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Tornike qadeiSvili

eileris maxasiaTebeli

damokidebuleba amozneqili mravalkuTxedis wveroebisa da gverdebis 
(wiboebis) raodenobebs Soris martivia – wveroebis raodenoba udris 
wiboebis raodenobas, anu kombinacia, romelsac mravalkuTxedis eileris 
maxasiaTebli hqvia 

e = (# wveroebi) – (# wiboebi)
udris nuls. 

vnaxoT, rogoria damokidebuleba mravalwaxnagebis elementebis –
wveroebis, wiboebis, waxnagebis – raodenobebs Soris?

yvela es figura topologiurad sferos eqvivalenturia. 

ra aqvT maT erTnairi? 

eileris maxasiaTebeli

e     = (# wveroebi) – (# wiboebi) + (# waxnagebi) = 2.

inglisurad wveroa  Vertex, wibo Edge, waxnagi Face, anu 
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e V E F  

(samwuxarod qarTulad gamogvdis  e  w – w + w).

zogadad, simpleqsuri kompleqsis eiler - puankares maxasiaTebeli ase 
ganimarteba

0 1 2 ... ( 1)i
i

i

k k k k      
aq ik  aRniSnavs simpleqsuri kompleqsis  i -ganzomilebiani simpleqsebis 

raodenobas.

eileris Teorema. Sekruli amozneqili mravawaxnagas eileris 
maxasiaTebeli 2-is tolia.

damtkicebis idea (koSi):

1. waxnagebis triangulaciiT – diagonalebis gatarebiT -  mivaRwioT imas, 
rom yoveli waxnagi gaxdeba samkuTxedi. am manipulaciiT eileris 
maxasiaTebeli ar icvleba (ratom?).

2. amovWraT erTi samkuTxedi. amiT mravalwaxnaga (topologiurad) 
gadaiqceva mravalkuTxedad xolo eileris maxasiaTebeli 1-iT 
Semcirdeba (ratom?).

3. am mravalkuTxeds rigrigobobiT movkveToT sazRvarTan mdebare 
samkuTxedebi (sul 3 tipisaa). aseTi mokveTebiT eileris maxasiaTebeli ar 
icvleba (ratom?).

4. sabolood mivalT erT samkuTxedamde, romlis eileris maxaseiaTebeli 
erTia. r.d.g.

mravalwaxnagebi, romelTaTvisac 2e 

xom ar ggoniaT, rom yoveli mravalkuTxedis eileris maxasiaTebeli 
nulia? 
    

  naxeT es                          an  es  

maTTvis  1e  . es imitom moxda, rom arc erTi es figura ar arian 
wrewiris homeomorfuli.
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savarjiSo
iqneb SeTxzaT mravalkuTxedi, romlisTvisac 0e  , 1e    da a.S. 

axla naxeT es mravalwaxnaga 

gaakeTeT misi yvela waxnagis triangulacia da daTvaleT eileris 
maxasiaTebeli. miiRebT 0e  . es imitom xdeba, rom es figura ar aris 
sferos homeomorfuli, is homeomorfulia torisa  

.
am samSeneblo blokisTvis 

2.e    es mravalwaxnaga homeomorfulia aseT “2-torisa” 
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.

savarjiSo
iqneb daxazoT mravarwaxnaga, romlisTvisac  4e   , 6e    da a. S.

sazogadod, eileris maxasiaTebeli topologiuri invariantia: 
homeomorful topologiur sivrceebs erTnairi eiler-puankares 
maxasiaTebeli aqvT, anu Tu X Y , maSin  ( ) ( ).X Y 

ufro metic, eileris maxasiaTebeli homotopiuri invarianticaa: 
homotopiurad eqvivalentur topologiur sivrceebs erTnairi eiler-
puankares maxasiaTebeli aqvT, anu Tu X Y , maSin  ( ) ( ).X Y 

gvari

cnobilia (orientirebuli) Sekruli zedapirebis sruli klasifikacia: 
TiTeuli aseTi zedapiri homeomorfulia sferosi ramdenime saxeluriT. 
zedapiris gvari g  (genus) ewodeba am saxelurebis raodenobas. 

kerZod, Tavad sferos gvaria 0, torisa 1, zemoT naCvenebi samSeneblo 
blokisa – 2, ai am zedapiris ki - 3

zedapiris gvari udris aseT ricxvs: maqsimum ramdeni Sekruli martivi 
wiris amokveTaa SesaZlebeli ise, rom zedapiri ar daiSalos arabmul 
komponentebad. 
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savarjiSo
aba, dainaxeT, romeli sami Sekruli martivi wiris amokveTaa SesaZlebeli 
am 3-toridan dausjelad.

damokidebuleba eileris maxasiaTebels da gvars Soris aseTia 2 2g   .

platonis sxeulebi

eileris Teoremis Sedegia, rom arsebobs mxolod 5 wesieri 
mravalwaxnaga (e.w. platonis sxeulebi)

tetraedri         kubi          oqtaedri      ikosaedri     dodekaedri
                anu heqsaedri

ratom 5?  

aRvniSnoT:

k - erT wveroSi Tavmoyril wiboTa ricxvi, cxadia 3k 
n   - waxnagis kuTxeTa raodenoba, cxadia 3n 
x – waxnagTa raodenoba 

maSin:  wiboTa raodenobaa 
2

n x
;  

        wveroTa raodenobaa 
n x

k


. 

eileris TeoremiT   2
2

n x n x
x

k

 
   . aqedan  

4

2 2

k
x

n k nk


 
.

Semdeg cxrilSi gamoTvlilia  x   sxvadasxva  n   da k -sTvis
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k         
n

3 4 5 6 7 8

3 4 8 20 -28 -16

4 6 -10 -6 -4.66 -4

5 12 -8 -4 -3 -2.5 -2.3

6 -4 -2.5 -2 -1.75 -1.6

7 -12 -2.6 -1.8 -1.5 -1.3 -1.2

8 -6 -2 -1.4 -1.2 -1.07 -1

rogorc vxedavT x -is mTeli dadebiTi mniSvneloba gamodis mxolod 5 
SemTxvevaSi. TiTeuli am SemTxvevaTagani Seesabameba platonis sxeuls.

magaliTad, cxrilidan Cans, rom 3, 4k n  SemTxvevaSi  6x  . vnaxoT 
romel mravalwaxnagas viRebT am SemTxvevaSi. amisaTvis gamoxiTvaloT 
wveroebis, wiboebis da waxnagebis raodenoba:

4 6 4 6
8, 12, 6,

3 2 2

n x n x
V E F x

k

   
       

aba Tu mixvdiT, es romelia?

savarjiSo
gamoikvlieT xuTive SemTxveva, romel mravalwaxnagas Seesabameba 
TiTeuli maTgani

( 3, 3); ( 3, 4); ( 4, 3); ( 3, 5); ( 5, 3);k n k n k n k n k n         

amis gamoyenebiT axseniT ras niSnavs sityvebi  tetra,  hexa, octa, dodeca, icosa   
(wesiT berZnulad unda eweros).
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naxevradwesieri mravalwaxnagebi

am 5 wesieri mravalwaxnagas garda arsebobs sxvadasxva tipis 
naxevradwesierebi:

arqimedis sxeulebi – yvela waxnagi wesieri mravalkuTxedia (magram 
SeiZleba araerTsaxela) xolo wveroebi – erTgvarovani. mag. wakveTili 
oqtaedri (permutaedris kerZo saxe, romelsac qvemoT ganvixilavT)

romelsac aqvs waxnagebad kvadratebi da wesieri eqvskuTxedebi. miaqcieT 
yuradReba: aq TiTeuli wvero 3-valentiania (termini qimiidan) anu 3 wibo 
gamodis.

aseTia agreTve eqvskuTxa prizma

                       

romelis waxnagebi agreTve kvadratebi da wesieri eqvskuTxedebia da 
yvela wvero agreTve 3-valentiania.

arsebobs kidev aseTi antiprizma
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gasagebia, rom prizmebisa da antiprizmebis raodenoba usasruloa 
(ratom?), magram arqimedes sxeulebi platonis sxeulebis gamoklebiT 
sul 13 calia, naxeT vikipediaSi Archimedean solid.

jonsonis sxeulebi - yvela waxnagi wesieri mravalkuTxedia magram 
SeiZleba araerTsaxela, xolo wveroebis erTgvarovneba aRar moiTxoveba.
mag. oTxkuTxa piramida, romlis fuZe kvadratia, xolo gverdiTi 
waxnagebi wesieri samkuTxedebi

aq oTxi wvero 3-valentiania, erTi ki 4-valentiani.

aseTebi 92 calia.
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ekzotikuri mravalwaxnagebi

adidasis fexburTis burTi

                       

es burTi arqimedis sxeulia: zogi misi waxnagi eqvskuTxedia (Hexagon), 
zogi – xuTkuTxedi (Pentagon), amasTan TiTeuli wverodan gamodis sami 
wibo. eileris maxasiaTebeli gvaZlevs saSualebas davTvaloT 
xuTkuTxedebis raodenoba.

davuSvaT gvaqvs H  eqvskuTxedi da P  xuTkuTxedi. maSin  

5 6 5 6
, ,

3 2

P H P H
V E F P H

 
   

da eileris TeoremiT viRebT
5 6 5 6

2
3 2 6

P H P H P
e V E F P H

 
         ,

e.i. 12P  , anu saWiroa zustad  12  xuTkuTxedi. eqvskuTxa waxnagebis 
raodenobis dadgena ufro Znelia, mxolod eileris maxasiaTebeli ar 
kmara.

permutoedri
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savarjiSo
permutaedris waxnagebia ramdenime kvadrati (Square) da ramdenime 
eqvskuTxedi (Hexagon) waxnagi. daadgineT (iseve, rogorc adidasis 
SemTxvevaSi) ramdenia kvadrati?
cadeT daxazoT sxva, permutoedrisgan gansvavebuli arqimedis sxeuli, 
romelsac waxnagebad aseve kvadratebi da eqvskuTxedebi aqvs. 

zogadad permutoedri 4P  aris amozneqili 3-ganzomilebiani 

mravalwaxnaga 4R -Si, romlis wveroebis koordinatebia 1,2,3,4  ricxvebis 

yvela gadanacvleba (e.i. sul 4! 24  wvero). es 4R -is qvesimravle Zneli 
dasaxatia

.

vcadoT davxatoT erTganzomilebiani permutoedri 2P : es aris 2R -is 

amozneqili qvesimravle, romlis wveroebia (1, 2)  da (2,1)

savarjiSo

organzomilebiani permutoedri 3
3P R  Tqven TviTon daxateT. ra figura 

gamovida?

ganmarteT  n-ganzomilebiani permutoedri 1
1

n
nP R 
  , nu daxatavT.

1

2

  1      2
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asociaedri

kidev erTi ekzotikuri politopi – asociaedri 5K

.
misi erTganzomilebiani analogia 3K  romlis wveroebi asea aRwerili: 

ganvixiloT raime sami simbolo, vTqvaT , ,a b c . ramdennairadaa 
SesaZlebeli am sami asos gadamravleba araasociaturi gamravlebiT 

rigis SenarCunebiT? es SesaZleblobebia  ( )a bc  da ( )ab c . amrigad 3K  aris 

monakveTi, romlis wveroebia ( )a bc  da ( )ab c

axla vnaxoT ra iqneba 4K . es aris ukve 2-ganzomilebiani figura –

mravalkuTxedi, romlis wveroebi asea aRwerili: ganvixiloT oTxi 
simbolo vTqvaT , , ,a b c d . ramdennairadaa SesaZlebeli am oTxi asos 
gadamravleba araasociaturi gamravlebiT rigis SenarCunebiT? 
es SesaZleblobebia  

( ( )), (( ) ), ( ( )) , (( ) ) , ( )( )a b cd a bc d a bc d ab c d ab cd .

amrigad 4K  aris xuTkuTxedi. miaqcieT yuradReba, ori wvero adgebs 

wibos, Ty erTi meoredan miiReba asociaturibis wesiT gadasvliT 
( ) ( )x yz xy z

4K  ukve aris mravalwaxnaga, romlis wveroebia xuTi asos , , , ,a b c d e  rigis 
SenarCunebiT gadamravlebis (frCxilebis dasmis) variantebi. aseTi 
variantebia 14, Tu ar meSleba. 

savarjiSo
daTvaleT! daawereT permutoedris naxazs Sesabamisi kombinaciebi 

( ( ( ))), ( (( ) ), ... .a b c de a b cd e

a(bc)                            (ab)c          

(ab)(cd)

((ab)c)d (a(bc))d

a((bc)d)

a(b(cd))


