ a ∈ Rn\{0}, éŽöæê a

‖a‖ Žîæï âîåâñèëãŽêæ ãâóðëîæ, îëéâèæù a ãâóðëîæï
åŽêŽéæéŽîåñèæŽ. âîåâñèëãŽê ãâóðëîï ŽôêæöêŽãâê â-æå.

åñ B =
{
ê1, ê2, . . . , ên

}
Žîæï Rn-æï ĲŽäæïæ æïâåæ, îëé

eiej =

{
0, åñ i 6= j

1 åñ i = j
,

éŽöæê ĲŽäæïï âûëáâĲŽ ëîåëêëîéæîâĲñèæ.
Rn-æï ëîåëêëîéæîâĲñè ĲŽäæïï, îëéâèæù ŽàâĲñèæŽ öâéáâàæ ûâïæå

êi = (0, 0, . . . , 0, 1︸︷︷︸
i-ñî ŽáàæèŽï

, 0, . . . , 0), 1 ≤ i ≤ n.

ñûëáâĲâê ïðŽêáŽðñè ĲŽäæïï Rn-öæ. R2-æï áŽ R3-æï ïðŽêáŽîðñèæ ĲŽäæïâĲæŽ

(̂i, ĵ) áŽ (̂i, ĵ, k̂). àŽêãæýæèëå Žé ĲŽäæïåŽ àâëéâðîæñè ææêðâîìîâðŽùæŽ. i áŽ
j ãâóðëîâĲæ R2-öæ óéêæŽê éŽîþãâêŽ ïæïðâéŽï, ýëèë éâïŽéâ oz ôâîúæ éŽîåëĲæŽ

î áŽ ĵ ãâóðëîâĲæï öâéùãâèæ ïæĲîðõæï, ŽéŽïåŽê éæéŽîåñèæŽ æïâ, îëé ïŽéâñèæ

(̂i, ĵ, k̂) æõëï éŽîçãâêŽ (æý. ïñî 1.5).

à Ž ê é Ž î ð â Ĳ Ž . ãåóãŽå, a = (a1, a2, a3) ∈ R3 áŽ b = (b1, b2, b3) ∈
R3, a áŽ b ãâóðëîâĲæï a× b ãâóðëîñèæ êŽéîŽãèæ Žîæï

a× b = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1)

ãâóðëîæ. \×" ëìâîŽùæŽ öâàãæúèæŽ àŽêãæýæèëå, îëàëîù R3 × R3 → R3

ŽïŽýãŽ.

û æ ê Ž á Ž á â Ĳ Ž . åñ a, b ∈ R3, éŽöæê

1) ‖a× b‖ = ‖a‖ ‖b‖ sin θ, ïŽáŽù θ Žîæï çñåýâ a-ïŽ áŽ b-ï öëîæï;

2) a× b ãâóðëîæ éŽîåëĲñèæŽ a áŽ b ãâóðëîâĲæï;
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êŽý. 1.3

á Ž é ð ç æ ù â Ĳ Ž .
1) ‖a× b‖2 = (a2b3 − a3b2)2 + (a3b1 − a1b3)2 + (a1b2 − a2b1)2 =

= a2
2b

2
3 + a2

3b
2
2 − 2a2b3a3b2 + a2

3b
2
1 + a2

1b
2
3−

−2a3b1a1b3 + a2
1b

2
2 + a2

2b
2
1 − 2a1b2a2b1 =

= (a2
1 + a2

2 + a2
3)(b

2
1 + b2

2 + b2
3)− (a1b1 + a2b1 + a3b3b)2 =

= ‖a‖2‖b‖2 − (a · b)2 = ‖a‖2‖b‖2
(
1− (a · b)2

‖a‖2‖b‖2
)

=

= ‖a‖2‖b‖2(1− cos2 θ) = ‖a‖2‖b‖2 sin2 θ.

2) Žáãæèæ ïŽøãâêâĲâèæŽ, îëé a · (a × b) = 0 áŽ b · (a × b) = 0, =⇒
áŽïŽéðçæùâĲâèæ.
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a× b ãâóðëîæï àâëéâðîæñèæ æêðâîìîâðŽùææïåãæï öâãêæöêëå, îëé åñ

a = (a1, 0, 0), b = (b1, b2, 0),

éŽöæê a× b = (0, 0, a1b2) Žéæðëé, îëùŽ a1 > 0, éŽöæê

a× b =

{
|a1b2|k̂, b2 > 0
−|a1b2|k̂, b2 < 0

,

a × b ãâóðëîæï éæéŽîåñèâĲŽ ñêáŽ Žãæîøæëå æïâ, îëé ïŽéâñèæ (a, b, a × b)
æõëï éŽîþãâêŽ. ãâóðëîñèæ êŽéîŽãèæ ûŽîéëæáàæêâĲŽ öâéáâàæ ïŽýæå:

a× b = ‖a‖ · ‖b‖ sin θ · n̂,

ïŽáŽù n̂ âîåâñèëãŽêæ ãâóðëîæŽ, îëéâèæù éŽîåëĲñèæ a áŽ b ãâóðëîâĲæï.
ŽéŽïåŽê, (a, b, n) éŽîþãâêŽŽ. åñ a× b = 0, éŽöæê a áŽ b ûîòæãŽá áŽéëçæáâ-
ĲñèæŽ, áŽ åñ ‖a‖ > 0 áŽ ‖b‖ > 0, éŽöæê a × b = 0 ðëèëĲæáŽê àŽéëéáæ-
êŽîâëĲï, îëé a áŽ b çëèæêâŽîñèæŽ, ãåóãŽå, éëùâéñèæŽ a áŽ b ãâóðëîâĲæ
(æý. ïñî 5.6) éŽöæê ‖a× b‖ { âï Žîæï OACB ìŽîŽèâèëàîŽéæï òŽîåëĲæ áŽ
a× b-ï àŽêæýæèŽãâê, îëàëîù òŽîåëĲæï ãâóðëîï.

êŽý. 1.4

éëãæõãŽêëå äëàæâîåæ åãæïâĲŽ (áŽŽéðçæùâå!).

û æ ê Ž á Ž á â Ĳ Ž .

1) a× b = −b× a;

2) a× (b + c) = a× b = a× c;

3) (λa)× b = a× (λb) = λ(a× b);

4) î× ĵ = k̂, ĵ × k̂ = î, k̂ × î = ĵ;

5) a× (b× c) = (a · c)b− (a · b)c;

6) a× (b× c) = b · (c× a) = c · (a× b) = −a · (c× b) = −b · (a× c) =
−c(b× a).
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a× (b× c) àŽéëïŽýñèâĲŽï ýöæîŽá ñûëáâĲâê ëîéŽà ãâóðëîñè êŽéîŽãèï,
ýëèë a · (b × c)-ï { öâîâñè êŽéîŽãèï. àâëéâðîæñèŽá a · (b × c) Žîæï a, b,
c ãâóðëîâĲäâ áŽüæéñèæ ìŽîŽèâèâìæìâáæï éëùñèëĲŽ.

û æ ê Ž á Ž á â Ĳ Ž . {a, b, c} ⊂ R3 ûîòæãŽá áŽéëçæáâĲñèæŽ éŽöæê áŽ
éýëèëá éŽöæê, îëùŽ a · (b× c) = 0.

á Ž é ð ç æ ù â Ĳ Ž . áŽãñöãŽå, îëé a, b áŽ c ûîòæãŽá áŽéëçæáâĲñèæŽ,
éŽöæê ∃λ, µ, σ ∈ R, îëéèâĲæù âîåáëñèŽá ŽîŽŽ êñèæ áŽ ïîñèáâĲŽ

λs + µb + σc = 0.

äëàŽáëĲæï áŽñîôãâãèŽá ãæàñèæïýéëå, îëé λ 6= 0, éŽöæê

a = −λ−1(µ + σc),

a · (b× c) = −λ−1(µ + σc) · (b× c) =

= −λ−1
[
µb · (b× c) + σc · (b× c)

]
= 0.

ìæîæóæå, åñ a · (b× c) = 0, éŽöæê Žê Ž) a, b áŽ c ãâóðëîâĲæáŽê âîå-âîåæ
êñèæŽ, Žê Ĳ) a ëîåëàëêŽèñîæŽ b × c ãâóðëîæï. b áŽ c ëîåëàëêŽèñîæŽ
b×c ãâóðëîæï, Žéæðëé a = λ′b+µ′c îŽæéâ λ′, µ′ ∈ R. â. æ. a, b áŽ c ûîòæãŽá
áŽéëçæáâĲñèæŽ.

áŽ Ĳëèëï, éëçèâá àŽêãæýæèëå \ãâóðëîñèæ" òñêóùææï áæòâîâêùæîâ-
ĲŽáëĲæï ïŽçæåýæ. â. æ. Rn-äâ éëùâéñèæŽ øãâñèâĲîæãæ êëîéŽ. àŽêãïŽäôãîë
f : R → Rn ûŽîéëâĲñèæ òñêóùæŽ.

âîåàŽêäëéæèâĲæŽêæ öâéåýãâãæï àŽêäëàŽáâĲæå ãæðõãæå, îëé f áæòâîâê-
ùæîâĲŽáæŽ t ûâîðæèöæ, åñ ∃F (t) = (F1(t), . . . , Fn(t)) ∈ Rn æïâåæ, îëé

∥∥∥f(t + h)− f(t)
h

− F (t)
∥∥∥ −→ 0, îëùŽ t → 0,

â. æ. åñ f -æï çëéìëêâêðâĲæŽ f1, . . . , fn æïâåæ, îëé
∥∥∥f1(t + h)− f1(t)

h
− F1(t), . . . ,

fn(t + h)− fn(t)
h

− Fn(t)
∥∥∥ −→ 0.

îëùŽ h → 0. ùýŽáæŽ, åæåëâñèæ çëéìëêâêðæ éææïûîŽòãæï êñèæïçâê, îë-
ùŽ h → 0, Žéæðëé df

dt ŽîïâĲëĲï éŽöæê áŽ éýëèëá éŽöæê, îëùŽ ŽîïâĲëĲï
df1
dt , . . . , dfn

dt áŽ

df

dt
=

(df1

dt
, . . . ,

dfn

dt

)
.

ïýãŽàãŽîŽá, \ãâóðëîñèæ" òñêóùææï áæòâîâêùæîâĲŽáëĲæïåãæï àãüæî-
áâĲŽ éæïæ çëéìëêâêðâĲæï áæòâîâêùæîâĲŽáëĲŽ. éŽàŽèæåŽá, åñ f : R → R3

àŽêïŽäôãîñèæŽ öâéáâàæ ûâïæå

f(t) = (2t2, ln t, sin2 t),

éŽöæê
df

dt
=

(
4t,

1
t
, 2 sin t cos t

)
.



198

ãåóãŽå, éëùâéñèæŽ f : R → R3 áŽ g : R → R3. àŽêãïŽäôãîëå f · g :
R → R3 áŽ f × g : R → R3. áŽãñöŽå, îëé

(f · g)(t) = f(t) · g(t) áŽ (f × g)(t) = f(t)× g(t),

éŽöæê

d

dt
(f · g) = f · dg

dt
+

df

dt
· g,

d

dt
(f × g) = f × dg

dt
+

df

dt
× g.

(áŽŽéðçæùâå!)

ï Ž ã Ž î þ æ ö ë 5.4.

1. åñ V Žîæï ãâóðëîñèæ ïæãîùâ F ãâèäâ, éŽöæê

OF x = 0 ∀x ∈ V,

a0 = 0 ∀ a ∈ F.

2. (a; 1; 3) ∈ R3 ãâóðëîæ (a ∈ R) ûŽîéëŽáàæêâå

S
{
(1; 1; 0), (0; 2; 0), (0; 0; 4)

}

ãâóðëîâĲæï ûîòæãæ çëéĲæêŽùææï ïŽýæå. Žøãâêâå, îëé S Žîæï ûîòæãŽá áŽéë-
ñçæáâĲâèæ ïæïðâéŽ. Žîæï åñ ŽîŽ S ïæïðâéŽ R3-æï ĲŽäæïæ?

3. Žøãâêâå, îëé åñ {x1, . . . , xm} Žîæï V ïæãîùæï ûîòæãŽá áŽéëñçæáâ-
Ĳâèæ ïæïðâéŽ, éŽöæê xi 6= 0 ∀ i-åãæï, 1 ≤ i ≤ m.

4. Ž) îëéâèæŽ ûîòæãæ àŽîáŽóéêŽ?

T1(x, y) = (a, y), a ∈ R \ {0},
T2(x, y) = (λx + y, σy), λ, σ ∈ R \ {0},
T3(x, y) = (x2, 0),

T4(x, y) = (x, 0).

Ĳ) àŽêéŽîðâå T2 ◦ T4 áŽ T4 ◦ T2 êŽéîŽãèæ.
à) áŽŽéðçæùâå, îëé åñ T ∈ End(V ), éŽöæê T0 = 0.

5. Ž) åñ V Žîæï ãâóðëîñèæ ïæãîùâ, éŽöæê p : V → V àŽîáŽóéêŽï
âûëáâĲŽ ìîëâóùæŽ, åñ (p◦p)x = Px, ∀x ∈ V . áŽŽéðçæùâå, îëé p : R2 → R2

àŽîáŽóéêŽ, ïŽáŽù

p(x, y) =
( 1

a− b
(ax− y + c);

b

a− b
(ax− y + c) + c

)
,

a, b, c ∈ R áŽ a 6= b, Žîæï ìîëâóùæŽ R2-öæ. îŽ ìæîëĲâĲöæ ïîñèáâĲŽ p ∈
End(R2)?

Ĳ) (4Ž) ïŽãŽîþæöëï îëéâèæ àŽîáŽóéêŽŽ ìîëâóùæŽ?
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6. ãåóãŽå, T ∈ End(V ). N(T ) = {x ∈ V : Tx = 0} óãâïæéîŽãèâï
âûëáâĲŽ êñèëãŽêæ óãâïæãîùâ (ïæîåãæ). Žøãâêâå, îëé N(T ) óãâïæãîùâŽ V -
öæ. Žøãâêâå, îëé T -ï ŽêŽïŽýæ Žïâãâ óãâïæãîùâŽ V -öæ.

7. ãåóãŽå, V ãâóðëîñèæ ïæãîùâŽ R-äâ áŽ T ∈ End(V ). ŽéĲëĲâê, îëé
T -ï Žóãï ïŽçñåîæãæ éêæöãêâèëĲŽ λ ∈ R, åñ ∃ ŽîŽêñèëãŽêæ x ∈ V ãâóðëîæ,
îëé Tx = λx. x-ï âûëáâĲŽ T -ï ïŽçñåîæãæ ãâóðëîæ, îëéâèæù öââïŽĲŽéâĲŽ
λ-ï.

Ž) Žøãâêâå, îëé åñ T ∈ End(V ) æïâåæŽ, îëé

T (x, y) = (x + ay; y),

éŽöæê ∀ (p, 0) ïŽýæï ãâóðëîæ (p 6= 0) Žîæï T -ï ïŽçñåîæãæ ãâóðëîæ. îëéâèæŽ
éæïæ ïŽçñåîæãæ éêæöãêâèëĲŽ?

Ĳ) ãåóãŽå, T ∈ End(V ). Vλ-æå Žôãêæöêëå λ ïŽçñåîæãæ éêæöãêâèëĲâĲæï
öâïŽĲŽéæïæ ïŽçñåîæãæ ãâóðëîâĲæï ïæéîŽãèâ. Žøãâêâå, îëé Vλ ∪ {0} îæï ãâó-
ðëîñèæ óãâïæãîùâ V -öæ. áŽŽéðçæùâå ŽêŽèëàæñîæ áâĲñèâĲŽ N(T )-åãæï.

8. æìëãâå T1, T2 ∈ End(R2)-æï ïŽçñåîæãæ ãâóðëîâĲæ áŽ ïŽçñåîæãæ
éêæöãêâèëĲâĲæ:

T1(x, y) = (−y, x), T2(x, y) = (x,−y).

îŽ àâëéâðîæñèæ Žäîæ Žóãï T1-ï áŽ T2-ï?

9. áŽŽéðçæùâå
Ž) åñ S, T ∈ End(V ), éŽöæê S ◦ T ∈ End(V );
Ĳ) åñ T ∈ End(V )-åãæï ŽîïâĲëĲï S : V → V àŽîáŽóéêŽ æïâåæ, îëé

S ◦ T = T ◦ S = IV ,

éŽöæê S ∈ End(V );
à) åñ T ∈ Aut(V ), éŽöæê Λ0(T ) = {0}.
10. áŽŽéðçæùâå, îëé åñ r1, r2, r3 ∈ R2 áŽ λ ∈ R, éŽöæê

Ž) r1 · (r2 + r3) = r1 · r2 + r1 · r3;

Ĳ) λ(r1 · r2) = (λr1) · r2 = r1 · (λr2);

à) |r1 · r2| ≤ ‖r1‖ ‖r2‖;
á) ‖r1 − r2‖2 = ‖r1‖2 + ‖r2‖2 − 2‖r1‖ ‖r2‖ cos θ, ïŽáŽù θ Žîæï çñåýâ

r1-ïŽ áŽ r2-ï öëîæï.

â)
∣∣‖r1‖ − ‖r2‖

∣∣ ≤ ‖r1 + r2‖ ≤ ‖r1‖+ ‖r2‖. (Ĳëèë ñðëèëĲŽ ùêëĲæèæŽ
ïŽéçñåýâáæï ñðëèëĲæï ïŽýâèæå.)

Žýïâêæå éŽåæ àâëéâðîæñèæ Žäîæ.

11. àŽéëåãŽèâå a = (1, 1, 1), b = (1, p, 0), p ∈ R ãâóðëîâĲæï ìŽîŽèâèñ-
îæ âîåâñèëãŽêæ ãâóðëîâĲæ. æìëãâå âîåâñèëãŽêæ ãâóðëîæ, îëéâèæù éŽî-
åëĲñèæŽ a áŽ b ãâóðëîâĲæï âîåáîëñèŽá.

12. ãåóãŽå, a, b, c ∈ R3 áŽ λ ∈ R. áŽŽéðçæùâå, îëé
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1) a× b = −b× a;

2) a× (b + c) = a× b = a× c;

3) (λa)× b = a× (λb) = λ(a× b);

4) î× ĵ = k̂, ĵ × k̂ = î, k̂ × î = ĵ;

5) a× (b× c) = (a · c)b− (a · b)c;

6) a(b×c) = b ·(c×a) = c ·(a×b) = −a ·(c×b) = −b ·(a×c) = −c(b×a).

13. àŽéëæõâêâå 5.4.12-æï öâáâàâĲæ áŽ Žøãâêâå, îëé X : R3 → R3 ŽîŽ
ŽïëùæñîæŽ (â. æ. a× (b× c) 6= (a× b)× c, äëàŽáŽá).

14. ãåóãŽå, g : R → R3. áŽŽéðçæùâå, îëé

Ž)
d

dt
(f · g) = f · dg

dt + df
dt · g;

Ĳ)
d

dt
(f × g) = f × dg

dt + df
dt × g.

à) åñ ‖f(t)‖ = a ∀ t-åãæï, ïŽáŽù a (a ∈ R) éñáéæãæŽ, éŽöæê df
dt ëîåë-

àëêŽèñîæŽ f -æï õãâèŽ t-åãæï. àŽéëåãŽèâå

f(t) = (a cos t, a sin t, 0), g(t) = (0, 1, t).



éâïâîâĲæ áŽ Ĳñèæï ŽèàâĲîâĲæ

§ 1. éâïâîâĲæ áŽ Ĳñèæï ŽèàâĲîâĲæ

Ĳñèæï ŽèàâĲîŽï øãâê ñçãâ àŽãâùŽêæå äâéëå. ãŽøãâêâĲå, îëé Ĳñèæï ŽîŽâî-
åæ ŽèàâĲîŽ ŽîïâĲëĲï. áŽãæûõëå ñòîë äëàŽáæ ïðîñóðñîâĲæï, â. û. éâïâîâ-
Ĳæï öâïûŽãèŽ. äëàæâîåæ éâïâîæ úŽèæŽê éêæöãêâèëãŽêæŽ àŽéëåãèâĲæï åâëîæ-
Žöæ ŽìîëóïæéŽùææï åãŽèïŽäîæïæå. âîåæ ìîëàîŽéŽ Žýáâêï éâëîæï Žìîëóïæ-
óéŽùæŽï, åñçæ éëùñèëĲŽåŽ ïæãîùâöæ âîåæ áŽ æàæãâ àŽéëåãèâĲæ ðŽîáâĲŽ.

àŽéëåãèŽ Žîæï îŽæéâ éëùâéñèëĲâĲäâ ìîëàîŽéæï éëóéâáâĲæï öâáâàæ.
ŽéŽïåŽê, âï ìîëàîŽéŽ áŽûîæèæŽ îŽæéâ âêŽäâ. ïŽäëàŽáëá, àŽéëåãèæèæ åãæ-
ïâĲâĲæ øŽûâîæèæ ñêáŽ æõëï æé âêæï ðâîéæêâĲöæ, îëéèæåŽù âï ìîëàîŽéŽŽ
áŽûâîæèæ.

1.1. éâïâîâĲæ. öâàŽýïâêâĲå, îëé ρ ĲæêŽîñèæ éæéŽîåâĲŽ S ïæéîŽãèâ-
äâ Žîæï êŽûæèëĲîæãæ áŽèŽàâĲæï éæéŽîåâĲŽ, åñ ïîñèáâĲŽ îâòèâóïñîëĲŽ,
ðîŽêäæðñèëĲŽ áŽ ŽêðæïæéâðîæñèëĲŽ. â. æ. (S, ρ) Žîæï êŽûæèëĲîæã áŽèŽàâ-
Ĳñèæ ïæéîŽãèâ, öâïŽúèâĲâèæŽ ρ øŽæûâîëï, îëàëîù \≤", ýëèë (S,≤) {
ñĲîŽèëá S. êŽûæèëĲîæã áŽèŽàâĲñè ïæéîŽãèâï âûëáâĲŽ ûîòæãŽá áŽèŽàâ-
Ĳñèæ (þŽüãæ), åñ ∀x, y ∈ S Žê x ≤ y Žê y ≤ x, Žê ïîñèáâĲŽ ëîæãâ
âîåŽá. ïŽäëàŽáëá, êâĲæïéæâîæ êŽûæèëĲîæãæ áŽèŽàâĲŽ öâæúèâĲŽ ûŽîéëá-
àæêáâï, îëàëîù ûîòæãæ áŽèŽàâĲæï àŽâîåæŽêâĲŽ.

öâãêæöêëå, îëé õëãâèæ ïŽïîñèæ ûîòæãæ áŽèŽàâĲŽ (A,≤) öâæúèâĲŽ ûŽîë-
ãŽáàæêëå, îëàëîù

a1 ≤ a2 ≤ · ≤ an.

Žïâå öŽâéåýãâãŽöæ îâòèâóïñîëĲæïŽ áŽ ðîŽêäæðñèëĲæï áŽéðçæùâĲŽ ŽîŽŽ
ïŽüæîë. 1.1(Ž) êŽýŽääâ êŽøãâêâĲæŽ (A,≤)-ï ûŽîéëáàâêŽ. A-ï øŽãûâîå, îëàë-
îù (a1, a2, . . . , an).

û æ ê Ž á Ž á â Ĳ Ž . ïŽïîñè ïæéîŽãèâï êŽûæèëĲîæã áŽèŽàâĲŽ öâ-
æúèâĲŽ ûŽîéëãŽáàæêëå, îëàëîù îŽôŽù óãâïæéîŽãèâå ûîòæãæ áŽèŽàâĲâĲæï
àŽâîåæŽêâĲŽ. (áŽŽéðçæùâå!)

Žé òŽóðæï àŽéëõâêâĲæå, õëãâèæ êŽûæèëĲîæãæ áŽèŽàâĲŽ öâæúèâĲŽ ûŽî-
éëãŽáàæêëå þŽüãâĲæï ïŽöñŽèâĲæå. éæôâĲñè áæŽàîŽéŽï ñûëáâĲâê ßŽïæï áæ-
ŽàîŽéŽï.

é Ž à Ž è æ å æ 1.1. ρ =
{
(x, y · x) Žîæï y-æï àŽéõëòæ

}
éæéŽîåâĲŽ,

îëéâèæù àŽêïŽäôãñèæŽ {1, 2, 3, 4, 6, 10, 12, 20} ïæéîŽãèâäâ, àãŽúèâãï ßŽïæï
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êŽý. 1.1

áæŽàîŽéŽï (æý. êŽý. 1.1(Ĳ)) áŽ áŽõëòæèæŽ þŽüãâĲŽá:
{
(1, 2, 4, 12), (1, 3, 6, 12), (2, 6), (4, 20), (2, 10, 20)

}

âï áŽõëòŽ âçãæãŽèâêðñîæŽ
{
(2, 6, 12), (1, 3, 6), (1, 2, 10, 20), (2, 4, 20), (4, 12)

}
ïæïðâéæï.

öâãêæöêëå, îëé éæñýâáŽãŽá æéæïŽ, îëé 1ρx ∀x-åãæï éùâéñèæ ïæéîŽãèæ-
áŽê, áæŽàîŽéŽäâ Žî Žîæï 1-áŽê àŽéŽãŽèæ 8 æïŽîæ. âï éææôûâãŽ îâòèâóïñîë-
ĲæïŽ áŽ ðîŽêäæðñèëĲæï åãæïâĲæï àŽéë.

ãåóãŽå, éëùâéñèæŽ (A,≤) áŽ B ⊆ A. ĲñêâĲîæãæŽ æïéæï çæåýãŽ: B Žîæï
åñ ŽîŽ öâéëïŽäôãîñèæ äâãæáŽê (óãâãæáŽê) A-ï âèâéâêðâĲæå? öâéáâàöæ éë-
ãúâĲêæå ñéùæîâï äâáŽ ïŽäôãŽîï (ñáæáâï óãâáŽ ïŽäôãŽîï), îëéâèæù Žôæêæ-
öêâĲŽ sup (inf). âï àŽêéŽîðâĲâĲæ éëùâéñèæ æõë åŽãæ 2-æï éâ-5 ìŽîŽàîŽòöæ.
éŽå àŽéëãæõâêâĲå éâïâîâĲæï àŽêýæèãæïŽï.

à Ž ê é Ž î ð â Ĳ Ž . êŽûæèëĲîæã áŽèŽàâĲñè (A,≤) ïæéîŽãèâï âûëáâĲŽ
éâïâîæ, åñ éæï õëãâè ûõãæèï Žóãï ïñìîâéñéæ áŽ æêòæéñéæ. ŽéŽï ŽôãêæöêŽãå
öâéáâàêŽæîŽá:

X ∧ Y − inf({x, y}), X ∨ Y = sup({x, y}).

õëãâèæ êŽûæèëĲîæã áŽèŽàâĲñèæ ïæéîŽãèâ éâïâîæ Žî Žîæï. éŽàŽèæåŽá,
1.1. éŽàŽèæåæï êŽûæèëĲîæã áŽèŽàâĲñæèæ ïæéîŽãèâ Žî Žîæï éâïâîæ, îŽáàŽê
12 ∨ 20 Žî Žîæï àŽêïŽäôãîñèæ.



203

∧ áŽ ∨ ëìâîŽùæâĲæ êŽûæèëĲîæã áŽèŽàâĲñè ïæéîŽãèæï ûõãæèâĲï öëîæï
öâæúèâĲŽ çæáâã ñòîë àŽêãŽäëàŽáëå.

ãåóãŽå, ∧X =
∧

x∈X

x = inf X, ∨X =
∨

x∈X

x = sup X âï Žîæï ïŽïîñèæ

ŽîŽùŽîæâèæ X ïæéîŽãèæï sup X áŽ inf X.
Žáãæèæ ïŽêŽýŽãæŽ, îëé ŽîïâĲëĲï éîŽãŽèæ ïìâùæŽèñîæ ðæìæï éâïâîâĲæ,

îëéâèöæù öâïŽúèâĲâèæŽ ïýãŽáŽïýãŽ ëìâîŽùæâĲæï øŽðŽîâĲŽ. àŽêãæýæèëå ïéæ
éŽåàŽêæ.

à Ž ê é Ž î ð â Ĳ Ž . L éâïâîï ãñûëáëå áæïðîæĲñùæñèæ, åñ æï
ŽçéŽõëòæèâĲï ìæîëĲâĲï:

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z),

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z),

∀x, y, z ∈ L.

õãâèŽ éâïâîæ Žî Žîæï áæïðîæĲñùæñèæ.

é Ž à Ž è æ å æ 1.2. 1.9 êŽýŽääâ àŽéëïŽýñèæ éâïâîæ Žî Žîæï áæïðîæ-
Ĳñùæñèæ, îŽáàŽê

b ∧ (d ∨ c) = b ∧ e = b,

éŽöæê

(b ∧ d) ∨ (b ∧ c) = a ∨ a = a.

û æ ê Ž á Ž á â Ĳ Ž . ãåóãŽå, (L,∧,∨) áæïðîæĲñùæñè éâïâîöæ ïîñèáâĲŽ
åŽêŽòŽîáëĲâĲæ

x ∨ y = x ∨ z1, x ∧ y = x ∧ z.

éŽöæê y = z.

êŽý. 1.2
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á Ž é ð ç æ ù â Ĳ Ž. öâãêæöêëå, îëé
Ž) a ∧ b = b ∧ a, a ∨ b = b ∨ a;
Ĳ) a ∧ b ≤ a ≤ a ∨ b;
à) (a ∧ b) ∨ a = a, a ∧ (a ∨ b) = a.
Žéæðëé

y = y ∨ (y ∧ x) = y ∨ (z ∧ x) = (y ∨ z) ∧ (y ∨ x) =

= (z ∨ y) ∧ (z ∨ x) = z ∨ (y ∧ x) = z ∨ (z ∧ x) = z.

à Ž ê é Ž î ð â Ĳ Ž . áŽãñöãŽå, îëé (L,∧,∨) éâïâîöæ 0, 1 ∈ L áŽ
0 ≤ x ≤ 1, ∀x ∈ L, éŽöæê

x ∨ 1 = 1, x ∧ 1 = x, x ∧ 0 = 0, x ∨ 0 = 0, ∀x ∈ L.

Žïâå éâïâîï ñûëáâĲâê éâïâîï à Ž ï î ñ è â Ĳ æ å, åñ ∀x ∈ L-åãæï ∃x ∈ L
æïâåæ, îëé x ∧ x = 0, x ∨ x = 1 (x-ï âûëáâĲŽ x-æï àŽïîñèâĲŽ).

û æ ê Ž á Ž á â Ĳ Ž . åñ (L,∧,∨) Žîæï áæïðîæĲñùæñèæ éâïâîæ
àŽïîñèâĲæå, éŽöæê àŽïîñèâĲŽ âîåŽáâîåæŽ.

á Ž é ð ç æ ù â Ĳ Ž. áŽãñöãŽå, îëé x, y, z ∈ L áŽ

x ∨ y = x ∨ z(= 1), x ∧ y = x ∧ z(= 0).

éŽöæê ûæêŽ ûæêŽáŽáâĲæï úŽèæå y = z.

éâïâîæï éâïŽéâ, ïìâùæŽèñîæ ðæìæ ñøãâñèëĲŽ æé åãŽèïŽäîæïæå, îëé ïŽï-
îñèæ éâïâîâĲæï öâïŽýâĲ Žî ŽéĲëĲï îŽæéâ ŽýŽèï.

øŽéëãŽõŽèæĲæëå éâïâîåŽ ïýãŽàãŽîæ àŽêéŽîðâĲŽ ûæêŽáŽáâĲæï ïŽýæå.

û æ ê Ž á Ž á â Ĳ Ž . L Žîæï éŽîðæãæ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ ∨x
áŽ ∧x ŽîïâĲëĲï L-æï õëãâèæ ŽîŽùŽîæâèæ, ïŽïîñèæ X óãâïæéîŽãèæïåãæï.

(éðçæùáâĲŽ æêáñóùææå, áŽŽéðçæùâå!)
åñ L-öæ àŽêïŽäôãîñèæ ∧L, æàæ ŽôæêæöêâĲŽ O-æå áŽ âûëáâĲŽ ñéùæîâïæ

âèâéâêðæ L-öæ. ŽêŽèëàæñîŽá, åñ L-öæ ŽîïâĲëĲï ∨L, ŽôæêæöêâĲŽ 1-æå áŽ
âûëáâĲŽ L-æï ñáæáâïæ âèâéâêðæ. àŽêéŽîðâĲæï úŽèæå ∨∅ = 0.

à Ž ê é Ž î ð â Ĳ Ž . L éâïâîï âûëáâĲŽ ïîñèæ, åñ ∨x áŽ ∧x ŽîïâĲëĲï
õãâèŽ X óãâïæéîŽãèâåŽåãæï L-áŽê.

õãâèŽ ïŽïîñèæ éâïâîæ ïîñèæŽ. àŽêãæýæèëå Q ïæéîŽãèâ øãâñèâĲîæãæ ≤
áŽèŽàâĲæå áŽ ñïŽïîñèë ïæéîŽãèâ π-îæùýãæï éæŽýèëâĲæïŽï, ïŽáŽù îæùýãâ-
Ĳæ âîåéŽêâåæïàŽê àŽêïýãŽãáâĲŽ ŽåëĲæåæ åŽêîæàæï éýëèëá âîåæ ùæòîæå.
Žé ŽìîëóïæéŽùææï äâáŽ äôãŽîæ, ùýŽáæŽ, Žîæï π, éŽàîŽé πR \Q, éŽöŽïŽáŽéâ,
(Q,≤) Žî Žîæï ïîñèæ éâïâîæ. (R,≤) éâïâîæ ïîñèæŽ áŽ Q ⊆ R.

öâàãæúèæŽ ãŽøãâêëå, îëé öâïŽúèâĲâèæŽ õëãâèæ éâïâîæï àŽïîñèâĲŽ ïîñè
éâïâîŽéáâ, åñéùŽ Žé ïŽçæåýï øãâê Žî öâãâýâĲæå.
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1.2. Ĳñèæï ŽèàâĲîâĲæ. éëãæõãŽêëå òëîéŽèñîæ àŽêéŽîðâĲŽ äëàŽáæ
Ĳñèæï ŽèàâĲîâĲæï (Žïâ âûëáâĲŽ XIX ïŽñçñêæï éŽåâéŽðæçëï þ. Ĳñèæï ìŽðæ-
ãïŽùâéŽá). ïæéîŽãèâåŽ ŽèàâĲîŽ Ĳñèæï ŽèàâĲîæï çâîúë öâéåýãâãŽŽ áŽ åñéùŽ
àŽêïýãŽãâĲñèæ Ĳñèæï ŽèàâĲîâĲæ ïðîñóðñîñèŽá ,ïàŽãïæŽ, ñêáŽ öâãêæöêëå,
îëé æïæêæ öâæúèâĲŽ Žî æõëï âîåéŽêâåöæ øŽáàéñèæ.

à Ž ê é Ž î ð â Ĳ Ž . B ïæéîŽãèâï ∨, ∧ áŽ − (∨ { \Žê" ëìâîŽùæŽ,
∧ { \áŽ" ëìâîŽùæŽ, − àŽïîñèâĲæï ëìâîŽùæŽŽ, ýöæîŽá ∨-ï âûëáâĲŽ áæ-
äñêóùæŽï, ýëèë ∧-ï çëêæñêóùæŽï). ëìâîŽùæâĲæå âûëáâĲŽ Ĳñèæï ŽèàâĲîŽ.
ĲæêŽîñèæ ëìâîŽðëîâĲæ: ∧, ∨ áŽ ñêŽîñèæ ëìâîŽðëîæ B-ï ëî àŽêïýãŽãâ-
Ĳñè âèâéâêðåŽê 0 áŽ 1 ŽçéŽõëòæèâĲâê öâéáâà ŽóïæëéâĲï: õëãâèæ a, b, áŽ
C-åãæï B-áŽê

1) a ∨ b = b ∨ a;

2) a ∨ (b ∨ c) = (a ∨ b) ∨ c;

3) a ∨ 0 = a;

4) a ∨ a = 1;

5) a ∧ b = b ∧ a;

6) a ∧ (b ∧ c) = (a ∧ b) ∧ c;

7) a ∧ 1 = a;

8) a ∧ a = 0;

9) a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c);

10) a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c).

ŽéîæàŽá, \áŽ" áŽ \Žê" çëéñðŽùæñîæ, ŽïëùæŽùæñîæ áŽ áæïðîæĲñùæ-
ñèæŽ. åãæåâñè éŽåàŽêï Žóãï âîåâñèëãŽêæ âèâéâêðæ áŽ îëáâïŽù àãŽóãï âèâ-
éâêðæï çëéĲæêŽùæŽ åãæï áŽéŽðâĲŽïåŽê \áŽ/Žê"-æï ïŽöñŽèâĲæå, öâáâàŽá ãæ-
ôâĲå \Žê/áŽ"-ï éæéŽîå âîåâñèëãŽê âèâéâêðï; äâéëéëõãŽêæèæ ëìâîŽðëîâĲæ
áŽçŽãöæîâĲñèæŽ çëéìæñðâîñè èëàæçŽïåŽê, îëéèæï ïŽöñŽèâĲæåŽù ýáâĲŽ
ïóâéâĲæï ŽàâĲŽ. ïýãŽ Ĳñèæï ŽèàâĲîâĲöæ öâïŽúèâĲâèæŽ ñòîë éëïŽýâîýâĲâèæ
æõëï ∨ øŽãåãŽèëå îëàëîù àŽâîåæŽêâĲŽ, ýëèë ∧ { îëàëîù åŽêŽçãâåŽ. a
ëìâîŽùæŽï øŽûâîâê îëàëîù a′ Žê ea.

Ĳñèæï ŽèàâĲîŽ öâàãæúèæŽ àŽêãéŽîðëå îëàëîù áæïðîæĲñùæñèæ éâïâ-
îæï àŽïîñèâĲŽ. Žéæðëé Ĳñèæï (B(x),∩,∪′) ŽèàâĲîæï ŽêŽèëàæñîŽá ŽîŽùŽ-
îæâèæ X ïæéîŽãèæïåãæï öâàãæúèæŽ éæãæôëå éåâèæ îæàæ åãæïâĲâĲæ.

æêãëèñùææï çŽêëêæ (ëîéŽàæ ñŽîõëòæï çŽêëêæ). x-æï áŽéŽðâĲæï
áŽéŽðâĲŽ Žîæï x, x ∈ B.

öåŽêåóéæï çŽêëêæ. ∀ a, b ∈ B-åãæï ïŽéŽîåèæŽêæŽ

a ∧ (a ∨ b) = a, a ∨ (a ∧ b) = a.
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æáâéìëðâêðñîëĲæï çŽêëêæ. õëãâèæ âèâéâêðæ B-áŽê æáâéìëðâêðñ-
îæŽ ∧ áŽ ∨-æï éæéŽîå.

éëîàŽêæï çŽêëêæ. ∀ a, b ∈ B-åãæï ïŽéŽîåèæŽêæŽ

a ∧ b = a ∨ b, a ∨ b = a ∧ b.

æêãëèñùæñîëĲæïŽ áŽ éëîàŽêæï çŽêëêâĲæáŽê àŽéëéáæêŽîâëĲï, îëé åñ
ŽãæôâĲå B Ĳñèæï ŽèàâĲîŽï (B,∨,∧,−) áŽ àŽîáŽãóéêæå ŽýŽè ïæïðâéŽá Žê
x-æï ŽïŽýãæå x, Žê ∧ áŽ ∨ ëìâîŽùæâĲæï áŽýéŽîâĲæå, éŽöæê éæôâĲñèæ ïæïðâéŽ
çãèŽã Ĳñèæï ŽèàâĲîŽŽ. âï òŽóðæ ùêëĲæèæŽ ëîŽáñèëĲæï ìîæêùæìæï ïŽýâ-
èæå. éŽîåèŽù, éëîàŽêæï çŽêëêâĲæ öâæúèâĲŽ éæãæôëå ïýãŽàãŽîŽáŽù, õëãâèæ
âèâéâêðæï ŽïŽýãæå åŽãæï áŽéŽðâĲŽöæ.

ŽýèŽ øãâê éëãæõãŽêå åâëîâéŽï, îëéâèæù àãæøãâêâĲï, îëàëîæ ïðŽêáŽî-
ðñèæ òëîéæå øŽæûâîâĲŽ Ĳñèæï àŽéëïŽýñèâĲâĲæ. Žéæï ñöñŽèë öâáâàæŽ, îëé
ëîæ ëìâîŽðëîæ ïŽçéŽîæïæŽ õãâèŽ ĲæêŽîñèæ òñêóùææï ŽôïŽûâîŽá. öâéëãæ-
ðŽêëå ŽñùæèâĲâèæ ðâîéæêëèëàæŽ.

ŽéĲëĲâê, îëé Ĳñèæï A áŽ B òëîéñèâĲæ âçãæãŽèâêðñîæŽ (A ≡ B Žê
A ←→ B), åñ æïæêæ àŽéëïŽýŽãâê âîåæ áŽ æàæãâ òñêóùæŽï. ñéŽîðæãâï öâéåý-
ãâãŽöæ âï Žîæï âçãæãŽèâêðëĲæï éæéŽîåâĲŽ.

ù ý î æ è æ 1.1.

A B A ←→ B

0 0 1

0 1 1

1 0 0

1 1 1

ŽêŽèëàæñîŽá, ŽéĲëĲâê, îëé A æûãâãï B-ï æéìèæçŽùæŽï (A → B), åñ ïîñè-
áâĲŽ 1.3 ùýîæèæï àŽéëïŽýèâĲâĲæ (üâöéŽîæðëĲæï ùýîæèæ).

æïîâĲæ ýöæîŽá ïýãŽáŽïýãŽ Žäîï ŽðŽîâĲâê. Žó A → B Žîæï äñïðŽá æàæãâ,
îŽù (eA) ∨B, ýëèë A ≡ B æàæãâŽ, îŽù (A → B) ∧ (B → A). èëàæçñîŽá
A → B ŽôêæöêŽãï \åñ A, éŽöæê B" (â. æ. åñ A ü-æŽ, éŽöæê B-ù ü-æŽ). ýöæ-
îŽá −→ áŽ ←→ ïæéĲëèëâĲï ñûëáâĲâê ìæîëĲæå áŽ ñìæîëĲë ëìâîŽðëîâĲï,
öâïŽĲŽéæïŽá.

øãâñèâĲîæã ñŽîõëòæï Žôéêæöãêâè öâéáâà ïæéĲëèëâĲï æõâêâĲâê.

A 6≡ B =e(A ≡ B), A ↑ B =e(A ∧B),

A 6−→ B =e(A −→ B), A ↓ B =e(A ∨B).

ŽýèŽ öâàãæúèæŽ Žôãûâîëå õãâèŽ ĲæêŽîñèæ ëìâîŽùæŽ {0; 1}2 −→ {0; 1} (Žó
æïŽîæ éæñåæåâĲï ŽïŽýãŽï). 1.4 ùýîæèäâ éæåæåâĲñèæ òëîéæå.
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ù ý î æ è æ 1.2.

A 0 1 0 1
òñêóùæŽ

B 0 0 1 1

f0 0 0 0 0 0

f1 0 0 0 1 A ∧B

f2 0 0 1 0 B 6−→ A

f3 0 0 1 1 B

f4 0 1 0 0 A 6−→ B

f5 0 1 0 1 A

f6 0 1 1 0 A 6≡ B

f7 0 1 1 1 A ∨B

A 0 1 0 1
òñêóùæŽ

B 0 0 1 1

f8 1 0 0 0 A ↓ B

f9 1 0 0 1 A ≡ B

f10 1 0 1 0 eA
f11 1 0 1 1 A −→ B

f12 1 1 0 0 eB
f13 1 1 0 1 B −→ A

f14 1 1 1 0 A ↑ B

f15 1 1 1 1 1

ñòîë éâðæù, øãâê öâàãæúèæŽ Žôãûâîëå õãâèŽ ŽïŽýãŽ {0; 1}n-áŽê
{0; 1}-öæ éýëèëá ↑ Žê ↓ ëìâîŽùæâĲæï ïŽöñŽèâĲæå (↑ âûëáâĲŽ öâòâîæï öðîæ-
ýæ áŽ ŽôæêæöêâĲŽ \|", èëàæçñîŽá êæöêŽãï \ŽîŽ áŽ", ýëèë ↓ { \ŽîŽ Žê"). ↑ Žê
↓ ŽïëùæŽùæñîæŽ. àŽêéŽîðâĲæå A ↑ B ↑ Žîæï (A∧B∧C) áŽ ŽîŽ ((A∧B′∧C).
ŽéĲëĲâê, îëé {↑} Žêá {↓} ëìâîŽðëîåŽ ïæéîŽãèâ ŽáâçãŽðñîæŽ.

å â ë î â é Ž . êâĲæïéæâîæ {0; 1}n −→ {0; 1} ŽïŽýãŽ öâæúèâĲŽ ûŽîéë-
æáàæêëï ↑ Žê ↓ ëìâîŽðëîâĲæï òëîéñèâĲæå.

á Ž é ð ç æ ù â Ĳ Ž . àŽêãæýæèëå f : {0; 1}n −→ {0; 1} ŽïŽýãŽ
p1, p2, . . . , pn (n ∈ N) ùãèŽáâĲæïåãæï. òñêóùæŽ ïîñèŽá æóêâĲŽ àŽêïŽäôã-
îñèæ 2n ïðîæóëêæï ∗ éóëêâ üâöéŽîæðëĲæï ùýîæèæå. éðçæùâĲŽ êŽåâèæŽ, åñ
ùýîæèæï õëãâè ïðîæóëêöæ Žîæï 1 (éŽöæê f = 1) Žê õëãâè ïðîæóëêöæ öâáâ-
àæŽ 0 (éŽöæê f = 0). ûæêŽŽôéáâà öâéåýãâãŽöæ ŽîïâĲëĲï ùýîæèæï n ïðîæëêæ,
ïŽáŽù öâáâàæ Žîæï { 1.

àŽêãæýæèëå∗∗ B1, B2, . . . , Bm àŽéëïŽýñèâĲâĲæ, åãæåâñèæ Bi öââïŽĲŽéâĲŽ
(Bi1, Bi2, . . . , Bin) áŽèŽàâĲñè n-ï, ïŽáŽù Bij = pij Žê epij , æéæïáŽ éæýâáãæå
ps = 1 åñ 0-ï, ùýîæèæï éëùâéñè ïðîæóëêöæ. éŽöæê

f = B1 ∨B2 ∨ · · · ∨Bm = (B1 ∨B2 ∨ · · · ∨Bm)′′ =

= (B′
1 ∧B′

2 ∧ · · · ∧B′
m)′ = (B′

1 ↑ B′
2 ↑ · · · ↑ B′

m),

B′
i = (Bi1 ∧Bi2 ∧ · · · ∧Bin)′ = Bi1 ↑ Bi2 ↑ · · · ↑ Bin.

ñòîë éâðæù, åñ îëéâèæéâ Bij ùýîæèöæ öââïŽĲŽéâĲŽ 0-ï, éŽöæê ñêáŽ Žãæôëå
epj àŽéëïŽýñèâĲŽ, îëéâèæù éææôâĲŽ öâéáâàêŽæîŽá:

(ea) ≡ (a ↑ a).

∗ õëãâè ïðîæóëêöæ öââïŽĲŽéâĲŽ îŽæéâ n ïæàîúæï ëîâñèï áŽ öâæùŽãï Žé ûõãæèæïåãæï òñ-
êóùææï éêæöãêâèëĲŽï.
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ŽéîæàŽá, ûæêŽáŽáâĲŽ áŽéðçæùâĲñèæŽ. çëéìŽóðñîŽá âï øŽæûâîâĲŽ:
Ž)

f =
m∨

i=1

( n∧

j=1

Bij

)
,

f =
mx

i=1

( nx
j=1

Bij

)
.

(∗)

Ĳ) ŽêŽèëàæñîŽá, éëîàŽêæï çŽêëêâĲæï úŽèæå áŽ êñèæï öâéùãâèæ ïðîæ-
óëêâĲæï àŽêýæèãæå, éæãæôâĲå

f =
2n−my
i=1

( ny
j=1

eBij

)
. (∗∗)

Žé îâäñèðŽðæáŽê àŽéëéáæêŽîâëĲï, îëé õëãâèæ àŽéëïŽýñèâĲŽ àŽéëõãŽêŽáæŽ,
îŽù æéŽï êæöêŽãï, îëé p1, p2, . . . , pn-æå ûŽîéëóéêæèæ Ĳñèæï ŽèàâĲîæï âèâéâ-
êðåŽ îæùýãæŽ { 2n.

é Ž à Ž è æ å æ 1.3. éýëèëá ↑-æï àŽéëõâêâĲæå éæãæôâå f òñêóùææï
ûŽîéëáàâêŽ. üâöéŽîæðëĲæï ùýîæèæ æý. 1.5.

ù ý î æ è æ 1.3.

x y z t x y z t

0 0 0 0 1 0 0 1

0 0 1 1 1 0 1 1

0 1 0 1 1 1 0 0

0 1 1 0 1 1 1 1

Žôûâîæèæ éâåëáæï àŽéëõâêâĲæå

f = (x′ ∧ y′ ∧ z) ∨ (x′ ∧ y ∧ z′) ∨ (x ∧ y′ ∧ z′) ∨ (x ∧ y′ ∧ z) ∨ (x ∧ y ∧ z).

ŽéîæàŽá,

f ′ = (x′ ∧ y′ ∧ z)′ ∧ (x′ ∧ y ∧ z′)′ ∧ (x ∧ y′ ∧ z′)′ ∧ (x ∧ y′ ∧ z)′ ∧ (x ∧ y ∧ z)′,

Žéæðëé

f = (x′ ↑ y′ ↑ z) ↑ (x′ ↑ y ↑ z′) ↑ (x ↑ y′ ↑ z′) ↑ (x ↑ y′ ↑ z) ↑ (x ↑ y ↑ z),

ïŽáŽù

x′ = x ↑ x, y = y ↑ y, z′ = z ↑ z.

∗∗ ãåóãŽå, (α11, . . . , α1n), . . . , (αm1, . . . , αmn) Žîæï õãâèŽ êŽçîâĲæ, îëéâèäâáŽù f = 1,
1 ≤ m < 2n, õëãâèæ Žïâåæ ïæïðâéæïŽåãæï æàâĲŽ çëêæñêóùæŽ Bi = Bi1 ∧ · · · ∧ Bin, ïŽáŽù
Bik = pk, åñ αik = 1 áŽ Bik =epk, åñ αik = 0 (k = 1, . . . , n). Žáãæèæ ïŽêŽýŽãæŽ, îëé
f = B1 ∨ · · · ∨Bm.
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(∗) àŽéëïŽýñèâĲŽï âûëáâĲŽ êëîéŽèñîæ òëîéæï áæäæñêóùæŽ. æï Žîæï
çëêæñêóùææï áæäæñêóùæŽ (Žê áŽ { áŽ Žê). (∗∗) àŽéëïŽýñèâĲŽï âûëáâĲŽ êë-
îéŽèñîæ òëîéæï çëêæñêóùæŽ∗.

áŽĲëèëï, Žôãêæöêëå, îëé éðçæùâĲŽï Ĳñèæï ŽèàâĲîŽöæ îëéâèïŽù Žóãï
õëãâèåãæï 1 éêæöãêâèëĲŽ âûëáâĲŽ ðŽãðëèëàæŽ, ýëèë { àŽéëïŽýñèâĲŽï,
îëéâèæù õëãâèåãæï æôâĲï 0 éêæöãêâèëĲŽï, âûëáâĲŽ { ûæêŽŽôéáâàëĲŽ.

1.3. Ĳñèæï ŽèàâĲîæï äëàæâîåæ àŽéëõâêâĲŽ. éîŽãŽèæ ìîëĲèâéŽ
éŽåâéŽðæçŽöæ, çâîúëá, çëéĲæêŽðëîæçŽöæ, õãâèŽäâ ñçâå æýïêâĲŽ Ĳñèæï Žè-
àâĲîâĲæï ïŽöñŽèâĲæå. Ĳñèæï ŽèàâĲîâĲæ, Žàîâåãâ, àŽéëæõâêâĲŽ îâŽèñîæ ïæ-
ðñŽùææï éëáâèæîâĲæïŽï. âï éâåëáæ öâïŽúèâĲâèæŽ àŽéëõâêâĲñè æóêŽï òŽî-
åëá àŽãîùâèâĲñè ŽîââĲöæ, îëéâèåŽ çèŽïæòæçŽùæŽ öâñúèâĲâèæŽ. àŽêãæýæ-
èëå âîå-âîåæ éŽåàŽêæ (àŽáŽéîåãâèæ ïóâéâĲæ).

êŽý. 1.3

ŽñùæèâĲèŽá ñêáŽ Žôãêæöêëå, îëé øãâê öâéëãæòŽîàèâĲæå ïóâéâĲæï Žàâ-
ĲæïŽ áŽ àŽîáŽóéêæï éýëèëá àŽîçãâñèæ ïŽçæåýâĲæå. Žé ûæàêæï éæäŽêæŽ òë-
îéŽèñîæ àŽéëçãèâãŽ. åŽãæáŽê ãêŽýëå îëàëî àŽéëæõâêâĲŽ
Ĳñèæï ŽèàâĲîŽ ïŽáâêâĲæïŽ áŽ øŽéîåãâèâĲæïŽàŽê öâáàâêæèæ ïóâéæï ŽôûâîŽ-
àŽêïŽäôãîŽöæ. 1.10 êŽýŽääâ àŽéëïŽýñèæ ïóâéŽ öâáàâĲŽ 5 øŽéîåãâèæïàŽê, çãâ-
Ĳæï ûõŽîëïàŽê, êŽåñîŽïŽ áŽ öâéŽâîåâĲâèæ ïŽáâêâĲæïàŽê. áæŽàîŽéæáŽê øŽêï,
îëé áâêæ éëúîŽëĲï øŽçâðæè þŽüãöæ, éŽöæê áŽ éýëèëá éŽöæê, îëùŽ A øŽéîå-
ãâèæ øŽçâðæèæ áŽ B áŽ C ëîæãâ øŽçâðæèæŽ, Žê D áŽ E ëîæãâ øŽçâðæèæŽ.
âï ŽèàâĲîñèŽá Žïâ àŽéëæõñîâĲŽ:

A ∧ (
(B ∧ C) ∨ (D ∧ E)

)
.

ãæáîâ àŽáŽãŽèå åâéæï àŽêýæèãŽäâ, àŽãŽçâåëå îŽéáâêæéâ öâêæöãêŽ àŽ-
áŽéîåãâèâĲæŽêæ âèâóðîñèæ ïóâéæï âèâéâêðâĲæï öâïŽýâĲ áæŽàîŽéŽöæ. ïóâéæï
éæýâáãæå éýëèëá äâáŽ, øŽéîåãâèâĲæŽêæ êŽûæèæ àŽêïýãŽãáâĲŽ àŽêýæèñèæ
éŽàŽèæåâĲæïŽàŽê. éŽöŽïŽáŽéâ, öâïŽúèâĲâèæŽ óãâáŽ éýŽîâ Žîù àŽêãæýæèëå.

∗ êëîéŽèñîæ òëîéæï çëêæñêóùæŽ Žîæï

f =

2n−m∧

i=1

( n∨

j=1

eBij

)
(æý. (∗∗)).
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ïóâéæï öæàêæå äëàæâîåæ øŽéîåãâèæ öâïŽúèâĲâèæ æõëï ñîåæâîåáŽéëçæáâ-
Ĳñèæ (ïñî. 1.11a) áŽ öâæúèâĲŽ æéñöŽëê æïâ, îëé îëáâïŽù âîåæ øŽîåñèæŽ,
éâëîâ ŽñùæèâĲèŽá ñêáŽ æõëï àŽéëîåñèæ (ïñî. 1.11b).

êŽý. 1.4

úæîæåŽáæ éâåëáæ øŽéîåãâèæŽ àŽêèŽàâĲæï, Žîæï éæéáâãîëĲæå öââîåâĲŽ
(ïñî. 1.11c), îŽïŽù öââïŽĲŽéâĲŽ \áŽ" (â. æ. A ∧ B) áŽ ìŽîŽèâèñîæ öââî-
åâĲŽ (ïñî. 1.11d) \Žê"-æï öâïŽĲŽéæïæ (â. æ. A ∨ B). öâãêæöêëå Ĳëèëï, îëé
áæŽàîŽéŽäâ Žîæï äâáéâðæ øŽéîåãâèâĲæù áŽ éëýâîýâĲñèëĲæïåãæï æïæêæ Žôã-
êæöêëå æàæãâ \ïŽýâèâĲæå" (ïñî. 1.11e). ŽéîæàŽá, êâĲæïéæâîæ ëìâîŽùæŽ Ĳñèæï
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ŽèàâĲîŽöæ öâæúèâĲŽ ûŽîéëãŽáàæêëå ïóâéæï ïŽýæå áŽ ìæîæóæå. ŽéîæàŽá, âç-
ãæãŽèâêðñîæ ïóâéæï éæïŽôâĲŽá ïŽüæîëŽ ïŽûõæïæ ïóâéæáŽê àŽáŽãæáâå Ĳñèæï
ŽèàâĲîæï öâïŽĲŽéæï àŽéëïŽýñèâĲŽäâ, öâéáâà ñòîë éŽîðæã àŽéëïŽýñèâĲŽäâ,
áŽĲëèëï, éæï öâïŽĲŽéæï ïóâéŽäâ.

éŽàŽèæåæ 1.4. 1.12 ïóâéŽ àŽãŽéŽîðæãëå. éŽï öââïŽĲŽéâĲŽ öâéáâàæ àŽéë-
ïŽýñèâĲŽ:

X ∧ (((
(X ′ ∧ Y ) ∨ (Y ′ ∧ Z)

) ∧W ′) ∨ (Z ∧X ∧W )
)

=

= X ∧ (
(X ′ ∧ Y ∧W ′) ∨ (Y ′ ∧ Z ∧W ′) ∨ (Z ∧X ∧W )

)
=

= (X ∧X ′ ∧ Y ∧W ′)(X ∧ Y ′ ∧ Z ∧ w′)(X ∧ Z ∧ Z ∧W ) =

= (X ∧ Y ′ ∧ Z ∧W ′) ∨ (X ∧ Z ∧W ) = (X ∧ Z) ∧ ((Y ′ ∧W ′) ∨W ).

Ĳëèë àŽéëïŽýñèâĲŽ öââïŽĲŽéâĲŽ 1.13-ï.

êŽý. 1.5

êŽý. 1.6

ŽýèŽ àŽáŽãæáâå çëéĲæêæîâĲñè ïóâéâĲäâ. Žïâå ïóâéŽöæ éåŽãŽîæ çëéìëêâ-
êðâĲæ ŽèâéâêðâĲæŽ. õãâèŽäâ ñéŽîðæãâïæ âèâéâêðæ Žîæï n öâïŽïãèâèæïŽ áŽ m
àŽéëïŽïãèâèæï éóëêâ éëûõëĲæèëĲŽ (m, n ∈ N). õëãâè öâïãèŽäâ àŽŽóðæñî-
áâĲŽ âîå-âîåæ ëîæ ïæàêŽèæáŽê. æïæêæ ŽôêæöêŽãï, îëàëîù 0 áŽ 1, éŽàîŽé
ïŽâîåëá õëãâèæ ëîæ àŽêïýãŽãâĲñè éêæöãêâèëĲŽï ïæïðâéŽù àŽéëáàâĲŽ. îâ-
ŽèñîŽá øãâê ïæàêŽèæ àãŽóãï 0 ãëèðæï éŽýèëĲèëĲŽöæ (éŽàŽèæåŽá, 0-áŽê
0,8 ãëèðŽéáâ), îëéâèïŽù éæãæøêâãå 0-Žá, áŽ éâëîâ { 4 ãëèðæï éæáŽéëöæ
(3-áŽê 4-éáâ), îëéâèïŽù éæãæøêâãå 1-Žá. ŽóâáŽê àŽêæéŽîðâĲŽ Žéëïñèæ éêæöã-
êâèëĲâĲæ (0 áŽ 1). öâæúèâĲŽ éëàãâøãâêëï, îëé {0, 1}n −→ {0, 1} õãâèŽ òñ-
êóùææï ûŽîéëïŽáàâêŽá áŽàãüæîáâĲŽ ïŽçéŽëá Ĳâãîæ àŽêïýãŽãâĲñèæ âèâéâêðæ,
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éŽàîŽé âï Žïâ ŽîŽŽ. áîëæï áŽõëãêâĲæï Žîéóëêâ ïóâéâĲï öââïŽĲŽéâĲŽ âîåŽáâî-
åæ ðæìæïâèâéâêðâĲæ. âï ìæîáŽìæî Žî øŽêï, éŽàîŽé ïóâéæï ïðîñóðñîŽ ñòîë
ùýŽáæ àŽýáâĲŽ åñ àŽêãæýæèŽãå 1.14-äâ àŽéëïŽýñè ïŽéæ ðæìæï âèâéâêðâĲï.

êŽý. 1.7

éŽîðæãæŽ âèâéâêðæ \ŽîŽ" éæïæ éëóéâáâĲŽ ýáâĲŽ öâéáâàêŽæîŽá

c =ea (c = ŽîŽ a)

1.6. ùýîæèæï ïŽöñŽèâĲæå.

ùýîæèæ 1.4.

INPUT(a) OUTPUT(c)

0 1

1 0

ŽêŽèëàæñîŽá, \áŽ" áŽ \Žê"-æï âèâéâêðâĲæ àŽêæïŽäôãîâĲŽ 1.7. ùýîæèæå.

ù ý î æ è æ 1.5.

a b áŽ Žê

0 0 0 0

0 1 0 1

1 0 0 1

1 1 1 1

\áŽ" áŽ \Žê" âèâéâêðâĲï öâæúèâĲŽ ßóëêáâï îŽéáâêæéâ öâïŽïãèâèæ. Žé öâ-
éåýãâãŽöæ æïæêæ àŽêæéŽîðâĲŽ ŽêŽèëàæñîŽá, Žêñ \áŽ" âèâéâêðæï àŽéëïãèæï
ïæàêŽèæ 1-æŽ éŽöæê áŽ éýëèëá éŽöæê, åñ îëéâèæéâ öâéëïñèæ ïæàêŽèæ Žîæï
1. ŽèàâĲîñèŽá \Žî" âèâéâêðæï àŽéëïãèæï ïæàêŽèï Žóãï ïŽýâ: e (öâïãèæï
ïæàêŽèæ), ýëèë \áŽ" âèâéâêðæï àŽéëïãèæï ïæàêŽèï Žóãï ïŽýâ: (ìæîãâèæ öâï-
ãèæï ïæàêŽèæ)∧(éâëîâ öâïãèæï ïæàêŽèæ)∧ . . . áŽĲëèëï, \Žê"-æï àŽéëïãèæï
ïæàêŽèï Žóãï ïŽýâ: (ìæîãâèæ öâïãèæï ïæàêŽèæ)∨(éâëîâ öâïãèæï ïæàêŽèæ)∨ . . .
ñòîë îåñèæ òñêóùæâĲæï ûŽîéëïŽáàâêŽá, âèâéâêðâĲæ öâæúèâĲŽ \àŽãŽâîåæ-
Žêëå" ïýãŽáŽïýãŽ àäâĲæå. éŽàŽèæåŽá, àŽêãæýæèëå ïóâéŽ:
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êŽý. 1.8

êŽý. 1.9

ïóâéæï àŽïŽïãèâèæáŽê \ñçŽê" áŽĲîñêâĲæïŽï éæãæôâĲå

x =
((

a ∨ (a ∧ b′)
) ∧ (y)

)′
,

y = (b ∧ c)′,

Žéæðëé

x =
((

(a∨a)∧ (a∨ b′)
)∧ (b∧ c)′

)′ =
(
(a∧ (a∨ b′))∧ (b∧ c)′

)′ = (a∧ (b∧ c)′)′

(öåŽêåóéæï çŽêëêæ).
ŽéîæàŽá, âîå-âîåæ õãâèŽäâ àŽéŽîðæãâĲñèæ ïóâéŽ àŽéëïŽýñèæŽ 1.9 êŽýŽä-

äâ.
éŽöŽïŽáŽéâ, Ĳñèæï ŽèàâĲîâĲæ öâàãæúèæŽ àŽéëãæõâêëå îåñèæ ïóâéâĲæï

àŽïŽéŽðæãâĲèŽá áŽ éŽåæ ŽêŽèæäæïŽåãæï. àŽêýæèñèæ éŽàŽèæåæ àãæøãêâĲï îë-
àëî ñêáŽ øŽãŽðŽîëå âï ìîëùâïæ.

ŽîïâĲëĲï æïâåæ éëûõëĲæèëĲâĲæ, îëéèâĲæù Žýáâêâê ïýãŽ èëàæçñîæ ëìâ-
îŽùæâĲæï îâŽèæäâĲŽï. õãâèŽäâ éêæöãêâèëãŽêæŽ \ŽîŽ áŽ" áŽ \ŽîŽ Žê" âèâéâ-
êðâĲæ (æý. êŽý. 1.10).

é Ž à Ž è æ å æ 1.5. öâãêæöêëå, îëé f -æï Ĳëèë òëîéŽöæ òîøýæèâĲöæ
éëåŽãïâĲñèæ õëãâèæ àŽéëïŽýñèâĲŽ Žîæï ñçŽêŽïçêâèæ âèâéâêðæï öâïŽïãèâ-
èæ 1.11 êŽýŽääâ áŽ öâïŽúèâĲâèæŽ àŽéëåãèæè æóêŽï ûæêŽéáâĲŽîâ âèâéâêðâĲæï
ïŽöñŽèâĲæå. ûõãâðæèæå àŽéëïŽýñèæ ïâéæï êŽûæèæìîŽóðæçñèŽá ŽîŽŽ ïŽüæ-
îë, îŽáàŽê Ĳâãîæ âèâóðîëêñèæ âèâéâêðæïŽåãæï àŽïŽïãèâèæï áŽéŽðâĲŽ éæ-
æôûâãŽ áŽéýéŽîâ àŽïŽïãèâèæå. Žôãêæöêëå, îëé éæôâĲñèæ ïóâéŽ äëàŽáŽá
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êŽý. 1.10

àŽéëõâêâĲñèæ âèâéâêðâĲæï îŽëáòâêëĲæå Žî Žîæï éæêæéŽèñîæ. Ĳëèëï àŽê-
ãæýæèëå ëîæ éŽàŽèæåæ, îëéâèæù ŽøãâêâĲï, åñ îëàëî àŽéëæõâêâĲŽ Ĳñèæï
ŽèàâĲîŽ ïýãŽ ŽéëùŽêâĲöæ.

é Ž à Ž è æ å æ 1.6. áŽãñöãŽå, îëé ïŽéŽîåèæŽêæŽ öâéáâàæ ûæêŽáŽáâ-
ĲâĲæ:

1. éëêŽùâéåŽ ïðîñóðñîæï ùëáêŽ ŽñùæèâĲâèæŽ àŽûãîåêæèæ ðãæêæï
ïîñèõëòæïŽåãæï;

2. éýëèëá ìîëàîŽéæîâĲæï àŽéëùáæèâĲŽï öâñúèæŽ öâóéêŽï
àŽûãîåêæèæ ðãæêæ.

3. çëéìæèŽðëîæï áŽïŽûâîŽá ïŽüæîëŽ ŽéëùŽêæï ŽêŽèæäæï ñêŽîæ.

4. àŽñûãîåêâè ðãæêï Žî öâñúèæŽ ŽéëùŽêæï ŽêŽèæäæ.

5. õãâèŽ, ãæïŽù áŽñûâîæŽ ïðîñóðñîñèæ ìîëàîŽéâĲæ, öâæúèâĲŽ øŽæå-
ãŽèëï îëàëîù àŽéëùáæèæ ìîëàîŽéæïðæ.

6. öâïŽúèâĲâèæŽ åñ ŽîŽ Žé ûæêŽéôãîâĲæáŽê áŽãŽáàæêëå óãâéëå øŽéë-
åãèæèæ áâĲñèâĲâĲæï ïŽéŽîåèæŽêëĲŽ:

1′. ïðîñóðñîñèæ ìîëàîŽéâĲæï ûâïæï àŽéëùáæèâĲŽ ŽñùæèâĲâèæŽ
æéæïŽåãæï, îëé öâúèëå çëéìæèŽðëîæï áŽûâîŽ.

2′. éëêŽùâéåŽ ïðîóñðñîæï ùëáêŽ êŽûæèæŽ ìîëàîŽéæîâĲæï àŽ-
éëùáæèâĲŽ.

3′. ŽéëùŽêŽåŽ ŽêŽèæäæ öâñúèâĲâèæŽ éŽååãæï, ãæêù ñàñèâĲâèß-
õëòï éëêŽùâéåŽ ïðîñóðñîâĲï.

4′. àŽéëùáæè ìîëàîŽéæïðï, îëéâèæù ûâîáŽ ïðîñóðñîñè ìîëà-
îŽéâĲï, öâñúèæŽ ŽéëùŽêâĲæï ŽêŽèæäæ áŽ Žóãï àŽûãîåêæèæ ðãæ-
êæ, öâñúèæŽ áŽûâîëï çëéìæèŽðëîæ?

Žé çæåýãâĲäâ ìŽïñýâĲæï àŽïŽùâéŽá, øãâê öâàãâúèë àŽéëàãâçãèæŽ éðçæ-
ùâĲŽåŽ èëàæçñîæ öâáâàâĲæ, éŽàîŽé ñòîë îåñè ïæðñŽùæâĲöæ ñéþëĲâïæŽ
ãæïŽîàâĲèëå øãâêæ ùëáêæå Ĳñèæï ŽèàâĲîâĲöæ. åŽãáŽìæîãâèŽá éëãŽýáæêëå
øãâêæ éðçæùâĲñèâĲŽåŽ çëáæîâĲŽ. ãåóãŽå,

E Žîæï õãâèŽ ìîëàîŽéæïðåŽ ïæéîŽãèâ.
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êŽý. 1.11

U æïæêæ éŽå öëîæï, ãæêù æùæï éëêŽùâéåŽ ïðîñóðñîŽ.

V æïæêæ éŽå öëîæï, ãæïŽù Žóãï àŽûãîåêæèæ ðãæêæ.

W æïæêæ éŽå öëîæï, ãëêù Žîæï àŽéëùáæèæ ìîëàîŽéæïðæ.

X æïæêæ éŽå öëîæï, ãæïŽù öââúèâĲŽ çëéìæèŽðëîæï áŽûâîŽ.

Y æïæêæ éŽå öëîæï, ãæïŽù öâñúèæŽ ŽéëùŽêŽåŽ ŽêŽèæäæ.

Z æïæêæ éŽå öëîæï, ãæïŽù öâñúèæŽ ïðîñóðñîñèæ ìîëàîŽéâĲæï ûâîŽ,
éŽöæê:

1) U ⊇ V ;
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2) W ⊇ V ;

3) X ⊆ Y ;

4) V ⊇ Y ;

5) W ⊆ Z;

1′) Z ⊇ X;

2′) U ⊇ W ;

3′) Y ⊆ U ;

4′) W ∩ Z ∩ Y ∩ V4 ⊇ X.

Žáãæèæ ïŽêŽýŽãæŽ, îëé (1′) ñöñŽèëá àŽéëéáæêŽîâëĲï (3), (4), (2) áŽ
(5)-áŽê. ŽêŽèëàæñîŽá (3′) àŽéëéáæêŽîâëĲï (40) áŽ (1)-áŽê. Žïâãâ,

W ∩ Z ∩ Y ∩ V = W ∩ Y ∩ V = Y ∩ V = Y ⊇ X.

ŽéîæàŽá, (4′) Žïâãâ ïŽéŽîåèæŽêæŽ. (2′) Žî àŽéëéáæêŽîâëĲï (1){(5)-áŽê,
îŽáàŽê øãâê ãæùæå éýëèëá W ⊆ Z.

é Ž à Ž è æ å æ 1.7. ŽèæïŽ ŽéĲëĲï: ĲŽîĲŽîŽ áŽ çèŽîŽ ŽéĲëĲâê ïæéŽîå-
èâï. çèŽîŽ ŽéĲëĲï: âèäŽ áŽ òèëîŽ ëîæãâ Žê ïæéŽîåèâï ŽéĲëĲï Žê ëîæãâ
ðõñæï. éâëîâï éýîæã, áâĲæ òæóîëĲâê, îëé ñçæáñîâï öâéåýãâãŽöæ Žê çèŽîŽ Žê
ĲŽîĲŽîŽ ŽéĲëĲï ïæéŽîåèâï, îŽáàŽê ĲŽîĲŽîŽ æîûéñêâĲŽ, îëé éýëèëá âîå-
âîåæŽ éŽîåŽèæ { ŽèæïŽ Žê òèëîŽ. âèäŽ òæóîëĲï, îëé ŽèæïŽ áŽ ĲŽîĲŽîŽ
õëãâèåãæï ŽéĲëĲâê ïæéŽîåèâï, éŽàîŽé, òèëîŽ áŽîûéñêâĲñèæŽ, îëé ĲŽîĲŽîŽ
áŽ çèŽîŽ ëîæãâ âîåŽá Žî ŽéĲëĲï ïæéŽîåèâï. ãæï ñêáŽ ãâêáëå?

àŽêãæýæèëå éðçæùâĲŽåŽ ïæéîŽãèâ:
\ŽèæïŽ (Žî) ŽéĲëĲï ïæéŽîåèâï".
\ĲŽîĲŽîŽ (Žî) ŽéĲëĲï ïæéŽîåèâï"
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
áŽ ãåóãŽå, A öâæùŽãï éýëèëá æé éðçæùâĲâĲï, ïŽáŽù ŽèæïŽ ŽéĲëĲï ïæ-

éŽîåèâï, ŽêŽèëàæñîŽá àŽêãéŽîðëå B, C, D, E áŽ F ïæéîŽãèââĲæ; åñ
S ⊆ A ∩B′′ ∩ C Žîæï ŽîŽùŽîæâèæ ïæéîŽãèâ, éŽöæê S øŽîåñèæŽ æïâå éðçæ-
ùâĲâĲöæ, îëàëîæùŽŽ

\ŽèæïŽ ŽéĲëĲï ïæéŽîåèâï",
\ĲŽîĲŽîŽ ðõñæï",
\çèŽîŽ ŽéĲëĲï ïæéŽîåèâï".
ìæîãâèæ éðçæùâĲæáŽê àŽéëéáæêŽîâëĲï, îëé ŽèæïŽ ŽéĲëĲï ïæéŽîåèâï,

éŽöæê ïæéŽîåèâï ŽéĲëĲï ĲŽîĲŽîŽ áŽ çèŽðîŽù.
Žêñ åñ x ∈ A, éŽöæê x ∈ B ∩ C, â. æ.

A ⊆ B ∩ C. (1)
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ïýãŽ éðçæùâĲñèâèĲâĲæù øŽæûâîâĲŽ ŽêŽèëàæñîŽá

C ⊆ (E ∩ F ) ∪ (E′ ∩ F ′), (2)

D ⊆ A ∪B, (3)

B ⊆ (E ∪ F ) \ (E ∩ F ) = (E ∩ F ′) ∪ (E′ ∩ F ), (4)

E ⊆ A ∩B, (5)

F ⊆ (B ∩ C)′. (6)

(2), (4) áŽ (1)-áŽê àŽéëéáæêŽîâëĲï, îëé B ∩ C = ∅, Žéæðëé A = ∅, éŽöæê
(5)-áŽê éæãæôâĲå, îëé E = ∅. ŽóŽéáâ øãâêæ éïþâèëĲŽ âòâóðñîæ æõë, îŽáàŽê
ãàñèæïýéëĲáæå, îëé éŽîåŽèæ ŽáŽéæŽêæ ŽéĲëĲï ïæéŽîåèâï. éŽàîŽé ŽîŽòâîæ
ãæùæå æéæï öâïŽýâĲ, åñ îŽï ŽéĲëĲï éŽðõñŽîŽ. åñ öâéëãæòŽîàèâĲæå æé òŽó-
ðæå, îŽïŽù ŽéĲëĲï éŽðõñŽîŽ, õãâèŽòâîæ ðõñæèæŽ, éŽöæê (1){(6) øŽîåãâĲæ
öâàãæúèæŽ öâãùãŽèëå âçãæãŽèâêðñîæ ïæéĲëèëâĲæå.

éŽàŽèæåŽá, åñ ĲŽîĲŽîŽ áŽ çèŽîŽ éŽîåèæŽ éåóéâèâĲæŽ, éŽöæê îŽáàŽê
ŽèæïŽ ŽéĲëĲï, îëé âï ŽïâŽ, Žéæðëé ŽèæïŽù éŽîåèæïéëóéâáæŽ, â. æ.

A = B ∩B, (1a)

C = (E ∩ F ) ∪ (E′ ∩ F ′), (2a)

D = A ∪B, (3a)

B = (E ∪ F ′) ∪ (E′ ∩ F ), (4a)

E = A ∩B, (5a)

F = (B ∩ C)′. (6a)

îëàëîù äâéëå, A = ∅, E = ∅ áŽ Žéæðëé ŽèæïŽ áŽ âèäŽ ŽîŽïëáâï
ŽéĲëĲâê ïæéŽîåèâï. (2a), (4a) áŽ (6a)-áŽê àŽéëéáæêŽîâëĲï, îëé F = E , â. æ.
(3a), (4a)-áŽê éæãæôâĲå, îëé D = B = F = E . ŽóâáŽê (2a)-ï áŽýéŽîâĲæå
éæãæôâĲå, îëé C = ∅, ŽóâáŽê àŽéëéáæêŽîâëĲï, îëé öâïŽúèâĲâèæŽ éýëèëá
âîåæ éðçæùâĲŽ: x ∈ A′ ∩B ∩C ′ ∩D ∩E′ ∩F . âï êæöêŽãï, îëé ŽèæïŽ, çèŽîŽ
áŽ âèäŽ ðõñæŽê, ýëèë ĲŽîĲŽîŽ, áâĲæ áŽ òèëîŽ ïæéîŽåèâï ŽéĲëĲâê.

ï Ž ã Ž î þ æ ö ë 1.1.

1. Žøãâêâå, îëé (B, ∗, +,′ ) Ĳñèæï ŽèàâĲîŽöæ õëãâèæ x, y, z ∈ B-åãæï
ïŽéŽîåèæŽêæŽ

Ž) (x + y) ∗ (x′ + y) = y;

Ĳ) (z + x) ∗ (z′ + y) = (z ∗ y) + (z′ ∗ x);

à) ((x ∗ z) + (y ∗ z′))′ = (x′ ∗ z) + (y′ ∗ z′).

2. áŽŽéðçæùâå, îëé åñ (B, ∗, +,′ )-öæ ïîñèáâĲŽ åŽêŽòŽîáëĲŽ x ∗ y =
x ∗ z, éŽöæê x + y = x + z.

3. 1.12 áŽ 1.13 ïóâéâĲæáŽê éææôâå éŽåæ âçãæãŽèâêðñîæ ñòîë \éŽîðæãæ"
ïóâéâĲæ.
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êŽý. 1.12

êŽý. 1.13

êŽý. 1.14

4. 1.14 ïóâéæïŽåãæï ŽŽàâå ùýîæèæ a áŽ b öâïŽïãèâèæïŽåãæï x áŽ y àŽéë-
ïŽåãèâèæï öâïŽĲŽéæïæ òñêóùææïŽåãæï. ŽŽàâå ëîæ ïóâéŽ 1.8 ùýîæèæï àŽéëõâ-
êâĲæå.

5. ŽŽàâå \ŽîŽ áŽ " ëìâîŽùææï öâïŽĲŽéæïæ ïóâéŽ, îëéâèïŽù Žóãï ëåýæ
öâïŽïãèâèæ Žê àŽéëïŽïãèâèäâ âîåæŽêæŽ éŽöæê áŽ éýëèëá éŽöæê, îëùŽ õãâèŽ
öâïŽïãèâèæ êñèæŽ.



219

6. ãåóãŽå, ïîñèáâĲŽ:

Ž) õãâèŽ éîĲëèâèæ æéìñèïñîæŽ;

Ĳ) õãâèŽ çŽîàæ ìîëàîŽéæïðæ éâèŽêóëèæñîæŽ.

à) ŽîŽãæêŽŽ æéìñèïñîæ áŽ éâèŽêóëèæñîæ.

á) éçæåýãâèæ éâèŽêóëèæñîæŽ.

Žîæï åñ ŽîŽ éçæåýãâèæ çŽîàæ ìîëàîŽéæïðæ áŽ Žê éîĲëèâèæ?

7. ïŽâîåŽöëîæïë çëêòâîâêùææï ëîàŽêæäŽðëîâĲéŽ çëéâîùæñèæ æêðâ-
îâïâĲæï åŽãæáŽê ŽùæèâĲæï éæäêæå, àŽáŽûõãæðâï, îëé çëéìæñðâîâĲæï õãâèŽ
éûŽîéëâĲâèæ æïŽîàâĲèâĲáŽ éýëèëá âîåæ éŽôŽäææå. åãæåëê éûŽîéëâĲèâ-
Ĳæ æóêâĲëáêâê ìŽïñýæïéàâĲèâĲæ æéæï åŽëĲŽäâ, åñ ãæê éææôâĲáŽ éëêŽûæèâëĲŽï
ûŽîéëéŽáàâêèëĲŽöæ. ýñåéŽ âãîëìñèéŽ áŽ ýñåéŽ ŽéâîæçñèéŽ çëéìŽêæŽé åŽêý-
éëĲŽ àŽêŽùýŽáŽ éëêŽûæèâëĲŽäâ (Žôãêæöêëå æïæêæ A, B, C, D, E áŽ F , G,
H, I, J , öâïŽĲŽéæïŽá). éŽàîŽé ïŽãŽüîë ìëèæðæçæïŽ áŽ çëêðîŽóðæï ãŽèáâ-
ĲñèâĲâĲæï àŽéë, ŽñùæèâĲâèæŽ àŽîçãâñèæŽ öâäôñáãâĲæ. âãîëìâèâĲæ æåýëãâê,
îëé G áŽ I-ï Žî öâñúèæŽå âîåáîëñèŽá éëêŽûæèâëĲæï éæôâĲŽ. ŽêŽèëàæ-
ñîŽá, âîåáîëñèŽá Žî öâñúèæŽå F , G áŽ J-ï. ŽéâîæçâèâĲæ æåýëãâê, îëé
A áŽ D ãâî éææôâĲâê éëêŽûæèâëĲŽï, ãæáîâ G Žî éææôâĲï éëêŽûæèâëĲŽï.
ŽêŽèëàæñîŽá àŽéëæîæùýâĲŽ C áŽ D-ï éëêŽûæèâëĲŽ G-éáâ. åñ E éëêŽûæèâ-
ëĲï, éŽöæê ñêáŽ éëêŽûæèâëĲáâï J-ù. éŽàîŽé, åñ ëîæãâ éëêŽûæèâëĲï, éŽöæê
B ãâî éææôâĲï éëêŽûæèâëĲŽï, áŽ Ĳëèëï, B áŽ C-ï âîåŽá Žî öâñúèæŽå
éëêŽûæèëâĲæï éæôâĲŽ. öâïŽúèâĲâèæŽ åñ ŽîŽ åæåëâñèæ þàñòæáŽê ïŽé-ïŽéæ
éëêŽûæèæï öâîøâãŽ, æïâ, îëé Žî áŽæôãâï ìæîëĲâĲæ áŽ îëàëî?

§ 2. øŽçâðæèæ êŽýâãŽîîàëèâĲæ

à Ž ê é Ž î ð â Ĳ Ž . S ïæéîŽãèâï ~ áŽ ⊕ ĲæêŽîñèæ ëìâîŽùæâĲæå,
âûëáâĲŽ øŽçâðæèæ êŽýâãŽîîàëèæ, åñ ïîñèáâĲŽ:

Ž) ⊕ ëìâîŽùæŽ ŽïëùæŽùæñîæŽ;

Ĳ) ⊕ ëìâîŽùææï éæéŽîå ŽîïâĲëĲï âîåâñèëãŽêæ 0 âèâéâêðæ;

à) ~ ëìâîŽùæŽ ŽïëùæŽùæñîæŽ;

á) ~ ëìâîŽùææï éæéŽîå ŽîïâĲëĲï âîåâñèëãŽêæ 1 âèâéâêðæ;

â) ∀x ∈ S-åãæï x ~ 0 = 0 = 0 ~ x;

ã) ⊕ ëìâîŽùæŽ çëéñðŽùæñîæŽ x⊕ y = y ⊕ x ∀x, y ∈ S.

ä) ⊕ ëìâîŽùæŽ æáâéìëðâêðñîæŽ x⊕ x = x ∀x ∈ S.

å) ~ áŽ ⊕ ëìâîŽùæâĲæ áæïðîæĲñùæñèæŽ,

x ~ (y ⊕ z) = (x ~ y)⊕ (x ~ z) ∀x, y, z ∈ S,

(x⊕ y) ~ z = (x ~ z)⊕ (y ~ z) ∀x, y, z ∈ S.
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æ) S-æï ïŽïîñèæ îŽëáâêëĲŽ âèâéâêðâĲæï þŽéæ ŽîïâĲëĲï áŽ æï âîåŽáâ-
îåæŽ (â. æ. ŽîŽŽ áŽéëçæáâĲñèæŽ öâþŽéâĲæï îæàäâ).

ç) ~ ëìâîŽùæŽ áæïðîæĲñùæñèæŽ ñïŽïîñèë þŽéæï éæéŽîå:
( ∑

i

ai

)
~

( ∑

j

bj

)
=

∑

i,j

(ai ~ bj),

ïŽáŽù
∑

i

ai = a1 ⊕ a2 ⊕+ · · · ,
∑

j

bj = b1 ⊕ b2 ⊕+ · · · , .

âï ïŽçéŽëá ñùêŽñîæ ïðîñóðñîŽ ýöæîŽá àŽéëæõâêâĲŽ àîŽòåŽ øŽçâðãæï Žèàë-
îæåéâĲöæ. øŽçâðæè êŽýâãŽîîàëèâĲöæ öâáâàâĲæï ïŽæèñïðîŽùæëá öâãŽáŽîëå
(Z2, ·, +) áŽ (Z2,∧,∨), ïŽáŽù ëìâîŽùæâĲæ àŽêéŽîðâĲñèæŽ 2.1 ùýîæèæï ïŽöñ-
ŽèâĲæå:

ù ý î æ è æ 2.1.

∗ 0 1
0 0 0
1 0 1

+ 0 1
0 0 1
1 1 0

∧ 0 1
0 0 0
1 0 1

∨ 0 1
0 0 1
1 1 1

àŽêãæýæèëå øŽçâðãæï ëìâîŽùææï àŽêéŽîðâĲŽ. Žé ëìâîŽùææï öâáâàæ Žôã-
êæöêëå a∗-æå:

a∗ =
∞∑

i=0

ai,

a0 = 1, a1 = a, a2 = a ∗ a áŽ ai = ai−1 ∗ a

((Z2,∧,∨)-öæ ∨ Žîæï \+" áŽ ∧ Žîæï \·"). øŽçâðæè êŽýâãŽîîàëèöæ Žé àŽêéŽî-
ðâĲŽï Žäîæ Žóãï, 1∗ = 10 ∨ 11 ∨ 12 ∨ ∨ · · · = 1 ∨ 1 ∨ 1 ∨ · · · = 1.

(ä áŽ å ŽóïæëéâĲæï úŽèæå) éŽàîŽé åñ öâãùáâĲæå, æàæãâ àŽêãéŽîðëå
(Z2, ·, +)-öæ éæãæôâĲå, îëé

1∗ = 10 + 11 + 12 + · · · = 1 + 1 + 1 + · · · .

âï þŽéæ öâàãæúèæŽ áŽåãèæèæ öâéáâàêŽæîŽá:

1 + 1︸ ︷︷ ︸ +1 + 1︸ ︷︷ ︸+ · · · = 0 + 0 + · · · = 0

Žê
1 + 1 + 1 + 1 + 1 + 1 + 1 + · · · = 1 + 0 + 0 + · · · = 1.

â. æ. þŽéæ Žî Žîæï àŽêéŽîðâĲñèæ, éŽöŽïŽáŽéâ, øŽçâðãæï ëìâîŽùæŽï Žäîæ ŽîŽ
Žóãï.

ï Ž ã Ž î þ æ ö ë 2.1. öâŽéëûéâå, îëé ({∅, E},∩,∪) Žîæï øŽçâðæèæ
êŽýâãŽîîàëèæ.
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gamoyenebani: 
kodireba, kriptografia, kompiuteruli 

tomografia, globaluri pozicionirebis 
sistema

kodireba

1. Sesavali

vixilavT informaciis ,,xmauriani” arxiT gadacemis problemas, 
kerZod orobiT kodirebasa da dekodirebas. 

tipiuri situacia aseTia:  vTqvaT gvinda gadvceT Setyobineba 
romelic aris romeliRac alfabetis ramodenime  simbolosagan  
Semdgari  mwkrivi. es alfabeti SeZleba iyos Semgdari 
asoebisgan, aTobiTi an orobiTi ricxvebisgan, an sxva raime 
simboloebisgan. aseTi gadacema SeiZleba xorcieldebodes  
erTi kompiuteridan meoreSi, an iyos, vTqvaT, satelefoni 
saubari, an telegadacema da sxva. 

praqtikulad yvela arxi araidealuria im  gagebiT,  rom gada-
cemuli gadacemuli simbolo SeiZleba aranulovani albaTobiT 
arasworad iyos miRebuli arxSi arsebuli “xmauriT” dama-
xinjebis gamo. 

magaliTad, vTqvaT gadasacemia ricxvi 6. gadacemisas es  ricxvi 
SeiZleba damaxinjdes da abonentma miiRos  ricxvi 7. ar 
arsebobs meTodi, romliTac SeiZleba imis amocnoba, rom 7-is 
nacvlad 6 unda yofiliyo. am problemis movla ase SeiZleba. 
gadmcemi da mimRebi unda SeTanxmdnen kodis  gasaRebze –
vTqvaT ricxvze 234. gadamcemi axdens gadasacemi ricxvis 
kodirebas: gadasacem ricxvs a mimdevrobiT amravlebs 2-ze, 3-ze, 
4-ze da a-is nacvlad agzavnis sam ricxvs – 2a, 3a, 4a. vTqvaT Tu 
gadasacemia ricxvi 6, maSin gadacems sameuls 

12, 18, 24.

abonenti axdens miRebul ricxvebis dekodirebas: hyofs maT 
mimdevrobiT 2-ze, 3-ze, 4-ze. Tu gzavnili uSecdomod Cavida, 
samive SemTxvevaSi gayofisas miiReba 6, e.i gamogzavnili ricxvi 
yofila 6. magram Tu gzavnili gzaSi damaxinjda da vTqvaT  
abonentma miiRo 12, 19, 24, maSin dekodirebisas abonenti miiRebs 
sameuls 

6, 6,33..., 6.
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advili misaxvedria, rom Sua ricxvi 6,33... Secdomis Sedegia, e.i. 
gamogzavnili yofila 6. cxadia, Tu damaxinjda erTi ki ara, 
ori an samive ricxvi, maSin gamogzavnili ricxvis amocnoba 
SeuZlebeli iqneba. magram ori an sami Secdomis albaToba 
gacilebiT naklebia, videre erTisa, erT Secdomas ki kodirebis 
es meTodi advilad amoicnobs da gaasworebs. kodireba miT 
ufro kargad imuSavebs, rac ufro grZeli iqneba koduri sityva. 
magaliTad xuTcifriani koduri sityva amoicnobs da 
gaasworebs 2 Secdomas, Svidcifriani – sams.

kodirebis es nimuSi mxolod sailustraciod mogvyavs. 
sinamdvileSi is  ar gamodgeba orobiTi, e.i 0 da 1-iT Sedgenili 
gzavnilebis gadasacemad, kompiuterebi ki swored am ori 
simbolosgan Semdgar alfabets iyeneben. sinamdvileSi 
gamoiyeneba gacilebiT ufro faqizi kodebi, romlebsac qvemoT 
aRvwerT.

amgvarad, informaciis gadacemis zogadi sqema aseTia:

gasagzavni informacia  kodirebuli informacia  miRebuli 

informacia  dekodirebuli informacia.

kodebi or klasad iyofa: Secdomebis aRmomCeni da Secdomebis 
gamsworebeli kodebi.

magaliTad, zemoT aRwerili kodirebis nimuSSi koduri sityva 
orniSna rom yofiliyo, maSin es kodi mxolod Secdomebis 
aRmomCeni iqneboda. marTlac, vTqvaT koduri sityvaa 23, e.i. a-s 
nacvlad igzavneba ricxvTa wyvili 2a, 3a. igive 6-iani kodirdeba 
wyvilad 12, 18. vTqvaT pirveli 1-iani damaxinjda da abonentma 
miiRo wyvili 22, 18. maSin dekodirebisas miviRebT 11, 6 da 
savsebiT gaugebaria, ra ricxvi iyo  gadmocemuli. e.i. am kods 
Secdomis mxolod aRmoCena SeuZlia, xolo gasworeba ki – ara.

zemoT aRweril samniSna kods ki SeuZlia Secdomis ara marto 
aRmoCena, aramed erTi Secdomis gasworebac. 

moviyvanoT kodirebis ramdenime martivi meTodi.

vTqvaT, gasagzavnia nulebisa da erTebisgan Semdgari mwkrivi 
(e.i. Cveni alfabeti Sedgeba ori asosgan - 0 da 1)

0010111010110100110011000110101000101011

davyoT es mwkrivi xuTeulebad (5 asoian sityvebad)

00101 11010 11010 01100 11000 11010 10001 01011.

kodirebis meTodi aseTi iyos: daviTvaloT TiTeuli sityvis 
cifrTa jami, da Tu es jami luwia, sityvas meeqvse asod 
mivuweroT 0, xolo Tu kentia – mivuweroT 1. maSin kodirebuli 
gzavnili ase gamouyureba 

001010 110101 110101 011000 110000 110101 100010 010111.
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aseTi kodirebis Semdeg yoveli sityvis cifrTa jami aucileb-
lad luwia! da Tu gzavnilSi romelime sityvis (eqvseulis) 
cifrTa jami kenti iqneba, maSin utyuarad davaskvniT, rom es 
sityva Secdomas Seicavs. dekodirebisTvis sakmarisia Camovaca-
loT eqvseuls bolo cifri. rogorc vxedavT kodirebis am me-
Tods Secdomebis mxolod aRmoCena SeuZlia, Tanac mxolod 
zogierTis. Tu magaliTad romelime sityvaSi ori Secdoma 
moxda, maSin am Secdomas ver aRmovaCenT: Tu 110000-is nacvlad 
movida 110110 (e.i. damaxinjda meoTxe da mexuTe asoebi) cifrTa 
jami isev luwi gamodis.

2. veli Z2

rogorc simravle Z2   Sedgeba ori elementisagan {0,1}. Sekrebis 
operacia aseTia:

0 + 0 = 0,   0 + 1 = 1 + 0 = 1,  1 + 1 = 0.

xolo gamravleba ki aseTi:

0  0 = 0,  0  1 = 1  0 = 0,   1  1 = 1.

es operaciebi aqceven Z2-s velad. Z2
n-iT aRvniSnavT n-

ganzomilebian veqtorul sivrces Z2-ze:

Z2
n = Z2  . . . Z2.

yoveli n-niSna orobiTi ricxvi sinamdvileSi aris (Z2)
n -is 

veqtori 

(e1,…,en),   ek = 0,1.

Cven dagvWirdeba Semdegi metrika (Z2)
n-Si: manZili a = (a1,…,an) da 

b = (b1,…,bn) veqtorebs Soris d(a,b)   aris im poziciebis 

raodenoba, sadac ak bk.

magaliTad manZili d((01011),(10110)) = 4, radgan es veqtorebi 
gansxvavdebian oTx poziciaSi – pirvelSi, meoreSi, mesameSi da 
mexuTeSi. manZilis es cneba akmayofilebs saWiro aqsiomebs:

1. d(a,b) = 0  maSin da mxolod maSin, rodesac a = b;

2. d(a,b) = d(b,a);

3. d(a,b)  d(a,c) + d(c,b).

SemovitanoT kidev aseTi cneba. a=(a1,…,an) (Z2)
n  veqtoris wona 

w(a) iyos im poziciaTa raodenoba, sadac ak=1.

Teorema. manZili or veqtors Soris udris maTi jamis wonas.
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3. kodirebisa da dekodirebis zogadi sqema

orobiTi n-niSna blokebis kodirebuli gadacemis Sedgeba 
Semdegi etapebisagan:

1. kodireba – funqcia f: (Z2)
n (Z2)

m, amasTan es funqcia cxadia 
unda iyos ineqcia da xSirad – wrfivi, amitom n < m..

2. gadacema - funqcia g: (Z2)
m  (Z2)

m, wesiT igivuri unda iyos, 
magram xdeba Secdomebi, da kodireba-dekodirebis arsi 
swored am Secdomebis gasworebaSia. es asaxva sazogadod 
wrfivi ar aris.

dekodireba - funqcia h: (Z2)
m  (Z2)

n, romlis arsi imaSia rom 

kompozicia h g f : (Z2)
n   (Z2)

n   iyos  maqsimalurod axlos 
igivurTan. es asaxvac ar aris wrfivi sazogadod.  

aseT kods aRvniSnavT (n,m)-iT.

Teorema. (n,m)-kodis SeuZlia Secdomis aRmoCena yvela 
poziciaSi maSin da mxolod maSin, rodesac manZili kodirebul 
sityvebs Soris iyos n-ze meti, anu d(f(x),f(y))>n.

Teorema. (n,m)-kodis SeuZlia Secdomis gasworeba yvela 
poziciaSi maSin da mxolod maSin, rodesac manZili kodirebul 
sityvebs Soris iyos 2n-ze meti anu d(f(x),f(y))>2n.

5. kodirebis ZiriTadi sqemebi

siluwis testi

kodireba

yovel gadasacem sityvas a1, a2, a3, a4, a5, a6, a7 emateba me-8 biti 
(testbiti) t ise, rom miRebuli 8 bitiani sityvis a1, a2, a3, a4, a5, a6, 
a7,t    cifrTa jami luwi gamovides, anu
a1, a2, a3, a4, a5, a6, a7  →  a1, a2, a3, a4, a5, a6, a7, t = (a1+a2+a3+a4+a5+a6+a7) mod 2.

magaliTebi
1,1,0,1,0,0,1 → 1,1,0,1,0,0,1, 0;   0,1,0,1,0,0,1 → 1,1,0,1,0,0,1, 1,

dekodireba

Tu miRebuli sityvis a1, a2, a3, a4, a5, a6, a7,t    cifrTa jami luwia, 
maSin sityva sworadaa gadmocemuli, Tu kentia, maSin mcdarad, 
anu 
if (a1+a2+a3+a4+a5+a6+a7+t) mod 2 = 0 then true else false

magaliTebi
1,1,0,1,0,0,1, 0 true;            1,1,0,0,0,0,1, 0  false.

siluwis testiT SeiZleba mxolod Secdomis aRmoCena, magaram 
gasworeba – ara.
siluwis testis reitingia 8:7 (8 bitian gzavnilSi informatiu-
lia 7 biti, me-8 ki sasinji bitia).
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hemingis 8:4 kodi

kodireba

gadasacemi 4 bitiani sityva a,b,c,d CavweroT matricis saxiT da 
mivuweroT oTxi testbiti x = (a + c)mod 2, y = (b + d)mod 2,                      
z = (a + b)mod 2, t = (c + d)mod 2

x y
a b z
c d t

gadasacemi koduri sityva ase Caiwereba: x,y,a,z,b,c,d,t  (adgilebze, 
romelTa nomrebia 2-is xarisxebi – 1,2,4,8 iwereba testbitebi, 
danarCen adgilebze ki gadasacebi bitebi).

magaliTebi

0,1,1,0 →                                 →                            → 1,1,0,1,1,1,0,1

dekodireba

miRebuli 8 bitiani sityva x,y,a,z,b,c,d,t   Caiwereba matricad da
mowmdeba siluweze misi striqonebi da svetebi. Tu aRmoCnddeba, 
rom Secdomaa i-ur striqonsa da j-ur svetSi, maSin mcdaria am 
striqonisa da svetis gadakveTaze mdgari biti. Tu Secdomaa 
mxolod erT striqonSi an mxolod erT svetSi, maSin gzavnilis 
oTxive biti sworia.

magaliTebi

1,1,0,1,0,1,0,1 →                              →                              →                          

     →   →   0,1,1,0

0 1
1 0

1 1
0 1 1
1 0 1

1 1
0 0 1
1 0 1

1 1
0 0 1
1 0 1

1 1
0 1 1
1 0 1
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hemingis 7:4 kodi

kodireba

gadasacemi 4 bitiani sityva a,b,c,d CavweroT matricis saxiT da 
mivuweroT sami testbiti x = (c + a + b)mod 2, y = (a + b + d)mod 2,           
z = (c + d + b)mod 2 (c + d)mod 2

x y
a b
c d

z

gadasacemi koduri sityva ase Caiwereba: x,y,a,z,b,c,d  (adgilebze, 
romelTa nomrebia 2-is xarisxebi – 1,2,4 iwereba testbitebi, 
danarCen adgilebze ki gadasacebi bitebi).

magaliTi

0,1,1,0 →                                   →                           →  0,1,0,0,1,1,0

dekodireba

miRebuli 7 bitiani sityva x,y,a,z,b,c,d  nawildeba matricad da 
mowmdeba siluweze Semdegi blokebi:
x-is bloki x+c+a+b; y-is bloki y+a+b+d; z-is bloki z+c+d+b. 
Tu mcdaria x da y blokebi, maSin unda Sewordes biti a;
Tu mcdaria z da y blokebi, maSin unda Sewordes biti d;
Tu mcdaria x da z blokebi, maSin unda Sewordes biti c;
Tu mcdaria x,y da z blokebi, maSin unda Sewordes biti b;
yvela sxva SemTxvevaSi gzavnili a,b,c,d sworia.

magaliTi

0,1,0,0,1,0,0 →                              →                             

         →     → 0,1,1,0 

savarjiSoebi

 daSifreT siluwis kodiT gzavnili

1011001 0011010 1010101 0101110 0010011 1011100 0111001 1010101

0 1
1 0

0 1
0 1
1 0

0

0 1
0 1
0 0

0

0 1
0 1
0 0

0

0 1
1 0
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 aRmoaCineT mcdari baitebi siluwis kodiT daSifrul 
gzavnilSi

10110010 00110101 10101011 01011100 00100110 10111000 01110011 10101010

 daSifreT hemingis 8:4 kodiT gzavnili

0001 1010 0010 1101

 aRmoaCineT da gaasworeT Secdomebi hemingis 8:4 kodiT 
daSifrul gzavnilSi

01000011 00110101 10000101 10101011

 aRmoaCineT da gaasworeT Secdomebi hemingis 8:4 kodiT 
daSifrul gzavnilSi

01000011 00010101 10001101 10101010

 daSifreT hemingis 7:4 kodiT gzavnili

0001 1010 0010 1101

 aRmoaCineT da gaasworeT Secdomebi hemingis 7:4 kodiT 
daSifrul gzavnilSi

0101001 0111010 1001010 0110101

 aRmoaCineT da gaasworeT Secdomebi hemingis 7:4 kodiT 
daSifrul gzavnilSi

0101001 0101010 1001110 0110001

6. kriptografia

kriptografiis mizani diametrulad gansxvavdeba kodirebis 
miznisagan. Tu kodirebis mizania gazavnili maqsimalurad 
gasagebi gaxados (damaxinjebebis SemTxvevaSic ki), 
kriptografiaSi – piriqiT, mizania gzavnili gasagebi iyos 
mxolod misTvis, vinc icis „gasaRebi“, sxvebisTvis ki gaugebari 
darces.

kriptografiuli paradoqsi: me da Tqven vsubrobT telefoniT 
an internetiT. viRaca (mteri) ismens yvela Cvens saubars. 
miuxedavad amisa Cven SegviZlia SevTanxmdeT misTvis 
miuwvdomel saidumlo ricxvze – kodze, romlis meSveobiTac 
ukve nebismier informacias gavcvliT.

me Cavifiqre ricxvi a  (personal key). misgan gavakeTe gzavnili x = 
f(a) = 2amod 5      (public key) da gavagzavne.

man Caifiqra ricxvi b (personal key). misgan gaakeTa gzavnili y = 
f(b) = 2bmod 5   (public key) da gamomigzavna.

es x da y mterma icis, magram ar icis a da b.

axla, Cemi personal key   a da misi public kay  y-iT me vakeTeb ricxvs c 
= F(y,a) = yamod 5.
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xolo is Tavisi personal key b da Cemi public kay  x-iT akeTebs c’= 
F(x,b) = xbmod 5.  .

Teorema. F(f(b),a) = F(f(a),b).

damtkiceba. 
F(f(b),a) = f(b)a = (2bmod 5)a = 2bamod 5 = 2abmod 5 = (2amod 5)b = f(a)b = F(f(a),b),

aq gamoyenebulia aseTi Tviseba: (m mod k)n = mn mod k romelic 
niutonis binomidan gamodis.

amrigad, es ricxvebi c da c’ erTmaneTs emTxveva. da es aris is 
saidumlo ricxvi, romelic Cven orma viciT mxolod.

magaliTi. 

me Cavifiqre a = 3 da gavgzavne x = 23mod 5 = 3.   mterma ar icis ra 
aris a. es SeiZleba iyos 3 (aq 23 mod 5 = 8 mod 5 = 3), an 7 (aq 27mod 5 
= 128 mod 5 = 3). an sxva ricxvi.

man Caifiqra b = 2 da gamomigzavna y = 22 mod 5 = 4.  aqac mterma ar 
icis ra aris b. es SeiZleba iyos 2 (aq 22 mod 5 = 4 mod 5 = 4), an 6 
(aq 26mod 5 = 64 mod 5 = 4). an sxva ricxvi.

me gavakeTe c = ya = 43mod 5 = 64 mod 5 = 4.  is gaakeTebs c’ = xb = 32mod 5 
= 9 mod 5 = 4. es 4 aris Cveni koduri ricxvi.

ra SeuZlia mters? mas SeiZleba egonos (orive sxva unda)a = 7,   b 
= 3, maSinac, cxadia isev x  = 3     da y = 4,   da misi  varaudiT 
koduri ricxvi iqneba c = ya = 47mod 5 = 64 mod 5 = 4.      c’ = xb = 36mod 5 
= 

anu, Cven jer virCevT funqcias f : R → R   (araSeqcevads) da kidev 
erT funqcias F : R x: R → R;  romlebic akmayofilebs pirobas
F(f(a),b) = F(f(b),a).

mere me vigzavni f(a)-s, is migzavnis f(b)-s da orive vakeTeds kods 
F(f(a),b) = c =F(f(b),a). Cvens SemTxvevaSi f(a) = 2amod 5  da  F(a,b) = abmod 5.
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kompiuteruli tomografiis maTematika

kompiuteruli tomografi aris samedicino danadgari, romlis 
saSualebaT xdeba daxSul areebSi damaluli obieqtebis (mag. 
tvini Tavis qalaSi, RviZli muclis RruSi) damzera, 
introskopia.

safuZveli aris klasikuri rentgenoskopia an misi Zalian 
Tanamedrove variantebi, mag. magnituri rezonansi.

klasikuri rentgenis suraTi aCvenebs damaluli obieqtis 
proeqcias erT sibrtyeSi, mis mxolod brtyel suraTs, Crdils. 
tomografia damyarebulia am meTodis mravaljerad gamoyenebaze 
– iReben obieqtis rentgenis suraTs ramdenime mimarTulebidan 
da miRebuli ramdenime proeqciis meSveobiT maTematikuri 
meTodebis gamoyenebiT xdeba obieqtis moculobiTi (3D)
suraTis Seqmna. cxadia es idea – mravalproeqciiani 
rentgenoskopia – Tavidanve gaCnda, magram imis gamo, rom 
miRebuli proeqciebis maTematikuri damuSaveba uzarmazar 
gamoTvlebs moiTxovs, kompiuterebis  epoqamde am meTodis 
praqtikuli gamoyeneba ver xerxdeboda. 

qvemoT gaCvenebT kompiuteruli tomografiis maTematikis 
meTodebis azrs Zalze gamartivebul – diskretul viTarebaSi.

erTi wertilis lokalizeba

vTqvaT erTi wertili A ucnobi koordinatebiT  moTavsebulia 
xiluli sinaTlisTvis gaumWirvale, magram rentgenis 
sxivebisaTvis gamWvirvale yuTSi

A
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zemdan gadaRebuli (vertikaluri, 90  
) rentgenis suraTi 

mogvcems mxolod 1x koordinats, anu ucnobi wertili imyofeba 

1x wertilze gamaval vertikalur wrfeze, magram misi zusti 

mdebareoba ucnobi  rCeba

wertilis saboloo lokalizaciisTvis saWiroa kidev erTi 
rentgenis suraTis gadaReba raime   kuTxiT. es suraTi 

mogvcems 2x wertils x   RerZze da viRebT, rom A wertili 

mdebareobs 2x wertilze gamaval  kuTxiT daxril wrfeze

sabolood, es ori rentgenis suraTi gvaZlevs saSualebas 
davadginoT sad mdebareobs wertili – am ori wrfis 
gadakveTaze 

A

                                                 x1

A

α

x2                                             x1
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aqedan dadgindeba A wertilis meore koordinatic: 

1 1 2( )y x x tg  .

ori wertilis lokalizeba

axla vTqvaT ori wertili mdebareobs gaumWvirvale yuTSi. ori 
rentgenis suraTiT ver xerxdeba maTi lokalizeba 

am naxazze, sadac mocemulia ori rentgenoskopirebis (
090 da  

 kuTxeebiT) Sedegi, gaurkvevelia, romeli wyvilia realuri, 

,A B Tu ', 'A B . amis garkveva mxolod mesame rentgenis suraTiT 

moxerxdeba.

gasagebia, rom ufro meti wertilis SemTxvevaSi bevrad meti 
rengenoskopirebi iqneba saWiro, Sesabamisi gamoTvlebic 
arsebiTad garTuldeba da moxerxdeba mxolod kompiuterebis 
gamoyenebiT.

B’

A’

B

A

α

x4                     x3                 x2           x3  

A

α

x2                                             x1
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GPS - Global Positioning System
adgilmdebareobis garkvevis (pozicionirebis) 

globaluri sistema

martivi SemTxveva _ pozicionireba sibrtyeze

A Tanamgzavris koordinatebi (a1,a 2), 

B Tanamgzavris koordinatebi (b1,b 2),

M wertilis ucnobi koordinatebi (x, y),

tA - A  Tanamgzavridan M wertilamde signalis mosvlis dro,

rA = c · tA - A  Tanamgzavridan M wertilamde manZili,

tB - B  Tanamgzavridan M wertilamde signalis mosvlis dro,

rB = c · tB - B  Tanamgzavridan M wertilamde manZili.
2 2 2

1 2
2 2 2

1 2

( ) ( )

( ) ( )
A

B

x a y a r

x b y b r

    


   
mxolod am ori gantolebisgan Semdgari sistemis amonaxsni 
mogvcems or wertils _ M-s da M ’–s.

M

M ‘

A

B
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Tu gveqneba tc monacemi  mesame C Tanamgzavridan, maSin SevZlebT 
davadginoT, romelia Cveni namdvili mdebareoba, M Tu M ‘:

2 2 2 2
1 2 3

2 2 2 2
1 2 3

2 2 2 2
1 2 3

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

A

B

C

x a y a z a r

x b y b z b r

x c y c z c r

      
      
      

amocana. vTqvaT cnobilia, rom A Tanamgzavris koordinatebia 
(0,0), B Tanamgzavrisa  (0, 6).    xolo C Tanamgzavrisa  (3, 6). 
manZili M  wertilidan A Tanamgzavramde aris 5, manZili M  
wertilidan B Tanamgzavramde aris 5i da manZili M  
wertilidan C Tanamgzavramde aris 2. ipoveT M wertilis 
koordinatebi.

amoxsna.  2 Tanamgzavris monacemebiT:
2 2

2 2

25

( 6) 25

x y

x y

  


  
ori amonaxsni: (x = 3, y = -4)   da  (x = 3, y = 4) .  
3 Tanamgzavris monacemebiT:

2 2

2 2

2 2

25

( 6) 25

( 3) ( 6) 4

x y

x y

x y

  


  
    

erTi amonaxsni: (x = 3, y = 4) .  

pozicionireba sivrceSi

samganzomilebian SemTxvevaSi wertils aqvs sami koordinati, 
amitom saWiro iqneba monacemebi 4 Tanamgzavridan.

pozicionireba saaTis koreqciiT

sinamdvileSi amocana ufro rTulia: Tanamgzavrebze ZviradRi-
rebuli zusti saaTebia, kargad sinqronizebuli, xolo Tqveni 
GPS-is saaTi ki iafia, arazusti, romlis Cvenebac gansxvavdeba 
Tanamgzavris saaTis Cvenebisgan Δt droiT. amgvarad Semodis ki-
dev erTi, meoTxe ucnobi Δt, amitom saWiro xdeba monacemi me-5 
Tanamgzavridanac:    

2 2 2
1 2 3

2 2 2
1 2 3

2 2 2
1 2 3

2 2 2
1 2 3

2 2 2
1 2 3

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

A

B

C

D

E

x a y a z a c t r

x b y b z b c t r

x c y c z c c t r

x d y d z d c t r

x e y e z e c t r

        

        


       


       


       

.
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masala gameorebisTvis

simravleTa Teoria

1. simravlis cneba

simravle – sawyisi cnebaa (ar ganimarteba). tavtologiurad _
garkveul elementTa erToblioba.

magaliTebi

1. am auditoriaSi myof studentTa simravle;

2. kursis studentTa simravle;

3. fakultetis studentTa simravle;

4. naturalur ricxvTa simravle N = {1,2,3,4,…};

5. mTel ricxvTa simravle Z = {…,-2,-1,0,1,2,…};

6. racionalur ricxvTa (wiladTa) simravle Q;

7. namdvil ricxvTa simravle Q;

8. luw ricxvTa simravle {…,-4,-2,0,2,4,…};

9. kent ricxvTa simravle {…,-5,-3,-1,1,3,5,…};

10. 6-ze nakleb naturalur ricxvTa simravle  { 1,2,3,4,5};

11. orniSna ricxvTa simravle {10,11,12,…,98,99};

12. orniSna kent simravle {11,13,…,97,99};

aRniSvna: 

xX “elementi x ekuTvnis X simravles”. 

xX “elementi x ar ekuTvnis X simravles”.

magaliTebi

5N,  3 N,  -3  N,  -3Z,  0.33N,  0.33Z,  0.33Q,  4{1,4,9,25},  
7{1,4,9,25}.

aRniSvna: 

X Y “X simravle Sedis Y simravleSi” = “X simravle aris Y
simravlis qvesimravle”.

XY “X simravle ar Sedis Y simravleSi” = “X simravle ar 
aris Y simravlis qvesimravle”.

magaliTebi

N  Z  Q  R, {1,3,5}  {1,2,3,4,5,6,7}, {1,3,9}{1,2,3,4,5,6,7}.
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2. moqmedebani simravleebze

simravleTa TanakveTa

A  B = {x, x  A  da x  B}

simravleTa gaerTianeba

A  B = {x, x  A  an x  B}

magaliTebi

{1,2,3,4} {2,3,5}= {2,3},  {1,2,3,4}{3,4,5} = {1,2,3,4,5}

simravleTa sxvaoba

A \ B = {x, x  A ,  x  B}

ukiduresi SemTxvevebi: carieli simravle  da universi U
(damokidebulia konteqstze).

simravleTa toloba:  A = B Tu A  B da B  A.

A simravlis damateba:  

A’ = U \ A = {xU, xA}.

operaciaTa Tvisebebi

ricxvebSi               simravleebSi

a  b                                                                        A  B
a + b        A  B
0                                                                            
a  0 = 0                                                                  A   = 
a + 0 = a                                                                 A   = A
a  b = b  a                                                             A  B = B  A
a + b = b + a                                                           A B = BA

U

A
B

A
B

A’ A

A
B
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a  (b  c) = (a  b)   c                                               A  (B  C) = (A  B)  C
a  (b + c) = a  b + a  c                                          A  (B  C) = A B  A  C
1                                                                              U
a 1 = a                                                                    A   U = A
                                                                                A  U = U 
                                                                                A   A’ = 
                                                                                A  A’ = U - A   A = A
                                                                                A  A = A

3. asaxvebi

asaxva (funqcia) X simravlidan Y simravleSi f : X  Y aris 
wesi, romliTac X simravlis yovel elements Seesabameba Y
simravlis erTi garkveuli elementi. simravles X ewodeba f
asaxvis gansazRvris are, xolo simravles Y misi mniSvnelobaTa 
are. 

magaliTebi
1. X = {1,2,3,4}, Y = {7,8,9}, xolo wesi  f  aseTia: f(1) = 7, f(2) = 8, f(3) = 

8, f(4) = 9, 

SeTanadebis es wesi asaxvaa.

2. X = {1,2,3,4}, Y = {7,8,9}, xolo wesi  f  aseTia: f(1) = 7, f(1) = 8, f(2) = 
8, f(3) = 9, f(4) = 9, grafikulad

1

2

3

4

7

8

9

1

2

3

4

7

8

9
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SeTanadebis es wesi ar aris asaxva, radgan x = 1 elements 
Seesabameba ori sxvadasxva elementi - y = 7 da y = 8.

3. X iyos adamianebis simravle, Y-ic aseve adamianebis 

simravle, xolo SeTanadebis wesi iyos aseTi: yovel x  X
elements (adamians) Seesabamebodes misi Zma. es ar aris 
asaxva:  (a) arsebobs erTi mainc adamiani, visac Zma ar  hyavs, 

anu arsebobs iseTi x  X, romelsac araferi ar Seesabameba, 
(b) arsebobs erTi mainc adamiani, romelsac or Zma hyavs, anu 

arsebobs iseTi x  X, romelsac ori sxvadasxva y  Y
Seesabameba, rac agreTve akrZalulia asaxvis ganmartebiT.

4. es magaliTi gaswordeba, Tu Sesabamisobis wess ase 
SevcvliT: yovel adamians Seesabamebodes misi deda. maSin 

yovel x  X  elements Seesabameba Tavisi erTaderTi y  Y.

5. X = R, Y = R, xolo SeTanadebis wesi f : X  Y  iyos mocemuli 
formuliT f(x) = x2 ,   kerZod   f(1) = 1, f(2) = 4, f(5) = 25, … .  

ganmarteba. asaxvas f : X  Y ewodeba siureqcia, Tu Y-is yovel 

elementSi  gadmodis romelime x, anu Tu yY   xX, f(x) = y.

magaliTebi

asaxva f:RR, f(x) = x2 ar aris siureqcia: elementSi y = -4 araferi 
ar gadmodis. 

xolo asaxva f:RR,  f(x) = 3x siureqciaa: elementSi y gadmodis x 
= y / 3.

ganmarteba. asaxvas f:XY ewodeba ineqcia, Tu X-is 
gansxvavebuli elementebi Y-is gansxvavebul elementebSi 

gadadian, anu Tu x1x2   f(x1)  f(x2) . 

magaliTebi
asaxva f(x) = x2 ar aris ineqcia: gansxvavebuli elementebi x = -2   
da x = 2 erT elementSi gadadian – f(-2) = (-2)2 = 4 = 22 = f(2).
xolo asaxva f(x) = 3x ineqciaa: vTqvaT x1x2 anu x1- x2  0, maSin 

f(x1)- f(x2 ) = 3x1- 3x2 = 3(x1- x2)  0   e.i. f(x1)  f(x2) .

ganmarteba. asaxvas f:XY ewodeba bieqcia, Tu is erTdroulad 
siureqciacaa da ineqciac.
aseT asaxvas urTierTcalsaxa asaxvasac uwodeben. 

magaliTebi
asaxva f(x) = x2 ar aris bieqcia: is arc  siureqciaa da arc 
ineqcia.  
xolo asaxva f(x) = 3x bieqciaa: is siureqciac iyo da ineqciac.
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4. asaxvaTa kompozicia

asaxvebi f : X  Y da g : Y  Z gansazRvraven asaxvas (g  f ): X  Z , 

romelsac maTi kompozicia ewodeba da is moicema tolobiT (g 
f )(x) = g(f(x)).

magaliTi

vTqvaT f : R  R da g : R  R  mocemulia tolobebiT f (x) = x + 2,
g(x) = x2, maSin maTi kompozicia (g  f ): R  R moicema tolobiT (g 
f )(x) = (x + 2)2.
xolo kompozicia (f  g): R  R ki tolobiT (f  g)(x) = x 2 +2..

asaxvas idX : X  X romelic mocemulia tolobiT idX(x) = x
igivuri asaxva ewodeba. 

Teorema. nebismieri asaxvebisaTvis f : Y  X da g : X  Z
samarTliania tolobebi idX  f = f, g  idX = g.

f : X  Y asaxvis Seqceuli ewodeba iseT asaxvas f -1 : Y  X, rom 

sruldeba pirobebi f –1  f = idX da f  f -1= idY. yvela asaxvas ar 
gaaCnia Seqceuli. asaxvas ewodeba Seqcevadi, Tu mas aqvs 
Seqceuli asaxva.

Teorema. asaxva f : X  Y siureqciaa maSin da mxolod maSin, 

rodesac arsebobs asaxva g: Y  X iseTi, rom sruldeba piroba f
 g = idY.

Teorema. asaxva f : X  Y ineqciaa maSin da mxolod maSin, 

rodesac arsebobs asaxva g: Y  X iseTi, rom sruldeba piroba 

g  f = idx.

Teorema. asaxva f : X  Y bieqciaa maSin da mxolod maSin, 

rodesac arsebobs asaxva g: Y  X iseTi, rom sruldeba 

pirobebi g  f = idx , f  g = idY.

es niSnavs, rom g = f –1. amrigad miviReT, rom asaxva aris bieqcia 
maSin da mxolod maSin, rodesac is Seqcevadia.

5. simravlis simZlavre

ganmarteba. X da Y simravleebs  uwodeben toli simZlavris 

simravleebs, Tu arsebobs bieqcia f : X  Y.

Teorema. intervali (0,1) da intervali (0,2) toli simZlavris 
simravleebia.

damtkiceba.

20

10
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Teorema. intervali (0,1) da mTeli RerZi (namdvil ricxvTa 
simravle) toli simZlavris simravleebia.

damtkiceba.

Teorema. naturalur ricxvTa simravle N = {1,2,3,…}   da luw 
naturalur ricxvTa simravle {2,4,6,…}    toli simZlavris 
simravleebia.

damtkiceba. asaxva f : {1,2,3,…}  {2,4,6,…} moccemuli  formuliT 
f(n) = 2n amyarebs saWiro bieqcias.

Teorema. naturalur ricxvTa simravle N = {1,2,3,…}   da kent 
naturalur ricxvTa simravle {1,3,5,…}    toli simZlavris 
simravleebia

damtkiceba. asaxva f : {1,2,3,…}  {3,5,7,…} moccemuli  formuliT 
f(n) = 2n + 1 amyarebs saWiro bieqcias.

simravles ewodeba Tvladi, Tu is tolZalovania naturalur 
ricxvTa simravlisa. wina ori Teorema niSnavs, rom luw 
ricxvTa simravle da kent ricxvTa simravle orive Tvladia. 

Teorema. mTel ricxvTa simravle Tvladia, anu simravleebi N
da Z toli simZlavrisani arian.

Teorema. racionalur ricxvTa simravle Tvladia, anu 
simravleebi N da Q toli simZlavrisani arian.

Teorema. namdvil ricxvTa simravle Tvladi ar aris, anu 
simravleebi N da R ar arian toli simZlavris.

amrigad, erTmaneTSi Calagebuli simravleebidan N  Z  Q  R
pirveli sami Tvladia, anu isini toli simZlavrisani arian, 
xolo ukanaskneli, namdvil ricxvTa simravle, anu kontinuumi, 
R ki araTvladia, is arsebiTad ufro mZlavria, vidre N.

savarjiSoebi

1. vTqvaT U = {1,2,3,4,5}, X = {1,5}, Y = {1,2,4}, Z = {2,5}. ipoveT

(a)  X  Y’; (b)   (X  Z)  Y’; (c)   X  (Y  Z); (d)   (X  Y)  (X  Z); 
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(e) (X  Y)’; (f)  X’  Y’;  (g)  (X Y)’; (h)  (X  Y)  Z; (i)  X  (Y  Z); 

(j) X \ Z; (k)  (X \ Z)  (Y \ Z).

2. vTqvaT  A  B = ,  ipoveT A \ B da B \ A. 

3. ipoveT X  X’, X  X’, X \ X’.

4. mocemulia simravleebi A, B da C, amasTan C  B. daamtkiceT, 
rom

(a) A  C   A  B; (b)  A  C   A  B; (c)  A \ B   A \ C; (d)  C \ A   B 
\ A; 

(e)  B’\ A  C’\ A.

5. daamtkiceT, rom  A  (B  C) = (A  B)  (A  C).

6. daamtkiceT, rom  (A  B)’ = A’ B’.

7. daamtkiceT, rom A   B maSin da mxolod maSin, rodesac A  B 
= B.

8. daamtkiceT, rom A   B maSin da mxolod maSin, rodesac A  B 
= A.

9. vTqvaT asaxvebi f : R  R da g : R  R  mocemulia tolobebiT 

f (x) = 2x + 3, g(x) = x3, ipoveT kompozicia (g  f ): R  R.

10. vTqvaT asaxvebi f : R  R da g : R  R  mocemulia tolobebiT 

f (x) = 2x + 3, g(x) = x3, ipoveT kompozicia (f  g): R  R.

11. vTqvaT asaxvebi f : R  R da g : R  R  mocemulia tolobebiT 

f (x) = x2 + 3, g(x) = x3, ipoveT kompozicia (f  g ): R  R.

12. vTqvaT asaxvebi f : R  R da g : R  R  mocemulia tolobebiT 

f (x) = x2 + 3, g(x) = x3, ipoveT kompozicia (g  f ): R  R.

13. vTqvaT asaxvebi f : R  R da g : R  R  mocemulia tolobebiT 

f (x) = 2x, g(x) = 0,5x, ipoveT kompozicia (g  f ): R  R. 

14. vTqvaT asaxva f : R  R  mocemulia tolobiT f(x) = 2x, aris 
Tu ara es asaxva (a) siureqcia, (b) ineqcia, (g) bieqcia?

15. vTqvaT asaxva f : R  R  mocemulia tolobiT f(x) = x2, aris 
Tu ara es asaxva (a) siureqcia, (b) ineqcia, (g) bieqcia?

16. vTqvaT asaxva f : R  R  mocemulia tolobiT f(x) = x3, aris 
Tu ara es asaxva (a) siureqcia, (b) ineqcia, (g) bieqcia?

17. aCveneT, rom igivuri asaxva idX: X  X bieqciaa.

18. aCveneT, rom ori siureqciis kompozicia siureqciaa.

19. aCveneT, rom ori ineqciis kompozicia ineqciaa.

20. aCveneT, rom ori bieqciis kompozicia bieqciaa.

6. simravleTa namravli

A da B simravleTa namravli ewodeba simravles, romlis 
elementebia wyvilebi (a,b), sadac a aris A simravlis elementi, 
xolo b ki B simravlisa, anu
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A  B = {(a,b): aA, bB}.

magaliTebi

1. A iyos simravle, Semdgare 8 laTinuri asosagan {a,b,c,d,e,f,g,h}
xolo simravle B iyos {1,2,3,4,5,6,7,8}, maSin maTi namravli 
aris 64 elementisgan Semdgari simravle

a8,b8,c8,d8,e8,f8,g8,h8
a7,b7,c7,d7,e7,f7,g7,h7
a6,b6,c6,d6,e6,f6,g6,h6
a5,b5,c5,d5,e5,f5,g5,h5
a4,b4,c4,d4,e4,f4,g4,h4
a3,b3,c3,d3,e3,f3,g3,h3
a2,b2,c2,d2,e2,f2,g2,h2
a1,b1,c1,d1,e1,f1,g1,h1

rac aris Wadrakis dafis standartili notacia.

2. namravli R  R  aris sibrtye.

7. mimarTebebi

mimarTeba A da B simravleebs Soris ewodeba A  B namravlis 

qvesimravles R  A  B.  Tu (a,b)  R  A  B   maSin amboben, rom a  
aris R-mimarTebaSia b-sTan da es ase aRiniSneba aRb.

mimarTebaTa SesaZlo Tvisebebi: 

1. mimarTebas ewodeba refleqsuri Tu x -Tvis   xRx;

2.   mimarTebas ewodeba simetriuli Tu x,y -Tvis   xRy  yRx;

3. mimarTebas ewodeba tranzituli Tu x,y,z -Tvis   xRy, yRz  xRz;

4.   mimarTebas ewodeba antisimetriuli Tu x,y  -Tvis  xRy, yRx  x 
= y.

ganvixiloT aseTi mimarTebebi:

(1) R ={(x,y): x,y  N,  x | y (x  yofs  y-s)};

(2) R ={(x,y): x,y  N,  x < y};

(3) R ={(x,y): x,y  N,  x  y};

(4) R ={(x,y): x,y  N,  x – y luwia}.

amocana
gaarkvieT TiTeuli am mimarTebisaTvis aqvT Tu ara maT zemoT 
CamoTvlili Tvisiebebi.

8. mimarTebis matrica

mimarTeba sasrul simravleze SeiZleba matricis saxiT 
Caiweros. vTqvaT   A = {a1, a2, …, an}, B = {b1, b2, …, bm}  da 
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mocemulia raime mimarTeba R  A  B .   am mimarTebas Seesabameba 

m  n matrici ||αij||, sadac αij = 1 Tu xi R yj da αij = 0 winaaRmdeg 
SemTxvevaSi.

magaliTi

vTqvaT A = {a1, a2}, B = {b1, b2,b3} da mimarTeba R  A  B  aseTia: 
a1Rb1,  a1Rb3, a2Rb2,  maSin am mimarTebis matricia

amocanebi
 dawereT matrici {1,2,3,4} simravleze gansazRvruli aseTi 

mimarTebisa:  iRj    Tu i – j luwia.
 dawereT matrici {1,2,3,4} simravleze gansazRvruli aseTi 

mimarTebisa:  iRj    Tu i – j kentia.
 dawereT matrici {1,2,3,4} simravleze gansazRvruli aseTi 

mimarTebisa:  iRj    Tu i < j .
 dawereT matrici {1,2,3,4} simravleze gansazRvruli aseTi 

mimarTebisa:  iRj    Tu i ≤ j .
 dawereT matrici {1,2,3,4} simravleze gansazRvruli aseTi 

mimarTebisa:  iRj    Tu i > j .
 dawereT matrici {1,2,3,4} simravleze gansazRvruli aseTi 

mimarTebisa:  iRj    Tu i ≥ j .
 gaarkvieT TiTeuli am mimarTebisaTvis aqvT Tu ara maT 

zemoT CamoTvlili Tvisiebebi.

9. mimarTebaTa ZiriTadi saxeebi

aseTi zogadobiT mimarTebis cneba iSviaTad gamoiyeneba. Cven 
dagvWirdeba mimarTebaTa sami kerZo saxe.

1. asaxva aris mimarTebis kerZo saxe: yoveli asaxva f : A  B 
aCens aseT mimarTebas R = {(x,f(x))} X  Y, am simravles f
asaxvis grafiki ewodeba. sinamdvileSi asaxva aris mimarTeba 

(anu qvesimravle)  R X  Y iseTi, rom sruldeba Semdegi 2 
piroba: 

  (1)  x X  y Y  x R y;

       (2) xRy, xRy’  y = y’.

2. mimarTebas ewodeba eqvivalentoba, Tu is refleqsuria, si-
metriuli da tranzituli, anu sruldeba Semdegi aqsiomebi

(1) xRx; 

(2) xRy  yRx; 

1      0      1

0      1      0

a1

a2

b1      b2     b3
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(3) xRy, yRz  xRz.

Tu  R mimarTeba am aqsiomebs akmayofilebs, maSin   xRy   simbolos 
nacvlad xmaroben aRniSvnas: x ~ y, rac ase ikiTxeba “x
eqvivalenturia y-is”. maSin es aqsiomebi ufro nacnob saxes 
iReben: 

   (1)  x ~ x; 

   (2) x ~ y  x ~ y; 

   (3) x ~ y, y ~ z  x ~ z.

magaliTebi
SemovitanoT mTel ricxvTa simravleSi aseTi mimarTeba: x ~ y  Tu  
x – y iyofa 5-ze. aCveneT, rom es eqvivalentobis mimarTebaa.

vTqvaT X simravleze mocemulia eqvivalentobis mimarTeba x ~ y, 
x elementis eqvivalentobis klasi [x] ewodeba simravles [x] = {y 
 X, x ~ y }.

Teorema. yoveli eqvivalentobis mimarTeba hyofs X simravles 
erTmaneTis araTanamkveT eqvivalentobis klasebad.

damtkiceba. unda vaCvenoT ori ram: (1) rom eqvivalentobis 
klasebis simravle faravs mTel X-s da (2) rom ori klasi an ar 
TanaikveTeba, an mTlianad emTxveva erTmaneTs. 
pirveli winadadeba cxadia – X-is yoveli elementi x Sedis 
Tundac, Tavis klasSi [x]:  x ~ x  refleqsurobis gamo.
axla davamtkicoT meore winadadeba. vTqvaT [x][y] , es 

niSnavs, rom z  i.r. z [x][y], anu z ~ x  da z ~ y. simetriulobiT
es igivea rac x ~ z da z ~ y, tranzitulobiT ki es gvaZlevs x ~ y, 
amitom [x]= [y]. 
rogorc vxedavT damtkicebaSi gamoyenebulia eqvivalentobis 
samive aqsioma.

magaliTi
zemoT naxsenebi eqvivalentobis mimarTeba mTel ricxvTa Z
simravleSi “x ~ y  Tu  x – y iyofa 5-ze” hyofs Z-s Semdeg 5 
eqvivaletobis klasad
[0] = {…, 0,5,10,15,…},  [1] = {…,1,6,11,…},  [2] = {…,2,7,12,…},  [3] = 
{…,3,8,13,…}, [4] = {4,9,14,…}.  am klasTa simravles qvia 5-ze 
gayofis naSTTa klasebi da ase aRiniSneba: Z5.   analogiurad 
imarteba n-ze gayofis naSTTa klasebi Zn.

amocanebi
 adamianTa simravleze ganvixiloT aseTi mimarTeba “x ~ y Tu 

x aris y-is winapari”. aris Tu ara es eqvivalentobis 
mimarTeba?

 adamianTa simravleze ganvixiloT aseTi mimarTeba “x ~ y Tu 
maT saerTi winapari hyavT”. aris Tu ara es eqvivalentobis 
mimarTeba?
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 ganvixiloT {0,1,2,3,4,5,6} simravleze aseTi mimarTeba “x ~ y  
Tu  x – y iyofa 3-ze”. aCveneT, rom es eqvivalentobis 
mimarTebaa, CamowereT ewvivalentobis klasebi, dawereT am 
mimarTebis matrici.

3. mimarTebas ewodeba nawilobrivi dalageba Tu is 
refleqsuria, antisimetriuli da tranzituli, anu Tu 
sruldeba Semdegi aqsiomebi:

(1) xRx;       

(2) xRy, yRx  x =y;      

(3) xRy, yRz  xRz.

Tu  R mimarTeba am aqsiomebs akmayofilebs, maSin   xRy   simbolos 

nacvlad xmaroben ufro nacnob aRniSvnas: x  y. maSin es 
aqsiomebi ufro nacnob saxes iReben: 

   ( 1 )  x  x;    

  (2) x  y, y  x  x =y;      

   (3) x  y, y  z  x  z.

mimarTebas ewodeba sruli dalageba, Tu is nawilobrivi 
dalagebaa da damatebiT sruldeba aseTi aqsiomac: nebismieri

ori elementi sadaria, anu  (4) x,y  an x  y,  an  y  x.

magaliTebi

U iyos raime simravle, xolo X iyos am simravlis yvela 

qvesimravleTa simravle, anu x  X Tu x  U. SemovitanoT X-ze 

aseTi dalageba: x  y Tu x  y. es nawilobrivi dalagebaa.

mimarTeba naturalur ricxvTa simravleze “ x  y Tu x yofs y-s” 
aseve nawilobrivi dalagebaa.

X iyos  adamianebis simravle, xolo dalageba SemovitanoT ase: 

x y Tu x aris y-is winapari. esec nawilobrivi dalagebaa.

namdvl ricxvTa simravleze SemovitanoT mimarTeba, romelic 

mocemulia sibrtyis R2 = R  R aseTi qvesimravliT: es iyos I da 
III sakoordinato kuTxeebis biseqtrisis qveS moTavsebuli 
naxevarsibrtye.

aCveneT, rom es dalageba sinamdvileSi sruli dalagebaa, 
romelic emTxveva RerZis  Cveulebriv dalagebas. 
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10. nawilobrivi dalageba kubis wveroTa simravleSi
(hemingis dalageba)

erTi wvero metia meoreze, Tu mis koordinatebSi meti 1-bia

udidesi da umciresi, minimaluri da maqsimaluri

vTqvaT (X, ≤ ) nawilobrivad dalagebuli simravlea. elements m 
X ewodeba umciresi Tu  x - Tvis  m  ≤ x. analogiurad, elements

M X ewodeba udidesi Tu  x - Tvis   x  ≤ M. 

Teorema. nebismier nawilobrivad dalagebul simravleSi 
SeiZleba arsebobdes araumetes erTi umciresi (udidesi) 
elementisa.

damtkiceba. vTqvaT m da m’ ori umciresi elementia. m-is 
umciresobis gamo m  ≤ m’, xolo m’-is umciresobis gamo m’  ≤ m. 
antisimetriulobiT viRebT m = m’. analogiurad damtkicdeba 
udidesi elemetis erTaderTobac. 

dalagebul simravleTa namravli
vTqvaT (X, ≤ ) da (Y, ≤ ) nawilobriv dalagebuli simravleebia. 

ganvmartoT maT namravlze X  Y aseTi dalageba: (x1,y1) ≤ (x2,y2) 
Tu x1 ≤  x2 da y1 ≤ y2. am dalagebas vuwodoT namravlis dalageba.

leqsikografiuli dalageba

imave namravlze X  Y imarteba sxvanairi dalagebac (msgavsi 
imisa, Tu rogoraa dalagebuli sityvebi leqsikonSi, amitom am 
dalagebas leqsikografiuli dalageba ewodeba): (x1,y1) ≤ (x2,y2) 
Tu x1 < x2 , xolo Tu x1 = x2 , maSin y1 ≤ y2.

amocanebi
 (nawilobriv) dalagebul simravleTa yvela zemoT moyvanil 

magaliTSi aRmoaCineT umciresi da udidesi elementebi, Tuki 
aseTebi arseboben.

                      z
                       
              (0,0,1)                                    (1,0,1)

(0,1,1)                                     (1,1,1)

              (0,0,0)                                     (1,0,0)  
                                                                           x                                   

(0,1,0)                                       (1,1,0)

y

(0,0,0) < (0,0,1) < (0,1,1) < (1,1,1)

(0,0,0) < (0,0,1) < (1,0,1) < (1,1,1)

(0,0,0) < (0,1,0) < (0,1,1) < (1,1,1)

(0,0,0) < (0,1,0) < (1,1,0) < (1,1,1)

(0,0,0) < (1,0,0) < (1,1,0) < (1,1,1)

(0,0,0) < (1,0,0) < (1,0,1) < (1,1,1)
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 adamianTa simravleze ganvixiloT aseTi mimarTeba “x R y Tu 
x aris y-is winapari”. aris Tu ara es dalageba?
eqvivalentoba? asaxva?

 adamianTa simravleze ganvixiloT aseTi mimarTeba “x R y Tu 
maT saerTi winapari hyavT”. aris Tu ara es dalageba?
eqvivalentoba? asaxva?

 ganvixiloT {1,2,3,4} simravleze aseTi mimarTeba “x R y  Tu  x 
≤ y”. aCveneT, rom es dalagebaa, dawereT am mimarTebis 
matrici.

 ganvixiloT {1,2,3,4} simravleze aseTi mimarTeba “x R y  Tu  x  
yofs y-s”. aCveneT, rom es dalagebaa, dawereT am mimarTebis 
matrici.

 ganvixiloT {1,2,3,4} simravleze aseTi mimarTeba “x R y  Tu  x 
- y iyofa 3-ze”. aCveneT, rom es eqvivalentobis mimarTebaa, 
CamowereT ewvivalentobis klasebi, dawereT am mimarTebis 
matrici.

 daamtkiceT, rom nawilobriv dalagebuli vTqvaT (X, ≤ ) da     

(Y, ≤ ) imravleebis zemoT aRwerili X  Y namravlis dalageba 
nawilobrivi dalagebaa.

 vTqvaT (X, ≤ ) da (Y, ≤ ) dalagebebi orive srulia. sworia Tu 

ara, rom X  Y namravlis dalagebac srulia?
 daamtkiceT, rom nawilobriv dalagebuli vTqvaT (X, ≤ ) da    

(Y, ≤ ) simravleebis X  Y namravlis zemoT aRwerili 
leqsikografiuli dalageba nawilobrivi dalagebaa.

 vTqvaT (X, ≤ ) da (Y, ≤ ) orive srulia. sworia Tu ara, rom X 
 Y–is leqsikografiuli dalagebac srulia?

 daasaxeleT N  N simravlis is elementebi, romelTaTvisac 
sruldeba (x,y) ≤ (5,4)   namravlis dalagebiT.

 daasaxeleT N  N simravlis is elementebi, romelTaTvisac 
sruldeba (x,y) ≤ (5,4) leqsikografiuli dalagebiT.

 emTxveva Tu ara erTmaneTs namravlis da leqsikografiuli 
dalagebebi?
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algebra

1. jgufebi

ganmarteba. jgufi ewodeba simravles G operaciiT

 : GG  G, (a,b) = a * b,
romelic akmayofilebs Semdeg aqsiomebs:
1. asociaturoba: a * (b * c) = (a * b) * c;
2. erTeuli:  e  R    i.r. yoveli elementisaTvis a  R    

sruldeba piroba a * e = e * a = a
3. mopirdapire: a  R   â i.r. a * â = â * a = e;

jgufi komutaturia (abelisaa) Tu damatebiT sruldeba aqsioma
4. a * b = b * a .
abelis jgufebisaTvis gamoiyeneba aditiuri Cawera: a*b=a+b, e = 0, 
â = -a, xolo araabelurebisTvis – multiplikaturi: a *b=ab, e = 1, 
â = a-1.

magaliTebi
1. luwi ricxvebi Sekrebis mimarT abelis jgufia, kentebi ki 

ara.
2. (Z, +)  jgufia; 
3. racionaluri ricxvebi gamravlebis mimarT ar aris jgufi. 
4. (Q \ 0, . ) jgufia.
5. Z4 = {0,1,2,3}      jgufia Semdegi operaciis mimarT:      
               

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

6. araabeluri jgufis magaliTia aragadagvarebul matricTa 
jgufi matricTa gamravlebis mimarT:

( 1 2 ) . ( 2 3 )
=

( 10 13 )
3 4 4 5 28 29

xolo

( 2 3 ) . ( 1 2 )
=

( 11 16 )
4 5 3 4 19 28

Teorema. jgufSi neitraluri elementi erTaderTia.
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Teorema. jgufSi yovel elemnts gaaCnia mxolod erTi 
mopirdapire.
damtkiceba.

2. qvejgufi

ganmarteba. jgufis qvesimravles H  G ewodeba qvejgufi, Tu H
TviTon aris jgufi igive operaciis mimarT, anu sruldeba 
pirobebi

1. Tu a,b  H,   maSin a * b  H;
2. e  H;
3.   Tu a  H,   maSin â  H

magaliTebi. 

1. N  Z   ar aris qvejgufi.
2. kenti ricxvebis simravle ar aris Z-is qvejgufi.
3. luwi ricxvebis simravle aris Z-is qvejgufi:
4. Z6= {0,1,2,3,4,5)   jgufis qvesimravleTagan qvejgufebia mxolod 
{0}, {0,2,4}, {0,3}.

Teorema. nZ  Z   qvejgufia, piriqiTac, Z-is nebismieri qvejgufi 
nZ saxisaa.

3. homomorfizmebi

ganmarteba. jgufebis asaxvas

f : G  G’
ewodeba homomorfizmi, Tu sruldeba Semdegi pirobebi
1.  f(e) = e’;
2.  f(a * b) = f(a ) * f(b).

magaliTebi

1. asaxva f : Z  Z mocemuli tolobiT f(k) = 3k+1   ar aris 
homomorpizmi. 
2. aseve ar aris homomorpizmi asaxva f(k) = k2:
3. asaxva f : Z  Z mocemuli tolobiT f(x) = 3x homomorfizmia

4. asaxva f : Z  Z mocemuli tolobiT f(x) = nx homomorfizmia, 

piriqiTac, nebismieri homomorfizmi f : Z  Z aucileblad 
f(x) = nx tipisaa:

5. asaxva f : Z  Z2 mocemuli tolobebiT f(2n) = 0, f(2n+1) = 1
homomorfizmia.



250

4. anasaxi da birTvi

ganmarteba. f : G  G’ homomorfizmis anasaxi ewodeba 
qvesimravles

Im f = {g  G’, g = f(h) }.
Im f yovelTvis aracarielia: e’ = f(e)  Im f.

ganmarteba. f : G  G’ homomorfizmis birTvi ewodeba 
qvesimravles

Ker f = {g G,  f(g) = e’ }.
Ker f yovelTvis aracarielia: e  Ker f.

magaliTebi.

1. f : Z  Z,  f(x) = 3x homomorfizmisTvis
Im f = { …, -6,-3,0,3,6,…},  Ker f = {0}.
2. f : Z  Z2,  f(2x) = 0,  f(2x+1) = 1 homomorfizmisTvis
Im f = Z2,  Ker f = { …,-4,-2,0,2,4,… }.

Teorema. Im f qvejgufia.

Teorema. Ker f qvejgufia.

Teorema. homomorfizmi f : H  G ineqciaa maSin da mxolod maSin, 
rodesac Ker f = e.

5. rgolebi da velebi

ganmarteba. rgoli ewodeba simravles R aRWurvils ori 

operaciiT, SekrebiTa da gamravlebiT a + b, a b, romlebic 
akmayofileben Semdeg aqsiomebs
1. (R, + ) komutaturi jgufia;
2. Sekreba da gamravleba dakavSirebulni arian 

distribuciulobis kanonebiT:   a  (b + c) = a  b + a  c,  (a + b) c = a 
c + b c;

3. gamravleba asociaturia: a  (b  c) = (a  b)  c;

rgols hqvia erTeuliani, Tu damatebiT sruldeba aqsioma

4. arsebobs elementi e  R,  romelic gamravlebis mimarT 

neitralur elemnts warmoadgens: a  e = e  a = a;

rgols hqvia komutaturi, Tu damatebiT sruldeba piroba

5. a  b = b  a.

ganmarteba. rgols (R, +,  )  ewodeba veli, Tu is erTeuliania, 
komutaturia da yovel aranulovan elements gaaCnia 

Sebrunebuli, anu  a  0 R   â R  i.r.  a  â = e.

magaliTebi.

1. (Z, +,  )  rgolia, magram ar aris veli.
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2. (Q, +,  )  velia.
3. Z4 rgolia Semdegi operaciebis mimarT:

+ 0 1 2 3  0 1 2 3
0 0 1 1 3 0 0 0 0 0
1 1 2 3 0 1 0 1 2 3
2 2 3 0 1 2 0 2 0 2
3 3 0 1 2 3 0 3 2 1

magram ar aris veli: 
4.  Z3   velia.       

5. kompleqsur ricxvTa veli. R2 = {(a,b),  a,b  R } Semdegi 

operaciebiT (a,b) + (c,d) = (a+c, b+d),    (a,b)  (c,d) = (a  c - b  d, a  d + b  c)
velia.

ganmarteba. R rgolis aranulovan elements a    hqvia 0-is 

gamyofi, Tu arsebobs aranulovani bR   iseTi, rom a  b = 0.    
rgols hqvia unulgayofo, Tu mas nulis gamyofebi ar aqvs.

magaliTebi.
1. Z      da Q    unulgamyofo rgolebia.

2. Z4- s aqvs nulis gamyofi: 2  2 = 0.

Teorema. vels ar SeiZleba hqondes nulis gamyofebi.

Teorema. Zn unulgamyofoa maSin da mxolod maSin, rodesac n 
martivia.

Teorema. Zn velia maSin da mxolod maSin, rodesac n martivia. 

amocanebi

1. 2+4 Z5-Si aris 
(a) 6  (b) 0 (g) 1  (d) 3

2.   Z6-Si 4-is mopirdapire (Sekrebis mimarT) aris 
(a) 6  (b) 0 (g) 1  (d) 2

3. am qvesimravleTagan  Z-is qvejgufia
(a) naturaluri ricxvebi (b) kenti ricxvebi 
(g) 3-is jeradi ricxvebi (d) sruli kvadratebi 

4. am qvesimravleTagan  Z-is qvejgufia
(b) dadebiTi ricxvebi (b) uaryofiTi ricxvebi 
(g) 0  (d) 100-ze naklebi ricxvebi

5. am qvesimravleTagan  Z4-is qvejgufia
(a) {1,2,3} (b) {0,1,2} (g) {2,4} (d) {0,2}

6. am asaxvaTagan f : R  R romelia homomorfizmi
(a) f(x) = x2  (b) f(x) = sin x  (g) f(x) = 2x  (d) f(x) = 5x

7. (2,4) da (1,3) kompleqsur ricxvTa namravlia 
(a) (2,12)  (b) (-10,10)  (g) (10,-10)  (d) (14,10)
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8. (0,1) kompleqsuri ricxvis kvadratia
(a) (0,-1) (b) (1,0)  (g) (1,1)  (d) (-1,0)

9. (0,1) kompleqsuri ricxvis  Sebrunebulia
(a) (1,0)  (b) (0,0)  (g) (1,1)  (d) (0,-1)  

10. am rgolTagan romeli ar aris veli
(a) racionaluri ricxvebi Q  (b) mTeli ricxvebi Z  
(g) namdvili ricxveebi R  (d) kompleqsuri ricxvebi C

11. romelia am rgolTagan veli
(a) Z4  (b) Z3  (g) Z6  (d) Z   

12. romelia am rgolTagan unulgamyofo
(a) Z4  (b) Z8  (g) Z6  (d) Z

13. am rgolTagan romels aqvs  0-is gamyofebi
(a) Z2  (b) Z3  (g) Z6  (d) Z

14. 3  4 Z5-Si aris 
(b) 12  (b) 2 (g) 0  (d) 3

15. Z5-Si 4-is Sebrunebuli (gamravlebis mimarT) aris 
(a) 0,25  (b) 4  (g)  1  (d) 3

16. Z6-Si 0-is gamyofia 
(a) 3  (b) 4  (g)  1  (d) 5

17. Z7 –Si 2-is mopirdapire Sekrebis mimarT aris
(a) -2  (b) 4  (g)  1  (d) 5

18. Z7 –Si 2-is mopirdapire gamravlebis mimarT aris
(a) 0.5  (b) 4  (g)  1  (d) 5

19. Z7 –Si 3 – 5 aris
(a) 0  (b) 4  (g)  1  (d) 5

20. Z7 –Si 3:2 aris
(b) 0  (b) 4  (g)  1  (d) 5
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propoziciuri logika

propozicia _ “gamonaTqvami”, “winadadeba”, an WeSmaritia, 
magaliTad,

“am winadadebaSi oTxi sityvaa”,
an mcdari

“studentebi gamocdaze ar iweren”,
zogis WeSmariteba ki gaurkvevelia, mag.

“xval, albaT, iwvimebs”, “romeli saaTia?”.

propoziciuri logika operirebs mxolod im gamonaTqvamebiT, 
romlebic an WeSmaritia, an mcdari.

propoziciuri logika, anu propoziciaTa aRricxva aris aRwera
imisa, rogor miviRoT WeSmariti winadadebebidan (vTqvaT 
aqsiomebidan) sxva WeSmariti winadadebebi (vTqvaT Teoremebi).

propoziciuri logika eyrdnoba or ZiriTad princips:

winaaRmdegobis principi. ar arsebobs winadadeba, romelic 
erdroulad WeSmariticaa da mcdaric.

mesame gamoricxulis principi. yoveli winadadeba an WeSmaritia, 
an mcdari.

sxva sityvebiT propoziciur logikaSi mxolod aseT – an 
WeSmarit, an mcdar – winadadebebs ixilaven. amitomac hqvia am 
logikas sxvanairad  absoluturi logika.

operaciebi winadadebebze

aris ramdenime operacia, romlebic erTi an ramdenime 
winadadebisgan sxva winadadebebs aCenen.

uaryofis operacia - ara. yovel winadadebas “A” SeeTanadeba 
misi uaryofa, winadadeba “NOT A”, sxva aRniSvniT ¬ A. Tu “A”
WeSmaritia, maSin “NOT A” mcdara;  Tu “A” mcdaria, maSin “NOT 
A” WeSmaritia.

koniunqciis operacia - da. yovel or winadadebas “A”, “B” 
SeeTanadeba winadadeba “A AND B” , sxva aRniSvniT A ^ B. . es 
winadadeba WeSmaritia maSin da mxolod maSin, rodesac orive -
“A”-c da “B”-c WeSmaritia. yvela sxva SemTxvevaSi  “A AND B” 
mcdaria.

diziunqciis operacia - an. yovel or winadadebas “A”, “B” 
SeeTanadeba winadadeba “A OR B” , sxva aRniSvniT A v B. es 
winadadeba WeSmaritia maSin da mxolod maSin, rodesac erTi 
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mainc, an “A” an “B” WeSmaritia. Tu orive mcdaria, maSin 
mcdaria “A OR B”-c.

implikaciis operacia - gamomdinareobs. yovel or winadadebas 
“A” da “B” SeeTanadeba winadadeba “A IMPLIES B”, sxva aRniSvniT 
A→B.  amis eqvivalenturi formebia 

1. A → B;

2. Tu  A maSin  B;

3. A aris sakmarisi  B-sTvis;

4. B aris aucilebeli  A-sTvis.

WeSmaritebis cxrilebi
aqaa “gamravlebis tabulebi” am operaciebisaTvis

aq  T  (TRUE) niSnavs WeSmarits, xolo F  (FALSE) _ mcdars.
operaciaTa aRmniSvneli inglisuri sityvebis AND, OR, IMPLIES 
nacvlad iyeneben aRniSvnebs 

NOT = ¬ ,    OR = v , AND = ^ ,   IMPLIES =  →

ixmareba agreTve aRniSvna A <=> B rac niSnavs, rom  A → B da  B → 
A. es niSnavs, rom A da B eqvivalenturni arian.

magaliTi. ganvixiloT sami sawyisi winadadeba 

T = Tovs, y = yinavs, g = gareT gavdivar.

CavweroT winadadebebi operaciebis terminebSi 

1. “Tu Tovs an yinavs, gareT ar gavdivar”

(T OR y) IMPLIES NOT g

anu

(T v y) → ¬ g.

2. „Tu arc Tovs da arc yinavs, gareT gavdivar“ 

(¬ T ^  ¬ y) →  g.

3. „roca gareT gavdivar, maSin Tovs“

g →  T.

4. “an Tovs, an yinavs”

T v y.



amrigad, mocemuli ramdenime winadadebidan   logikuri 
operaciebis meSveobiT SeiZleba SevqmnaT axali winadadebebi da 
da Semdeg vcadoT gavarkvioT, rodisaa miRebuli winadadeba 
WeSmariti da rodis mcdari.

tavtologia, absurdi, saTuo

Tu Sedgenili winadadeba WeSmaritia Sema
nebismieri mniSvnelobisaTvis, maSin mas 
Tu yovelTvis mcadria 
mcdari – saTuo.
magaliTad,  P v (¬P)

P ^ (¬P)  absurdia, is yovelTvis mcdaria:

P →(¬P)  saTuoa:

is mcdaric SeiZleba iyos da WeSmaritic.

ZiriTadi igiveobebi (tavtologiebi)

de morganis kanonebi

1) 

2) 
kontrpoziciis kanoni

STanTqmis kanonebi

1) 

2) 
distribuciulobis kanonebi

1) 

2) 

mocemuli ramdenime winadadebidan   logikuri 
operaciebis meSveobiT SeiZleba SevqmnaT axali winadadebebi da 
da Semdeg vcadoT gavarkvioT, rodisaa miRebuli winadadeba 
WeSmariti da rodis mcdari.

tavtologia, absurdi, saTuo

Tu Sedgenili winadadeba WeSmaritia Semadgeneli winadadebebis 
nebismieri mniSvnelobisaTvis, maSin mas tavtologia ewodeba. 
Tu yovelTvis mcadria – absurdi, Tu xan WeSmaritia da xan 

P v (¬P)  tavtologiaa, is kovelTvis WeSmaritia:

P ¬P P v (¬P)
0 1 1
1 0 1

surdia, is yovelTvis mcdaria:

P ¬P P ^ (¬P)
0 1 0
1 0 0

P ¬P P → (¬P)
0 1 1
1 0 0

is mcdaric SeiZleba iyos da WeSmaritic.

igiveobebi (tavtologiebi)

de morganis kanonebi

;

;
kontrpoziciis kanoni

;

STanTqmis kanonebi

;

;
distribuciulobis kanonebi

;

.
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mocemuli ramdenime winadadebidan   logikuri 
operaciebis meSveobiT SeiZleba SevqmnaT axali winadadebebi da 
da Semdeg vcadoT gavarkvioT, rodisaa miRebuli winadadeba 

dgeneli winadadebebis 
ewodeba. 

, Tu xan WeSmaritia da xan 

tavtologiaa, is kovelTvis WeSmaritia:



TiTeuli am kanonis Semowmeba SesaZlebelia cxrilebiT, 
SevamowmoT magaliTad de morganis kanoni  

P Q
0 0
0 1
1 0
1 1

aq me-3 da me-7 svetebi erTnairia, e.i. 
erTdroulad arian mcdari an WeSmarito (maT erTnairi 
WeSmaritebis funqciebi aqvT), amitom isini eqvivalenturni 
arian.

qvemoT mogvyavs ramdenime sxva tavtologia

P (P P)

P (P P)

(P Q) (Q P)

(P Q) (Q P)

[(P Q) R] [P 

[(P Q) R] [P 

(P Q) ( P 

(P Q) ( P 

[P (Q R] [(P 

[P (Q R] [(P 

(P True) True

(P False) False

(P False) P

(P True) P

(P P) True

(P P) False

P ( P)

(P Q) ( P 

(P Q) [(P Q) 

[(P Q) R] [P 

[(P Q) (P 

(P Q) ( Q 

TiTeuli am kanonis Semowmeba SesaZlebelia cxrilebiT, 
SevamowmoT magaliTad de morganis kanoni  

:

Q P v Q ¬(P v Q) ¬P ¬Q ¬Q ^ ¬P
0 0 1 1 1 1
1 1 0 1 0 0
0 1 0 0 1 0
1 1 0 0 0 0

7 svetebi erTnairia, e.i. ¬(P v Q)   da  ¬Q ^ ¬P
erTdroulad arian mcdari an WeSmarito (maT erTnairi 
WeSmaritebis funqciebi aqvT), amitom isini eqvivalenturni 

qvemoT mogvyavs ramdenime sxva tavtologia

(Q R)]

(Q R)]

Q)

Q)

Q) (P R)]

Q) (P R)]

Q)

Q) (Q P)]

[P (Q R)]

Q)] P

P)
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TiTeuli am kanonis Semowmeba SesaZlebelia cxrilebiT, 
SevamowmoT magaliTad de morganis kanoni  

¬Q ^ ¬P   
erTdroulad arian mcdari an WeSmarito (maT erTnairi 
WeSmaritebis funqciebi aqvT), amitom isini eqvivalenturni 



davamtkicoT (P 

davamtkicoT (P 

hilbertis aqsiomebi

.

cnobili antikuri tavtologiebi

(( ) ( )) ( )A B B C A C    
yvela adamiani mikvdavia, e.i. sokratec mokvdavia)

( ( ))A A B B  
gamodis B da A WeSmaritia, maSin WeSmaritia 

(( ) ( )) ( )B A B A    
daSveba (Tu A-dan gamodis
yofila A-c).

Q) ( P Q)

P Q P→Q ¬P Q ¬Q v P
0 0 1 1 0 1
0 1 1 1 1 1
1 0 0 0 0 0
1 1 1 0 1 1

Q) ( Q P)

P Q P→Q ¬P ¬Q ¬Q→¬P
0 0 1 1 1 1
0 1 1 1 0 1
1 0 0 0 1 0
1 1 1 0 0 1

hilbertis aqsiomebi

;

;

;

;

;

;

;

;

;

;

cnobili antikuri tavtologiebi

(( ) ( )) ( )A B B C A C     - silogizmi (sokrate adamiania, 

yvela adamiani mikvdavia, e.i. sokratec mokvdavia)

( ( ))A A B B   - Modus Ponens - gamoyvanis wesi (Tu 

WeSmaritia, maSin WeSmaritia B-c)

(( ) ( )) ( )B A B A     - Modus Tollens -  winaaRmdegobis 

dan gamodis B, magram B mcdaria, maSin mcdari 
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(sokrate adamiania, 

gamoyvanis wesi (Tu A-dan 

winaaRmdegobis 

mcdaria, maSin mcdari 
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xidi lagikidan simravleebisken

vTqvaT X raime simravlea, xolo P raime gamonaTqvami  X-is 

elementebis Sesaxeb. Tu  x X elements aqvs es P Tviseba, 
maSin vwerT P(x).

magaliTad, X = N  iyos naturalur ricxvTa simravle, xolo  P
iyos Tviseba „aris martivi ricxvi“. maSin P(2), P(3), P(5), P(7), . . . , 
magram ara  P(4), P(6), P(8), . . .  .  

simravle PT  ganimarteba, rogorc erToblioba yvela im x-sa, 
romelTac aqvT es P Tviseba, anu  

{ , ( )}.TP x X P x 

Cvens magaliTSi P = „aris martivi ricxvi“  PT = { 2,3,5,7,9,11,13, ... }.

leqsikoni logikuri operaciebidan simravlur operaciebSi

simravluri da logikuri de morganis kanonebi 

kvantorebi

( )x X P x  niSnavs „yoveli x -Tvis X-dan P WeSmaritia“.

( )x X P x  niSnavs „arsebobs x X-dan, romlisTvisac P WeSma-

ritia“.

kvantorebi da uaryofa

savarjiSoebi

daamtkiceT zemoT moyvanili tavtologiebi.
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grafTa Teoria 

(mokle kursi)

1. grafis ganmarteba da magaliTebi

grafi Sedgeba wveroebisagan da wiboebisagan. wveroebi 
warmoadgenen wertilebs, xolo zogirTi wyvili wveroebisa 
SeerTebulia wiboTi. wveroTa simravle aRiniSneba V-Ti (vertices) 
, xolo wiboTa simravle E-Ti (edges). |V| aRniSnavs grafis 
wveroTa raodenobas, xolo |E| ki wiboTa raodenobas.
mogvyavs ramdenime mniSvnelovani grafis magaliTi

1. tetraedris grafi            2. kubis grafi
            |V| = 4, |E| = 4                                                           |V| = 8, |E| = 12

3. n-wveroiani sruli grafi – am grafs aqvs n wvero da wveroTa 
yvela wyvili SeerTebulia wiboTi. aseTi grafisaTvis |V| = n, |E| = 
n (n-1) / 2.                                                        

kerZod,

3. 4-wveroiani         4. Ria konverti     5. 5-wveroiani 
     sruli grafi   |V| = 5, |E| = 8    sruli grafi
(daxuruli konverti)                               |V| = 5, |E| = 10

|V| = 4, |E| = 6                                                    

2. grafTa mocemis xerxebi

grafi SeiZleba aRiweros misi wveroebisa da wiboebis ubralo 
CamoTvliT:



260

am grafSi 4 wveroa A,B,C,D da 5 wibo c = (A,B), b = (A,C), a = (C,B), d 
= (D,B), e = (D,C).   es grafi ase SeiZleba aRiweros
V ={A,B,C,D},   E = {(A,B),(A,C),(B,C),(B,D),(D,C)}.

grafis Cawera SeiZleba e.w. SeerTebaTa matriciTac. es aris |V| × 
|V| zomis kvadratuli matrici, sadac (i,j) adgilze aris 1 Tu i-
uri da j-uri wveroebi SeerTebulia wibiTi, da aris 0 
winaamRdeg SemTxvevaSi. Cveni grafisTvis es matricia

arsebobs gansxvavebuli gza grafis matriciT aRwerisa -
incidentobis matrici. es aris |E| × |V| zomis matrici, sadac (i,j)
adgilze aris 1 Tu i-ur adgilze mdgomi wvero ekuTvnis j-ur 
adgilze mdgom wibos, da aris 0 winaamRdeg SemTxvevaSi. Cveni 
grafisTvis es matricia

3. grafTa komponentebi

gza grafis v da w wveroebs Soris ewodeba wveroTa 
mimdevrobas (v0,v1,…,vn), sadac v = v0, w = vn da yoveli wyvili 
[vi,vi+1] qmnis wibos.
gzas ewodeba cikli, Tu is Sekrulia, anu v0 = vn.
grafs ewodeba bmuli, Tu SesaZlebelia misi yoveli ori wveros 
gziT SeerTeba.

         A  B  C  D
A       0   1  1  0
B       1   0  1  1
C       1   1  0  1 
D       0   1  1  0

         a    b   c   d   e
A       0   1   1   0  0 
B       1   0   1   1   0
C       1   1   0   0   1
D       0   0   0   1   1

                    A

         c                  b
                  a
B                             C
     d                  e
               D
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grafs ewodeba xe, Tu is bmulia da acikluri (e.i. ar aqvs 
ciklebi).
grafis wveros xarisxi (valentoba) ewodeba im wiboTa 
raodenobas, romlebic Seicaven am wveros.

Teorema. grafis yvela wveros xarisxTa jami luwi ricxvia.

Teorema. grafis kent xarisxiani wveroebis ricxvi luwia.

4. planaruli grafebi

grafs ewodeba planaruli (brtyeli) Tu SesaZlebelia misi 
sibrtyeze ise daxazva, rom wiboebi erTmaneTs ar kveTdnen. 
sibrtyeze daxazul grafi warmoqmnis regionebs – areebs, 
romlebic SemosazRvrulia garkveuli ciklebiT. aseT regionTa 
simravle aRvniSnoT R-iT (aRvniSnoT, rom regonebSi iTvleba 
agreTve erTi usasrulo regioni ganlagebuli grafis gare 
konturis gareT).

eileris formula. |V| - |E| + |R| = 2.

sami Wis amocana. SevaerToT sami saxli sam WasTan ise, rom 
bilikebi erTmaneTs ar kveTdnen. 

am naxazze bilikebi erTmaneTs kveTen, magram SeiZleba Tu ara 
am bilikebis ise gatareba, rom isini ar ikveTebodnen? eileris 
formulidan SeiZleba imis gamoyvana, rom es SeuZlebelia, anu
es grafi planaruli (brtyeli) ar aris. am grafs ewodeba K3,3.
araplanaruli garfis meore magaliTia 5-wveroiani sruli 
grafi K5.:

Teorema (grafis planarulobis kriteriumi). grafi planarulia 
maSin da mxolod maSin, rodesac is ar Seicavs K3,3 an K3,3

qvegrafebs.
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5. Semovlis amocanebi

wiboTa Semovlis amocana

1. SeiZleba Tu ara mocemuli grafis yvela wibos ise Semovla, 
rom TiTeul wiboze gaviaroT mxolod erTxel? es formulire-
ba eqvivalenturia Semdegis: arsebobs Tu ara grafSi iseTi gza, 
romelic grafis yovel wibos TiTojer Seicavs? aseT gzas 
eileris gza ewodeba.
2. SeiZleba Tu ara grafis Semovla ase: daviwyoT romelime wve-
rodan, SemoviaroT grafi ise, rom yvela wibo mxolod erTxel 
gaviaroT da davbrundeT sawyis wveroSi. es formulireba eqvi-
valenturia Semdegis: arsebobs Tu ara grafSi iseTi cikli, ro-
melic grafis yovel wibos TiTojer Seicavs? aseT cikls eile-
ris cikli ewodeba.

leonard eileris Teorema.
1. eileris cikli arsebobs maSin da mxolod maSin, rocam am 

grafs aqvs mxolod luwxarisxiani wveroebi.
2. eileris gza arsebobs maSin da mxolod maSin, roca am 

grafis kentxarisxiani wveroebis ricxvi ors ar aRemateba.

kenigsbergis xidebi

SeiZleba Tu ara kenigsbergis Svidive xidis Semovla ise, rom 
ar gaviaroT orjer erT xidze?

es amocana eqvivalenturia Semovlis amocanisa am grafisaTvis:

eileris TeoremiT es SeuZlebelia, radgan am garfs aqvs 4 
kentxarisxiani wvero.

wveroTa Semovlis amocana

1. SeiZleba Tu ara mocemuli grafis yvela wveros ise Semovla, 
rom TiTeul wveroze gaviaroT mxolod erTxel? es 
formulireba eqvivalenturia Semdegis: arsebobs Tu ara grafSi 

napiri 1

napiri 2

kunZuli 1 kunZuli 2



263

iseTi gza, romelic grafis yovel wveros TiTojer Seicavs? 
aseT gzas hamiltonis gza ewodeba.
2. SeiZleba Tu ara grafis Semovla ase: daviwyoT romelime 
wverodan, SemoviaroT grafi ise, rom yvela wvero mxolod 
erTxel gaviaroT da davbrundeT sawyis wveroSi. es 
formulireba eqvivalenturia Semdegis: arsebobs Tu ara grafSi 
iseTi cikli, romelic grafis yovel wveros TiTojer Seicavs? 
aseT cikls hamiltonis cikli ewodeba.

komivoiaJoris amocana

vTqvaT grafSi dafiqsirebulia yvela wiboTa sigrZeebi. vipoviT 
umciresi sigrZis cikli, romelic Semoivlis grafis yvela 
wveros.

Tu grafs aqvs hamiltonis cikli, maSin is aris am amocanis 
amoxsna.

5. oTxi feris problema

minimum ramdeni feria saWiro nebismieri rukis ise SesaRebad, 
rom mezobel qveynebs sxvadasxva feri hqondeT? 
sami feri amisTvis ar kmara:

SedarebiT advili saCvenebelia, rom 5 feri kmara nebismiero 
rukisaTvis. didi xnis ganmavlobaSi problemad rCeboda, 
sakamarisia Tu ara 4 feri. es problema gadaiWra mxolod 
kompiuterebis daxmarebiT Catarebuli vrceli gamoTvlebiT.

es problema SeiZleba grafebis enaze iTargmnos. amisaTvis 
nebismier rukas SevuTanadoT aseTi grafi: wveroebi iyos 
qveynebis dedaqalaqebi, ori wvero (dedaqalaqi) SevaerToT 
wiboTi (rkinigziT), Tu am qveynebs saerTo sazRvris monakveTi 
aqvT. maSin rukis SeRebvis problema dadis Semdeg amocanaze: 
mocemuli grafis wveroebs mivaniWoT nomrebi (leiblebi) ise, 
rom mezobel wveroebs sxvadasxva nomeri hqondeT. minimum 
ramdeni nomeri aris amisaTvis sakmarisi? zemoT mocemuli rukis 
grafia 

mis gadanomrvas Wirdeba 4 nomeri (4 feri).

4

3

2

1
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6. xeebi

yvelaze martivi, magram yvelaze gamoyenebadi grafebia xeebi –
bmuli acikluri grafebi.

yoveli xe pirvel rigSi brtyeli grafia: aciklurobis gamo is 
ar SeiZleba Seicavdes K3,3 da K5 grafebs (romlebsac aqvT 
ciklebi). amitom xisaTvis samarTliania eileris formula |V| -
|E| + |R| = 2. kvlav aciklurobis gamo ar arsebobs Siga regionebi, 
aris marTo gare, e.i. |R| = 1, amitom |V| - |E| = 1, anu xisaTvis 
wveroTa ricxvi erTiT metia wiboTa ricxvze.

xis struqtura aqvT veb gverdebs, direqtoriebs, internetis 
misamarTTa domenur  sistemas.

Tavad xis struqtura aseTia. xis erTerT wveros uwodeben 
fesvs (root). amis Semdeg Semdeg avtomaturad Cndeba ierarqia: 
nebismieri ori wverodan, romlebis wiboTia SeerTebuli, 
erTerTi aris mSobeli (romelic ufro axloa fesvTan), meore 
ki Svili. fesvs hyavs mxolod Svilebi, Sinagan wveroebs hyavT 
rogorc mSoblebi, aseve Svilebi, ylorti ewodeba wveros, Tu 
mas mxolod mSobeli hyavs.

am xeSi r fesvia, x, y, z Siga wveroebi, a, b, c, d, e, f ylortebi. 
yoveli ylortis valentoba 1-is tolia. binaruli ewodeba xes, 
Tu misi yoveli wveros (ylortebis) garda, 2-is tolia.

amocanebi

amoxseniT Semdegi amocanebi (a) tetraedris grafisaTvis; (b) 
kubis grafisaTvis; (g) 4-wveroiani sruli grafisaTvis; (d) Ria 
konvertisaTvis:

1. dawereT am grafis SeerTebaTa matrici;

2. dawereT am grafis incidenciis matrici;

3. daxazeT am grafis brtyeli naxazi;

4. gamoTvaleT kombinacia |V| - |E| + |R|;
5. aqvs Tu ara am grafs eileris gza?

6. aqvs Tu ara am grafs eileris cikli?

7. amoxseniT komovoiaJeris amocana am grafisaTvis.

8. minimum ramdeni feriT SeiZleba am grafis SeRebva?

a      b    c    d   e    f

y
x

r

z
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kombinatorika

n-elementis gadanacvlebaTa raodenoba 

P(n) = n ! = 1· 2 · 3 · … · n.

n-elementidan k-elementis amorCevis kombinaciaTa raodenoba 
(binomialuri koeficienti)

!
.

! ( )!
k
n

n
C

k n k


 
Tvisebebi

0 1;nC  1 ;nC n ;k n k
n nC C  1 1

1 1 .k k
n n nC C C 

  
niutonis binomi 

1 1 2 2 2 2 2 2 1 1( ) ... ... .n n n n k n k k n n n n n
n n n n na b a C a b C a b C a b C a b C ab b               

0

( ) .
n

n k n k k
n

k

a b C a b



 

Teorema. 0 1 1 0... 2 .n n
n n n nC C C C    

damtkiceba.
0 0

2 (1 1) 1 1 .
n n

n n k n k k k
n n

k k

C C

 

    

paskalis samkuTxedi

1 1

1 2 1

1 3 3 1

1 4 6 4 1

      

0 1
1 1

0 1 2
2 2 2

0 1 2 3
3 3 3 3

0 1 2 3 4
4 4 4 4 4

C C

C C C

C C C C

C C C C C

amocanebi

1.  daamtkiceT 0 1;nC  1 ;nC n ;k n k
n nC C  1 1

1 1 .k k
n n nC C C 

  

2. gamoTvaleT (a + b)5, (a + b)6, (a + b)7.

3. kalaTaSi 20 burTulaa, maT Soris 7 wiTeli, danaCeni Savi. 
rogoria albaToba imisa, rom SemTxvevitad amoRebul 5 
burTulaSi iqneba 2 wiTeli?

amoxsna. sul SesaZlo kombinaciebis (xuTeulebis amorCevis 

ocidan) aris 
5
20C , xolo kombinaciebi, romlebic Seicaven 2 

wiTels aris 2 3
7 13C C . amitom saZiebeli albaTobaa 

2 3
7 13

5
20

.
C C

P
C



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4. ipoveT albaToba imisa, rom SemTxveviT arCeuli 5-niSna 
ricxvi ar Seicavdes cifrs 5.

4. dawesebulebaSi 5 vakansiaa kacebisaTvis, 5 vakansia 
qalebisaTvis da 4 vakansia, romelTaTvisac sqess mniSvneloba 
ar aqvs. konkurSi monawileobs 12 mamakaci da 8 qali. ramdenia 
vakansiaTa Sevsebis variantebis raodenoba?

5. klasSi 13 biWia da 12 gogona. (a) ramdennairad SeiZleba am 
klasis gamwkriveba ise, rom biWebi simaRlis mixedviT iyvnen 
dalagebulni? (b) igive amocana gogonebis simaRlis mixedviT
dalagebaze.
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