
Tornike qadeiSvili

homotopiis Teoria

homotopia 

ganmarteba. or asaxvas  , :f g X Y   ewodeba homotopiuri Tu arsebobs 

uwyveti asaxva (homotopia) :F X I Y   iseTi, rom 
( ,0) ( ), ( ,1) ( ).F x f x F x g x 

aRniSvna ~
F

f g .

savarjiSo. nebismieri ori asaxva , :f g X R  homotopiuria. Hhomotopias 

axorcielebs asaxva : , ( , ) (1 ) ( ) ( ).F X I R F x t t f x tg x      SeamowmeT, rom 

~ .
F

f g

savarjiSo. vTqvaT X  wrfivadbmuli sivrcea, rac niSnavs, rom 
nebismieri ori wertili SeiZleba SeerTdes wiriT, anu

* * * *, : , (0) , (1)x y X I X x y         .

aCveneT, rom am SemTxvevaSi mudmivi asaxvebi *: , ( )f X X f x x    da  

*: , ( )g X X g x y    homotopiuria. (me mgonia homotopia ( , ) ( )F x t t
gamodgeba.)

Teorema. homotopia eqvivalentobis mimarTebaa.

damtkiceba.

refleqsuroba: ~
F

f f  homotopiiT ( , ) ( ).F x t f x

simetriuloba:  ~ ~
F G

f g g f , sadac ( , ) ( ,1 ).G x t F x t 

tranzituloba:  ~ , ~ ~
F G H

f g g h f h , sadac 

1
( ,2 ), 0

2( , ) .
1

( , 2 1), 1
2

F x t x
H x t

G x t x

   
   


( , )Map X Y  aRniSnavs  yvela uwyveti asaxvis simravles X -dan Y -Si

( , ) { : }.Map X Y f X Y 

homotopia eqvivalentobis mimarTebaa am simravleSi. 



[ , ] ( , )/ ~X Y Map X Y aRniSnavs eqvivalentobis (homotopiis) klasebis 

simravles.

yovel asaxvas ( , )f Map X Y Sesabameba misi homotopiis klasi [ ] [ , ]f X Y
rac aCens asaxvas

( , ) [ , ].Map X Y X Y

Teorema. Tu mocemuli uwyveti asaxvebisaTvis 
f

h k

g

U X Y V


 


gvaqvs ~
F

f g , maSin  ~fh gh  da  ~kf kg .

damtkiceba.  ~ , ( , ) ( ( ), )
H

fh gh H u t F h u t ,  da  ~ , ( , ) ( , )
G

kf kg G x t kF x t .

kategoria hoTop *

kategoriis Top  obieqtebia topologiuri sivrceebi, xolo morfizmebi 

( , ) ( , )TopMor X Y Map X Y . Aaxla ganvmartoT axali kategoria hoTop

(homotopizirebuli Top ):  ( )ob hoTop = ( )ob Top , xolo ( , ) [ , ].hoTopMor X Y X Y

savarjiSo. aCveneT, rom hoTop  koreqtulad ganmartebuli kategoriaa.
aq saWiroa ganimartos kompozicia “axali” morfizmebisa 
[ ] [ , ], [ ] [ , ]f X Y g Y Z  . ganvmartoT kompozicia ase: [ ] [ ] [ ]g f g f  , magram aq 
koreqtuloba iqneba saCvenebeli.

savarjiSo. aCveneT, rom kategoriaSi hoTop  homotopiurad 
eqvivalenturoba izomorfulobas niSnavs. (trivialuria, ubralod 
kargad gaiazreT, ras niSnavs es cnebebi).

homotopiuri eqvivalentoba

ganmarteba. uwyvet asaxvas  :f X Y  ewodeba homeomorfizmi Tu arsebobs 

Sebrunebuli – uwyveti asaxva :g Y X  iseTi, rom 

Yf g id   da  Xg f id .

ganmarteba. X  da Y  topologiur sivrceebi homeomorfulia, Tu arsebobs 
homeomorfizmi :f X Y . aRniSvna .X Y

ganmarteba. uwyvet asaxvas  :f X Y  ewodeba homotopiuri eqvivalentoba
Tu arsebobs misi homotopiuri Sebrunebuli – uwyveti asaxva :g Y X
iseTi, rom ~ Yf g id   da  ~ Xg f id



savarjiSo. yoveli homeomorfizmi homotopiuri  eqvivalentobaa. (aseve 

trivialuria: Tu   , maSin ~ , ( , ) ( )
F

F x t f x   . )

magram piriqiT ara. magaliTad, rom :f R pt ar aris homeomorfizmi, 

magram aris homotopiuri eqvivalentobaa: :g pt R  iyos asaxva 

( ) 0g pt R   , maSin ptf g id  xolo ~ XF
g f id  aseTi homotopiiT 

( , ) (1 ) .F x t t x 

ganmarteba. X da Y  topologiur sivrceebi homotopiurad 
eqvivalenturia, Tu arsebobs homotopiuri eqvivalentoba :f X Y .

aRniSvna ~ .X Y  sxva terminologiiT – X  da Y -s aqvT erTnairi 
homotopiuri tipi.

Teorema. topologiur sivrceTa homotopiuri eqvivalentoba 
eqvivalentobis mimarTebaa.

savarjiSo. daamtkiceT es Teorema.

ganmarteba. topologiur sivrces X  qvia moWimvadi, Tu ~X pt .

savarjiSo.  aCveneT, rom X  moWimvadia maSin da mxolod maSin, rodesac  

:Xid X X  homotopiuria mudmivi asaxvisa *: , ( ) .c X X c x x 

retraqcia*

ganmarteba. qvesivrces  A X  ewodeba X -is retraqti, Tu arsebobs 
uwyveti asaxva :r X A  i.r. nebismieri wertilisTvis a A  gvaqvs ( ) .r a a
sxvagvarad, Tu :i A X aRniSnavs Cadgmas A X , maSin Ar i id .

ganmarteba. retraqcias 
i

r
A X

ewodeba deformaciuli, Tu Ar i id  tolobasTan erTad damatebiT 

sruldeba Xi r id

fardobiTi homotopia

vTqvaT A X   aris X  topologiuri sivrcis qvesivrce (qvesimravle 
inducirebuli topologiiT), , :f g X Y  da vTqvaT es asaxvebi erTmaneTs 

emTxveva  A -ze: | |f A g A .

ganmarteba. vityviT, rom  ~f g rel A Tu arsebobs :F X I Y   isTi, rom 

~
F

f g   da ( , ) ( ,0)F a t F a , ,a A t I   .



savarjiSo. aCveneT, rom es mimarTebac eqvivalentobaa.

fardobiTi homotopiurobis mniSvnelovani kerZo SemTxvevaa *A x X  . am 

SemTxvevaSi *~f g rel x Tu * * * * *( , ) ( ,0) ( ,1) ( ) ( ).F x t F x F x f x g x   

topologiuri sivrceebis wyvilTa kategoria

am kategoriis obieqtebi iyos topologiur sivrceTa wyvilebi (sivrce-
qvesivrce) ( , ),X A A X , xolo wyvilTa morfizmi : ( , ) ( , )f X A Y B  ase 

imarteba : , ( )f X Y f A B  .  

fardobiTi homotopia ~f g rel A morfizmTa simravleSi (( , ), ( , ))Map X A Y B
ganmartavs eqvivalentobas da e.i. faqtorsimravles (fardobiTi 
homotopiuri klasebis simravles [( , ), ( , )]X A Y B .

mniSvnelovani kerZo SemTxvevaa e.w. punqtirebul topologiur sivrceTa 

kategoria. aq obieqtebia wyvilebi (sivce-dafiqsirebuli wertili) *( , ),X x

*x X , xolo morfizmi * *: ( , ) ( , )f X x Y y  aris asaxva * *: , ( )f X Y f x y  . 

fardobiTi homotopia *~f g rel x  ganmartavs fardobiTi homotopiuri 

klasebis simravles * *[( , ), ( , )]X x Y y .

fundamenturi jgufi  *( , )X x

*( , )X x  rogorc simravle

vTqvaT  *( , )X x   punqtirebuli topologiuri sivrcea. rogorc yovelTvis,  

[0,1]I  , xolo misi sazRvari aRvniSnoT ase {0,1}I  . ganvmartoT simravle

* *( , ) [( , ), ( , )]X x I I X x  

amiT simravle *( , )X x koreqtuladaa ganmartebuli. mainc davazustoT. 

asaxvas : I X    hqvia  gza X -Si.  

asaxva *: ( , ) ( , )I I X x    damatebiT akmayofilebs pirobas *(0) (1) x   ,  mas 

hqvia maryuJi  *( , )X x -Si.  

ori maryuJi *, : ( , ) ( , )I I X x     fardobiTad homotopiuria Tu arsebobas 

asaxva (homotopia)  2:F I I I X   , romelic akmayofilebs Semdeg 
pirobebs

*( ,0) ( ), ( ,1) ( ), (0, ) (1, )F s s F s s F t F t x     .



sabolood, * *( , ) [( , ), ( , )]X x I I X x   aris maryuJTa fadobiTi homotopiis 

klasebi. misi elementebia maryuJTa klasebi *[ ] ( , ).X x 

mravalferovnebisTvis moviyvanT *( , )X x -is kidev erT ganmartebas. 

rogorc yovelTvis,  1S  iyos wrewiri (erTganzomilebiani sfero, xolo 
1

*s S  misi romelime fiqsirebuli wertili. maSin

1
* * *( , ) [( , ), ( , )]X x S s X x  .

rogorme TviTon dainaxeT, rom *( , )X x simravlis es ori ganmarteba –

monakveTis da wrewiris terminebSi – erTmaneTs emTxveva.

* *( , ) [( , ), ( , )]X x I I X x    rogorc jgufi

*( , )X x  ar aris mxolod simravlea, is jgufia operaciis mimarT, 

romelsac axla ganvmartavT.

yoveli maryuJi *: ( , ) ( , )I I X x   aris gza, romelic iwyeba 0s   momentSi 

wertilSi *x  , 1 wuTis ganmavlobaSi ( 0s   momentidan 1s   momentamde) 

Semoirbens garkveul traeqtorias da 1s   momentSi dabrundeba isev *x
wertilSi.

axla vTqvaT gvaqvs ori maryuJi  *, : ( , ) ( , )I I X x   . Cveni mizania 

ganvmartoT maTi “namravli”, axali maryuJi   . uxeSad es ase avxsnaT: 

  -m pirveli naxevari wuTis ganmavlobaSi Semoiaros   da meore 

naxevari wuTis ganmavlobaSi Semoiaros  . ufro zustad,

1
(2 ), 0

2 .
1

(2 1), 1
2

s s

s s


 



    
   


maryuJTa gamravleba ganmartavs gamravlebas *( , )X x -Si: am simravlis 

nebismieri ori elementisaTvis *[ ],[ ] ( , )X x    ganvmartoT

[ ] [ ] [ ]      .

es gamravleba gadaaqcevs simravles *( , )X x -s jgufad, magram amisaTvis 

jer uamravi raRacis damtkiceba dagvWirdeba.

koreqtuloba. klasebis namravli ar aris damokidebuli klasebidan 

maryuJebis amorCevaze, anu, Tu ~ ' rel I   da ~ ' rel I   , maSin  



~ ' ' rel I       anu  [ ] [ ' ']      . damtkiceba – grZelia, unda daiweros 

Sesabamisi homotopia.

asociaturoba.  sazogadod maryuJebis namravli ar aris asociaturi -

( ) ( )          , magram ( ) ~ ( ) rel I          , rac niSnavs, rom 

[ ( )] [( ) ]          . damtkiceba – grZelia, unda daiweros Sesabamisi 

homotopia.

erTeuli. neitraluri elementis rols asrulebs mudmivi maryuJis 

homotopiis klasi; aRvniSnoT * *: ( , ) ( , ), ( )I I X x s x   . kvlav, es ar aris 

neitraluri elementi maryuJTa gamravlebisTvis: , ,         magram  

~ , ~ ,rel I rel I        rac niSnavs, rom [ ] [ ] [ ], [ ] [ ] [ ]         .
damtkiceba – grZelia, unda daiweros Sesabamisi homotopia.

mopirdapire. yoveli maryuJisaTvis *: ( , ) ( , )I I X x   ganvmartoT maryuJi 
1

*: ( , ) ( , )I I X x     ase:  1( ) (1 )s s    . isev da isev, sazogadod 1    , 

magram 1 ~ rel I    , rac iZleva  1[ ] [ ] [ ]    . analogiurad,  1[ ] [ ] [ ]     . 

es ki niSnavs, rom [ ]  homotopiis klasis mopirdapires rols asrulebs 
1[ ]  , anu 1 1[ ] [ ]   . damtkiceba – grZelia, unda daiweros Sesabamisi 

homotopia.

Tu amas yvelafers davamtkicebT (davwerT Sesabamis homotopiebs) 

sabolood miviRebT, rom  *( , )X x  jgufia.

damokidebuleba  wertilis arCevaze

sazogadod fundamenturi jgufi *( , )X x  damokidebulia *x X  wertilis 

arCevaze, anu Tu  * *x y , maSin SesaZlebelia * *( , ) ( , )X x X y  , magram 

Teorema. Tu X wrfivadbmuli sivrcea, maSin   *( , )X x  da *( , )X y
izomorfuli jgufebia.

damtkiceba. wrfivadbmulobis gamo arsebobs *x   da *y  wertilebis 

SemaerTebeli gza * *: , (0) , (1)I X x y     .  dagvWirdeba agreTve *y   da 

*x  wertilebis SemaerTebeli gza 1 1 1
* *: , (0) , (1)I X y x       , romelic 

ase SeiZleba ganvmartoT: 1( ) (1 )s s    .

ganvmartoT ori asaxva  

* * * *: ( , ) ( , ), : ( , ) ( , )X x X y X y X x      



tolobebiT 1 1([ ]) [ ], ([ ]) [ ]                . kvlav grZeli Semowmeba 

mogvcems, rom orive asaxva koreqtulad ganmartebuli jgufTa 

homomorfizmia, amasTan 
*( , )X yid     da  

*( , )X xid   , rac niSnavs, rom  

*( , )X x  da *( , )X y  izomorfuli jgufebia.

inducirebuli homomorfizmi, anu funqtoruloba

moyvanili konstruqcia SeuTanadebs punqtirebul topologiur sivrces 

*( , )X x  mis fundamenur jgufs *( , )X x . axla vaCvenebT, rom metic, 

punqtirebul topologiur sivrceTa nebismier asaxva

* *: ( , ) ( , )f X x Y y

aCens (inducirebs) Sesabamis fundamentur jgufTa homomrfizms 

* *( ) : ( , ) ( , )f X x Y y   .

es  ( )f  ase imarteba  ( )([ ] [ ].f f   

aq raRaa Sesamowmebeli? koreqtuloba da homomorfuloba.

amas garda, advili sanaxavia, rom 
*( , )( )X X xid id  .

da kidev erTi ram:  ori uwyveti asaxvisaTvis 

f gX Y Z 

kompoziciis Sesabamisi homomorfizmi aris am asaxvaTa Sesabamisi 
homomrfizmebis kompozicia, anu 

* *( ) ( ) ( ) : ( , ) ( , )g f g f X x Z z       .

es yvelaferi imas niSnavs, rom *:Top Groups    aris funqtori 

punqtirebuli topologiuri sivrceebis kategoriidan jgufTa 
kategoriaSi.

savarjiSo. vTqvaT * *, : ( , ) ( , )f g X x Y y   da *~f g rel x , maSin 

* *( ) ( ) : ( , ) ( , )f f X x Y y     .

savarjiSo. Tu *( , )X x da  *( , )X x   homotopiurad eqvivalenturi 

punqtirebuli sivrceebia, maSin *( , )X x   da *( , )Y y   izomorfuli jgufebia.



savarjiSo. Tu X  moWimvadi sivrcea, maSin is caladbmulia, rac miSnavs, 

rom *( , ) 0X x   (magram arapiriqiT, amis magaliTia organzomilebiani 

sfero 2S ).

gamoyeneba – braueris uZravi wertilis Teorema

daveyrdnobiT intuitiur faqts  1
*( , )S s Z  da organzomilebiani diskis 

(wris) moWimvadobas 2
*( , ) 0D x  .

Teorema 1.  ar arsebobs wris uwyveti retraqcia mis sazRvarze  
2 1:r D S .

damtkiceba. vTqvaT aseTi retraqcia arsebobs, e.i. gavqvs asaxva 2 1:r D S
iseTi, rom  kompozicia  1 2 1i rS D S    aris 1S

id .  vimoqmedoT am 

diagramaze funqtoriT 

( ) ( )1 2 1( ) ( ) 0 ( )i rS Z D S Z        .

homomorfizmTa es kompozicia nulovania (ratom?), rac ewinaamRdegeba 

pirobas  1( ) ZS
id id  .

Teorema 2. yovel uwyvet asaxvas  2 2:f D D  aqvs uZravi wertili, anu 

arsebobs iseTi 2*x D , rom ( *) *f x x .

damtkiceba. davuSvaT yoveli 2x D  wertilisTvis ( )f x x . ganvmartoT 

asaxva 2 1:r D S ase: SevaerToT wertili 2( )f x D  sxiviT wertilTan 
2x D . ( )r x  iyos am sxivis wrewirTan TanakveTis wertili. cota 

dafiqrdiT, da dainaxavT, rom es  r   retraqciaa, rac ewinaaRmdegeba wina 
Teoremas.


