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Nikoloz Muskhelishvili
Scientist and Public Figure

“Tbilisi University?! This is just a mirage! It is virtually impossible to express even the
simplest terminology of sciences like mathematics, chemistry and biology in Georgian that has
no appropriate tradition!” — argued numerous opponents of the foundation of the University in
Thilisi.

Ivane Javakhishvili and his associates refuted this skepticism, and as early as November
1918 Professor Andrea Razmadze delivered his first lecture in Mathematical Analysis in per-
fect Georgian. Later, a young graduate of Moscow University Archil Kharadze communicated
mathematics in Georgian in the same elegant way. General Andrea Benashvili, still wearing his
uniform, did likewise in Astronomy. Soon they were joined by Giorgi Nickoladze and Nikoloz
Muskhelishvili.

Shalva Nutsubidze recalls: “Andrea Razmadze, then the Dean of the Physics and Mathe-
matics Faculty, entered my room followed by an energetic-looking young man. - He has just
come from Petrograd where he had been engaged in scientific work. I need your consent to offer
him a position. He seems talented and energetic. Andrea Razmadze’s request was of course
granted. The young scientist fully justified Andrea Razmadze’s faith in him. That man was
Nickoloz Muskhelishvili whom we all know now.”

Andrea Razmadze, Giorgi Nikoladze, Nikoloz Muskhelishvli and Achil Kharadze - “the Great
Four” - were the founders of the Georgian Mathematics School. It is difficult to imagine the
amount of work done by “the four” in a decade. On top of the intensive pedagogical work,
they had to establish and refine scientific mathematical terminology in Georgian, to write and
publish the first original textbooks in their native language and to form foundations of scientific
research in various branches of mathematics.

In 1929, Andrea Razmadze passed away unexpectedly. Giorgi Nikoladze passed away in
1931. The whole burden fell upon Nikoloz Muskhelishvili, Archil Kharadze and upon some
young mathematicians who had graduated from Thilisi University. The latter were shown great
examples of devotion and service to their country by their senior colleagues who never stopped
their research and pedagogical work at Thilisi State University and Georgian Polytechnic Insti-
tute.

During his career, Niko Muskhelishvili has worked as the Dean of the University Polytechnic
Faculty, the Dean of the Physics and Mathematics Faculty, as the Pro-Rector of the Georgian
Polytechnic Institute, the Chair in Theoretical Mechanics, as well as the Head of the Physics,
Mathematics and Mechanics Institute, which had been founded at the University by his initiative.
With his usual energy and enthusiasm, he also continued his pedagogical work. The older
generation still remembers his lectures in analytic geometry, theoretical mechanics, and the
theory of differential equations...

Niko Muskhelishvili wrote an original textbook in analytic geometry which was published
several times and was widely regarded as one of the main University textbooks. Originality
is also a distinctive feature of his “Course in Theoretical Mechanics” which was published in
two parts “Statics” and “Kinematics” in 1926 and 1928 respectively and which later appeared
in a second edition. Niko Muskhelishvili started to work on mathematical terminology soon
after returning to his country. In the preface of “Mathematical Terminology” (1944, Russian-
Georgian part), its editor professor Vukol Beridze wrote: “A particularly great contribution to
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the terminology is due to Academician N. Muskhelishvili who checked each word and tried to
achieve the maximum accuracy and conformity between a mathematical notion and the term
that describes it.” It should be noted here, that the universally used term “toloba” (equality) and
the naturally derived from it “utoloba” (inequality) and “gantoleba” (equation) were introduced
by Niko Muskhelishvili in the early twenties.

In 1922, Niko Muskhelishvili’s book “Applications des intégrates analogues a celles de Cauchy
a quelques problémes de la physique mathématique” was published in French in Thilisi. This
was in a sense a predecessor of his fundamental monograph “Some Basic Problems of the Math-
ematical Theory of Elasticity” (1933) which was based on the lectures delivered by the author in
1931-32 for the staff of the Leningrad Seismologic Institute and for PhD students of the Physics
and Mathematics Institute as well as the Mathematics and Mechanics Institute of the Leningrad
University.

The monograph soon gained popularity and its author became recognised as a prominent
expert in elasticity theory. The same year,1933, Muskhelishvili was elected a Corresponding
Member of the Academy of Sciences of the USSR, and in 1939 he became a Full Member of the
Academy. At the same time, he served as the Chairman of the Georgian Branch of the Academy
of Sciences of the USSR.

When the Academy of Sciences was established in Georgia in 1941, Muskhelishvili was unan-
imously elected its President. At the very first meeting of the Academy on 27 February 1941,
Muskhelishvili ended his speech as follows: “Unfortunately today’s festive mood is spoiled by
the feeling that the scientist who had been looking forward to this great day with an utmost
admiration is no longer among us. There is no doubt that had Ivane Javakhishvili been alive,
he would have taken the high position that I am honoured to take now.”

An extended second edition of “Some Basic Problems of the Mathematical Theory of Elas-
ticity” was published in 1935, and its author was awarded a Stalin Prize in 1941. Muskhelishvili
received the same Prize in 1946 for his other well known monograph “Singular Integral Equa-
tions”. Before that, in 1945 Academician Nikoloz Muskhelishvili was awarded the title of a “Hero
of Socialist Labour”.

Both monographs have been translated and published abroad in many languages. Many
complimentary reviews have been written about them.

Muskhelishvili’s scientific work was recognized by dozens of prizes and awards. In particular,
the Turin Academy of Sciences awarded him in 1969 its international prize and gold medal
“Modesto Paneti”. Our fellow countryman was the first Soviet and the sixth world scientist
whose scientific achievements were marked with this high award. “This prize was absolutely
unexpected — said the scientist to the correspondent of the newspaper “Komunisti”,— I am
delighted to receive this high recognition. The Turin Academy is one of the oldest Academies
in Ttaly. Many of my works are connected with the works of Italian mathematicians. Italy was
the first foreign country where my work was published upon presentation by the great Italian
mathematician Vito Voltera”.

Muskhelishvili was buried on Mount Mtatsminda - the burial place of Georgia’s most revered
sons and daughters. A prize bearing Muskhelishvili’s name was created in his memoriam, the
Institute of Computational Mathematics was named after him, and his monument was erected
on Chavchavadze Avenue near the house where Muskhelishvili lived from 1941 to 1976 till the
last day of his life. A memorial plaque with a bas-relief image of the First President of the
Georgian Academy of Sciences marks the house.
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Nikoloz Muskhelishvili’s son, Doctor of Technical Sciences, Professor Guram Muskhelishvili
never neglected the room where his father used to work. This room is also like a memorial with
photographs on the walls, with medals and awards on special stands and books on the shelves
... Guram Muskhelishvili and his daughters Olga and Marina are looking with great care after
their father’s and grandfather’s things and after the books he used ...

Here is how Guram Muskhelishvili recalls his renowned father: “ I'll start from a distant.
While living in St Petersburg, my father used to spell his name as Muskhelov, and the books
bought there and his published articles were signed as Muskhelov. Many Georgian scientists and
public figures wrote their names in a Russian way in those days. Soon after coming back to Geor-
gia, father asked Ivane Javakhishvili about changing his name back to Georgian. Javakhishvili
replied in his usual polite way: “choosing your name is entirely up to you, but I have to say
that Muskhelishvili is better, this is a Georgian name and it is second to none”. By the way,
our ancestors were called Muskheli, but under the influence of Ivane Javakhishvili’s authority
my father chose the name Muskhelishvili.

My father liked working at night. I remember, once he sat at his desk in the evening, before
going to school in the morning I saw him still sitting at the table and working, and when I
returned home from school I saw the same scene...

Still being a student, my father developed a habit of making not only a list of the scientific
works that were of interest to him, but also of writing their short summaries in a special note-
book. He never changed this habit. The purpose of his first work trip abroad was to acquaint
himself with and to acquire scientific literature. He brought a lot of books from Germany
and France. Back then, I mean in the twenties, we were very poorly supplied with specialised
literature.

I am often asked why I did not follow in my father’s footsteps, why I chose to become a
physicist. I had a great desire to become a radio engineer, but it was wartime and I could not
go to Leningrad, so I enrolled in the Physics and Mathematics Faculty of Tbilisi University.
Initially, I liked mathematics and was going to carry on studies in this field, but my father told
me “you’ve got good hands and it would be better to become a physicist”. I followed his advice.
By the way, he loved physics himself and he enjoyed reading classical works. Here are Einstein’s
“Relativitéitstheorie” in German and Newton’s “Philosophise Naturalis Principia Mathematica”
also in German. The latter was bought in 1921 by Niko Ketskhoveli who later presented it to
my father. Look how laconically it is signed: “to Niko from Niko. 1946.”

I graduated from the University in the field of Physics. Don’t assume that being Niko’s son
meant any preferential treatment... To tell the truth, my teachers never spared me and always
had high expectations for me. I remember how strict my father’s student and his good friend
ITlia Vekua was at the examination; he often visited us and naturally he knew me quite well.
Others behaved in much the same way and sometimes tested me for hours. Later I learned that
my father asked them to test me as strictly as possible.

My father himself taught me two subjects, analytic geometry and differential equations. In
the first one I got the top mark. I derived one of the formulae in an original way and he liked
that. As for the other subject.. A friend of mine and I were taking the exam together in this
very room. My friend passed it in five minutes and got the top mark, while I got a “fail” also
in five minutes and in a very peculiar way too: when my father heard my answer, he stood up
and left the room, which meant that the exam was over.

My father treated books with great care, and he taught me and my children to behave in
the same way. You have probably noticed that he got many of his books rebound. Quite a few
of these books are here too.

My father loved poetry immensely and it is natural that he often read verses and poems.
He loved Rustaveli, Barathashvili, Pushkin, but I think his favourite poet was Barathashvili.
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Father read Dostoevsky and Leskov with great enthusiasm, and he enjoyed reading Pushkin and
Gogol to his grandchildren.

I would like to add that my father read a lot in French, especially Anatole France, Alphonse
Daudet and French translations of Conan Doyle. He loved other writers too, and it is difficult
to single out someone, but I remember he particularly enjoyed reading Charles Dickens, and he
liked “Napoleon” by Tarle.

My father was not indifferent to Georgian folklore, especially to proverbs and shairi (a short
form of a witty verse like a pun). He often made a pun with his friends Niko Keckhoveli and
Mikheil Chiaureli, and T was asked to leave the room of course. As for the proverbs, he knew
quite a few, but his favourite one was: “If an aubergine had wings it would have been a swallow”.

My father loved hunting, especially on quails around Manglisi and around his native Mat-
sevani. His other passion or as they say today, hobby was carpentry. We used to have lots of
things made by him, we still have some of them...”

Here is a prediction of a great Russian applied mathematician, Academician Aleksey Krylov
for the Georgian mathematical school in 1939:

“My dear friends! Kupradze, Mikeladze, Gorgidze, Nodia!

In Moscow, I met N. Muskhelishvili who had been unanimously elected a Full Member of
the Academy of Sciences of the USSR. Nikolai Ivanovich is the founder of the brilliant Georgian
mathematical school, and you are his first and closest colleagues — the pioneers in this field.

I had a pleasure of rising a glass with Nikolai Ivanovich to your health and the prosperity
of the Georgian mathematical society, and of expressing my deep belief that like the life-giving
elixir of the vines of the Tsinandali and Mukuzani vineyards surpasses in its natural qualities the
produce of the vines of Bordeaux and Sauternes, so the output of the Georgian mathematical
school established by the genius N. Muskhelishvili and his colleagues — Kupradze, Vekua, Mike-
ladze, Rukhadze, Gorgidze, Nodia — will develop rapidly and its scientific merits will become
comparable to those of the schools of Lagrange and Cauchy.”

Academician A. Ishlinski wrote in 1997: “The Georgian people should rightly be proud
of the world-wide recognition of the achievements of the Georgian school of Mathematics and
Mechanics established in this century, the founder of which is N. Muskhelishvili. There are
many celebrated names among the representatives of this school: I. Vekua, V. Kupradze, K.
Marjanishvili, A. Gorgidze, and others.

A brief chronology of Nikoloz Muskhelishvili’s life and work

Nikoloz (Niko) Muskhelishvili was born on 16 February 1891 in Thilisi in the family of
a military engineer General Ivane Muskhelishvili and Daria Saginashvili. He spent most of
his childhood in the village Matsevani of Tetrickharo region where his maternal grandfather
Alexander Saginashvili lived.

In 1909, Muskhelishvili finished the Second Classical Gymnasium in Thbilisi. The same year,
he enrolled in the Physics and Mathematics Faculty of St Petersburg University.

In 1914, he graduated with Distinction from the Physics and Mathematics Faculty of St Pe-
tersburg University specializing in Mathematics, and he was invited to continue his postgraduate
studies in Theoretical Mechanics at the same University.

In 1915, Muskhelishvili, jointly with his scientific supervisor professor Guri Kolosov, pub-
lished his first scientific work in the proceedings of the Imperial Electrotechnical Institute: “On
the equilibrium of elastic circular disks under the influence of stresses applied at the points of
their encirclement and acting in their domains” (Russian), Izv. Electrotekhnich. Inst., Petro-
grad, 12 (1915), 39-55 (jointly with G.V. Kolosov). The work was about a particular problem
in elasticity theory. Then and later, Muskhelishvili’s research interests were mostly in the field
of elasticity theory and, more generally, in the field of mechanics and mathematical physics.
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In 1916-1919, Muskhelishvili published three works. From 2 March to 2 June 1919, he passed
with Distinction all his Magister exams, while being heavily involved in teaching at the same
time.

In 1920, Muskhelishvili returned to Thilisi and started working at Thilisi State University.

On 1 September 1920, the Scientific Board of the Faculty of Mathematical and Natural
Sciences elected Muskhelishvili as the Chair in Mechanics, while on 29 October, the Board of
Professors elected him as a Professor.

In 1926-28, Muskhelishvili was the Dean of the Polytechnic Faculty of Thilisi University.
In 1928, the Georgian Polytechnic Institute was established on the basis of the Faculty, where
Muskhelishvili was the Pro-Rector in Education in 1928-1930, and the Chair in Theoretical
Mechanics in 1928-38.

In 1933, Muskhelishvili was elected a Corresponding Member of the Academy of Sciences
of the USSR. The same year a research Institute of Mathematics and Physics was established
under his leadership at Thilisi University. In 1935, a separate Institute of Mathematics was
created, and in 1937 it first passed into the system of the Georgian Branch of the Academy of
Sciences of the USSR and then in 1941 — into the system of the Academy of Sciences of Georgia.

In 1939, Muskhelishvili was elected a Full Member of the Academy of Sciences of the USSR,
and in 1942-53 and in 1957-72 he was a member of the Presidium of the Academy of Sciences
of the USSR.

In 1920-62, Muskhelishvili was the Chair in Theoretical Mechanic, and in 1962 -71 the Chair
in Continuum Mechanics at Tbilisi University.

In 1941, the Academy of Sciences of Georgia was established, and Nikoloz Muskhelishvili
was its President until 1972 and the Honorary President from 1972 to 1976. From 1945 to the
end of his life he was the Director of A. Razmadze Institute of Mathematics of the Academy of
Sciences of Georgia.

In 1941, a Stalin Prize of the First Degree was awarded to Muskhelishvili’s monograph “Some
Basic Problems of the Mathematical Theory of Elasticity” (Russian, 1939), an earlier edition
of which was published by the Academy of Sciences of the USSR in 1933. The monograph has
been published five times and translated into many languages.

In 1945, Muskhelishvili was awarded the title of a “Hero of Socialist Labour”.

In 1946, Muskhelishvili’s second monograph “Singular Integral Equations” (Russian) was
published and he was awarded a Stalin Prize for it.

In 1957-76, he was the Chairman of the USSR National Committee for Theoretical and
Applied Mechanics.

In 1952, Muskhelishvili was elected a Member of the Bulgarian Academy of Sciences, in 1960
—a Member of the Academy of Sciences of Poland, in 1967 — a Foreign Member of the Academy
of Sciences of German Democratic Republic (Berlin), in 1961- a Member of the Academy of
Sciences of Armenia, in 1972 — a Member of the Academy of Science of Azerbaijan.

In 1969, Turin Academy of Sciences awarded Muskhelishvili its international prize “Modesto
Paneti”; in 1970 he was awarded a Gold Medal of the Slovak Academy of Sciences, and in 1972
the highest award of the Academy of Sciences of the USSR, the M. Lomonosov Gold Medal.

Nikoloz Muskhelishvili passed away on 15 July 1976. He is buried at the Pantheon of Geor-
gian writers and public figures at Mama David church on Mount Mtatsminda.

o The Institute of Computational Mathematics of the Academy of Sciences of Georgia, the
Kutaisi Polytechnic Institute, Thilisi state school No. 55 and Manglisi state school have
been named after Muskhelishvili.

e The Academy of Sciences of Georgia introduced the Muskhelishvili Prize for research in
Mathematics, Mechanics and Physics in 1977.

o Muskhelishvili Scholarships were established for undergraduate and postgraduate students.

o Muskhelishvili’s bust was put up in Thbilisi University.
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o His museum was opened in his flat.

¢ His monument was erected on Chavchavadze Avenue.

Muskhelishvili’s works were devoted to the following four basic problems of me-
chanics and mathematics:

1. The plane problems of elasticity theory.
2. Torsion and bending of homogeneous and composite beams.
3. Boundary value problems for the harmonic and biharmonic equations.

4. Singular integral equations and boundary value problems of the theory of analytic functions.

The study of these problems has had a major influence on the further development of several
branches of mathematics and mechanics.

Muskhelishvil’s methods in plane elasticity theory were applied and further developed in
the works of S. Mikhlin, D. Sherman, and others. With the help of these methods, many
problems that arise in industry were solved in the works G. Savin, D. Vainberg, and others.
Muskhelishvili’s results were applied and further developed in the theory of contact problems
by L.Galin, A. Kalandia, I. Karcivadze, I. Shtaerman, and others. Applications to problems of
torsion and bending of beams developed in various directions in the works of A. Gorgadze, A.
Rukhadze, and others. Muskhelishvili’s ideas have had a major impact on the work on boundary
value problems of the theory of analytic functions and singular integral equations carried out in
the Soviet Union (by T. Gakhov, I. Vekua, N. Vekua, A. Bitsadze, D. Kveselava, B. Khvedelidze,
L. Magnaradze, G. Manjavidze, and others).

The same ideas have firmly established themselves in the general theory of elliptic partial
differential equations (works of I. Vekua, B. Khalilov, and others). In particular, they have
found important applications in shell theory.

Muskhelishvili’s works enjoy wide popularity among a large number of foreign experts. Large
parts of monographs by A. Green and W. Zerna (England), I. Sokolnikoff (USA), I. Babushka, K.
Rektoris (Czech Republic, Slovakia) and others are devoted to a detailed exposition of Muskhe-
lishvili’s methods and results.

Jondo Sharikadze
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A New Trend in Real Analysis Interlacing
with Different Branches of Pure and
Applied Mathematics
GRIGOR BARSEGIAN
Institute of Mathematics of National Academy of Sciences of Armenia
Armenia

e-mail: barseg@instmath.sci.am

In this lecture we present a new trend in real analysis interlacing with rather different fields
(Hilbert problem 16 in real algebraic geometry, Nevanlinna theory and Gamma-lines theory
in complex analysis, integral geometry) and admitting interpretations in many applied topics
(hydro-aero dynamics, meteorology, wave processes etc.).

We study the geometry of level sets of real functions: the length, integral curvature of the
level sets. Also we study the number of connected components of level sets of real functions
which, in particular case of polynomials, was widely studied in the frame of Hilbert problem 16.

The results of this new trend strength and generalize the key result in all above mentioned
fields. This development unfolds as follows. The new results: (a) imply the key conclusions in
Gamma-lines theory [1] which, in turn, contains so called proximity property, which, in turn,
strengths the key results in Nevanlinna theory; (b) imply estimates of the cardinalities of level
sets of real functions which, in particular case of polynomials, strength the key result in real
algebraic geometry; (c) imply some new formulas in integral geometry which, in turn, generalize
the key Crofton’s identity in integral geometry.

The geometry of level sets was studied earlier in the frame of Gamma-lines theory dealing
with some classes of real functions determined by complex functions. In fact the obtained
results constitute a far going generalization of Gamma-lines theory which now is valid for any
“reasonably smooth” real function.

References

[1] G. Barsegian, Gamma-lines: on the geometry of real and complex functions. Taylor and
Francis, London, New York, 2002.

Projection Methods and Generalized Solutions
for a Class of Singular Integral Equations
with Carleman Shift
Luis CASTRO
CIDMA, Department of Mathematics, University of Aveiro
Aveiro, Portugal

e-mail: castroQua.pt

We will present a polynomial collocation method which will be applied to a class of singu-
lar integral equations with Carleman shift. The main goal is to obtain information about the
approximation numbers and the Moore-Penrose invertibility of the corresponding singular inte-
gral operators with shift. Namely, a relation between the so-called k-splitting property and the
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kernel dimension of certain auxiliary operators will be presented. To this end, some projection
methods and an algebraization of stability will be applied to the equations in study. The talk
is based in part on a joint work with E. M. Rojas.

The LP-Dissipativity of Partial Differential Operators
ALBERTO CIALDEA
Dipartimento di Matematica e Informatica, Universita della Basilicata
Potenza, Italy

e-mail: cialdea@email.it

In this talk I will present some results obtained jointly with Vladimir Maz’ya.
They concern the dissipativity of partial differential operators with respect to the LP norm
(1 < p < 00). In particular we have proved that the algebraic condition

lp—2|[{(Im &) < 2¢/p— 1{Fe ¢, E)

(for any ¢ € R™) is necessary and sufficient for the LP-dissipativity of the Dirichlet problem for
the differential operator V!(2/V), where </ is a matrix whose entries are complex measures and
whose imaginary part is symmetric. This result is new even for smooth coefficients, when it
implies a criterion for the LP-contractivity of the corresponding semigroup.

This condition characterizes the LP-dissipativity individually, for each p, while usually the
results in the literature concern the LP-dissipativity for all p’s simultaneously.

I will discuss also the LP-dissipativity for some other operators, in particular for

« the operator V!(«/V) + bV + a with constant coefficients;

« systems of partial differential operators of the form 9, (&7 (2)dy), were &/"*(x) are m x m
matrices;

o the two-dimensional elasticity operator;

« the operator Jy,(#"(x)0),), where &/"(x) are m x m matrices with complex L]  entries.

Moreover I will show how our conditions can completely determine the angle of dissipativity
of the considered operators.

Effective Field Theories
JAMBUL GEGELIA
Institut fiir Theoretische Physik IT, Ruhr-Universitit Bochum
Bochum, Germany

e-mail: jambul.gegelia@tp2.ruhr-uni-bochum.de

It is widely believed that quantum chromodynamics (QCD) is the fundamental theory of
strong interactions. Quarks and gluons are the dynamical degrees of freedom of QCD. It is an
asymptotically free theory. This means that its effective coupling constant decreases at high
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energies and quarks behave as almost free particles. Due to this property of QCD the physical
quantities at high energies can be reliably calculated using perturbation theory.

Although not yet proven, it is believed that quarks and gluons are confined in QCD. Le. they
never appear as free particles. Instead the eigenstates of the QCD Hamiltonian are the states
observed in nature, i.e. hadrons (mesons and baryons). The confinement picture is supported
by the behavior of the effective coupling at low energies, it becomes large and the perturbation
theory cannot be applied.

Effective field theory provides with a solutions to the above problem with large coupling of
the QCD at low energies. It incorporates all symmetries of QCD and reproduces the Green’s
functions of QCD as an expansion in powers of small masses and energy. Dynamical degrees of
freedom of effective field theory are the mesons and baryons.

T will review some well-established as well as new results of the effective field theory of strong
interactions.

Regularization Parameter Dependence in NJL Model
TOMOHIRO INAGAKI
Information Media Center, Hiroshima University
Higashi-Hiroshima, Japan

e-mail: inagaki@hiroshima-u.ac.jp

The fundamental theory to describe phenomena of quarks and gluons is the quantum chromo
dynamics (QCD). As is well-known, the QCD coupling blows up at the QCD scale. A usual
perturbative procedure loses its validity and a non-perturbative effect is essential for a study
of low energy phenomena. Thus we often use a phenomenological effective model to evalu-
ate phenomena below the QCD scale. Nambu-Jona-Lasinio (NJL) model is one of models
which well describes the low energy (pseudo) scalar meson phenomena [1]. NJL model contains
non-renormalizable higher dimensional operators in four space-time dimensions. It is ordinary
considered that the physical results depend on a regularization parameter. It seems to generate
some ambiguities. Thus it is important to understand the regularization parameter dependence
of the results.

The model parameters are fixed to exactly reproduce some of observed quantities. Regular-
ization parameter dependence is introduced in fixing the model parameters. For the dimensional
regularization the regularization parameter is the space-time dimension for a fermion loop in-
tegral. We evaluate the regularization parameter dependence for some of physical observables
in NJL model with the dimensional regularization [2]. It is shown that a four dimensional
limit is well-defined for some physical observables. A possibility of the regularization parameter
independent analysis is discussed for some physical observables.

References

[1] Y. Nambu, G. Jona-Lasinio, Phys. Rev. 122 (1961), 345; ibid. 124 (1961), 246.
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On the Cobar Construction of a Bialgebra
TORNIKE KADEISHVILI
A. Razmadze Mathematical Institute of I. Javakhishvili Tbilisi State University
Thilisi, Georgia

e-mail: kade@rmi.ge

The cobar construction QC' of a DG-coalgebra (C,d : C — C,A: C — C ® C) is a DG-
algebra. If C' additionally is equipped with a multiplication p : C ® C' — C turning it into a
DG-bialgebra, how this structure reflects on the cobar construction QC?

By the classical result of Adams in this case p produces ~—; product which measures the
deviation from the commutativity of QC.

In this talk we show that p induces a richer structure, namely a sequence of operations

B QC® Q)% - QC, k=1,2,3,..., Eij=—1,

which turns the cobar construction QC' into a homotopy G-algebra. This particularly implies
the construction of well known Lie bracket on homology of double loop space H.(22X).

On the Anisotropic Maxwell’s Equations in the
Screen Configuration
DAvID KAPANADZE
A. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: daka@rmi.ge

In the paper M. Sh. Birman and M. Z. Solomyak proved that the main singularity of an
electromagnetic fields within an ideally conducting isotropic resonator with smooth walls, in-
side of which are a number of screens is associated with the gradient of a weak solution to a
scalar Dirichlet problem. The treatment is abstract and does not species the partial differential
equation responsible for the main singularity.

The talk is based upon joint work with R. Duduchava and O. Chkadua, where it is shown
that the solutions to the Neumann type “magnetic” boundary value problems (BVPs) for a
Maxwell’s system in a finite or infinite anisotropic media outside a smooth hypersurface with
the smooth boundary is represented as a sum E = gradvy + Ey. Here Ej is a solutions to
an elliptic BVP in the subspace of Bessel potential space of vector-functions, orthogonal to
a certain vector field on the boundary, while v is a solutions to the scalar elliptic BVP in
the Bessel potential space of functions. The elliptic BVPs, responsible for both summands,
are written explicitly. Using potential method and investigating pseudodifferential boundary
operators the unique solvability and regularity results for the auxiliary BVPs are proved when
the permeability and the permittivity matrix coefficients of the anisotropic Maxwell’s equations
are real valued, constant, positive definite and symmetric. Moreover, the precise asymptotic
behavior of a solution near the edge of the “screen” is established. The obtained results describe
the asymptotic of a solution to the original problem.
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Asymptotic Analysis of Initial-Value Problems
for thin Plates
JuLius KAPLUNOV
Brunel University, Department of Mathematics
London, UK

e-mail: Julius.Kaplunov@brunel.ac.uk

The initial-value problems for thin elastic plates are formulated within the framework of 3D
linear elasticity. The plate thickness is assumed to be small in comparison with a typical scale
of the initial data along plate faces. At the same time arbitrary variation of the initial data
through the plate thickness is taken in consideration. Composite asymptotic expansions are
derived starting from both low-frequency and high-frequency long-wave plate models. For each
of the latter asymptotic initial conditions are derived including in particular the refined initial
conditions in the classical theory of plate bending.
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Generalized Co-Normal Derivatives and
Boundary Value Problems for Elliptic PDEs
SERGEY E. MIKHAILOV
Deptartment of Mathematics, Brunel University London
UK

e-mail: sergey.mikhailov@brunel.ac.uk

Elliptic PDE systems of the second order on a Lipschitz domain are considered in this
contribution. For functions from the Sobolev space H*(Q), 4 < s < 3, definitions of non-
unique generalized and unique canonical co-normal derivative are considered, which are related

to possible extensions of a partial differential operator and PDE right hand side from the domain
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Q to its boundary. It is proved that the canonical co-normal derivative coincides with the
classical one when the both exist, while the generalized co-normal derivative is not unique. A
generalization of the boundary value problem variational settings, which makes them insensitive
to the co-normal derivative inherent non-uniqueness is given.

In addition to the case of the infinitely smooth coefficients, we consider also the cases with
coefficients from Lo, or Holder—Lipschitz spaces. Continuity of the partial differential operators
in corresponding Sobolev spaces is stated and the internal (local) solution regularity theorems
are generalized, which allows to extend the notions of the generalized and canonical co-normal
derivatives and BVP settings also to the non-smooth coefficients.

The talk is related to the papers [1, 2].

References
[1] S. E. Mikhailov, Traces, extensions and co-normal derivatives for elliptic systems on Lip-

schitz domains. J. Math. Analysis and Appl. 378 (2011), 324-342.

[2] S. E. Mikhailov, Solution regularity and co-normal derivatives for elliptic systems with
non-smooth coefficients on Lipschitz domains. J. Math. Analysis and Appl. (submitted
for publication).

Modeling Phase Segregation by
Atomic Re-Arrangement
PaoLo Popio-GuipuGLI
Universita di Roma TorVergata
Rome, Italy

e-mail: ppg@uniroma2.it

In crystalline matter, phase segregation may occur with a without diffusion, under essentially
isothermal condition or not. The standard nondiffusional model is the nonlinear parabolic
equation associated with the names of Allen and Cahn; when diffusion is important, the standard
equation is the nonlinear, fourth-order parabolic equation due to Cahn and Hilliard; in both
cases, thermal effects are not accounted for. I shall discuss an alternative modeling approach
[1-4].
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Almost Commuting Operators
YURI SAFAROV, NIKOLAI FILONOV
Department of Mathematics, King’s College
London, UK

e-mail: yuri.safarov@kel.ac.uk

The talk will discuss the following naive question: if the commutator [X, Y] of two bounded
operators X and Y is small in an appropriate sense, is there a pair of commuting operators X
and Y which are close to X and Y'? Examples show that for general operators it is not necessarily
true. For self-adjoint operators, taking A := X 44Y’, one can reformulate the question as follows:
if the self-commutator [A*, A] is small, is there a normal operator A close to A? There are two
known positive results on this problem.

The Brown—Douglas—Fillmore theorem. If [A* A] is compact and the corresponding to
A element of the Calkin algebra has trivial index function then there is a compact operator K
such that A+ K is normal.

Huaxin Lin’s theorem. There exists a nondecreasing function F vanishing at the origin
such that the distance from A to the set of normal operators is estimated by F (||[A*, A]||) for
all finite rank operators A.

Let L be a C*-algebra of bounded operator on a Hilbert space. One says that L has real rank
zero if the set of invertible self-adjoint elements of L is norm dense in the set of all self-adjoint
elements. Our main result is the following theorem.

Theorem. Let L have real rank zero, and let A € L satisfy the following condition

(C) the operators A — Al belong to the closure of the connected component of unity in the set
of invertible elements of L for all A € C.

Then, for each € > 0, the operator A can be represented in the form A = A; + h(e) Az + €As,
where h is a ‘universal’ (that is, independent of A and L) nonnegative function on (0,00) and
A; are operators from L such that

o Al < (Al [[As] < Al and [|A2]| < [[[A7, A]ll;
e Ay is normal and Ay is self-adjoint;

e Ay is a finite convex combination of operators of the form U[A*, A]V, where U and V are
unitary elements of L.

The theorem implies the above results and allows one to extend Huaxin Lin’s theorem to
operators of infinite rank and other norms. Note that in the separable case (C) is equivalent to
the index condition in the Brown-Douglas-Fillmore theorem.

Now the main challenge in this field is to obtain explict estimates for the functions F' and h.
Some conjectures and recent results in this direction will be mentioned in the end of the talk.
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Operator Factorization and Applications to the
Solution of Boundary Value Problems
FRANK-OLME SPECK
Instituto Superior Técnico, Universidade Técnica de Lisboa, Departamento de Matematica
Lisboa, Portugal
e-mail: fspeck@math.ist.utl.pt

Boundary value problems in Mathematical Physics are often proved to be Fredholm or even
well-posed, sometimes explicitly solvable by formulas in closed analytical form. Many of these
conclusions can be formulated in terms of operator factorization methods (in Banach spaces
as central case). We explain various principles and their realization in terms of applications.
The advantages are (1) very clear and compact formulations, e.g., of “equivalent reduction” of
operators associated to boundary value problems to “more convenient operators” (like boundary
pseudodifferential operators), (2) explicit inversion by operator factorization methods, (3) some
related concepts such as reduction to semi-homogeneous problems, normalization and others.
Several examples will underline the ease and usefulness of operator factorization.

The talk is based upon joint work with E. Meister, R. Duduchava, F. S. Teixeira, L. P. Castro
and A. Moura Santos.

Probability Investigations in Niko Muskhelishvili
Institute of Computational Mathematics
VAJA TARIELADZE
N. Muskhelishvili Institute of Computational Mathematics, Georgian Technical University,
Department of Probabilistic and Statistical Methods
Thilisi, Georgia

e-mail: vajatarieladze@yahoo.com

The Computing Center of the Academy of Sciences of Georgian SSR was founded in 1956.

Since 1977 it carries the name of N. Muskhelishvili.

In 1983 the Center was renamed as “Niko Muskhelishvili Institute of Computational Math-
ematics of the Academy of Sciences of Georgian SSR”.

Since 1991, naturally, the Institute is named as “Niko Muskhelishvili Institute of Computa-
tional Mathematics of Georgian Academy of Sciences”.

During 2006 — 2010 the Institute existed as a “LEPL (Legal Entity of Public Law) Niko
Muskhelishvili Institute of Computational Mathematics”.

Since the beginning of 2011 the Institute is an independent structural unit of the Georgian
Technical university.

During more than 55 years of existence in the frames of the Institute, among other directions,
the probabilistic and statistical investigations were playing an important role.

In the talk these investigations and their impact are surveyed.
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Otar Tsereteli — a Scientist and a Maitre
(To the 85th Birthday Anniversary)

In 2011 Doctor of Physical and Mathematical Sciences, Professor, Corresponding Member
of the Georgian Academy of Sciences Otar Tsereteli would have been 85 and marked 60 years
of his scientific activities. Otar Tsereteli was a brilliant Georgian mathematician, teacher and
organizer of science. His scientific works produced an essential impact on the development of
the theory of harmonic analysis as well as on some other areas of mathematical analysis.

O. Tsereteli was born on November 22, 1926 in the town of Akhaltsikhe (Georgia) and died
on April 17, 1991 at the age of 65. But his ideas and results still remain topical and the directions
he set up in mathematical science continue to develop.

0. Tsereteli was profoundly respected as a highly skilled mathematician and his results were
highly appreciated by outstanding scientists of modern times Antoni Zygmund, Elias Stein,
Pyotr Ulyanov, Dimitri Menshov, Sergei Stechkin, Niko Muskhelishvili, Ilia Vekua and others.

O. Tsereteli graduated from the physical-and-mathematical faculty of Ivane Javalhishvili
Thilisi State University in 1948. In 1952 he finished a post-graduate course and took up the
work at the State Industrial Institute. After defending his Ph.D. thesis in 1956, he started
working at A. Razmadze Tbilisi Mathematical Institute of the Georgian Academy of Sciences,
where to the last day of his life he was in charge of the function theory and functional anal-
ysis department. Concurrently, he was engaged in the pedagogical activity at I. Javakhishvili
Thilisi State University, was a professor and held the chair of improvement of qualifications in
mathematics of teachers working at higher educational institutions.

The scientific activities of O. Tsereteli are related to the theory of functions of real and
complex variables, and also to the metric theory of functions. His extraordinary intellect, cre-
ativity and rich knowledge had an imprint both on his choice of scientific studies and on his
teaching work. He obtained first-rate results in the theory of Fourier series, the metric theory
of conjugate functions and the analytic function theory. He always tried to grasp the gist of the
matter and speak about it in a simple, easily understood way. Owing to the refined manner of
exposition, clearness and convincingness of argumentation his published works used to produce
and continue to produce nowadays a great impression on readers.

The early papers of O. Tsereteli were dedicated to the theory of integrals and the metric the-
ory of functions of bounded variation. He introduced the notions of contracting and dissipative
functions and constructed by means of these notions the metric theory of functions of bounded
variation. He furthermore introduced the notion of variation of a mapping on the ring and the
notion of mapping multiplicity with respect to the ring, and constructed the Banach theory of
mappings of arbitrary spaces with measure.

O. Tsereteli studied the ergodic properties of inner analytic functions and boundary values of
the Schwartz integral of a Borel measure. In particular he established that the boundary values
of an inner function that differs from rotation and vanishes at the point z = 0 are a strongly
mixing transformation; the ergodic means of any conjugate function with respect to measure-
preserving transformations generated by inner functions, converge in measure (but, generally
speaking, do not converge to zero a.e.).

He also studied the uniqueness properties of inner analytic functions. For instance, he proved
that a singular nonnegative measure is completely defined by its variation and some Lebesgue
set of its conjugate function.

In problems of “correction” of a function on a set of small measure, O. Tsereteli proposed
his own “Tsereteli version” in order to obtain a function with that property or another. Namely,
the function f is corrected on a set of small measure not in an arbitrary fashion like in the
classical theorems of N. Luzin and D. Menshov, but only by the rearrangement of its values or
multiplication by —1 (in that case, the metric class of a function does not change). The following
result of O. Tsereteli is impressive: the values of an integrable function can be rearranged on a set
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of an arbitrarily small measure so that the trigonometric Fourier series of the obtained function
will converge almost everywhere. He furthermore showed that the sign of an arbitrary integrable
function can be changed on some set of an arbitrarily small measure so that the conjugate of the
obtained function will be integrable. The latter means that the integrability of the conjugate
function does not impose any restrictions on the modulus of an integrable function.

The construction of the metric theory of conjugate functions proposed by O. Tsereteli can
be extended nearly without any modification to the case of general functional Dirichlet algebras.
In particular he obtained a generalization of P. Ulyanov’s theorem on the Riesz equality to the
case of conjugate functions arising in the theory of uniform Dirichlet algebras.

In the theory of Fourier series, O. Tsereteli obtained a conceptual result on general orthogonal
systems. He proved that the values of any nonconstant (nonzero) function from the space L? can
be rearranged (multiplied by—1) on the set of an arbitrarily small measure so that the Fourier
series of the obtained function with respect to a given complete orthonormal system may —
after some rearrangement — diverge a.e. This means that there exists no criterion imposing
some restrictions on a distribution function and on the modulus of an integrable function and
providing the absolute convergence a.e. of Fourier series of this function with respect to a given
complete orthonormal system.

Most of the results of O. Tsereteli and his followers related to the “correction” of functions
were obtained while working on the solution of the following general problem posed by O.
Tsereteli: given an equivalence relation R on the set X, characterize a set F from X in terms
of R, i.e. define explicitly the largest R-set R(E)(i.e. the set which is a union of R-equivalence
classes) contained in E and the smallest R-set R(E) containing E.

The problem of characterization of a set with respect to a given equivalence relation as for-
mulated by O. Tsereteli is a powerful source of new interesting problems and its application in
concrete cases leads to concrete results. One of the remarkable statements of O. Tsereteli con-
cerns the metric characterization of a set of integrable functions whose conjugates are integrable:
if X = L', E = ReH' (where H'is the Hardy class) and fRg means that f and g are equimea-
surable (or |f| = |g| a.e.), then R(E) = Lg" L, and R(E) = Z1 (R(E) = L), where the class Z,,
p > 0, introduced by O. Tsereteli is defined as follows: if f€ L* and F(t), t > 0, is an integral
of fon {z:|f(z)| > t}, then f € Z, if and only if the function |F|? is integrable on (1, co)
over the measure t~!dt. Analogous problems were solved by him for maximal Hardy-Littlewood
functions as well.

O. Tsereteli established that a set of A-integrable functions is a metrically invariant set
containing a set of all conjugate functions L, but is not a minimal metric set containing L. More
precisely, he constructed an example of an A-integrable function f such that none of functions g
equimeasurable with f on 7' could be represented as the conjugate of some integrable function
©, which means that the equality g = ¢, where ¢ € L(T), is impossible.

O. Tsereteli proved that if a 27-periodic function is integrable on (0, 27) and monotone on
an open interval (0, 27), then f € ReH! if and only iff € Z;.

His study of the A-integral actually completed the previous studies of the theory of this
integral and its applications carried out by Georgian and foreign scientists. O. Tsereteli proved
that A-integrability is the property not only of a conjugate function, but also of all operators,
continuous with respect to a measure and commutative with shear. In particular he established
that any trigonometric series is a Fourier (A) series of some nonzero A-integrable function.
He obtained generalizations of Titchmarsh’s theorem on the A-integrability of conjugate (in the
sense of Luzin) functions and showed that the values of any linear operator are A-integrable when
it is continuous with respect to a measure, is given on the Lebesgue space of Borel functions
defined on a compact group with Haar measure, and is permutable with shears.

O. Tsereteli combined research with active teaching work at I. Javakhishvili Thilisi State
University, where he delivered lectures at the philosophy and psychology faculty and also read
a special course for mathematicians who worked at higher education institutions and wished to
improve their qualifications. In the autumn of 1969, O. Tsereteli began reading lectures on har-
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monic analysis at the mechanical and mathematical faculty. The author of these reminiscences
had the honor to attend together with other students those lectures and, in senior years, to
listen to his lectures on the theories of measures, Fourier series, holomorphic functions, metric
spaces and so on.

O. Tsereteli had an original manner of delivering lectures. They were invariably based on
the latest achievements in mathematical science. He tried to explain even the most difficult
mathematical problems so that they could be easily understood by the audience, focusing atten-
tion on the main ideas and comparing them with a multitude of other mathematical facts and
theories. It was surprising how he managed to arouse interest in mathematics, to make every
discussed problem attractive and to speak of solutions intuitively, fully preserving the logic of
argumentation and the clarity of exposition.

Yet another merit of O. Tsereteli was that in 1966 he founded a weekly scientific seminar on
the function theory at A. Razmadze Mathematical Institute and became its permanent leader.
By the rules of the seminar set up by O. Tsereteli a speaker was strictly obliged to meet a
high standard of material presentation. Productive discussions of questions arising at seminar
sessions and the statement of new topical problems made the seminar an excellent school for
young researchers. From the very start the seminar became quite an event and was commonly
recognized as one of the most popular seminars on the function theory in the former Soviet Union

not only Georgian mathematicians but also specialists in the function theory from other Soviet
republics and foreign countries used to come to Thilisi to take part in its work. O. Tsereteli was
convinced that science was a sacred matter and deserved disinterested service.

There are several generations of scientists who grew up under the direct guidance of O.
Tsereteli. His scientific results stimulated the formation of the mathematical school on the
function theory in Georgia. He will always remain the deeply honored bright personality for his
colleagues and the wise teacher for his former students and participants of the seminar who are
now working as researchers and teachers at research institutions and universities of Georgia and
in the leading research centers of various countries of the world.

Shadiman Kheladze, Grigor Barsegyan, Leri Gogoladze,
Merab Guaradze, Aleksandr Talalyan, Nicholas Vakhania
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Sergo Topuria
(To the 80th Birthday Anniversary)

This year Professor Sergo Topuria, Honored Scientist, Doctor of Physical and Mathematical
Sciences, would have been 80 years old and marked 55 years of his scientific and pedagogical
activities. He was a prominent Georgian mathematician, a remarkable representative of the
Georgian mathematical school, an excellent teacher and educator. He was one of those Georgian
mathematicians who in the 60s of the past century made the first bold steps in mathematical
research and thereby won general recognition and respect.

Sergo Topuria was born on December 27, 1931 and died this year, on March 15th. He was
a person with lofty ideals and adhered to high moral and civic principles. His path in life, high
professional competence and general public recognition are an evidence of his faithful service to
the country and people.

The results obtained by S. Topuria reflect the onward development of the studies car-
ried out by such famous mathematicians as B. Luzin, I. Privalov, A. Zygmund, G. Hardy,
I. Marcinkiewisz, I. Stein, V. Shapiro, E. Gobson and others. He was deeply respected and his
scientific works were highly appreciated by modern well-known mathematicians S. Nikolski, P.
Ulyanov, S. Stechkin, N. Muskhelishvili, I. Vekua and others.

In 1953, Sergo Topuria graduated with honors the physical and mathematical faculty of
Sukhumi Pedagogical Institute and continued his education as a post-graduate student under
the supervision of well-known Georgian mathematician, Corresponding Member of the Georgian
Academy of Sciences, Professor Vladimer Chelidze. In 1959, he defended his Master’s thesis
“On Some Tauber Type Theorems for Multiple Series and Multiple Integrals” at A. Razmadze
Mathematical Institute of the Georgian Academy of Sciences.

In 1960, Sergo Topuria was elected head of the higher mathematics and theoretical mechanics
chair of the Georgian Subtropical Agriculture Institute in the city of Sukhumi. In 1966, he
moved to Thilisi and took up work as docent at higher mathematics chair no. 3 at Georgian
Polytechnical Institute. From 1967 to the last day of his life he headed higher mathematics chair
no. 63 at the above-mentioned institute, which later was reorganized into Georgian Technical
University. Due to his outstanding organizational capacity and strenuous efforts, in the course
of many years this chair had been one of the leading chairs of Georgian Technical University.
Concurrently, for many years he was delivering a special course of lectures for students of the
mechanical-and-mathematical faculty of I. Javakhishvili Thilisi State University. Along with
teaching, organizational and social activities, he carried out scientific research with enthusiasm
typical of him and, in 1973, he defended his Ph.D. thesis on the topic “Some Problems of the
Boundary Properties of Harmonic Functions, the Theory of Fourier-Laplace and Fourier multiple
trigonometric series”.

In 1975, the title of professor was conferred on Sergo Topuria and, in 1978, the title of an
Honored Scientist.

Sergo Topuria was known as a highly skilled specialist in the function theory. Compre-
hensive studies were carried out by him in multidimensional harmonic analysis. His scientific
results are related to the following main directions: summability of multiple trigonometric se-
ries for various types of convergence; Tauber type theorems for multiple series and integrals;
summation of Fourier-Laplace and differentiated Fourier-Laplace series by the linear method;
representation of various measurable and almost everywhere finite functions of many variables by
multiple trigonometric series and Laplace series; the boundary properties of harmonic functions
in multidimensional domains.

Sergo Topuria established an analogue of S. Bernstein’s inequality for a spherical polynomial
in the space L,(5%), 1 < p < oo.

Sergo Topuria carried out a detailed study of the question of summability of Fourier-Laplace
series and their differentiated series (in terms of various types of convergence). In particular, he
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proved analogues of the theorems of P. Siolini, I. Stein and G. Sunuochi on almost everywhere
convergence of the Cesaro means (C, a) of Fourier-Laplace series for a critical exponent.

Furthermore, he proved the theorems on the summability in the sense of the Abel and (C, &)
methods of Fourier-Laplace series and their differentiated series in the case where the angular
part of the Laplace operator written in polar coordinates is used as a differentiation operator.
He also obtained the analogues of the theorems of G. Riesz and I. Stein on convergence the
metric of a space of Cesaro means for a critical exponent when 1 < p < co. He also studied the
question of strong summability of Fourier-Laplace series. Here he obtained the theorems which
are specific analogues of the Hardy-Littlewood , Marcinkiewicz and Stein theorems.

S. Topuria established that if f(z) is a measurable and a.e.finite function defined on the
spherical surface, then there exists a Laplace series which is summable almost everywhere to a
function f(z) by the A* method as well as by the Rudin-Riemann method (this is an analogue
of Luzin’s theorem).

S. Topuria obtained quite a number of results related to the boundary properties of the
differentiated Poisson integral for various domains (circle, ball, half-plane, half-space, bicylinder)
and its application. He solved the Dirichlet problem for the ball and the half-space in the case
where a boundary function is measurable and finite a.e., i.e. in a completely general case, and
also he proved the existence of an angular boundary value of a harmonic function with the
so-called B property in the ball.

S. Topuria was the author of over 100 scientific works, including 3 monographs. Over 30
manuals and hand-books were written by him and published under his supervision, of which
the higher mathematics manual in 5 volumes is especially noteworthy. These volumes make up
a complete course on higher mathematics (the theory and a collection of problems). Mention
should also be made of the manual in 2 volumes for university entrants. This two-volume
manual has already run through 5 editions, has remained very popular for nearly 30 years and
is successfully used in senior classes in secondary schools.

S. Topuria’s scientific papers and manuals are distinguished by a simple and clear presen-
tation of facts and ideas, refined argumentation, a multitude of original examples and counter-
examples — these qualities produce a favorable impression on readers.

Viadimer Khocholava
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On the Summability of Fourier Series by the
Generalized Cesaro (C,o,)-Means
TEIMURAZ AKHOBADZE
Institute of Mathematics, Faculty of Exact and Natural Sciences,
I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: takhoba@gmail.com

One of the most general test of convergence at a point of Fourier Series was given by Lebesgue
[1] in 1905. In 1930 Gergen [2] improved the Lebesgue test. Later Zhizhiashvili [3] (see, also,
[4] ) proved analogous of Lebesgue theorem for Cesafo (C,a;,)-means. In the present research
analogous of Lebesgue-Gergen convergence test for generalized Cesafo (C,ay)-means (—1 <
oy, < 0) of Fourier trigonometric series is given.
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On Fourier Trigonometric Series
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Let us imply 7' = [—m; 7] and the functions f : R—R are 2m-periodics. If the function
f€L(T), then, as a rule, by symbol o[f] and 7(f) we denote correspondingly Fourier trigono-
metric series of function f and conjugate series. By o%(z, f) and tS(z, f) we denote Cesaro
means of o[f] and 7(f) of the order v > —1.

We imply that

fn(ac):—i/j[f(z—&-t)—f(x—t)]ctg%dt, n> 1.

Let p € [1;+00] be a certain number. If f € LP(T), (L*(T) = c(T), || flle = | fllco = sup | f(z)])
zeT
then by w(d, f)p, 0 < 6 < m we denote the LP-modulus of f continuity.
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In future we will imply that

g(n, f) = ! /I7r wlt: e gy

nji1 12
0

The following Theorems are true.

Theorem 1. a) Let o € (0;1) is any number, p € (1;4+00) and ap > 1. If the function
feC(T), then
_ 1
o2 (4) = fll < Ay (15) -+ Atalg(on )
»

b) If p € (1;400) and f € C(T), then

o™ () = flle < A(p)

v (lnn) " rw <%f> +g(n,f)} .

»

Theorem 2. a) Let « € (0;1) is any number. If the f € C(T) and ap > 1, then
I5°0) = Tl < Ap®e (1.1) + Alelgin. ).

b) If p € (1;00) is any number and f € C(T), then

It ()=Tolle < A | )~ (1.1

+9(n7f)] .

P

Unconditional Convergence of Wavelet Expansion on the
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The MRA theory for Cantor dyadic group was developed by W. Lang and later by Yu.
Farkov and V. Protassov, who interpreted it as theory of wavelets on the half-line with the
dyadic addition. We prove that wavelet expansions on the Cantor dyadic group G converge
unconditianally in the dyadic Hardy space H; (G). We will do it for wavelets satisfying the
regularity condition of Holder—Lipshitz type.



September, 15-19, Batumi, Georgia Real Analysis 39

Continuous Functions and their Fourier Coefficients
with Respect to General Orthonormal Systems
LERI GOGOLADZE, VAKHTANG TSAGAREISHVILI
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I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: leri.gogoladze@tsu.ge

It is well known that, for any continuous function there exists the orthonormal system(ONS),
such that its coefficients with respect to these ONS have arbitrarily slow order of tending to
zero.

In the paper the conditions will be given, which should be satisfied by ONS so that the Fourier
coefficients of continuous functions can be bounded from above by the modulus of continuity or
modulus of smoothness of these functions.
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On the everywhere Divergence of Double
Fourier—Walsh Series
SHADIMAN KHELADZE
Institute of New Technologies
Thilisi, Georgia

e-mail: ati@gol.ge; kheladzeshv@mail.ru

Let f be a measurable function of two variables, which is integrable on 72 = [0,1)? and
periodic (with period 1) with respect to each variable;

oS}

> Fk wr(@)w;(y) )

k,j=0

be a double Fourier—Walsh—Paley series of the function f and

S (£) () ZZf (k, )wr(2)w; (4),

k=0 j=0

(m,n) € N2 (Ng = {0,1,2,...}), be a right partial sum of series (1).
Denote by B the family of sets B from N2 satisfying the condition: for any k > 0 there exist
natural numbers m and n such that ([0, ]2+ (m,n)) NN2 C B.

00
Definition. We say that the double series Y aj; converges in the sense of B if there
k.j=0
exists the limit
i, D ak
(m,n)eB0<k<m
0<j<n
and it is finite. Otherwise we say that the series diverges in the sense of B.

Theorem. For any B € B there exists a bounded function f € L®(T?) such that f(m., n)=0
for (m,n) & B and the double Fourier—Walsh—Paley series unboundedly diverges everywhere in
the sense of B.
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Localization Principle for the Summation of
Fourier—Laplace Series by the (C, a)-Method
VLADIMER KHOCHOLAVA
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: lado54@mail.ru

Let R* be a k-dimensional Euclidean space, S¥~! = {x : 2 € R*; |2| = 1} be the unit
sphere.
If f € L(SF1), k > 3, then the series S(f;x) = > Y;Mf;z) is called the Fourier Laplace
n=0

series of f; here Y,L)‘()‘,r) is a hyperspherical harmonic of f of order n, A = % is a critical

exponent. The Cesiro (C,a)-means of the series S(f;x) are defined as follows

ay(f;) AQZA‘* VSO (f5),

™ y=0

where S)(f;z) is a partial sum of the series S(f;z).

It is well known that if & > 2, then the localization principle (in the usual sense) holds for
the (C, a)-means of a Fourier-Laplace series.

If for f € L(S*') the condition f(z) = 0 implies that llm o “(f;20) = 0 in some neigh-
borhood of the point 2y and its diametrically opposite pomt thcn we say that the localization
principle holds in a weak sense.

It is well-known that if A < a < 2, then for the (C, «)-means of a Fourier-Laplace series
the localization principle holds in a weak sense, but does not hold in the usual sense.

The following is proved: for the Cesiro (C, «)-means of a Fourier—Laplace series the local-
ization principle holds in a weak sense for the critical exponent o = A.

On Measurability of Functions and
Extensions of Measures
ALEKS KIRTADZE
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: kirtadze2@yahoo.com

Let E; be a basic set, (E2,S2) be a measurable space and let M be a class of measures on
Ey(we assume, that the domains of measures from M are various sigma-algebras of subsets of
Ey). We shall say that a function f : F; — (E2,S2) is relatively measurable with respect to
M if there exists at least one measure p € M such that f is measurable with respect to p (see
11, 2)).

Let (E1, S1,p1) and (Ea, S, u2) be measurable spaces equipped with sigma-finite measures.
We Recall that a graph I' C Ey x By is (u1 X pe)-thick in Ey x Ej if for each (p11 X p12)-measurable
set Z C E1 x By with (1 X p2)(Z) > 0, we have I'N Z # 0 (see, (2, 3]]).

Theorem 1. Let E; be a set equipped with a sigma-finite measure p and let f : Ey — Fs
be a function satisfying the following condition: there exists a probability measure pa on ran(f)
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such that the graph of f is a (1 X pa-thick of the product set Ev x ran(f). Then there exists
the measure pi' such that:

1) ¢ is measure extending pu;
2) f is measurable with respect to 1.
Theorem 2. Let (E1, S1, 1) and (Ea, S2, p2) be two uncountable sets equipped with sigma-finite

measures and card(Ey) = card(Ey) = . Suppose that there exists a family {Z¢ : & < a} of
subsets of 1 x Fy satisfying the following conditions:

(1) for any (p1 X p2)-measurable set Z C Ey X Ea, with (u1 X p2)(Z) > 0, there is an index
§ < a such that Z¢ C Z;

(2) for any set X C Ey with card(X) < a and any Z¢ (§ < o), we have Z¢ \ (X x Ea) # 0.

Then there exists a function f : Ey — Eg whose graph is (pu x pg)-thick in Ey x E5. Consequently,
f is relatively measurable with respect to the class M(u1).
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Lebesgue Constants of the Fourier Series with
Respect to the System of Generalized
Spherical Functions
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Lebesgue constant of (C, o) means of the Fourier series with respect to the system of gener-
alized spherical functions is denoted by LS for n € N, o € R.
The following estimations are valid:

1
(i) Cin3~* < L& < Cyn2 ™ for o < 1.
(ii) Cilnn < LY < Cylnn for a = %

(i) 0 < LY < C, for a > 3.
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Let us suppose, that T' = [—m; 7], [a;b] C T, b —a > 0, and the functions f : R—R are
periodic with phase 2w, where R = (—o0;00). As a rule, if feL(T), then the symbol o[f]
designates trigonometric Fourier Series of function f.

The symbol ¢%(x, f) designates the mean order o Cezaro of series o|f]. Let’s take advantage
of the known labels

o(x,t) = flz+1) + flz —1) — 2f(2).
As to entry w € ® (see [1]), it designates that the function w is defined on a segment [0; 7] and
has following properties:
. It is continuous on [0;7];
Cw Ty
w(0) =0;
w(t)>0,0<t <.

o =

Below A(f,p), A(f,p,a,n), ... are positive, final values of which depend only on the indicated
parameters. We present approximate properties of the Cezaro means of series o[f] from the view
point of the metric of space LP([a;b]), 1<p < +o0.

Theorem. Let p € [1;400), w e ® and o > 1. If

{l/b{/tW(:t,s)lds]pdm}’l’ < A(f,p)tw(t), 0<t<n<m,
a 0

1

p 1 g
dx} < A(f,p 1) f/‘”—
n, 2

then

on (@, f) = f(x)

References
[1] N. K. Bari, S. B. Stechkin. Trudy Moscow. Mat. Obshch. 5 (1956), 483-522.
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On the Rearranged Block-Orthonormal and
Block-Independent Systems
G1vI NADIBAIDZE
Institute of Mathematics, Faculty of Exact and Natural Sciences,
I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: g.nadibaidze@gmail.com

Block-orthonormal systems were considered first by V. F. Gaposhkin.

Definition. Let {Ny} be an increasing sequence of natural numbers, Ay = (Ng, Nii+1],
(k=1,2,...) and {¢,} be a system of functions from L?(0,1). The system {i,} will be called
a Ag-orthonormal system if:

D lgalla=1,n=12,..;
2) (pirpj) =0fori,j €Ay, i#j, k> 1

The system {¢,, } will be called a Ay-independent system, if for each k = 1,2, ... the functions
{¢n}nea, are independent.

Gaposhkin proved theorem on almost everywhere convergence of series with respect to block-
orthonormal and block-independent systems. Also he proved that the strong law of large num-
bers are valid for block-orthonormal systems in certain conditions.

We obtained analogous results for rearranged systems. In particular, we established that if
for the sequence { N} } the condition klglolo(NkH — Ni,) = oo is fulfilled and Ay, = (N, Nj+1], then

there exists a rearrangement of functions of Ag-orthonormal Ay independent system {¢,} such
o0

that the condition Y a2w(n) < oo, (w(n) 1 00) guarantees the convergence almost everywhere
n=

of series with respect to rearranged system {¢,, }. And if {¢,} is a Aj-orthonormal system,

then there exists a rearrangement of {¢,}, such that for rearranged system {¢p,, } the strong

law of large numbers holds true, that is

) 1 n
Ja 5 2 el =0
k=1

almost everywhere.

Maximal Operators in Variable Lebesgue Spaces
GIORGI ONIANI
Akaki Tsereteli State University, Department of Mathematics
Kutaisi, Georgia

e-mail: oniani@atsu.edu.ge

We study the questions on the boundedness and the validity of modular inequality in variable
Lebesgue spaces for maximal operators corresponding to homothety invariant and translation
invariant bases. The obtained results extend the previous ones by T. Kopaliani and A. Lerner.
The results concerning the boundedness question are joint with T. Kopaliani.
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On Representation of Functions
SHAKRO TETUNASHVILI
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: stetun@rmi.ge

Let consider a trigonometric series

o0
agp .
3 + E an cosnz + by, sinnz,

n=1

o0
such that > a2 + b2 > 0.
n=1
Partial sums of series (1) we denote by Sy, ().
Suppose that

{o(®)}

(1)

2

is a sequence of functions acting from N to N, where N denotes the set of all natural numbers. So

g: N—->N (k=1,2,3,...).

Then the following statements hold.

Theorem 1. For any continuous on (—m,7) function f(x) and for any sequence (2) there
exist a series (1) and a sequence of natural numbers {my}, such that the conjunction of the

following two assertions is satisfied:
1) klim Smy (@) = f(x) for any & > 0 uniformly on [—7 + §, 7 — d];
—00

2) an =by, =0 if mp <n <my+ gr(mg) (k=1,2,3,...).

Theorem 2. For any Lebesgue measurable on (—m, ) function f(x) and for any sequence
(2) there exist a series (1) and a sequence of natural numbers {my}, such that the conjunction

of the following two assertions is satisfied:
1) lim Sy, (z) = f(x) almost everywhere on (—m,m);
k—oo

2) ap = by, =0, mek<ngmk+gk(mk) (k:1,2,)
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Different Classes of Functions and Fourier Series
According to Generalized Spherical Functions
ZVIAD TSIKLAURI
Georgian Technical University,

Faculty of Informatics and Control Systems, Department of Mathematics
Thilisi, Georgia

e-mail: zviad__ tsiklauri@yahoo.com

The conditions have been established which must be satisfied by multipliers of Fourier’s
coefficients so that as a result of the corresponding changes Fourier’s series of the function of
one class would be transformed into fourier’s series of the function of another class.

Hardy Operator in Grand Lebesgue Spaces
SALAUDIN UMARKHADZHIEV
Chechen State University
Grozny, Russia

e-mail: usmu@mail.ru

Let Q@ C R", w(xz) weight on , 1 < p < oo, § > 0. Weighted grand Lebesque space
Zf)’e(ﬂ,w) is defined as the set of functions f with the finite norm

1

_ 0 2)|P—¢€, 1+ae 7. P
g0 = 0 (& [ @ <o),
Q

where
/w(z)“o‘p dx < .
Q
The main statement. If operator Hardy

T

(H)) = / f)dt, zeRs

0

bounded from LP(R4,v) to LP(R,w) and fanctions w(z)z” and v(z)z" is equivalent to a non-
decreasing function on Ry for some v > 0, then

VT o, o < €I

)

for every number a:
o] o0

/w(x)“”‘p dz < o0, /v(x)Hap dx < oo.
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Professor David Kveselava
(To the 100th Birthday Anniversary)
Short biography

The childhood of David Kveselava went off in the village of Letsitskhvaie not far from Martvili
(Georgia). He was born to the family of local villager Alegsandre Kveselava on August 25, 1911.
The family was close-knit where both national traditions and education were respected. Along
with other virtues, the parents inculcated in their sons, David and Michael®, the love for native
land, for dignity and diligence. Besides, children inherited naturally the thirst to knowledge.
Actually in those early years their future successful creative stile of life was initiated.

In 1930 to give children a better education Kveselavas moved to Thilisi. A year later David
graduated from a secondary school and continued his education at the faculty of Physics and
Mathematics of Thilisi State University. His diligence and skills were not left unnoticed. In 1937,
as a high achiever student and diplomant, he called the attention of Niko Muskhelishvili who was
at the time Chair of the State Examination Council. Due to Muskhelishvili’s recommendation,
David started his research activity under the supervision of Michael Alekseevich Lavrent’ev, the
prominent Soviet mathematician and mechanic.

After graduating from the university David entered the graduate school (aspirantura) at
Institute of Mathematics of the Georgian Branch of Academy of Sciences of USSR. (At that
time Georgian Academy of Sciences did not exist independently so far.) The years of graduate
studies were both fruitful and interesting. His research activity was very intense, by itself it
required a lot of energy and patience. In spite of such a big load, he always found time and
attention for an active pedagogical activity. From the very first stage of his graduate studies
he taught at Thilisi Institute of Railway Engineering as well as Thilisi State University and
Gogebashvili Telavi Pedagogical Institute where he headed the Mathematical Department. It
was the time when David was being formed as a professional teacher and lecturer. Along with his
unique manner of confident explanation of sometimes very complicated topics. And his laconic
and clear language (both Georgian and Russian). As time passed, his pedagogical skills and
style got perfect. David’s numerous students and listeners will remember forever his colorful
speech and vivid image. In 1940 the All-Union Supreme Certifying Commission conferred David
the rank of Associate Professor (Dozent) for his successful pedagogical work. This was the year
when the first triennial of David’s creative work was summed up: he has completed his PHD
(candidate dissertation) and defended it successfully. The title of the dissertation was "On the
theory of conformal mappings”. The notion of ”conformal” in the late Latin means "like” or
”similar”. For example, the mapping of a sphere onto the plane is conformal, if the angle between
two arbitrary directions emanating from any point of the sphere transforms into the same angle
(in value) on the plane. Such mappings are somewhat related to creation of geographic maps,
so that they didn’t lose their meaning in cartography (and not only in cartography). If a
plane is being transformed onto the plane, then the mapping is conformal, if an additional
condition is satisfied. Namely, a circle should be transformed onto a circle, and the circumference
should be transformed onto a circumference. However here by circles and circumferences we
mean not just usual ones, but those whose radii are infinitely small. It turned out that such
mappings are nothing but analytic functions of a complex argument. A function is analytic in
a neighborhood of a point, if it can be represented by the sum of infinitely many powers of the
argument multiplied by a corresponding complex coefficients. And therefore, it naturally arose
the necessity of comparison of the properties of conformal mappings on the one hand and the
analytic functions on the other. David Kveselava faced the problem of estimation of parameters
of a mapping when the difference between the image and pre-image domains was insignificant.

"Michael Kveselava (1913-1981) — accomplished philologist (German studies), writer and philosopher; he was
the only Georgian who attended the Nuremberg Trials where served as a translator. He wrote books: "Faus-
tian Paradigms” (1961), "Adam Mickiewicz” (1965), ”A hundred and fifty days” (about World War II and the
Nuremberg Trials, 1967-1971), "Poetical Integrals” (1977).
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The problem was studied before by well-known experts. Professor Lavrent’ev wanted his student
to solve out the problem in much greater generality. David jointly with his adviser succeeded
in significant generalization of results of prominent Russian mathematician A.Ostrogradskii.
David’s contribution was so important and interesting that Michael Alekseevich decided that the
paper should have been signed solely by David. After the successful defense of the dissertation
David was left at Institute of Mathematics. His first position there was that of Academic
Secretary of the institute. However shortly he was appointed to the position of Senior Staff
Scientist, and in 1941 he got the corresponding official rank.

When it became clear that David for fair possesses a talent of a scientific organizer, he
was appointed to the position of Academic Secretary of Department of Natural Sciences of the
Georgian Academy of Sciences. The administrative activity never hampered his research work.

In 1952 David defended his doctoral dissertation at Moscow Steklov Institute of Mathematics,
the leading Soviet Mathematics Institute. The title of the dissertation was ”Some boundary
problems of the function theory and singular integral equations”. The decision of unprejudiced
Council was unanimous in favor of David. Meanwhile David continued his pedagogical activity.
He was an extraordinary lecturer at the university. Many remember his calm, but sometimes
hot-tempered manner of teaching. Shortly, 2 years later in 1954 he got the official Professor’s
rank.

October 8 of 1956 is a special day in David Kveselava’s biography: he was appointed the
director of newly created Computer Center of Academy of Sciences of Georgia. It was the time
when science, engineering and technology started developing at a briskly pace. All the related
branches, computer engineering, computer mathematics and numerical analysis were facing new
problems to handle the development. To solve out the emerged problems, in all developed
nations new research centers and institutions were created. The Soviet Union of those days
was not an exception. Under these incredible conditions everybody had considerations of his
own how to handle this new and unusual situation. Many things depended on the talent of a
scientific organizer and managerial abilities of the principal. David Kveselava was given both
from heaven. He gathered a strong team of young skilled scientific-technical personnel that
created an effectively acting Computer Center. David Kveselava was the unchallenged leader
of the institute till the end of his life. David Kveselava passed away on November 6, 1978.
Besides huge organizational contribution, his scientific and research legacy consists of many
scientific works and a monograph. The ideas and traditions laid by him are still alive: the Niko
Muskhelishvili Institute of Computational Mathematics continues its fruitful work as a part
of Georgian Technical University. The scientific community always highly appreciated David
Kveselava’s scientific and pedagogical merits. The title "Honored Georgian Scientist” as well as
other awards were conferred on him. However, the main award is probably the great love and
respect of his pupils and collaborators who will remember him forever.

Short review of David Kveselava’s scientific legacy

David always was fair and favorable to every person irrespectively of his rank or age, in both
personal and business relationship. Everything this along with his natural skills of the teamwork
left its mark on his creative work. A large part of his joint works with colleagues of him (with
his teachers or students among them) represent excellent examples of scientific collaboration.
His results worked out in collaboration with his associates or solely by him belong to several
directions which are closely related to each other. As we have mentioned above, these include
theories of conformal mappings and analytic functions of complex variable, as well as theory
of singular integral equations and systems of integral equations. The problems arose in these
directions were prompted by the practical need, and many of them were of theoretical importance
at that time. Nowadays these directions belong to classics, and solid part of them belongs
to David Kveselava. The directions below are so interlaced, that their separation is a pretty
difficult problem. Nevertheless, in order to make a short review of Professor Kveselava’s legacy
transparent, we split it into several parts. It is natural to start with his first results.
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1. Methods of approximations in conformal mappings.

Here we speak of conformal mappings f and f; of mutually close simply connected domains
D and D; respectively, given on the complex plane z = z + iy, onto the circle |w| < 1 and
the estimation of |f — fi| , the modulus of the difference of the mappings in question. In the
joint paper [1] with academician Lavrent’ev the domain D of the complex plane z contains the
origin, and its boundary lies completely in the ring § < |z| < 1, § > 1/2. Note that this sort
of conditions does not cause a significant loss of generality. The parameter 0 is not specified so
far; the smaller the difference 1 — 6 is, the closer is the domain D to the unit circle Dy of the
z-plane. Obviously, the identity function w = fi(z) = z maps the unit circle Dy of the z-plane
onto the unit circle |w| < 1 of the w-plane. And if the function w = f(z) also maps the domain
D onto |w| < 1, then for any z with |z| < 6 the following estimation holds

[£(z) = fi(2)] = [£(z) = 2| < k(1 —0)log

1-6°

By means of this inequality the authors also approved analytically that the closer are the do-
mains, the lesser is the difference between the corresponding mappings. Moreover, it turned
out that at the neighborhood of the origin the difference is lesser than at a distant points. The
coefficient on the left-hand side is an absolute constant. Also, the coefficient is an absolute
constant, if the argument is inside the aforementioned circle, i.e.

|z| < 610

where 0 < #; < 1. In this case the estimation has the following refined form:

7(z) — 2l < h(1~ B)log .
1-61

Here the transforming mapping solely is estimated. Also of interest are results related to inverse
mappings when the unit circle is being conformly transformed onto two mutually close simply
connected domains. One of the Kveselava’s results in this direction sounds as follows: Let D and
Dy be e-radially close domains such that D; is contained in D and let the functions f, f(0) =0
and fi, f1(0) = 0, transform conformly the circle |z| < 1, respectively on the domains D and
D;. Then the following inequality holds

IF (O] < [f1(0)] + 4.

The well-known Lindelof principle deals with the sign of this variation only, and therefore,
Kveselava’s result represents a significant refinement of the principle.

The last result has an interesting application to the estimation of the modulus of the deriva-
tive in the case of an approximate conformal mapping. Let us single out one of them: If the
boundary of D belongs to the ring 1 < |w| < 1+ ¢ and the function f, f(0) = 0, transforms
conformly the circle |z| < 1 onto the domain D, then for |z| < rg, ro > 0.1, we have

1<|f(2)| <1+e.

In the direction of conformal mappings we have also to mention the following Kveselava’s
theorem: Let D and D; be two star domains with respect to the origin w = 0 which are radially
close. If the functions f, f(0) =0, f’(0) > 0, and f1, f1(0) = 0, f1(0) > 0, transform the circle
|z| <1, conformly onto the domains D and D; respectively, then

[f(2) = fi(z)] < M(r)e, for |z|<r<1,

where M (r) depends only on r. He also has shown that the result cannot be extended to
arbitrary Jordan domains.
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D. Kveselava also has original and interesting results on the behavior of the derivatives of
two conformal mappings on the joint part of their boundaries. We give here one of them. Let D
and D; be neighboring domains with the right part v of the joint boundary and let D and D,
contain points z° and z{ respectively. Assume that functions f, f(z°) = 0, and fi, fi(z?) = 0,
transform conformly the domains D and D; onto the circle |z| < 1. Then for any point ¢ of the
arc 7 the following inequality holds

4
! !
L@ < 2(620,20)
where p(; 2%, 29) is the minimum between the distances p(t;2°) and p(t; 29) considered respec-
tively in the domains D and D;.

D. Kveselava has got significant results on conformal mappings by use of methods of the
theory of integral equations. For finding needed conformal mappings (for both simply connected
and multiply connected canonical domains) he introduced new integral equations. A significant
advantage of these equations compared with analogous equations existed before his findings, was
the greater possibilities of using numerical methods. D. Kveselava’s students have elaborated
the methods of approximate solutions to the integral equations in question and estimated the
corresponding error. We stress that D. Kveselava has got explicitly the form of the modulus
of conformal mappings of doubly-connected domains. In a joint paper with Z. Samsonia he
has used this representation to show that for a sufficiently wide class of boundaries of e-close
doubly-connected domains D and D; the order of the difference of the comformal moduli equals
€.

2. Boundary problems of the theory of analytic functions.

Linear boundary problems of the theory of analytic functions have been studied by Soviet
mathematicians profoundly, and D. Kveselava took an active part in the study. In the joint
paper by D. Kveselava and N. Vekua conditions were found under which the Hilbert boundary
problem for several unknown functions can be solved out in quadratures. D. Kveselava has found
advanced results for the Hilbert boundary problem in the case of a single unknown functions,
open contour and discontinuous coefficients. The problem was solved out in several papers jointly
with N. Muskhelishvili and included almost completely into his monograph ”Singular Integral
Equations”. One of the most important results of this cycle is the division of the set of solutions
by classes and the introduction, in the case of open contour and discontinuous coefficients, of
the related fundamental notion, the index of a boundary problem. Their results here are as final
and complete as those found before for the case of a closed contour and continuous coefficients.
It should be noticed that D. Kveselava has got the solution to the Hilbert boundary problem
also for piece-wise meromorphic functions and mutually intersected domains. The last result has
many both theoretical and practical applications. However Kveselava’s most advanced results
are related with shift included boundary problems for analytic functions. In them the boundary
conditions represent the linear relations of the boundary values computed at different points
of the boundary. Problems of this type go back to Riemann. Namely, he posed the problem
of finding an analytic function of a complex variable, if on the boundary of the domain an
equation containing the real and imaginary parts of the function is given. Riemann came up
with a series of conjectures over solvability of this problem, but he did not give a rigorous proof
of the problem. It was Hilbert in the beginning of 20-th century who proved the conjectures
in some particular cases. He considered a holomorphic function ® = u + v with the following
boundary condition

au+ Pu=r. (1)

Several works by Hilbert were devoted to this problem. In one of them he showed that this
problem can be solved out for the Laplace equation by reduction to two Dirichlet problems. The
method was very sophisticated, however the possibilities of its applications are restricted: the
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problem is solvable completely only for simply connected domains. For problem (1) Hilbert has
used the method of integral equations that reduces the problem to a singular integral involving
the principle value of the Cauchy integral. However such equations were not studied well at that
time. Because of this, while extending the Fredholm’s theorems to singular equations, Hilbert
got a wrong answer to problem (1).

Nevertheless Hilbert’s works were of great importance. For the first time it was shown a
close relationship between the boundary problems for analytic functions and singular integral
equation with the Cauchy kernel.

Along with problem (1), Hilbert also considered the following problem: find two functions
®* and ®~ which for a given closed curve L satisfy the condition

T () =GH)® (¢)+g(t), tel, (2)

where ®* is holomorphic inside of L, while ®~ is holomorphic outside of L. Hilbert has solved
this problem by means of the methods of integral equations, although he did not get any essential
success.

After Hilbert’s works the Riemann problem went in two directions: first, the problems posed
by Hilbert that found further development with more general domains and coefficients; and
there were also attempts of solving more general problems that Hilbert did not consider.

In 1907 Hilbert’s student Charles Haseman posed the following problem: find two functions
®* and ®~ which along a given simple closed curve L satisfy the condition

Ta(t)] = GO~ (t) +9(t), teL, )

where ®7 is holomorphic inside of L, while ®~ is holomorphic outside of L and « is a complex
one-to-one function of a variable ¢ € L which maps bijectively the curve onto itself. If a(t) =t,
then we obviously get Problem (2).

Problem (1) was generalized by Torsten Carleman, who in 1932 considered the following
problem:

Tla(t)] = GH)PT(t) + (1), teL, (4)

where ®7 is holomorphic inside of L, while o, G and g are as in the previous problem.
Along with aforementioned problems, D. Kveselava has considered the following ones:

oHa(t)] = G~ (t) +9(t), teL, (5)

#*[a(t)] = GOTTD + g(t), tel. (©)

Let us remark that before Kveselava’s works the Hilbert problem (2) was best and completely
studied, whereas problems (3)-(6) were investigated pretty superficially. According to academi-
cian I. Vekua, D. Kveselava "...succeeded in making an essential step forward in their study. He
managed to get results in the same complete form as those that existed in the case of Hilbert
problem (2)... I believe, it is necessary to stress that by solving the listed problems D. Kveselava
achieved outstanding scientific results. In this direction only Carleman has made a valuable step
forward when he constructed simple integral equations for his problem. Whereas D. Kveselava
has solved out the most complicated question: he has proved that the Carleman equation, as
well as many other integral equations obtained for similar problems are soluble; based on his
findings he managed to prove a series of significant theorems for problems (3)-(6).”

These results played an important role in further development of singular integral equation
theory related to boundary problems, and became a stimulating factor for other research works
in this direction. Many authors have developed methods for generalization of D. Kveselava’s
theorems. A special attention was paid to the case of unknown systems of functions.

Let us give a result of D. Kveselava, which represents a key for solving problems in the whole
area. Let oy (a—) be a differentiable homeomorphism of a simple closed Lyapunov contour L
into itself which preserves (changes) the orientation of L. Assume also that |a(t)] > 0 and
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|a—(t)| > 0 for t € L and oy on L satisfies the Holder condition. Then the elementary boundary
problems on L
oy ()] =27 (1),

o ()] =27 (1),

do not have analytic solutions except constants.

3. Theory of singular integral equations.

The solution of Hilbert boundary problem for an open contour or discontinuous coefficients
has given an effective way of construction, in corresponding cases, of the theory of integral
equations of the following form (they involve the principal value of the Cauchy integral):

B / glndr | 1 / K(t,7)p(r)dr = f(t),
o Jr )

T—1

a(t)e(t) +

and, as we have already remarked, the theory was given a completed form, as it was done before
for the case of closed contour and continuous coefficients.

In Kveselava’s works such a theory has been constructed in the following cases:

(z) The curve L consists of finitely many detached open smooth arcs, and the functions
«, 5, K belong to the Holder class;

(2¢) The curve L consists of finitely many detached closed smooth contours, and the functions
a, 3, K satisfy the Holder condition everywhere on L except for the finitely many points of simple
discontinuity;

(#t) The curve L consists of finitely many closed and open piece-wise smooth contours hav-
ing finitely many intersections, and the functions a, 8, K belong to the Holder class.

Bringing in the affiliated classes of solutions as well as the notion of the corresponding indices
in the aforementioned cases admitted to construct a complete theory of such integral equations.
Nowadays these results of the singular integral equations are considered as a part of classics.

Vakhtang Kvaratskhelia, Nicholas Vakhania, Jemal Sanikidze,

Duglas Ugulava, Sergei Chobanyan, Vaja Tarieladze
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Boundary Value Problems of the Theory of
Generalized Analytic Vectors
G. AKHALAIA!, N. MANJAVIDZE?
1. Javakhishvili Thilisi State University
2Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: giaakha@gmail.com; ninomanjavidze@Qyahoo.com

Boundary value problems of the theory of generalized analytic vectors in some functional
classes are considered. The necessary and sufficient solvability conditions as well as index for-
mulae are established.

On a General Property of Complex Polynomials
GRIGOR BARSEGIAN
Institute of Mathematics, Academy of Sciences of Armenia
Armenia

e-mail: barsegiangrigor@yahoo.com

In this talk we present a general principle in the theory of complex polynomials. Qualitatively
speaking we show that any cluster of zeros of a given polynomial (even of very few zeros) attracts,
in a sense, zeros of its derivatives. The principle is closely connected with Gauss-Lukas theorem,
Crace-Heawood theorem, Walsh’s two circle theorem.

Univalence Criteria and Loewner Chains
MURAT CAGLAR!, NIHAT YAGMUR?, Halit Orhan®, DORINA RAaDUCANU*
L3Department of Mathematics, Faculty of Science, Ataturk University
Erzurum, Turkey
2Department of Mathematics, Faculty of Science and Arts, Erzincan University
Erzincan, Turkey
4Faculty of Mathematics and Computer Science, “Transilvania” University of Bragov
Bragov, Romania

e-mail: mcaglar@atauni.edu.tr; nhtyagmur@gmail.com; horhan@atauni.edu.tr;
dorinaraducanu@yahoo.com

In this paper we obtain, by the method of Loewner chains, some sufficient conditions for the
analyticity and the univalence of the functions defined by an integral operator. In particular
cases, we find the well-known conditions for univalency established by Becker for analytic map-
pings f : % — C. Also, we obtain the corresponding new, useful and simpler conditions for this
integral operator.
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A New Application of Miller and Mocanu Lemma for
Certain Multivalent Functions
ERHAN DENIZ!, HALIT ORHAN?, N1ZAMI MUSTAFA®
L3Department of Mathematics, Faculty of Science and Letters, Kafkas University
Kars, Turkey
2Department of Mathematics, Faculty of Science, Ataturk University
Erzurum, Turkey

e-mail: edeniz@atauni.edu.tr; horhan@atauni.edu.tr; nizamimustafa@mynet.com

Let 7, denote the class of functions of the form

fR)=2"+ > a2 (peN={1,2,...})

n=p+1

which are analytic in the open unit disk % = {z: |z| < 1}. For f(z) € & = &/, S. S. Miller
and P. T. Mocanu (J. Math. Anal. Appl. 65 (1978), 289-305) have shown an interesting lemma
which was called Miller and Mocanu lemma. The object of the present paper is to consider a
new application of Miller and Mocanu lemma for some functions f(z) € 4, .

Derivability and Representations of Quaternion Functions
OMAR DZAGNIDZE
A. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: odzagni@rmi.ge

For the quaternion functions of a quaternion variable we introduce the notion of a Q-
derivative. In particular, it is proved that the elementary functions introduced by Hamilton
possess such a derivative. The Q-derivation rules are established, and the necessary and suf-
ficient conditions are found for the existence of a Q-derivative. The properties of quaternion
functions are investigated with respect to two complex variables, and both their integral rep-
resentation and their representation by power series are given. The properties of right- and
left-regular, according to Fueter, quaternion functions are studied with respect to two complex
variables. Formulas are obtained for the coefficients of a unilateral power quaternion.
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Generating Triple
for Irregular Carlemann—Bers—Vekua System
GRIGORY GIORGADZE, VALERIAN JIKIA
1. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: gia.giorgadze@tsu.ge

‘We consider the impact generating triple for the following irregular Carlemann-Bers— Vekua
system (see I. N. Vekua, Generalized analytic functions. Nauka, Moscow, 1988, and V. Jikia,
On the classes of functions induced by irregular Carleman—Vekua equations. Georgian Math. J.
17 (2010)):

wz + Aw + Bw = 0, (1)

where A € L(C), B € L,2(C), p > 2.

Let Q(z) be the dz-primitive of A(z) (see V. Jikia, On the classes of functions induced by
irregular Carleman—Vekua equations. Georgian Math. J. 17 (2010)). By definition, it means
that Qz = A(z) on C. Let (F1,G1) be the generating pair (L. Bers, Theory of pseudoanalytic
functions. NYU, 1953) of the following regular system:

wiz + Biw; =0,

where By(z) = B(2)e?™m@E). Therefore (Fy,Gy) is a generating pair for the class u,2(0, By)
such that a) F1,G1 € Cp—2(C), b) Fiz,G1z € Lp2(C) and c) there exists Ko > 0 such that
2
Im (F1(2)G1(2)) > Ko > 0. It is known that the functions F(z) = Fi(2)e”@®) and G(z) =
G1(2)e~@G) are solutions of (1). It is clear that F, G € Cp-2(C), Fr, Gz € Ll¢(C) and it is easy
s
to check that Tm(F(2)e@®)G(2)eR®)) > K, implying that (F,G) is a generating pair. From
this it follows that the functions F' and G satisfy the following identities:
Fe+AF +BF =0, G+ AG+ BG =0. (2)

Consider (2) as a linear system of equations with respect to A(z) and B(z). The determinant of
this system is equal to —2Im (FG) # 0. Therefore,

_GF-FG: ,_ FG:-GF

 GF-FG' =~ GF-FG '

We call (F, G, Q) a generating triple of the irregular system by analogy with the Bers generating
pair of the pseudoanalytic functions (L. Bers, Theory of pseudo-analytic functions. NYU, 1953).
Using this concept we can define irregular pseudoanalytic functions similar to the regular case.

This research was partially supported by the Shota Rustaveli Science Foundation, Grant No.
1-3/85.
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On the Two Questions of Lohwater and Piranian
MERAB GVARADZE
Institute of New Technologies
Thilisi, Georgia

e-mail: megvaradze@Qgmail.com

We are dealing with the following problem: find the necessary and sufficient conditions for
subset of the circumference at which points the inner function has no radial limits.

Holomorphic Besov Spaces on the Polydisk
ANAHIT HARUTYUNYAN
Yerevan State University
Yerevan, Armenia

e-mail: anahit@ysu.am

This work is an introduction of weighted Besov spaces of holomorphic functions on the
polydisk. Let U™ be the unit polydisk in C", and S be the spaces of functions of regular
variation. Let 1 < p < 00, wj € S(1 < j <n)and f € HU"). The function f is said to be an
element of the holomorphic Besov spaces Bp(w) if

n (1= 2:
1l = [ 127 TT (2l dona (2) < +oc,

Un

where dma,(z) is the 2n-dimensional Lebesgue measure on U™ and D stands for a special
fractional derivative of f defined in the paper.

We describe the holomorphic Besov spaces in terms of Ly(w) spaces. Moreover, projection
theorems and theorems of the existence of a right inverse are proved.

The talk is based on the paper [1].

References

[1] A. V. Harutyunyan, W. Lusky, w-weighted holomorphic Besov space on the polydisk.
Function Spaces and Applications 9 (2011), No. 1, 1-16.
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Expansion of Validity Conditions of Some Relations
for Special Functions
ILiA LOMIDZE, VAGNER JIKIA
University of Georgia, Physics Department
Thilisi, Georgia

e-mail: i.lomidze@Qug.edu.ge

‘We have investigated convergence of some definite integrals and special functions in the
sense of generalized functions and have shown that under some conditions one can expand their
domain.

Namely, recall that the Euler integral of the first kind — well known beta function B («, 3)
— is defined as

1

B(a,B) :/.tafl(lit)ﬁ—ldt: %
0

Re(a) >0, Re(B)>0.

Theorem. If Rea =Ref =0, Ima = —Im 8 = z, then the formulae
1
B(iz,—iz) = lim B(e+iz,e —iz) =2nd(x) = /dt o=l — gyt
e—0+
0

holds.

A number of new relations follows from this result, some of them useful in avoiding the
quantum mechanical difficulties.
Moreover, we expand the area of validity of some relations for the Gauss hypergeometric

function F(a,b;¢;§) = F < Z 2 b; 5) .

Theorem. Well known analytic continuation relations for the Gauss hypergeometric function
remain valid when the parameters of the function are a = c+n, b=c+k, n,k € N. In this case
one has

@) D@ a0 L a

F( 8 sme) =R R coer (0, emact),
DO

()RR -9 eF (0 se-t-7).

(\arg(fﬁ)\<7r, larg(1—¢&)| <m, ¢#0,-1,..., a—b=m, m:O,l,....)A
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Elliptic Systems in the Plane
GIORGI MAKATSARIA
Georgian University of St. Andrews
Thilisi, Georgia

e-mail: giorgi.makatsaria@gmail.com

We establish sufficiently general result characterizing the behavior of elliptic (regular and
singular) systems in the neighborhood of their singularities.

The Lattice of the Parabolic Non-Automorphism
in the Hardy and the Dirichlet Space
ALFONSO MONTES-RODRIGUEZ
Universidad de Sevilla
Seviliay, Italy

e-mail: amontesQus.es

In this lecture we will provide a description of the lattice of a composition operator induced
by a parabolic non-automorphism in the Hardy space and the Dirichlet space. We will also
discuss about the lattice of these operator in other spaces of analytic functions.

Joint work with M. Ponce-Escudero and S. Shkarin.

On Boundary Properties of Analytic and
Harmonic Functions in Unit Ball
GIGLA ONIANI, GOGI TETVADZE
Akaki Tsereteli State University, Department of Mathematics
Kutaisi, Georgia

e-mail:giglaoniani@yahoo.com; gtetvadze@gmail.com

We study boundary properties of analytic and harmonic functions in the unit ball with
summable gradient. In particular, we show the existence almost everywhere of angular limits
for these functions.
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On Witsenhausen—Kalai Constants for a
Gaussian Measure on the Infinite-Dimensional
Complex-Valued Unite Sphere
GOGI PANTSULAIA
1. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: g.pantsulaiaQgtu.ge

We introduce some notations:
C — the set of all complex numbers;
W? = {(zx)pen : 2zx € C, k € N, z |zx|> < +oo} — an infinite-dimensional separable

complex-valued Hilbert space equipped w1th the usual inner scalar product;
S = {(zk)ken : (2k)ken € Wa & 3 |2k)? = 1} — the unit sphere in W?;
keN
SO(1) — the group of all proper Euclidean isometries of R? that fix the origin.

Lemma ([3, Theorem 3.8, p. 42]). There is a (SO(1))*®-invariant Gaussian measure
loo 0N S

Definition. We say that a non-negative real number c is a Witsenhausen-Kalai constant
for the measure fio if for a pio-measurable set A C S the condition ps(A) > ¢ implies that
A contains two orthogonal points.

Theorem. The real number % is a Witsenhausen—Kalai constant for the measure fioo.

References

[1] G. Kalai, How Large can a Spherical Set Without Two Orthogonal Vectors Be?
http://gilkalai.wordpress.com/2009/05/22 /how-large-can-a-spherical-set-without-two-ortho-
gonal-vectors-be/

[2] S. B. Topuria, Boundary properties and applications of the differentiated Poisson inte-
gral for different domains. Mathematics Research Developments Series. Nowva Science
Publishers, Inc., New York, 2009.

[3] G. Pantsulaia, Invariant and quasiinvariant measures in infinite-dimensional topological
vector spaces. Nova Science Publishers, Inc., New York, 2007.
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Sums of Generalized Harmonic Series for Kids from
Five to Fifteen
Z. K. SILAGADZE
Novosibirsk State University and Budker Institute of Nuclear Physics
Novosibirsk, Russia

e-mail: silagadze@inp.nsk.su

We reexamine a remarkable connection, first discovered by Beukers, Kolk and Calabi, be-
tween ((2n), the value of the Riemann zeta-function at an even positive integer, and the volume
of some 2n-dimensional polytope. It can be shown that this volume equals to the trace of a
compact self-adjoint operator. We provide an explicit expression for the kernel of this operator
in terms of Euler polynomials. This explicit expression makes it easy to calculate the volume of
the polytope and hence ¢(2n). In the case of odd positive integers, the expression for the kernel
leads us to rediscover an integral representation for ¢(2n + 1), obtained originally by a different
method by Cvijovi¢ and Klinowski. Finally, we indicate that the origin of the miraculous Beuk-
ers—Kolk—Calabi change of variables in the multidimensional integral, which is at the heart of
this circle of ideas, can be traced to the amoeba associated with the certain Laurent polynomial.

Almost Periodic Factorization of Matrix Functions
ILYA SPITKOVSKY
The College of William and Mary, Department of Mathematics
Williamsburg, Virginia, USA

e-mail: ilya@math.wm.edu

For many functional classes (such as continuous, piece-wise continuous, meromorphic, be-
longing to Douglas algebras, etc.) existential factorization results are quantitatively the same in
the scalar and in the matrix case. It was expected that this pattern persists for almost periodic
(AP) functions as well. However, while the scalar AP case was settled completely in [4, 5], it
was discovered later (see, e.g., [6]) that for matrices the situation is completely different: not
all invertible AP matrix functions (even in the 2 x 2 triangular case) are factorable. A number
of sufficient factorability conditions has been obtained since then, and the state of the matter
as of the turn of the century is described in [1]. In this talk, we will discuss further progress in
this area, obtained in particular in [2, 3].

References

[1] A. Béttcher, Yu. I. Karlovich, and I. M. Spitkovsky, Convolution operators and factoriza-
tion of almost periodic matrix functions. Operator Theory: Advances and Applications,
vol. 131, Birkhdauser Verlag, Basel and Boston, 2002.

[2] M. C. Camara, C. Diogo, Yu. I. Karlovich, and I. M. Spitkovsky, Factorizations, Riemann—
Hilbert problems and the corona theorem. arXiv:1103.1935v1 [math.FA] (2011), 1-32.

[3] M. C. Camara, Yu. I. Karlovich, and I. M. Spitkovsky, Kernels of asymmetric Toeplitz
operators and applications to almost periodic factorization. (submitted).
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[5] I. C. Gohberg and I. A. Feldman, Wiener-Hopf integro-difference equations. (Russian)
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Approximation of Functions and Measures Defined
on a Locally Compact Abelian Groups
DucLAs UGULAVA
Georgean Technical University, Department of Mathematics
Thilisi, Georgea

e-mail: duglasugu@yahoo.com

Problems of approximation in some space X of functions or measures defined on a locally
compact abelian group G are considered. Let I C R™ be an ordered unbounded set and consider
a generalized sequence of symmetric neighborhoods K4 of the unity in the dual group G such
that Ko C Kgif « < f (o, 8 € I) and |J Ko = G. As X we take the following spaces:

a€cl
LP(G) = LP(G, ), 1 < p < oo, the space of integrable on G with respect to the Haar measure u

in the p-th order real or complex valued functions; L>(G) = L*>(G, p), the space of functions,
essentially bounded on G with respect to p; M(G)-the space of bounded regular complex valued
Borel measures on G. We consider the following sequence {ok,} of positive operators defined
on X:

o1, (1)9) = (f ¥ Vie)(9), g€ G, fEX,

where Vi (g) = (mes Ka)’l((/l\) 0, ( g))?, and (1) K, is the Fourier transform of the characteristic
function of K,. If G = R™, I = N and K,, n € N is the ball of the radius n, then ok,
coincides with the Feier’s well-known integral operator. It is proved, that if f € LP(G) and
(}Lrgc mes (T'K,)/(mes K,) =1 for arbitrary fixed symmetric neighborhood T of the unity in G,
then the sequence ok, (f) converges to f in the space LP(G), 1 < p < co. In the spaces L>(G)
and M (G) the analogous convergence is true with respect to the weak™ topology of these spaces.
The proofs of these statements are based on the Proposition, according to which the sequence
of kernels {Vc, } represents an approximative unit in the space L!(G). Moreover it is calculated
the order, higher of which the realization of above mentioned convergence is impossible. The
obtaining results are illustrated for some concrete locally compact abelian groups.
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Computer Composition of all Georgian Word-Forms for
Given Lexical Unit
JEMAL ANTIDZE, IRACLI KARDAVA
Sokhumi State University, Scientific Institute of Mathematics and Information Technology
Thilisi, Georgia

email: jeantidze@yahoo.com

Realization of machine translation from one natural language into Georgian demands compo-
sition of Georgian word-form from its invariable part and morphological categories. In addition,
for distance learning of Georgian language and teaching Georgian morphology in secondary
school by aid of computer needs composition of all correct word-forms from their invariable
part. For solving of the problems, we have developed software, which makes possible to resolve
the problems. Algorithm is based on Georgian grammar and for verbs we used the system
proposed by D. Melikishvili, which simplifies resolution of the problems.

Parts of the software are written in visual csharp language and realized using Visual Studio
2008 Express Edition. It is foreseen presentation of the software’s work.

Templates Processing Lists in Haskell
NATELA ARCHVADZE
I. Javakhishvili Thilisi State University
Faculty of Exact and Natural Sciences, Department of Computer Science
Thilisi, Georgia

e-mail: natarchvadze@yahoo.com

Programming language Haskell represents a functional language and it has all the character-
istics that defines functional paradigm. In the functional paradigm of programming, methods
used for building data structure gives ability to create simultaneously templates of typical func-
tions to edit these structures.

Typical tasks that are solved using functional programming methods include the tasks for
dynamic structure descriptions and automatic construction of programs and verification for given
structures. We will describe these structures using Haskell language and compare with Lisp
language capabilities. The classic module of language Haskell defines template of the function
for editing lists. Our goal is following: the algorithm that we have used for Lisp functional
programs to use for the Haskell typical template as well. This paper describes the method for
structural induction that is used for verification of those Haskell programs that can present
functions for editing lists.
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Topology of the Fibres of Proper Quadratic Mappings
TEIMURAZ ALIASHVILI
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: aliashvili@yahoo.com

As is known, in many problems of variational calculus and optimal control theory, an im-
portant role is played by the topological structure of the fibers of a given quadratic mapping of
Euclidean spaces. Similar problems arise in algebraic geometry and singularity theory. We esti-
mate the number of components and the Euler characteristic for the fibres of a stable quadratic
map in low dimensions.

Let X and Y be smooth manifolds, f and f’ be two elements from C*(X,Y). Mappings f
and f are called equivalent, if there exist diffeomorphisms g : X — X, and h: Y — Y, such that

hof:f’og.

Definition. A mapping f € C*(X,Y) is called stable if there exists a neighborhood W of
fin C*(X,Y), such that any map f’ € Wy is equivalent to f.

Let Q : R® — R? be a stable proper quadratic mapping with generic fiber of positive dimension
k=s—t.

Theorem. The Euler characteristics of the fibers of a stable proper quadratic mappings
Q : R* — R3 fill the integer segment [—3,3] N Z.

Proposition. For n =3, the fibres are finite and the number of points in a fibre fills in the
integer segment [0, 8] N Z.

More precisely, to each number from the integer segment [0,8] N Z corresponds an obvious

realization, therefore Euler characteristic takes all integer values from [0, 8].

Proposition. The component number of any fibre does not exceed 54.

The Shape and Cohomology Exact Sequences of a Map
VLADIMER BALADZE
Shota Rustaveli State University, Department of Mathematics
Batumi, Georgia

e-mail: vbaladze@gmail.com

In this paper the shape of continuous map f : X — Y is defined (cf. [2]). Applying Cech
and Vietoris constructions then it will be shown that exist two equivalence functors from the
category of maps of topological spaces to the pro-category of category of maps of CW-complexes
and to the pro-category of appropriate homotopy category of maps of CW-complexes. Next we
will give the definitions of functors from the category of maps to the category of long exact
sequences of normal homology pro-groups and to the category of long exact sequences of normal
cohomology inj-groups ([1, 3, 5, 6]). Using the result of ([1, 2, 4]) we will prove the following
theorems.
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Theorem 1. For each map f: X — Y of topological spaces and abelian group G there exist
the long exact sequences of normal homology pro-groups and normal cohomology inj-groups

- = pro— Hy(X;G) = pro— H,(Y;G) — pro— Hy(f;G) — - -+
-e—inj — H'(f;G) = inj — H"(Y;G) = inj — H'(X;G) — -+,
where
pro— Hn(f* G) = {Hn(faﬁl/; G)}(a,ﬂ,l/)EcovN(f)7

inj — H"(f;G) = {H"(fapy; G) Ha,p0)ecovn (1)
Hn(faﬂu;G) = Hn(Cyl(faﬁu))7Xﬂ; G)- Hn(fa[fl/;G) = Hn(Cyl(faﬂu))va';G)’

fapr 1 Xg = Yo, v: B> fl(a), a€covy(Y), B € covn(X) and covn(X) and covy(Y) are
the sets of normal open coverings of X and Y, respectively.

Theorem 2. For each map f : X — Y of topological spaces there exists a long exact
sequences of normal cohomology groups

s HY(f;G) - HY(Y;G) » HY(X;G) — -+,
where H™(f;G) = lig1 ing — H"(f; G).

Corollary 3 (cf. [3]). For each pair (X, A) of topological spaces there exists a long exact
sequence of normal cohomology groups

o HM0:G) = HY(Y;G) = HY(XG) — -

where 7 is the inclusion map i : A — X.
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On Intuitionistic Fuzzy Soft Topological Spaces
SapI BAYRAMOV!, CIGDEM GUNDUZ(ARAS)?
Department of Mathematics, Kocaeli University
Kocaeli, Turkey
2Department of Mathematics, Kafkas University
Kars, Turkey

e-mail: baysadi@gmail.com

Let IFSP (X, E) be the family of all intuitionistic fuzzy soft sets over X via parameters
in E.
Definition 1. Let 7 C IFSP (X, E) be the collection of intuitionistic fuzzy soft sets over
X, then 7 is said to be an intuitionistic fuzzy soft topology on X if
(1) (i,T belong to 7;
(2) the union of any number of intuitionistic fuzzy soft sets in 7 belongs to 7;

(3) the intersection of any two intuitionistic fuzzy soft sets in 7 belongs to 7.

The triplet (X, 7, E) is called an intuitionistic fuzzy soft topological space over X.

Proposition 2. Let (X, 7,E) be an intuitionistic fuzzy soft topological space over X and
T ={(Fa,Ga, E)}4cn- Then the collection 71 = {(Fa, E)}ocp and 7 = {(Ga, E)}ocp defines a
fuzzy soft topology on X .

Proposition 3. Let (X, 7, E) be an intuitionistic fuzzy soft topological space over X. Then
the collection 7o = {(F (o) ,G () | (F, G, E) € T} for each a € E, defines a fuzzy bitopology on
X.

Definition 4. Let (X, 7, E) and (Y, 7/, E) be two intuitionistic fuzzy soft topological spaces,
f:(X,7,E) = (Y,7,E) be a mapping. For each (F,G,E) € 7, if {71 (F,G,E) € 7, then f :
(X,7,F) = (Y,7,E) is said to be intuitionistic fuzzy soft continuous mapping of intuitionistic
fuzzy soft topological spaces.

Theorem 5. Let (X, 7, E) and (Y, 7', E) be two intuitionistic fuzzy soft topological spaces,
f:(X,7,E) = (Y,7',E) be a mapping. Then the following conditions are equivalent:

(1) f:(X,7,E) = (Y,7, E) is an intuitionistic fuzzy soft continuous mapping;

(2) For each intuitionistic fuzzy soft closed set (F, G, E) over Y, f~1(F, G, E) is a intuitionistic
fuzzy soft closed set over X ;

(3) For each intuitionistic fuzzy soft set (F,G,E) over X, f((F, G, E)) C (f(F, G, E));

(4) For each intuitionistic fuzzy soft set (F,G,E) over Y, (f~1(F,G,E))Cf Y ((F,G,E));

(5) For each intuitionistic fuzzy soft set (F, G, E) over Y, f~Y((F,G,E)°)X(f~\(F,G, E))°.
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On Soft Compactness

Sap1 BayraMov!, CiGcDEM GUNDUZ(ARAS)?

'Department of Mathematics, Kocaeli University
Kocaeli, Turkey
2Department of Mathematics, Kafkas University
Kars, Turkey

e-mail: carasgunduz@gmail.com

The most important of all covering properties is compactness. In this study, we introduce
the concept of soft compactness and study some of its basic properties.

Definition 1. Let (X, 7, E) be a soft topological space and O#Y C X, U= ({F,,E})a CT.

A collection U of soft open sets is called a soft open covering of Yifyc U(Fa, E).

Iy = X, then the family U is said to be soft open covering of (X, 7, E).

Definition 2. A soft topological space (X, 7, E) is said to be soft compact space, if every
soft open covering of X has a finite soft open subcovering.

Definition 3. Let (X, 7, E) be a soft topological space and @ # Y C X. If (Y, 7y, E) is a
soft compact space, then soft subset Y is called a soft compact set on X.

Theorem 4. Let (X, 7,E) be a soft topological space. If (X, 7, E) is a soft compact space,
then (X, 74) is a compact space, for each a € E.

Theorem 5. Any soft closed subset of a soft compact space is soft compact space.

Theorem 6. Any soft compact subset of a soft Ta-space is a soft closed.

Theorem 7. Let (X, 7, E) be a soft compact space, (Y, 7', E) be any soft toplogical space. If
(X, 7, E) = (Y,7,E) is a soft continuous mapping, then (f (X) ,T}(X),E> is soft compact
space.
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Strong Homology Group of Continuous Map
ANZOR BERIDZE
Shota Rustaveli Batumi State University, Department of Mathematics
Batumi, Georgia

e-mail: anzorberidze@yahoo.com

Using the shape properties of continuous map normal cohomology functor from the category
of maps to the category of long exact sequences of groups is constructed by V.Baladze [1].The
main aim of this work is to study the strong homology of maps. It is proved that for each
pro-chain map f : C——C’ there exists the long exact strong homological sequence:

cor —H(C)—Hp (C)—Hp (f) —Hp—1(C)—> - - - .

Using the obtained results strong homology functor H,.(—) is constructed on the cate-
gory Mrop of continuous maps of topological spaces. It is proved that the functor H,(—) :
Myo,—>Ab satisfies the Boltianski type axioms. Besides, the isomorphism H,(f) 2H,(Cf) of
strong homology group of continuous map f : X—Y of topological spaces and strong homology
group [2] of mapping cone Cf of the map f is proved. As corollary, it is obtained that for each
pair (X, A) of topological spaces there exists the long exact strong homological sequence:

coo—Hp (A)— Hp(X)—Hp (C)) — Hpp—1(A) — - -+

where C; is mapping cone of inclusion i : A—X. In the case when i : A— X is cofibration
and (X, A) is normally embedded pair there is the isomorphism H,(Cy)=H, (X, A) of strong
homology group of mapping cone C; and strong homology group of pair (X, A).
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On Equivariant Strong Shape Theory
MAIA DZADZAMIA
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For the category of spaces with action of compact group G strong shape theory is constructed
and studied.
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On Fixed Point Theorems and Nonsensitivity of
Dynamical Systems

ELl GLASNER, MICHAEL MEGRELISHVILI

Bar-Ilan University, Department of Mathematics
Ramat-Gan, Israel
e-mail: megereli@math.biu.ac.il

www.math.biu.ac.il/~megereli

Sensitivity is a prominent aspect of chaotic behavior of a dynamical system. We study
the relevance of nonsensitivity to fixed point theory in affine dynamical systems. We prove a
fixed point theorem which extends Ryll-Nardzewski’s theorem and some of its generalizations.
Using the theory of hereditarily nonsensitive dynamical systems we establish left amenability of
Asp(G), the algebra of Asplund functions on a topological group G (which contains the algebra
WAP(G) of weakly almost periodic functions). We note that, in contrast to WAP(G) where
the invariant mean is unique, for some groups (including the integers) there are uncountably
many invariant means on Asp(G). Finally we observe that dynamical systems in the larger class
of tame G-systems need not admit an invariant probability measure. This is a joint work (will
appear in Israel Journal of Mathematics) with Eli Glasner (Tel Aviv University).

On Derived Functors
LEONARD MDZINARISHVILI
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: maia@rmi.ge

Let £ be an abelian category with enough a) injective or b) projective objects and for any
exact sequence
0—A—B—C—0 (%)

from £ there exists a commutative diagram

0 A B C 0
a) I | |
0 A B ol 0,

where v is a monomorphism, or

0 A B C 0
b) o | I
0 A B C 0,

where « is an epimorphism.

Assume that a functor T : ¢ — ¢ is an additive and a) left exact covariant or right
exact contravariant, b) right exact covariant or left exact contravariant, where " is an abelian
category. By T%, i > 0, denote derived functors of 7.
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Theorem A. For any sequence (x) in the case a) there exists for i > 2 a naturally split
sequence

0 — TH(A) — TH(B) — T'(C) — 0;

0 — T(C) — TYB) — T'(A) — 0.

Theorem B. For any sequence (x) in the case b) there exists for i > 2 a naturally split
sequence ) v _
0—TY(A) — T(B) —T'(C) —0;
07'(C) — T(B) — T"(A) — 0.

Partially Continuous Singular Cohomology and
Fibration

LEONARD MDZINARISHVILI, LIA CHECHELASHVILI

Georgian Technical University, Faculty of Informatics, Department of Mathematics
Thilisi, Georgia

e-mail: ch060971@hotmail.com

Let X be a topological space and G be a topological abelian group. In the papers [1], [2] par-
tially continuous singular cohomology E:(X ,G) and continuous singular cohomology h%(X, G),
respectively, were defined. If X is a metric space and G = AN R, then there is an isomorphism
Rh:(X,G) = h:(X,G) [2, Corollary 13)].

Definition. A function ¢ : §;(X) — G is said to be partially inessential, if there exists
an open covering o = {U,} of X such that the restriction ¢|S;(a) is a continuous inessential
map, where Sy(a) = F(A4,X) is the space of all continuous maps from A, to Uy, given the
compact-open topology. Denote by L{(X, G) the subgroup of Zq(X ,G) consisting of all locally
zero functions and by LY(X,G) = E(X ,G)/L{(X,G). Cohomology of the cochain complex
T9(X,G) is denoted by B (X, Q).

Theorem. For any topological space X and a fibration p : E — B, where E is a contractible
space and F = p~Y(by) is fiber, there is an exact cohomology sequence

s — BI(X,F) — BY(X,E) — h4(X,B) — BT (X, F) — -+ .
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On Internal Tensor Structures of the Tangent Bundle of
Space Lm(Vn) with Triplet Connection

GocuA Tobua
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: gochatodua@yahoo.com

Consider a vector bundle space Lm(Vn) with a triplet connection I'Y, T'g;, F;k Local
coordinates of the space Lm(V'n) transform in the following way:

; i 5 oTi
T =T (@b 70 = A5’ det| Tl £ 0:
det ‘Ag #£0; i,5,k=12,....n; o,B,y=1,2,...,m.

If {ei, eq} is a frame of the tangent space T}, 4y, at the point z = (z,y) € Lm(Vn) then vectors
E; = e; — I'f'e,, define invariant equipment of the tangent space. Let T,’? be GL(n,m,R) x
GL(n, m, R)-tensor field, then

T(€) = THePes, A,B,C=1,2,...,n+m
is tanhe element of the space Ty+m. A space Lm(Vn),in which we define tensor field Tg,

satisfying conditions
TETS = Ao,
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we shall call a vector bundle space with a tensor structure. If A = 0, then the tensor structure
we shall call almost dual tensor structure, if A = —1, it will be called almost complex tensor
structure, if A = 1, then-almost product tensor structure.

Theorem 1. If in the space Lm(Vn) with the triplet connection GL(n,R)-vector field
&z, y), GL(n, R)-covector field n;(z,y) are given, then in the tangent bundle of the space
Lm(Vn) there exist two two-parameter families of tensor structures, which include duai tensor
structures and almost product structures and no almost complex structures.

Theorem 2. If in the space Lm(Vn) with the triplet connection GL(n,R)-vector field
&(x,y), GL(n, R)-covector field no(w,y) are given, then in the tangent bundle of the space
Lm(Vn) there exist two two-parameter families of tensor structures, which include duai tensor
structures and almost product structures and no almost complex structures.
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Abelian and Nilpotent Varieties of Power Groups
TENGIZ BOKELAVADZE
Akaki Tsereteli State University
Kutaisi, Georgia

e-mail: bokel71@yahoo.com

The present paper continues the series of the papers [1]-[3] and is dedicated to the construc-
tion of basic principles of the theory of power groups varieties and tensor completions of groups
in a variety. We study the relationship between free groups of a given variety for various rings
of scalars. Varieties of abelian power groups are described.
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Idempotent Elements of Complete Semigroups of
Binary Relations Defined by the Finite X-Semilattices of the
Rooted Tree Class

YASHA DIASAMIDZE, SHOTA MAKHARADZE, GULADI PARTENADZE

Shota Rustavely State University
Batumi, Georgia

e-mail: Diasamidze ya@mail.ru; Shota_59@mail.ru

Let D be an arbitrary nonempty set, D be an X-semilattice of unions, i.e. a nonempty set
of subsets of the set X that is closed with respect to the set-theoretic operations of union of
elements from D, f be an arbitrary mapping from X into D. To each such mapping f there
corresponds a binary relation af on the set X that satisfies the condition ay = |J ({z} x f(x)).

zeX

The set of all such ay is denoted by Bx (D). It is easy to prove that Bx(D) is a semigroup
with respect to the operation of multiplication of binary relations, which is called a complete
semigroup of binary relations defined by an X-semilattice of unions D.

We denote by @ the empty binary relation or empty subset of the set X. The condition
(z,y) € a will be written in the form zay. Furtherlet z,y € X, Y C X, a € Bx(D), T € D and
D= (UD. Then by symbols we denote the following sets: ya = {z € X|yaz}, Ya = U yo,

2%
V(D,a) = {YalY € D}. !
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Definition 1. The finite X-semilattice of unions D is called rooted tree, if for the every
element Z (Z # D) of the semilattice D, there exists a unique element of the semilattice D,
which covers the element Z.

By D ={Z1,%2,...,Zn_1, f)} and D) respectively let us denote finite rooted tree D and
all minimal elements of the rooted tree D.

Let T,Z € D, T # Z and T C Z. By ¢(T,Z) will be denoted those subsets of the rooted
tree D, which are maximal chain in the given rooted tree having smallest element 7" and largest
element Z.

Definition 2. Let N(D) = {|¢(T", D)||T" € Da} and let h(D) be the largest natural
number of the set N(D). By the symbol Qi (1 < k < h(D)) we denote a chain of the form
ThCTy C--- CTy.

Definition 3. Let Dy = {Z2, 21} and d = ole(Z2U71,D)| -1 By the symbol @, (1 < s < d)
we denote any X-semilattice which satisfies the conditions Z; N Zy = @ and Q) = {Z2, Z1, Zo N
Zl} U Dl, where D] g C(ZQ @] Z1, D)

Theorem 1. Let D be any rooted tree and |Dy| =1 or |Dys| > 3. Then a binary relation «

k
of the semigroup Bx (D) which has a quasinormal representation of the form o = |J (Y x T;)

i=
is an idempotent element of the semigroup Bx (D) iff for all k (1 < k < h(D)) the semilattice
V(D,a) is a chain Ty C Ty C --- C T, and YR UYS U---UYX DT, Y NTy, # @ for any
p=12....k—1andq=1,2,...,k.

Theorem 2. Let D be any rooted tree, Dy = {Za,Z1} and Zo N Z1 = @. Then a binary
relation « of the semigroup Bx (D) is an idempotent element of the semigroup Bx (D) iff it
satisfies the following conditions:

k

a) For any 1 < k < h(D) the binary relation a = |J (Y;* x T;), where V(D,a) is a chain of
i=1

the form Ty C Ty C --- C Ty Y, Y, ... Y& ¢ {@); YEUYPU---UYE D T, YONT, # ©

foranyp=1,2,....k—1and q=1,2,...,k;

b) @ = (Y x Zo) U (Y x Z1) U (YQ x (Z2UZ1)) UB and § = |J (Yjﬂij) for any 0 <
J

s < d, where V(D, ) is a chain having the smallest element Zo U Zy; Y5*,Y* ¢ {@};
Yi*2 Z1, Y5 2 Zo, YOUYSU-- - UY DT, YYNTy # @ for any k=4,5,...,s—1 and
qg=4,5,...,s.

Theorem 3. Let D, Dy and e be finite rooted tree, all minimal elements of the rooted tree
D and any idempotent element of the semigroup Bx (D) respectively. Then for the order of the
mazimal subgroup Gx (D, ¢e) of the given semigroup we have: a) if |[Dpr| =1 or |Dpy| > 3, then
|Gx(D,e)| =1; b) if |Dpr| = 2, then |Gx(D,¢)| < 2.
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The Pair of Operations with the Generalized
Entropic Property
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For an algebra A = (A, F) we define the complex operations for every ) # A;,..., 4, C A
and every n-ary f € F on the set p(A) of all non-empty subsets of the set A by f(A1,...,4,) =
{f(a1,...,a,) : a; € A;}. The algebra CmA = (p(A),F) is called the complex algebra of
A. An algebra A = (A, F) is called entropic (or medial) if it satisfies the identity of me-
diality: g(f(mllv cee 755711)7 cee 7f(1'1m7 cee ’-/L‘nm)) = f(g(x]l’ cee 71']m)~, ceey g(znh .. ~7~'L'nm))s for
every n-ary f € F and m-ary g € F. In other words, the algebra A is medial if it satisfies the
hyperidentity of mediality ([3, 4]). Note that a groupoid is entropic if and only if it satisfies
the identity of mediality [2] zy.uv = zu.yv. An idempotent entropic algebra is called a mode
[5]. We say that a variety V (respectively, the algebra A) satisfies the generalized entropic
property if for every n-ary operation f and m-ary operation g of V' (of A) there exist m-
ary term operations ¢y, ..., ¢, such that the identity: g(f(@11,...,Zn1)s- s [(T1m, -, Tnm)) =
fti(z11, - 21m)s - o5 tn(Tndy -+ s Tm)) holds in V' (in A) [1].

Theorem 1. Every algebra in a variety V has the complex algebra of subalgebras, iff the
variety V' satisfies the generalized entropic property.

We define concept of the generalized entropic property for the pair of operations, (f,g), of
the algebra, A = (4, f, g), and we investigate the relations between the entropic property and
the generalized entropic property.
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Irreducible Generating Sets of Complete Semigroups
of Unions Bx (D) Defined by Semilattices
of Class ¥5(X,4), when X = Z,
OMAR GIVRADZE
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Batumi, Georgia
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In complete semigroups of unions By (D), generated by semilattices of the class ¥o(X,4),
where X = Z4 and | X| = 3, subsets of certain type are selected, on which equivalent relations are
defined. Using these relations irreducible generating sets of considered semigroups are described.

On Some Estimate Problems for the Number of
Representations of Numbers by Quadratic Forms
GURAM GOGISHVILI
St. Andrew the first-called Georgian University at Patriarchate of Georgia
Thilisi, Georgia

e-mail: guram@mpzera.com

In the talk some estimate problems for the arithmetic function r(f;m) — the number of
representations of a natural number m by the positive definite n-ary, n > 4, quadratic forms f
are discussed.

We continue investigation of asymptotic behavior of 7(f;m) and its corresponding singular
series p(f;m) with respect to the determinant d of the form f and the representable number m.

The Condition Similar to Full Transitivity for Cotorsion Hull
TARIEL KEMOKLIDZE
Akaki Tsereteli State University
Faculty of Exact and Natural Sciences, Department of Mathematics
Kutaisi, Georgia

e-mail: kemoklidze@gmail.com

In group theory it is important to establish the condition, when one of the elements of
the group maps on the other element via some endomorphism. I. Kaplansky showed that the
condition of full transitivity represents such condition for separable abelian p-groups. In [1]
the author showed that for cotorsion hulls of separable p-groups generally the condition of full
transitivity is not fulfilled.

A new function is given in the talk, which gives the chance to fulfil the same condition of
full transitivity for some classes of cotorsion hulls of separable p-Groups.
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Some Combinatorial Problems Concerning Infinite
Mono-Unary Algebras
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In the papers [6] and [7], for any infinite cardinal number k, we have constructed a root tree
of power x, which has the trivial automorphisms group. Now we consider some mono-unary
algebras and relational structures that are built with the aid of this tree, and some of their
applications to combinatorial problems considered in [1-5].

Theorem 1. Let E be an infinite set of cardinality x, and let n be a positive integer. Then
there are 2% isomorphism types of connected mono-unary algebras (E, f) such that, each of this
has ezxactly n automorphisms.

Theorem 2. For any infinite group G of power k there exists an undirected graph H of the

~

same power k with Aut(H) = G.

Corollary. For any positive integer n and for any infinite set E of cardinality k there are
2% {somorphism types of symmetric binary relations on the set E each of which has exactly n
automorphisms.
Acknowledgement
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Inverse and Directed Systems of Soft Modules
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Let SM be the category of soft modules and I a directed poset (considered as a category).
For every i € I, let (F}, A;) be a soft module over M; and for every i < i, let (pi,q!') :
(Fy, Ay) — (F;, A;) be soft homomorphism of soft modules.

Definition 1. If the conditions
(1) Fori=14pi' =1p,,¢" =14, ;
(2) Fori<i' <i"pi" =pl opl, ¢ =g oql)
are satisfied, then the family ({(FhAi)}ieb {(pﬁl,qf’)}iq/) (1) is said to be inverse system of
soft modules.
Theorem 2. Every inverse system in the category SM has a unique limit.

Theorem 3. Let Inv(SM) be a category of all inverse systems in SM . Then L&l operation
is a functor from the category of Inv(SM) to the category of SM.

Theorem 4. lim [(F, 4) U Gy, B)] 5 [lim(F, 49| O [lim(Gi, B)|
Direct systems of soft modules are defined by duality.

Theorem 5. Every direct system in the category SM has a unique limit.
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Some Class of Semigroups of Binary Relations
NINO ROKVA
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In this paper the semigroups Bx (D) defined by semilattices of the class ¥4(X,7) are stud-
ied.The set By (D) of all a binary relations ay (f : X — D), ay = U({z} x f()) is a semigroup
with respect to the operation of multiplication of binary relations [1].

We give a full description of regular elements of these semigroups. We have received formulas
that allow to calculate the number of regular elements when X is a finite set.
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On the Dimension of Some Spaces of Generalized
Theta-Series
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Let
Q(z) = Q(x1,- - ,x5) = Z bysTrTs
0<r<s<f
be an integral positive definite quadratic form in an even number f of variables.

Let R(v,Q) denote the space of the spherical polynomials P(z) of even order v with respect
to Q(z) and let T'(v,Q) = {J(7,P,Q) : P € R(v,Q)} is the space of generalized theta-series,
where

(7, P,Q) = Z P(x)z Q@) z=¢*" Imr>0, 7€C.
zez!
In [1-3] is obtained the upper bound for the dimension of the space T'(v, Q) for some quaternary
quadratic forms. Here is calculated the dimension of the space T'(4, Q) and T'(8, Q).
We calculate the dimension of the space T'(6, Q).
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Modular Functions and Representations of Positive
Integers by Quadratic Forms
TEIMURAZ VEPKHVADZE
I. Javakhishvili Thilisi State University, Faculty of Exact and Natural Sciences

e-mail: t-vepkhvadze@hotmail.com

The modular properties of generalized theta-functions with characteristics and spherical
polynomials are used to build a cusp form of weight 9/2. It gives the opportunity of obtaining
exact formulas for the number of representations of positive integers by some quadratic forms
in nine variables.
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Cauchy Problem for a System of Hyperbolic
Equations with Damping Terms
AKBAR B. ALIEV!, ANAR A. KAzZIMOV?
IMM NAS of Azerbaijan, Azerbaijan Technical University
2Nakhcivan State University
Azerbaijan

e-mail: aliyevagil@yahoo.com; anarkazimov1979@Qgmail.com

Let’s consider the system of semilinear hyperbolic equations

gy + ug, + (=D Ay = Ay fug P ug 9wy, t>0, z € R, 1)
ug,, + u2, + (=1)2 Abyy = )y lug [P ug|T  ug, £>0, =€ R, (2)
uk (0,2) = pr (z), ug, (0,2) =i (x), k=1,2, v € R" (3)
Let

A >0, A>0, (4)

+1 +1 2
p>-1, ¢>-1, p+q¢>0; pTJrql >+ r(p,a), (5)

1 2

where 7(p, q) = %, ifp>1,¢g>-1;r(p,q) = %Jr%, if-1<p<1,¢g>-1
Theorem. Let condition (4)—~(5) be satisfied, then there exists 6 > 0 such that, for any

(or, ) € Us =

= {(u,v) : HUHWék(Rn) + H“HLl(Rn) + HUHLZ(Rn) + H“HLI(Rn) < 5} » k=12
problem (1)—~(3) has a unique solution (uy,uz):
w € C([0,00); Wy (R™) N C* ([0,00) : Ly (R™)), k= 1,2,

which satisfies the following estimates:

n+2r
Tl
> D%k (b Mgy SCA+E) " t>0, 7=0,1,..., 1,

|or|=r

ﬂnm(wﬁ,wk)

[ (& M pymny < €A +1)

where

i

2
N PR —
Ve = 2; Tk k=1,2.

Next we discuss the counterpart of the condition (5).
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On the Domains of Propagation of Characteristic
Curves of Non-Strictly Hyperbolic Equations
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We consider the quasi-linear hyperbolic equation with possible parabolic degeneration:
Uy (ty — DUgs + (Uy — g — 2ugtly + 1)Usy + Ug (e + 1)y, = 0.

The Cauchy problem is studied for this equation. The general integral of the given equation
plays the major role in the process of studying of the Cauchy problem, namely the characteristic
curves. The general integral is obtained in explicit form.

flut+z)+g(u—y) =y.

The structure of the domain of definition of the solution for the given equation has been studied.
The cases of formation of sub-areas of non-existence of solutions inside the area of propagation
of solution are considered in the work. Sufficient conditions for existence of such sub-areas,
where the characteristic curves do not propagate, have been obtained. It’s shown that in some
cases the strong parabolic degeneracy of the equation may stimulate the formation of sub-areas
of non-existence of solutions.

Analysis of Four-Port Rectangular Waveguide
Junctions with Two Resonance Regions
M. F. Bogpanov, F. G. BocpAaNOV, M. KURDADZE
Georgian Technical University
Thilisi, Georgia

e-mail: giakekelia@yahoo.com

Waveguide junctions are widely used to compose directional couplers, power dividers, phase
shifters, filters, multiplexers and other microwave devices. However, a rigorous analysis of them
has been conducted only for relatively simple constructions, such as waveguide tees, cruciform
waveguide junctions, etc.

In this work, using the Mode Matching Technique (MMT), a rigorous solution has been
obtained for a boundary-value problem on four-port H-plane rectangular waveguide junction
with 2 resonance regions.

First, electromagnetic fields in various waveguide regions has been written as Fourier series
and integrals with yet unknown coefficients of discrete and continues Fourier spectra of waveg-
uide harmonics. Next, applying the boundary conditions, a system of functional (integral and
summation) equations in terms of unknown coeflicients of Fourier spectra has been obtained.

Further, using the Fourier Transform Technique (FTT), the filtering properties of Dirac func-
tion in infinite domain, and orthogonality properties of transverse eigen-functions in a waveguide
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cross-section, a functional system of equations has been reduced to a dual linear algebraic system
of equations. Finally, this system has been reduced and numerically solved in computer with
controlling a reasonable accuracy of solution.

Using the created computer program, various electrodynamic characteristics of four-port
waveguide junctions has been simulated and analysed. The validity of the obtained results will
be illustrated, and different characteristics of waveguide junctions will be demonstrated. In
particular, a near-field structure of the total electric field in a waveguide junction will be shown,
the reflected and transmitted powers in different waveguide regions will be analysed, and a power
balance in a waveguide junction will be demonstrated.

Mixed Boundary-Value Problems for
Polymetaharmonic Equations
GEORGE CHKADUA
I. Javakhishvili Thilisi State University, Faculty of Exact and Natural Sciences
Thilisi, Georgia

e-mail: g.chkadua@gmail.com

The Riquier-type mixed boundary-value problems are considered for the polymetaharmonic
equation. We investigate these problems by means of the potential method and the theory of
pseudodifferential equations, prove the existence and uniqueness of solutions and establish their
regularity properties in Sobolev—Slobodetski spaces. We analyse the asymptotic behaviour of so-
lutions near the curve, where the different boundary conditions collide, and establish smoothness
properties in Holder spaces.

Localized Boundary Domain Integral Equations
Approach to the Boundary-Value Problems for
Inhomogeneous Elastic Solids
OTAR CHKADUA!, SERGEY MIKHAILOVZ, DAVID NATROSHVILI®
LA. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
Sokhumi State University
Thilisi, Georgia
2Brunel University of London, Department of Mathematics
London, UK
3Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: chkadua7@yahoo.com; sergey.mikhailov@brunel.ac.uk; natrosh@hotmail.com

We consider the Dirichlet boundary-value problem of elastostatics for anisotropic inhomoge-
neous solids and develop the generalized potential method based on the application of a localized
parametrix. By means of the localized layer and volume potentials we reduce boundary-value
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problem to the localized boundary-domain integral equations (LBDIE) system. First we estab-
lish the equivalence between the original boundary-value problem and the corresponding LBDIE
system. Afterwards, we establish that the localized boundary-domain matrix integral operator
obtained belongs to the Boutet de Monvel algebra of pseudodifferential operators and with the
help of the Vishik-Eskin theory, based on the factorization method (Wiener-Hopf method), we
investigate Fredholm properties and prove invertibility of the localized operator in appropriate
function spaces.

Localization of Boundary Value Problems
ROLAND DUDUCHAVA
A. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: RolDud@gmail.com

Localization is a powerful tool in the investigation of the Fredholm properties of a boundary
value problem for a partial differential equation in a domain with the smooth or piecewise-smooth
boundary. Tt provides a better insight into the role of the Shapiro-Lopatinsky condition and,
in combination with the uniqueness result and the index theorem, allows to prove the unique
solvability of the boundary value problem.

We investigate a boundary value problem

A(z,D)u(z) = f(z), =€,
('yinju)(t):Gj(t), j:()’“.7[717 te S = 89,

with matrix N x N partial differential operators

A(xD) = Z arx(z)aav Bj(x»D) = Z bja(:c)aav aa,j,kabja,m,k € COO(UV)a

Jor|<m Ja| <y

where Uy C Q is a small neighborhood of the boundary .#. The BVP (1) we consider in
generalized settings, including the spaces of distributions

FEH™(Q), ueH"™(Q), G e HMHmi~1/2(7), (2)
m;j :=ordBj(z,D), j=0,1,...,0—1,

where m is an arbitrary integer, negative or positive. Under the single constraint on f that
the Newtons’s potential from it N, f has traces on the boundary, we prove that all traces in
BVP (1) exist and investigate the solvability of the BVP (1)-(2) for negative m = —1,-2,....
The localization of BVP was investigated in [1, 2], while BVPs in generalized setting was partly
discussed in [3].
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Fredholmity Criteria for a Singular Integral Operator
on an Open Arc in Spaces with Weight
R. DubucHAvA, N. KVERGHELIDZE, M. TSAAVA
I. Javakhishvili Thilisi State University, Faculty of Exact and Natural Sciences
Thilisi, Georgia
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In this paper we study a singular integral operator (SIO) with the Cauchy kernel

Ae(t) = o) + 2 [ADT 4i1, (00 S LT p) o
m Jp T—1
and continuous coefficients a,b € C(I') in the Lebesgue spaces Ly (T, p) with an exponential
“Khvedelidze” weigh p := (t — ¢1)*(t — c2)?, 1 <p < 00, 1/p— 1 < @, f < 1/p. The underlying
contour I' = ¢;¢, is an open arc with the endpoints ¢; and c.
It is well known, that the condition fléllﬁ la(t) £ b(t)| # 0 is necessary for the operator in (1)

to be Fredholm, but is not sufficient. A necessary and sufficient condition is the so called “Arc
Condition”, which means that a chords of a circle, depending on the exponents of the space «,
and p and connecting the disjoint endpoints of the graph a(eq) = b(e1) and a(ez) % b(cz2), does
not cross zero 0. The “Arc Condition” was found by I. Gohberg and N. Krupnik in 1965 for the
Lebesgue spaces L, (I, p) (also see the earlier paper by H. Widom for p = 2). The result was
carried over in 1970 to the space of Holder continuous functions H?L(F7 p) with an exponential
“Khvedelidze” weight p := (t — ¢1)*(t — c2)?, 0 < p < 1, p < @, 8 < p+ 1 by R. Duduchava in
his doctor thesis.

Based on the Poincare-Beltrami formula for a composition of singular integral operators and
the celebrated N. Muskhelishvili formula describing singularities of Cauchy integral, the formula
for a composition of weighted singular integral operators (=1 <=, § < 1)

. A G

SySsp = (t) + i cotm(y—0)[Sy — 5] (), Ssp(t) := E/o de ()
is proved. Using the obtained composition formula (2), the localization (which means “freezing
the coefficients”) we derive the criterion of fredholmity of the SIO (1) (the “Arc Condition”) by
looking for the regularizer of the operator A in the form R = a*I + b*S,, a* = a(a? — v?)71,
b* = —b(a® — b*)~! and choosing appropriate . To the composition RA is applied the formula
(2) and coefficients of non-compact operators are equated to 0 to get RA = I + T, where T’
is compact. The “Arc Condition” follows. Further the index formula and the necessity of the
“Arc condition” are proved by using a homotopy and the stability of the index of a Fredholm
operators. Absolutely similar results with a similar approach are obtained for SIO (2) with
Holder continuous coefficients in the space of Hélder continuous functions Hﬁ(F, p) with an
exponential “Khvedelidze” weight.
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Behaviour of Solutions to Degenerate Parabolic Equations
TAHIR S. GADJIEV, KONUL N. MAMEDOVA
Institute of Mathematics and Mechanics
Baku, Azerbaijan

e-mail: tgadjiev@mail.az

For linear elliptic and parabolic equations the questions on behavior of solutions near the
boundary were studied on the papers of O.A.Oleinik and his followers [1]. For quasilinear
equations, similar result were obtained in the T. S. Gadjiev [2]. S. Bonafade [3] and others
studied qualitative properties of solutions for degenerate equations.

‘We obtained some estimates that are analogies of Saint-Venaut’s principle known in theory
of elasticity. By means of these estimations we obtained estimations on behavior of solutions
and their derivative on bounded domains up to boundary.

In the cilindric domain @ = 2 x (0,7), T > 0, where Q C R", n > 2 bounded domain, a
generalized solution from the Sobolev space W"l;‘,l () of the mixed problem for the equation

17
S D (DD An (@, Vu . V) = Y (<)ID Ry (a), (1)
|a|<m |a|<m
u/i—g =0, (2)
where D¥ = — 9l la] = a1 +as+---4+a, , m >1is considered. Also we suppose

Bz'f‘ Bzgzwﬁxﬁ" ’
Dirichlet conditions on boundary satisfying.
Our main goal is to obtain estimations of behavior of the integral of energy

1,= /w(l) V™ ulP da dt,
Q,

for small p, dependent on €2, geometry of 2 in the vicinity of the point 0.
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Limit Cycle Problems in Neural Dynamical Systems
VALERY GAIKO
National Academy of Sciences of Belarus, United Institute of Informatics Problems
Minsk, Belarus

e-mail: valery.gaiko@yahoo.com

We consider two planar cubic dynamical systems which are used for neural modeling. First,
we study the classical FitzHugh-Nagumo planar cubic dynamical system which models the
spike dynamics in biological neurons. Such a cubic model was studied earlier but its qualitative
analysis was incomplete, since the global bifurcations of multiple limit cycles could not be
studied properly by means of the methods and techniques which were used in the qualitative
theory of dynamical systems. Applying the Wintner—Perko termination principle for multiple
limit cycles and new geometric methods of the global bifurcation theory, we prove that the
FitzHugh-Nagumo model can have at most two limit cycles. Then, we carry out the global
bifurcation analysis of a higher-dimensional polynomial dynamical system as a learning model
of neural networks (the Oja model). Learning models are algorithms, implementable as neural
networks, that aim to mimic an adaptive procedure. A neural network is a device consisting
on interconnected processing units, designated neurons. An input presented to the network is
translated as a numerical assignment to each neuron. This will create a sequence of internal
adjustments leading to a learning process. For two input neurons, e.g., the model can be
written as a planar cubic centrally symmetric dynamical system. Applying to this system the
Wintner—Perko termination principle and our bifurcationally geometric methods, we prove that
the planar Oja neural network model has a unique limit cycle.

The Method of Operator Power Series
SERGEY M. GALILEEV
St. Petersburg State University of Engineering and Economics,
Deptartment of Engineering Sciences and Technologies
St. Petersburg, Russia

e-mail: galiley@engec.ru

The method of operator power series is based on a symbolic method of co-representation
of solutions of differential equations in partial derivatives. This method goes on-justification in
the theory of pseudodifferential operators [1]. The evolution of representations of the symbolic
method and the theory of operators in relation to the method of operator power series method
and mechanics of deformable solids — the method of initial functions, has its own literature [2].
The solution of homogeneous linear partial differential equation in the derivatives of n-th order
with constant or variable coefficients,

(D()({)II + Dl({)?_l +- 4+ Dp101 + Dn) F(xh X2y ensy 'Tm) =0,

where 9y = 9/0x; is the partial derivative with respect to x1; D;, i = 1,2,...,n, are op-
erators which consist of derivatives dy = 0/0xy, k = 2,3,...,m, and their various combi-
nations with some constant or variable coefficients; F(x1,x2,...,Zy) is an unknown func-

n—1
tion of m variables representable as F' = > Ly fi, where Lj are the operators-functions:
k=0



September, 15-19, Batumi, Georgia Differential Equations and Applications 97

o0

Ly = Y lgmai/m!, where I, are differential operators in which the composition includes
m=0

derivatives Oy, k = 2,3,...,m, with some constant coefficients, and li,, = 1 for £k = m and

lgm = 0 for m < k; F = fo(za,...,2m), OF = fi(za,...,zn), 8{“1F = foo1(z2,.. ., Tm)-
Thus, the problem of finding the function F' is reduced to finding of arbitrary functions fj,
defined on a surface 1 = 0. Sometimes in order to facilitate the satisfaction of the bound-
ary conditions of the definition of fj is derived by establishing more links with some of these
functions, the values that have clear physical (mechanical) sense. In this paper some prop-
erties of operator-functions, the correctness of the Cauchy problem, algebra of operators and
operator-functions are discussed.
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[1] Y. A. Dubinsky, The algebra of pseudodifferential operators with analytic symbols and its
applications to mathematical physics. Math. Surveys 5(224) (1982), 97-137.

[2] S. M. Galileev, The method of initial functions in the mechanics anisotropic plate. SP-
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On Asymptotic Behaviour of Solutions of Third
Order Linear Systems of Differential Equation
with Deviating Arguments
G1vl GIORGADZE
Georgian Technical University,

Faculty of Informatics and Control Systems, Department of Mathematics
Thilisi, Georgia

e-mail: G-Givi@Hotmail.com

The problem of oscillation of solutions is well studied for differential equations of high order.
In particular, many interesting results of optimal types have been obtained (see, for example
[1]). The purpose of the present report is to establish some optimal sufficient conditions for the
oscillation of solutions of three-dimensional linear systems. More precisely, we present necessary
and sufficient conditions for the oscillation of proper solutions of the system

z(t) = p1(t)a2(71(t)),
zh(t) = pa(t)x3(ma(2)),
a5(t) = —p3(t)z1 (13()),

where p; € Lioe(R+, R+), Ti € Cioe(Ry, Ry), tgrllocﬂ(t) =+oo (i =1,2,3).
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Boundary Value Problem for Klein—-Gordon Equation
in Space R3
JEMAL KAPANADZE
I. Javakhishvili Thilisi State University, Institute of Geophysics
Thilisi, Georgia

e-mail: leilala_ 41@mail.ru

Let © be a smooth bounded domain of the class C? and f € C(99) be a boundary function.
Define potential

U¥a) = [ Ta)u)ds,,

o0
where
e—klz—yl
[(z,y) = 747r|w vl k = constant > 0.
Find a solution v of the Klein-Gordon equation in the domain € which satisfies the condition
0%v(x ov(x
@1 (z) 5 (2 ) + ¢2(z) (z) + gs(x)x(z) = f(z), = €N,
vz vy

where ¢;(z) > 0, z € 09, ¢;(z) € C(09Q), i =1,2,3.
We prove unique solvability of this problem.
Similar assertion holds true for elliptic partial differential equation

3
17} du
i%::l 92 (aik Tm) + a(z)u(z) =0,

where a;, € C3(R?), a € C?)(R3), a(x) < —A2, z € R3, A\ = constant > 0.

3 3 3
m ZE? < Z a;i ()& < J\JZE?, m = constant > 0, M = constant > 0.
i=1 ik=1 i=1

On the Solvability of Cauchy Spatial Characteristic
Problem for One Class of Second Order Semilinear
Wave Equations

SERGO KHARIBEGASHVILI!, BIDZINA MIDODASHVILIZ

LGeorgian Technical University, Department of Mathematics
2I. Javakhishvili Thilisi State University, Department of Computer Science
Thilisi, Georgia

e-mail: kharibegashvili@yahoo.com; bidmid@hotmail.com

Consider the semilinear wave equation of the type

0u 0u

5 W"'f(“)=Fv 1)
im1 Vi
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where f and F are given real functions, f is a nonlinear function, and w is unknown real function.

For the equation (1) we consider the Cauchy characteristic problem: find in the frustrum of
the light cone of the future Dy : |z| <t < T, © = (z1,22,23), T = const > 0, a solution u(x,t)
according to the boundary condition

u‘ Sp = 0, (2)
where St : ¢t = |z|, ¢ < T, is the characteristic conic surface.

Let WE(Dr, St) := {u € W§(Dr) : uls, = 0}, where WE(Dr) is the well-known Sobolev
space, consisting of elements from La(Dr) which have generalized derivatives in Lo(Dr) up to
order k, inclusively, and the equality u|s, = 0 is understood in the sense of the trace theory.

We consider certain conditions imposed on the function f, which for every solution u €
W2(Dr) of the problem (1), (2) provide the validity of the following a priori estimate

lullwz o) < € [1+ 1Fll o) + MFIy0p + IFlwyon exp (P I3,0,)] @)

when F' € W§(Dr, St), with a positive constant ¢ not depending on u and F.

Using the estimate (3) we prove that the problem (1), (2) has a unique solution u € W2(Dr).
Whence, in turn, it follows a global solvability of the problem (1), (2) in the light cone of the
future Do : t > |z| in the following sense: for any F' € W21110(,,(D007 Sso) there exists a unique
(Dosos Seo) of the problem (1), (2), where

oluti 2
solution u € Wy,

Wiioe(Doc, Soc) 1= {v € Lojoc(Dec) : 0|5, € WE(Dp, S) VT >0}

Optimal Systems of One-Dimensional Subalgebras of
the Symmetry Algebra of Hyperbolic Equations
of Perfect Plasticity
VLADIMIR KOVALEV, YURI RADAYEV
Moscow City Government University of Management
Department of Applied Mathematics
Ishlinskii Institute for Problems in Mechanics of RAS
Moscow, Russia

e-mail: vlad_koval@mail.ru; y.radayev@gmail.com

The present paper is devoted to application of the Lie group theory to a three-dimensional
non-linear system of partial differential equations known from the mathematical theory of per-
fect plasticity. The Coulomb-Tresca yielding criterion and associated flow rule are employed
to formulate the system of differential equations. If an actual stress state corresponds to an
edge of the Coulomb-Tresca prism then the stress tensor are determined by the maximal (or
minimal) principal stress and the unit vector field directed along the principal stress axis related
with that principal stress, thus allowing the static equilibrium equations can be formally con-
sidered independently of equations sequent to associated flow rule. The system first obtained
by D. D. Ivlev in 1959 in an attempt to find new approaches to correct mathematical study of
three-dimensional perfectly plastic problems is of crucial importance for continuum mechanics
and its numerous applications. It is of hyperbolic type thus predicting slip-lines mechanism of
perfectly plastic flow in accordance with contemporary point of view and providing significant
mathematical advantages for the present study.
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The original essentially non-linear system of partial differential equations is transformed
to a special coordinate system defined in the space by the stress principal lines (isostatic co-
ordinate net). Group analysis of the obtained in such a way system of partial differential
equations of three-dimensional perfect plasticity is carried out. The symmetry group of this
system is obtained. A natural 12-dimensional symmetry algebra and a first order optimal sys-
tem of one-dimensional subalgebras of the symmetry group of partial differential equations of
the three-dimensional mathematical theory of plasticity are studied. The optimal system of
one-dimensional subalgebras constructing algorithm for the 12-dimensional Lie symmetry alge-
bra is proposed. The optimal system (total 187 elements) is shown consist of a 3-parametrical
element, twelve 2-parametrical elements, sixty six 1-parametrical elements and one hundred and
eight individual elements.

By the Lie technique new exact solutions in the analytically closed forms for the case of
axial symmetry are obtained. Some of them are represented by the canonical Legendre elliptic
integrals.

Fredholmity Criterion for Teplitz and
Winer—Hopf Operators

GIORGI KVINIKADZE, ILIAS SHEYKHOV

I. Javakhishvili Thbilisi State University, Exact and Natural Sciences
Thilisi, Georgia

e-mail: givcho@posta.ge; kherkheulidze.ilia@gmail.com

We study Teplitz operators T, = [a]‘,k]]‘?ﬁc:o : £, — [, in the space of sequences ¢, for
1 < p < oo, The symbol a(¢) is a continuous ¢,-Multiplier on the unit circle a (| = 1 and
{a; };‘;700 are its Fourier coefficients. Also we study Wiener—Hopf operators

Wap(z) :cso(m)Jr/k(:rfy)w(y)dy» Wa : Ly(RY) = Ly(RT)
0

in the Lebesgue space L,(R™) of p-integrable functions for 1 < p < oo on the half axis RT =
(0,00). The symbol a(§) = ¢+ (Fk)(€), £ € R = (—00,00), is a continuous LL,-Multiplier and
Z is the Fourier transform.

It is well-known, that the ellipticity of the symbol ‘i‘nf |a(¢)| # 0 is a necessary and sufficient
=1

condition for operators W, and T, to be Fredholm (have a closed range, the finite dimensional
kernel and the finite dimensional cokernel) in L,(RT) and ¢, spaces, respectively (see, for ex-
ample, article of M. Krein published in 1957, I. Gohbergs and I. Feldmans monograph).

We will give a new proof of the Fredholmity criteria for the operators above, which applies a
homotopy and stability of the index of Fredholm operators. A similar approach was used in an
article published in 1970 by R.Duduchava, where criterion of Fredholmity of a singular integral
equations in H6 lder spaces with weight was proved.

Theorem. Let a be a continuous {,.-multiplier for p —e < r < p—¢e for some ¢ > 0 and
1 <p < o0. For an operator Ty to be Fredholm in the space £,(N) it is necessary and sufficient
that Iinf la(¢)| # 0. If these conditions are hold, then index of the operator equals
¢=1

Ind T, = —ind a.
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Moreover, the invertibility of the operator Ty, is agreed with the index ind a. In other words
that means that the operator Ty is invertible from the left (is invertible from the right) if only
n =ind a > 0 (Or, respectively, n = ind a < 0). On the dense set in the space £,(N) the
corresponding inverse operator from the left (from the right) is written as follows (T,l)l;flt =
(Ta);i;m = T(;}TL"TG:l, where a = a_rpay s a generalized p-factorization of the symbol a (see
L Simonenko’s and I. Gohber, N. Krupnik’s papers).

In particular, if ind a = 0, then the operator T, is invertible and the bilateral inverse operator
read T, ' =TT

The result is quite similar to that of Wiener-Hopf operator W,.

Localized Boundary-Domain Integral Equations for
Acoustic Scattering by Inhomogeneous
Anisotropic Obstacle
DAVID NATROSHVILI
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: natrosh@hotmail.com

We consider the acoustic wave scattering problems when the material parameters and speed
of sound are functions of position within the inhomogeneous anisotropic bounded obstacle. The
problem is formulated as a transmission problem (TP) for a second order elliptic partial differ-
ential equation with variable coefficients in the inhomogeneous region and for the “anisotropic”
Helmoltz type equation with constant coefficients in the unbounded homogeneous region. The
transmission problem treated in the paper can be investigated by the variational method and
also by the classical potential method when the corresponding fundamental solution is avail-
able in explicit form. Our goal here is to show that the above mentioned TP with the help of
localized potentials corresponding to the Laplace operator can be reformulated as a coupled lo-
calized boundary-domain integral equations (LBDIE) system and prove that the corresponding
localized boundary-domain integral operator (LBDIO) is invertible. Beside a pure mathemat-
ical interest these results seem to be important from the point of view of numerical analysis,
since LBDIE can be applied in constructing convenient numerical schemes in applications. In
our case, we apply the localized parametrix which is represented as the product of the funda-
mental solution function of the Laplace operator and an appropriately chosen cut-off function
supported on some neighbourhood of the origin. Evidently, the kernels of the corresponding
localized potentials are supported in some neighbourhood of the reference point and they do not
solve the original differential equation. By means of the usual and localized layer and volume
potentials we reduce the TP to the localized boundary-domain integral equations system. First
we establish the equivalence between the original boundary-transmission problems and the cor-
responding LBDIE systems which plays a crucial role in our analysis. Afterwards, we establish
that the localized boundary domain integral operators obtained belong to the Boutet de Monvel
algebra of pseudo-differential operators and on the basis of the Vishik—Eskin theory based on the
factorization method we investigate corresponding Fredholm properties and prove invertibility
of the LBDIO in appropriate function spaces.

This is a joint work with Otar Chkadua and Sergey Mikhailov.
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Reduction Principle in the Theory of Stability of
Impulsive Differential Systems
ANDREJS REINFELDS
Institute of Mathematics and Computer Science, University of Latvia
Riga, Latvia

e-mail: reinf@latnet.lv

We consider the system of impulsive differential equations in Banach space that satisfies the
conditions of integral separation. We prove the theorem of asymptotic phase. Using this result
and the centre manifold theorem we reduce the investigation of stability of the trivial solution of
initial impulsive differential system to investigation of stability of simpler impulsive differential
system.

The research was supported by the grant 09.1220 of the Latvian Council of Science and by
the grant 2009/0223/1DP/1.1.1.2.0/09/APIA /VIAA /008 of the European Social Fund.

About Development of Elliptic Theory
ROMEN SAKS
Institute of Mathematic with Computing Center, Russian Academy of Sciences
Ufa, Russia

email: romen-saks@yandex.ru

I would like to remind the colleagues about researches of I. G. Petrovskii, N. I. Muskhel-
ishvili, A. V. Bitsadze, I. N. Vekua, F. D. Gahov, N. E. Tovmasyan, Ja. B. Lopatinskii, S. Agmon,
A. Douglis, L. Nirenberg, M. I. Vishik, M. S. Agranovich, L. R. Volevich, A. Dynin, V. A. Solon-
nikov, V. V. Grushin, B. R. Vainberg and other.

Their results make the base of the elliptic theory. A one-dimensional singular integral oper-
ator of normal type [1] we consider as elliptic operator of order (0,0).

We denote by P - EL(X), DN - EL(X), VG - EL(X) the classes of pseudo differential
operators on a closed manifold X, defined by Petrovskii [2], Douglis and Nirenberg [3], Vainberg
and Grushin [4]. In my paper [5] a class GEL(X) of generalized elliptic operators was introduced
and I've proved the following inclusions:

P.EL(X)C DN - EL(X) c GEL(X), VG-EL(X)C GEL(X).

The operators from GEL(X) which don’t belong to DN - EL(X) are called weakly elliptic and
the set of such operators we denote by WEL(X). Operators rot + Al and Vdiv+ Al are weakly
elliptic if A # 0. A analogous class of (p, ) elliptic one-dimensional singular integro-differential
operators was studied in my book “Boundary value problems...”, 1975.
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The Weighted Cauchy Problem for Linear Functional
Differential Equations with Strong Singularities
ZAZA SOKHADZE
Akaki Tsereteli State University, Department of Mathematics
Kutaisi, Georgia

e-mail: z.soxadze@gmail.com

The sufficient conditions of well-posedness of the Cauchy weighted problem for linear func-
tional equations of higher order with deviating arguments whose coefficients have nonintegrable
singularities at the initial point, are found.
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Asymptotic Behaviour of Solutions of Mixed Problem
for Hyperbolic Equations with Periodic Coefficients,
when the Corresponding Hill’S Operator
is Non-Positive
T. SURGULADZE
Akaki Tsereteli State University, Department of Mathematic
Kutaisi, Georgia

e-mail: temsurg@yandex.ru; temsurg@yahoo.com

The talk will discuss asymptotic behaviour of solutions of the problem

Ug — Uz + q(x)u = 0, (1)
u(z,0) =0, w(z,0)=f(t), t>0, ze€[0,b], u(0,6)=0, t>0 (2)

as t — oo. Here g(z) continuous periodic function with period one, f(z) € C$°(R!) such that
sup f C [0,1], and b a positive number.
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The main result is the following

Theorem. Assume that the left end point of the corresponding Hill’s operator is negative
and coincides with —a® where a > 0. Then the solution u of the problem (1), (2) admits the

gollowing representation,
u(w,t) = 732 (h(z) + v(x, t)).

Here h(t) is a known function, and v(z,t) is a function which admits the estimate

ot 01 < X i
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Integral Limit Theorems for the First Achievement
Time of High Level by Branching Processes
SOLTAN A. ALIYEV
Institute of Mathematics and Mechanics, Azerbaijan National Academy of Sciences
Baku, Azerbaijan

e-mail: soltanaliyev@yahoo.com

Recently appeared some papers on the investigation of boundary value problems for random
walks described by the Markov chains and also branching processes (see, for example [1]).

In the present paper, the integral limit theorems for the moment of the first achievement of
certain level by Galton-Watson critical and supercritical branching processes are proved.

Let Z,, n=0,1,2,... be the Galton-Watson branching process ¢ 0 < EZ? < oco.

Consider the first achievement moment 7. = inf{n > 0: Z, > ¢} of the level ¢ > 0 by the
process Zy,.

The following limit theorems are valid.

Theorem 1. Let Z,, T as n — oo almost sure, and EZy = p > 0, then, P {7, < oo} =1,
Ve>0; 7. — 00 asc—>oc;%—>% as ¢ — 0o.

Theorem 2. Let Z,, T almost sure, p = EZ; =1 and 0 < DZy =20 < co. Then for x >0

Te 1
P{—§w| Zn,>0}%ew as ¢ — 00.
c

Theorem 3. Let Z, T almost sure, p = EZ; > 1, 0 < DZy < oo. Then there exists a
random variable T with the continuous distribution function F (x) = P{T <z} for x # 0, such

that N 1_P(
P{%§¢| T>0}ﬁﬁ((/03;) as ¢ — oo.
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On the Absolute Continuity of the Distribution of a
Schodinger Type Equation with Random
Perturbation
T. Buapze!, G. SOKHADZE?
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21. Javakhishvili Thilisi State University, Mathematics Department
Thilisi, Georgia
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Let Hi C H C H_ be an equipped Hilbert space with quasi-kernel embeddings. We consider
in H_ the problem



September, 15-19, Batumi, Georgia Probability & Statistics 107

The terms and notation are the same as in [1-2]. It is assumed that H_ is a local Hilbert
space, and L : D(S) — H_ is a linear continuous local operator. We denote by L* : H_ — D'(S)
the Banach conjugate to L. In addition to (1) we also consider the system

Lh=mn, hf=C (2)
Let A be the operator generated by equality (1) with a homogeneous initial condition.

Theorem. Let the following conditions be fulfilled for (1) and (2) :

1) L is a linear continuous local operator with the domain of definition D(L) densely embedded
in H_;

2) g€ Hy and |(a,u)] - l¢'A7H < 1;

3) 1 is a random element in H_ with distribution j, and having a logarithmic derivative \(x)
along Hy .

Then pe ~ pp and

%(u) =det (I + (a,u)Ailg) exp { </01 AAu + t(a, u)g)dt, (a, u)g) H},

if n is a Gaussian random element with a unit correlation operator in H, then

dpg
dpip,

(w) =det g (I + (a,u)gA~'g) exp { — (a,u)g(Au, 9)g — %(a, u)f{HgH%{}
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Convergence Almost Surely of Summands of a

Random Sum
SERGEI CHOBANYAN', SHLOMO LEVENTAL?
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IN. Georgian Technical University
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2Department of Statistics and Probability, Michigan State University
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e-mail: chobanyan@stt.msu.edu; levental@stt.msu.edu

We announce the following

Theorem. Let (Y,,) and (Z,) be two sequences of random variables such that Yy, + Z, — 0
a.s. ThenY, — 0 a.s. (and Z, — 0 a.s.) provided that the following condition is satisfied

P(| Xy +Yo| 2 |Yal | Fn) 2¢
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where F, is the o-algebra generated by |Yi|,...,|Yna|, and c is a positive constant independent
of n.

The theorem holds true in the general case of normed-space-valued random variables (just the
absolute value should be replaced by the norm). The theorem implies the well-known theorems
belonging to Loeve [1] and Martkainen [2].
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On One Problem of Disorder
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On a probability space (2,.%#, %) consider the mutually independent random variables 6
and 7 with values in [0, +00) and the standard Wiener process wy, t > 0. Suppose that

PO=0)=m, PO>t|0>0=e™ 0<A<oo, 0<7<1,
Pp<z)=1—e"", 0<v<oc.
We also assume that the observable random process &, t > 0, has the stochastic differential
d&; = rx(t — 0)dt + odwy, 7#0, o* >0, (1)

where x(¢t) =0if t <0 and x(¢) =1 if ¢ > 0. We consider the problem of the earliest detection
of 6, i.e. the problem of disorder (disruption) for a Wiener process (1) in the Bayes formulation
(see Shiryayev 1978). Let

p(r)=cP(r<@)+v | PO <7 <0+n)e"dy, c¢>0. (2)

0\8

We say that the 7* is Bayes stopping time, if p = o(7*) = info(7), where inf is taken over
the class of some stopping times.

Theorem. The Bayes stopping time
Tr=inf{t >0: ¢ > A%}, (3)
where 1y, t > 0, is random process with the stochastic differential

dipy = [1 4+ (A —v)]dt + % Prdés (4)
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and the threshold A* is the unique solution of the equation
[—APA1—A) + Al —¢) + ] ®(A) —c— AA =0, (5)

where
x

o(z) = 2> e - /u_()"ﬂ)e_% du.
0
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1. We say that real random variables X and Y on the probability space (2,.%, %) are
/-independent (7 is the subset of R?) iff Fxy(z,y) = Fx(z)Fy(y) for all (z,y) € </. Here
Fyy(z,y) = P(X < z,Y <y) is joint distribution function of X and Y; Fx(z) and Fy(y) are
the probability distribution functions of X and Y, respectively.

It is clear, that usually independence of random variables X and Y coincides with their
o/ = R%-independence.

2. Let f(x) be standard normal distribution density and f(x,y) is joint normal distribution

density with correlation matrix < /1) ;1) ), lpl < land f(z|y) = f}a) Cflylx) = f(f‘l)/ are

the conditional distribution densities.
Let oy = {(z,y) € R2: 2 >0, y >0}, o _ = {(z,y) € B2 : 2z <0, y < 0},
A ={(z,y) € R*: >0, y<0},,szf,+ {(z,y) e R?: =<0, yZO}and

9(@,y) = C1 Ly, , (z,9) f(z,y) + C? Ly _(2,y)f(z,y)+
+ Ly, (z,y)ug (@) f(@)u_(y) f(y) + Lo, (2, y)u_(z) f(@)ug (y) f(y), (1)

where I/ (z,y) is the indicator of o/ and

0
aiéc,/f(yhc)dy, <0

—o0

uy(z) = pou-(z) =

3

a by [ 1l ody. 20
0

0, x < 0. 0, x> 0.

() = {u+(x), >0

u_(z), =<0’

/f‘Ly dzx dy.
0
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We choose the constants Cy and C_ such a way, that both are positive and Cy +C_ = a3,
For example Oy =C_ = 1 or Oy = 1, C_ = 2.

1
202 3a2 3a

|

Theorem. The real function g(x,y), defined on R? by (1) is the probability distribution
density and marginal distribution densities are g(x) = u(z)f(z), g(y) = u(y)f(y). If g(z,y)
is the joint distribution density of random variables X and Y, then they are (/4 U o/ )-
independent.
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Banach Space Valued Ito Processes, the Ito Formula
BADRI MAMPORIA
N. Muschelishvili Institute of Computational Mathematics, Georgian Technical University,
Department of Probabilistic and Statistical Methods
Thilisi, Georgia
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The stochastic integral (generalized stochastic integral) from Banach space valued non-
anticipating random process with respect to the one dimensional Wiener process and from op-
erator valued non-anticipating random process with respect to a Banach space valued Wiener
process are considered. For the corresponding Ito processes the Ito formula is proved.
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Modelling of Comparison Sequential Test
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The paper deals with development of a planning method for a sequential probability ratio
test (SPRT) for reliability. In the course of this test, a hypothesis is checked whereby the mean
time between failures (MTBF) of the tested item exceeds that of another item, chosen as base —
by not less than a specified factor. It is assumed that the TBF’s of both items are exponentially
distributed. The particular feature of this work that the MTBF of the basic item is known only
as a sample-derived estimate (see for example [1-3]).

The planning assignment consists in determining, the boundaries at which a decision is
reached on acceptance or rejection of the checked hypothesis. The initial planning data are two
points on the test’s operating characteristic — associated with the error probabilities of the I-st
and IT-nd kind. As this problem does not lend itself to exact analytical treatment, an alternative
approach, based on modeling, is proposed.

The presented solution comprises a search algorithm and the calculation results. Also pre-
sented are approximative formulae which make for a simpler search process, are sufficiently
accurate for industry purposes, and obviate the need for extra searching.
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Let Y be a random variable with Bernoulli distribution and p = p(z) = P{Y = 1/z}.

Suppose that x;, ¢ = 1,n are points of partition of [0,1] which are chosen from relation
x; .
[ h(z)ds = :;lv where h(x) is the known positive density of the distribution on the inter-

val [0, 1]. Furthermore Yj;, i =1,n, j = 1, N, are independent Bernoulli random variables with
N

P{Yi; = 1/x;} = p(x), P{Yi; = 0/x;} =1 —p(x), i =1,n, j = 1,N. Then Y; = Y Vj; has
j=1

the binomial distribution law B(N,p; = p(z;)). We observe values Y1,...,Y,. Our aim is to
construct estimate for p(z) analogoubly of the Nadaraya—Watson Ieglession function estima-

tion: P (¢) = 4T, pan(@) = - _ZK(”’“) Yo fal@) = o ZK(” 24 ey Where

bn

by, > 0, by, — 0 as n — 0o0. Suppose that followmg properties are fulﬁlled
i) K(z) is the distribution density, sup K(z) < oo, K(—z) = K (), supp (K) C [-7, 7] and
xT

has bounded derivative; ii) p € C?[0,1]; iii) h(z) > p > 0 and h € C1[0,1].
‘We study the properties of such estimations. Let’s give one property
Denote U,y = nNb, j (eun(®) — Eppn(2)?dx, Qp = [Tby, 1 — 7by), Ay = EUpn, 02 =

n z—z;
108,)2 35 plan E p(a) (1= ()@ Qi = iy [ K (%5525 K (552) de.
Theorem. If nb2 — oo as n — oo, then A, = A(p) + O(b,) where
1
Ap) = /p(a:)(l —p(x)h (x) dx/Kz(u ) du,
0
b tol = o%(p) + O(by) + O(n~1b;2), o%(p) = 2fp )1 —p(x))?h2(z) do f K2(u)du, Ko =

K * K and U’lbﬁl/Q(UnN —A) = N(0,1), where = denotes weakly convergence.
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Differentiation Rule for Poisson Functionals
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It is well-known that the Ito formula is the main tool of the stochastic calculus. In the
anticipative case the Ito type formula was obtained by Ustunel (1986) for random fields F'(z,w).
This fields are fast decreasing with respect to z and variable z is replaced by the so-called
Ito’s anticipative process (with respect to Wiener process). The general case was considered
by Nualart and Pardoux (1988). In case when F(¢,z) (for any z) is adapted diffusion process
and z is replaced by Ito’s anticipative process the anticipative Ito—Ventsel type formula was
established by Martias (1988). The case where both F(t,z,w) (for any z) and u; are Ito’s
anticipative processes the Ito—Ventsel type formula and an integral variant of the Ito—Ventsel
formula was obtained by Purtukhia (1991, 1998). In the Poisson case the similar questions
was studied by Peccati and Tudor (2005) and anticipative Ito type formula was established in
terms of nonanticipative Ito integrals. Our aim is to derive anticipative Ito type formula for the
so-called an anticipative Poisson semimartingales in terms of anticipative Skorokhod integrals.

Let (2, #,{Zt}ieqo,r)) be a filtered probability bpaCO satlsfymg the usual conditions. Suppose
that IV is the standard Poisson process (P(N; = k) = k, ,k=0,1,2,...) and .%; is generated
by N(F = FN),F = Fr. Let M; be the compensated Poisson process (M; = N; —t). Denote
by DM@ the stochastic derivative of functional G.

Definition. The stochastic process & w) is called an anticipative Poisson semimartingale,
if it has the representation & (w) = &(w) + j w)ds + j bs(w)d M (w), where the last integral
is the Skorokhod anticipative integral. In thls case we use the notation d&; = a;dt + b0 M.

Theorem. If & is an anticipative Poisson semimartingales with d& = bydM; and F € C,f,
then the process F(&) admits the following integral representation

t t

t
F(&) = F(&) + /F £ )bsO M, + /DM[F (€5-)]bsO M, +%/F b2 ds+
0 0

0
/ DY[F' (¢ bsds + > {F(&) = F(ge-) = F'(6-)A& .

0<s<t
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A Rearrangement Theorem for Cesaro Summability
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It will be discussed the question of validity of following statement for the Cesaro summability
instead of usual convergence.

A Rearrangement theorem (E. Steinitz). Let (z,) be an infinite null-sequence of
elements of a finite-dimensional Banach space such that some subsequence of the sequence
n
( > J:k) converges. Then there exists a permutation o : N — N for which the series Y- 2y

k= n
CONVETGES.
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Let X be a real normed space with the dual space X*. We say that a random element &
with values in X is

o weakly subgaussian if (z*, &) is a subgaussian random variable for every z* € X*;

o subgaussian if there exists centered Gaussian random element 7 in X such that E et ¢ <

E e for every z* € X*.

If ¢ is subgaussian then it is weakly subgaussian too. The converse statement is true in
finite-dimensional case but it is not true in general [1, 2.
Our main result is the following theorem.

Theorem. Let & be weakly subgaussian random element with values in a separable Hilbert
space H. Then & is subgaussian if and only if

S (6 er) < 0

k=1

o]

for every orthonormal basis (ex) of H.

Here (-,-) is the scalar product and for a fized h € H the quantity 7({§, h)) stands for the
subgaussian standard of the subgaussian random variable (£, h).
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On Some Nonlocal in Time Problems for One
Modification of Navier—Stokes Equations
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The present paper is devoted to the investigation of nonclassical initial-boundary value prob-
lems for one modification of Navier—Stokes equations, where the nonlinear term having polyno-
mial structure with respect to the gradient of the unknown vector-function is added. We consider
the variational formulation of the nonclassical problem in suitable spaces of vector-valued distri-
butions, which is equivalent to the original differential formulation of the problem in the spaces
of smooth enough functions. The nonclassical problem with nonlocal initial condition defining
the relationship between the initial values of the unknown vector-function and its values at later
times is studied. We determine the class of nonlocal operators and formulate the corresponding
conditions for which the nonlocal problem has a solution in suitable spaces. An algorithm of
approximation of the nonclassical problem by a sequence of classical ones is constructed. The
result on the uniqueness of solution of the nonlocal in time problem is obtained and if suitable
conditions are fulfilled the convergence of the sequence of solutions of the constructed classi-
cal problems to the solution of the nonclassical problem is proved. Some applications of the
obtained general results to initial-boundary value problems for one nonlinear modification of
Navier—Stokes equations with nonlinear discrete-integral nonlocal initial conditions are consid-
ered.

General Continuous Linear Mathematical Model of
Information Warfare

TEMUR CHILACHAVA', NUGZAR KERESELIDZE>

ISokhumi State University
2Georgian University of St. Andrew at Patriarchate of Georgia
Thilisi, Georgia

e-mail: temo_chilachava@yahoo.com; tvn@Qcaucasus.net

In the presented work provides a general, linear, continuous mathematical model of Informa-
tion warfare between two antagonistic states (or two states of the Union, Ann the two powerful
economic institutions — a consortium), taking into account the fact that there is a third, the
peacekeeping side. Model includes as an equal, as well as significantly different associations with
the power of controversy. We believe that the information warfare against each other, providing
the first and second side, and the third party to consider the international organizations. At
the moment of time ¢ € [0, 00) quantity of the information spread by each of the sides we will
accordingly designate by Ni(t), Na(t), N3(t). Built General continuous linear mathematical
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model of information warfare have form:

dl\(filt(t) = a1 N1(t) + aaNa(t) — azNs(t),
d]\(f;t(t) = B1N1(t) + BaNo(t) — B3Ns(t),
d]\st(t) = v N1(t) + 72 N2 (t) — 73 N3(t).

with initial conditions Nl(()) = Nm, NQ(U) = Ngo, N3(0) = N30 WhCI‘C7 al, a3, ﬁg, 53 > 0,
v > 0,1=1,2,3; as, B1 are constant factors.

Solving model for concrete value of constants and initial a condition numerical methods in
package Matlab, conditions are received, at which: 1. The antagonistic sides, despite increasing
appeals of the third side, intensify information attacks. 2. One of the antagonistic sides, under
the influence of the third side eventually stops information warfare (an exit of the corresponding
solution on zero) while another strengthens it. 3. Both antagonistic sides, after achieving
maximum activity, reduce it under the influence of the third side, and through finite time, stop
information attack at all (an exit of solutions to zero).

Cubature of the Solution of the Dirichlet Problem for
Euler—Poisson—Darboux Equation in the Half-plane
by Approximate Quasi-Interpolation
NATALIA CHINCHALADZE
I. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University,
Faculty of Exact and Natural Sciences, Department of Mathematics
Thilisi, Georgia

e-mail: chinchaladze@gmail.com

Our aim is to construct the approximate quasi-interpolant (see, e.g., [1] and [2]) of the
solution of the Dirichlet problem for Euler-Poisson-Darboux Equation in the half-plane. The
solution of Euler—Poisson-Darboux equation

Y(Uzz + uyy) + buy + auy =0, b= const,

in the half-plane y > 0, under the following boundary condition u(z,0) = g(z), g(z) € C(R),
can be written as follows (see, [3])

1-b
u(z,y) = 2 /g(ﬁ)e“ep”’zdf» b< 1,

where

7 _ 1/2
A(a,b) == /e‘"’ sinlndn, 6:= arceot ™~ ; E, pi=[(z -6+ y2] .
0

The approximate quasi-interpolant on a uniform grid {hm} is constructed, the error estimate
is determined. The corresponding numerical realization is carried out.
This is a joint work with G. Jaiani and F. Lazara.
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In the last decades the study of regularities of space-temporal distribution of anthropogenic
admixtures in the Black Sea becomes extremely important and urgent because of sharp dete-
rioration of an ecological situation of this unique sea basin. Among different pollutants an oil
and oil products present the most widespread and dangerous kind of pollution for the separate
regions of the World ocean including the Black Sea. They are able to cause significant negative
changes in hydrobiosphere and to infringe natural exchange processes of energies and substances
between the sea and atmosphere. Potentially the most dangerous regions from the point of view
of oil pollution are coastal zones of the sea, which are exposed to the significant anthropogenic
loadings.

Modeling of distribution of oil spill enables to estimate pollution zones and probable scales
of influence of the pollution on the water environment with the purpose to reduce to a minimum
negative consequences of oil pollution in case of emergencies.

In this study, spreading of the oil pollution in the Georgian Black Sea coastal zone on the
basis of a 2-D numerical model of distribution of oil pollution is simulated. The model is based on
a transfer-diffusion equation with taken into account reduction of oil concentrations because of
physical - chemical processes. The splitting method is used for solution of the transfer-diffusion
equation. The surface current field is determined from the regional baroclinic model of the Black
Sea dynamics developed at M Nodia Institute if Geophysics of Iv. Javakhishvili State University.
The regional domain, which was limited by Caucasus and Turkish shorelines and the western
liquid boundary coinciding with a meridian 39.360E was covered with a grid having 193 x 347
points and grid step equal to 1 km spacing. Numerical experiments are carried out for different
hypothetical sources of pollution in case of different sea circulation regimes.

Numerical experiments showed that character of regional sea circulation predetermines main
features of spatial distribution of the oil pollution in the Georgian Black Sea coastal zone.
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Numerical Investigation of Spilled Oil Spreading Into
Soil for Underground Water Pollution
Risk Assessment
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A number of alternative options were assessed during preliminary work relating to the ex-
port of oil and gas from the Shah Deniz field. There was considering the best transportation
method for oil and gas (followed by a detailed assessment of the best pipeline corridor, the
best possible markets) culminating in the final route selection. Gas and oil transportation by
pipeline and railway routs from the Shah Deniz field via Azerbaijan and Georgia was defined
as the most acceptable commercial and environmental solution. The probability of crashes for
pipeline transport rises with the age of the oil pipelines in service, and with the extent of their
network. But there are able to take place non ordinary situations too. As foreign practice of
pipeline exploitation shows, that the main reason of crashes and spillages (and fires as a conse-
quence) is destruction of pipes as a result of corrosion, defects of welding, natural phenomena
and so on (including terrorist attacks and sabotage). In West Europe it has been found, that
10 - 15 leakages occur every year in a pipeline network of around 16,000 km length resulting in
a loss of 0.001 per sent of transferred products. The proposed transport corridor via Georgia
is characterized by very diverse ecological conditions and by abundant biodiversity. The route
crosses a multitude of minor watercourses with broad seasonal variations of surface water flow.
Six major river crossing occur along the route on the territory of Georgia. Ground water along
the route is also abundant and generally of high quality. So that it is necessary: to design
a new high-quality soil pollution models by oil, to develop new algorithms and means of the
control and detection of emergency places of underground water pollution. We have created a
new numerical model and scheme describing oil infiltration into soil. The constructed scheme
is investigated and error of the approximated solution is estimated. Using this scheme, we have
carried out numerical experiments for four types of soils dominated within the transport corridor
of Georgia. The results of calculations are presented.
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Mathematical Modelling of Hydrates Origin in the
Gas Pipelines
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At present pipelines have become the most popular means of transporting natural gas. As
our practice shows while transportation of natural gas by pipelines over the territory of Georgia
, pressure and temperature changes cause formation of a liquid phase owing to partial conden-
sation of the gaseous medium. There are many scientific articles denoted to the problem of
prediction of possible points of hydrates origin in the main pipelines. There are several methods
for avoiding gas hydrate problems, but generally modern methods for prevention of hydrate
formation are based on the following techniques: injection of thermodynamic inhibitors, use of
kinetic hydrate inhibitors to sufficiently delay hydrate nucleation/intensification, and maintain
pipeline operating conditions outside the hydrate stability zone by insulation, heating and con-
trolling pressure. However, the above techniques may not be economical and practical From
existing methods the mathematical modelling with hydrodynamic method is more acceptable as
it is very cheap and reliable and has high sensitive and operative features. In the present paper
the problem of prediction of possible points of hydrates origin in the main pipelines taking into
consideration gas non-stationary flow and heat exchange with medium is studied. We have cre-
ated a new method prediction of possible points of hydrates origin in the main pipelines taking
into consideration gas non-stationary flow. For solving the problem of possible generation point
of condensate in the pipeline under the conditions of non-stationary flow in main gas pipe-line
the system of partial differential equations is investigated. For learning the affectivity of the
method quite general test was created. Numerical calculations have shown efficiency of the
suggested method.
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Iteratively Regularized Gradient Method for
Determination of Source Terms in a Linear Parabolic
Problem from the Measured Final Data
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This paper investigates a numerical computation for determination of source terms in a
linear parabolic problem. The source term w := {F(z,t), p(t)} is defined in the linear parabolic
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equation u; = (k(x)uy), + F(z,t) and Robin boundary condition —k(l)u(l,t) = v{u(l,t) — p(t)]
from the measured final data ¢(z) = u(z,T'). We demonstrate how to compute Fréchet derivative
of Tikhonov functional J,(w) = ||®[w] — 5"6”22(0 nt al|lw||%; based on the solution of the adjoint
problem. Lipschitz continuity of the gradient is ’proved. Iteratively regularized gradient method
is applied for numerical solution of the problem. We conclude with several numerical test by

using the theoretical results.

Numerical Model of Local Circulation of Atmosphere
in Case of Difficult Temperature Inhomogeneity
of a Underlying Surface
GEORGE GELADZE
I. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: givi-geladze@rambler.ru

It is traditional any big town has the satellite-town. In this case we actually have two thermal
“islands”.

In this work the two-dimensional, non-stationary problem about local circulation over these
“islands” and sreading in it of an acrosol from different sources (point, surface, instant, constantly
acting etc.) is statement.

Now the problem only describing thermohydrodynamics and humidity processes is pro-
grammed and numerically realised on the computer. Qualitatively real space-time fields of
speed of air, temperatures, pressure, water-vapor and liquid-water mixing ratios are received.

On the basis of this model optimum control of two virtual objects-towns (distances variation
between them, forecasting of meteorological fields, creation of recreational zones, influence of
prevailing wind, playing of different ekometeorological interactions scenario etc.) is possible.

On the Numerical Experiment About One Special
Formation of a Fog and a Cloud in Mesoboundary
Layer of Atmosphere
GEORGE GELADZE, MERI SHARIKADZE, MANANA TEVDORADZE
1. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: givi-geladze@rambler.ru

Rather actual it is considered research temperature inversion processes in connection with the
environmental problems which are taking place in a mesoboundary layer of atmosphere (MBLA).
there is an accumulation of polluting substances in these inversion layers. Such anomalies arise
at formation of clouds and fogs when allocation of the latent warmth of condensation of water
steam takes place.
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There was local circulation over thermal ”island” is numerically simulated at its periodic
heating with the help of the developed by us numerical model and under certain physical con-
ditions is received against the MBLA thermohydrodynamics simultaneously four humidity pro-
cesses: it is a fog and a cloud direct over "island” and two clouds on each side. Because of them
aforementioned inversion layers arise.

This interesting numerical experiment is quite logical physically. On the future we plan
to get corresponding materials of meteorological supervision for the purpose of comparison of
theoretical results with experimental data.

Electrodynamic Analysis of Five-Port
Waveguide Junctions
Giorcl KEKELIA!, GELA KIPIANIZ, DATO KIPIANIZ,
PIRANI KOBIASHVILI?, TEA KAPANADZE?
ID. Guramishvili International Education University “Iberia”
2Georgian Technical University
Thilisi, Georgia

e-mail: giakekelia@yahoo.com; gelakip@gmail.com

The urgency of the purposes of accomplished work is caused by the contemporary trends
of development of radio-electronic and communication systems facing increasing requirements
of improvement in the effectiveness of functioning as systems as a whole, and, also, as their
component elements. These requirements concern also multi-port waveguide junctions which
are widely used in the technology of superhigh frequencies as power dividers, antenna switchers,
filters, phase inverters, etc.

The stated problem could be solved by the method of decomposition, which would consid-
erably simplify mathematical solution of the problem, significantly decreasing resources spent
during computer implementation. However, the negative side of this method is impossibility
of conducting a full-scale analysis of the proceeding process and detection of a whole series of
practically important electrodynamic properties of the system.

In the process of mathematical solution it was used the method of partial domains. Within
the framework of this method the fields in each chosen domain were written as the solutions
of wave equation taking into account the special features of these domains. After application
of the continuity conditions of the field on all interfaces the infinite system of linear algebraic
equations, consisting of three linearly independent systems with respect to three sequences of
unknown coefficients, was obtained. These coefficients represent the wave amplitudes of those
waves reflected in each of the side arms.

The analysis of matrix elements and free terms of the obtained system showed that this
system is quasi-regular, which made it possible to realize it on the computer with application of
a method of reduction.

As a result of numerical calculation the graph of dependence of the coefficients (amplitudes)
of waves propagating in each port on the frequency parameter and the figures of field distribution
are built (2D and 3D graphs). The program for visualization of the wave propagation is compiled.
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On the Spectrum of the Helmholtz Equation for the
Hexagonal Type Stripe
NINO KHATIASHVILI, ARCHIL PAPUKASHVILI, JANA BOLQVADZE,
MANANA TEVDORADZE
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Thilisi, Georgia
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The problem connected with the quantum properties of the hexagonal type crystal structure
such as Carbon allotrops is considered. The movement of the particles at such structure is
described by the Schrodinger Equation. In the stationary case this equation is reduced to the
Helmbholtz Equation with the appropriate boundary conditions [1-3].

In this work the spectrum of the Helmholtz Equation in the hexagonal type stripe is estimated
by means of the conformal mapping and Fourier series.
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Design of High Rise Buildings on Seismic Effects of
Spectral and Nonlinear Dynamic Methods
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The 45-storey dual system high-rise reinforced frame-wall concrete building is investigated.
A dual system is a favourable system to use due to the ability to dissipate large amounts of
energy.

Two dimensional mathematical model of the case study structure is considered using SEIS-
MOSTRUCT, ANSYS, LIRA, NASTRAN software. Response spectrum and response-history
analysis are used. The first four modes value of natural vibrations are: 6.63, 1.60, 0.68, 037sec.
The real displacement of the building — 1.68m — was received.

According to Eurocode-8, instead of the full nonlinear analysis of structures, the linear
analysis of the modified spectrum of elastic reaction with the introduction of the reduction
factor q is allowed. As a seismic action elastic displacements spectrum with an enhanced control
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period to start a permanent segment of the spectrum is used, becouse the building is long period
one.

Second order (P — A) effects that include all of the building dead load and permanent live
load are considered in linear as well as nonlinear analysis. If 0,1 < © < 0.2 (the interstorey
drift sensitivity coefficient), the second-order effects may approximately be taken into account
by multiplying the relevant seismic action effects by a factor equal to 1/(1 — ©).The value of the
coefficient © shall not exceed 0,3.

For all floors of the building a total drift value (max. © = 0.26%) is received. In such a case
the secondary P — A effects must be evaluated by nonlinear analysis

Nonlinear behaviour of materials - concrete and reinforced — are taken into account. For
nonlinear analysis Imperial Velley-El-Centro accelerogram - M = 7.1, record length — 30sec.
is used.

In frame-wall structures the wall element provides an increase of stiffness which is beneficial
in terms of drift control. The wall dominates the structural behaviour in the lower levels of the
structure and the frame controls the behaviour in the upper levels of the structure. In frame-wall
structures the overturning resistance that frames offer at height tends to restrain the tops of the
walls such that a point of contra-flexure develops in the walls at a height.

Linear Central Algorithms for the First Kind
Integral Equations
DuGrAs UGULAVA, DAVID ZARNADZE
N. Muskhelishvili Institute of Computational Mathematics, Georgian Technical University
Thilisi, Georgia

e-mail: duglasugu@yahoo.com; zarnadzedavid@yahoo.com

It is considered ill-posed problem Ku = f, where K is a selfadjoint, positive, compact,
one-to-one operator, having everywhere dense range in a Hilbert space H.

In [1] for the operator K was introduced the Frechet space D(K~>°) = Fc] D(K~™), whose
topology is given with the sequence of norm "
217 = lll® + IE~ 2]+ + | K" a]?, neN,
which are generated by the inner product
(@,9)n = (2,y) + (K2, K~ y) - 4 (K", K'y), 2y € D(KT).

As well, the operator K~°(z) = {K 'z, K~22,--- ,K"x,---}, which is defined on the whole
Frechet space D(K~>°), is considered. K~ is continuous, selfadjoint and positive definite
operator in the Frechet space D(K~°°) [2]. For the operator K~°° there exists the inverse
operator (K~°°)~!, which is also continuous. The operator (K~*°)~! is selfadjoint on the
Frechet space D(K ). Therefore K~ is an isomorpism of the Frechet space D(K ~°) onto
itself. Let us denote the operator (K~>°)~! by K. The equation K,u = f has unique and
stable solution in the Frechet space D(K ~°°). This operator Ko, topologically coincides with
the restriction of the operator KV from the Frechet space HN on the Frechet space D(K~).
On the other hand the solution of the equation Kou = f on the Frechet space D(K~>°) is the
same as the solution of the equation Ku = f on H.

Central algorithm for an approximate solution of the equation K.ou = f in the Fréchet space
D(K~%) is constructed. Application of the received results for some integral equation of the
first kind are given.
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In the report it is generally considered the issues of correlation between “white noise”, a
random process, well-known in practice, and two-dimensional and spatial boundary problems
which are considerably applied in ICT.

As it is well-known, “white noise” itself is widely used in informatics. The example is
information security. In particular, “white noise” is used in hardware and software encryption
where random numbers generation is needed.

To illustrate these relations and applications the report presents a computer simulation
algorithm of the diffusion process based on “white noise”. A specific problem is brought in
the case of the three-dimensional area, an ellipsoid in particular. Corresponding numerical
experiments have been conducted.
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Finite Difference Solution for MEW Wave Equation
G1vI BERIKELASHVILIY?, LIANA QARALASHVILI®, GELA CHIKADZE®
LA. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
2Georgian Technical University, Department of Mathematics
3University of Georgia
4Georgian Technical University, Business-Engineering Faculty
Thilisi, Georgia

e-mail: berikela@yahoo.com; liana.qaralashvili@yahoo.com; gchikadze@list.ru

It is considered an initial value problem for modified equal width (MEW) wave equation

ou 20U Ou
EA TR Fr T @

where v and p are positive constants. Physical boundary conditions require that v — 0 for
T — Fo0.

For numerical solution of (1) via initial condition u(z,0) = ug(z) artificial boundaries can
be selected at some points © = a,  =b, a < b and in the domain Q7 = [a, b] x [0, T] the initial
boundary-value problem with the conditions

u(a,t) =u(b,t) =0, t€[0,T), u(x,0)=uo(z), =€ a,b] (2)

can be considered.

For the problem (1),(2) a three level conservative finite difference scheme is studied. The
obtained algebraic equations are linear with respect to the values of a desired function for each
new level. It is proved that difference scheme is absolutely stable with respect to the initial data
and converges with the rate O(h? 4 72) when the exact solution belongs to the Sobolev space
WE(Qr).

The accuracy and conservation properties of the proposed scheme are examined by numerical
experiments.



September, 15-19, Batumi, Georgia Numerical Analysis 129

On the Parabolic Regularization of
One Nonlinear Diffusion System
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In the rectangle [0,1] x [0, 7] the following initial-boundary value problem is considered:
ou 0 ou
U9y
ot ox\ ox)’

o _ (), 9
o I\"or) T2

u(0,t) = u(1,t) =0, &)
Ov(z,t) _ Ov(a,t) —0
or |,y  Ox |,

u(z,0) = up(z), v(z,0)=wvo(x),

where g, ug, vo are given sufficiently smooth functions and following conditions are satisfied:
0 <7 < g(&) < Go, v = Const, Gy = Const, T = Const, € = Const > 0.

System (1) is the parabolic regularization of the one-dimensional analogue of the nonlinear
partial differential equations which describes the vein-formation in meristematic tissues of young
leaves (G. J. Mitchison, A model for vein formation in higher plants. Proc. R. Lond. B. 207
(1980), No. 116, 79-109).

The asymptotic behavior as € — 0 of the solution of the problem (1) is studied. The
decomposition and finite difference schemes are constructed and investigated.

Numerical Integration of Hyperbolic Partial
Differential Equations along Characteristics on an
Adaptive Mesh
SUREN KHACHATRYAN
American University of Armenia, College of Engineering
Yerevan, Armenia

e-mail: skhachat@aua.am

We propose an adaptive mesh scheme for integration of hyperbolic systems of partial differ-
ential equations by modifying the method of integration along characteristics and, consequently,
incorporating the mesh adaptation rules into the original system. Within the approach we sug-
gest straightforward mesh stabilization mechanism in the most critical regions of the integration
domain, such as discontinuities and shock front. Using the method, we simulate density waves
propagating in thin gaseous media.
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Asymptotics of Solution of Initial-Boundary Value
Problem with Mixed Boundary Conditions for a
Nonlinear Integro-Differential System
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Tt is well-known that the process of the magnetic field penetration into a substance is modeled
by Maxwell’s system of partial differential equations. If the coefficient of thermal heat capacity
and electroconductivity of the substance depend on temperature, then Maxwell’s system can be
rewritten in an integro-differential form. Assuming the temperature of the considered substance
depending on time, but independent of the space coordinates, the same process is also modeled
by the integro-differential system, one-dimensional analogue of that, in case of two-component
magnetic field, has the form:

W [T (2)  aear) 2

o\ Jo Jo Ox Oz . 0z?’

v _ // OUN* L (VN*] a8V

at N\ o | \ox e O ) a2
where a = a(S5) is a known function of its argument.

In the domain (0,1) x (0,00) we consider the following initial-boundary value problem for
the system (1):

1)

oUu(z,t)|  V(z,t)|
(‘:)(L' x=1 B 8‘1 r=1 B O, ! 2 07 (2)
U(x,0) = Up(z), V(x,0)=Vp(z), € [0,1],

U(0,t) = V(0,t) =0,

where Uy = Up(z) and Vy = Vp(z) are the given functions.
We study the large time behavior of solutions and numerical resolution of the initial-boundary
value problem (1), (2). In particular, we prove the following statement

Theorem. If a(S) = (1+ 5)P, p> 0; Uy, Vo € H*(0,1), Up(0) = V5(0) =0, 8U0Lz(x)

Vo (z)
ox

z=1

= 0, then for the solution of problem (1), (2) the following estimate holds

U, t)| (00| (V| V| _ . [t
‘m +‘ R e R T S Gy



September, 15-19, Batumi, Georgia Numerical Analysis 131

On One Interactive Method of Solving Multicriterion
Discrete Optimization Problem
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Among of applied optimization problems discrete ones take up the important place. Among
them enough actual are schedule theory problems which generally represent following: on the ba-
sis of certain set of resources or means of service the given system of tasks must be implemented.
The effective algorithm of task implementation sequence must be constructed under conditions
of tasks system and resources given properties and also their constraints must be taking into
account. This algorithm satisfies certain criteria of effectiveness simultaneously (multicriterion
condition). As a measure of optimization we can consider length of schedule in terms of time, or
maximum cost of system. From the application point of view such problems include all spheres
of human activities. Therefore for this or that specific problem it is urgent to construct com-
paratively exact mathematical model and such algorithms, which maximally will use specific
of these problems and in polynomial time will give optimal decision possibility. The work is
devoted to the research of one schedule theory specific problem. In particular, tasks implemen-
tation is possible by means of one-step multiprocessor system, where processors are completely
interchangeable. In addition, set of partial ordering is not empty and set of additional resources
is restricted; to implement entered tasks into system a number of necessary processors is infinite.
For the given problem it is taken into account to construct a new optimization algorithm and
state its effectiveness. For this purpose there were used methods of combinatorial analysis and
knot theory. To solve multicriterion problem specially worked out interactive method is applied.

On Approximate Approximations
FrAviA LANZARA, VLADIMIR MAZ’YA, GUNTHER SCHMIDT
Sapienza University of Rome, Mathematics Department
Rome, ITtaly

e-mail: Lanzara@mat.uniromal.it

This talk is devoted to a new concept of approximation procedures called approximate ap-
proximations, proposed by Vladimir Maz’ya in the late of 80’s. The quasi-interpolants are linear
combinations of scaled translates of a sufficiently smooth and rapidly decaying basis function n
and depend on two positive parameters, the meshsize h and the scale parameter D. If #n—1 has
a zero of order N at the origin (.1 denotes the Fourier transform of ) then the quasi-interpolant
on uniformly distributed nodes gives an approximation of order &'(h™V) up to a saturation error
which can be made arbitrarly small if D is chosen large enough. The lack of convergence in
approximate approximations is compensated by the flexibility in the choice of the basis functions
and by the simplicity of the multidimensional generalization. Another advantage is the possibil-
ity of obtaining explicit formulas for values of various integrals and pseudodifferential operators
of mathematical physics applied to basis functions (see V. Maz’ya, G. Schmidt, Approximate
approximations. Math. Surveys and Monographs, v. 141, AMS 2007).
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Here we present results concerning Hermite quasi-interpolation on uniform grids with ap-
plications to the approximation of solutions to elliptic PDE and quasi-interpolation on nonuni-
form grids based on approximate approximations. These results were obtained together with
V. Maz’ya (University of Liverpool, UK; Department of Mathematics, Linkoping University,
Sweden) and G. Schmidt (Weierstress Institute for Applied Analysis and Stochastics, Berlin,
Germany).

Finite Difference Schemes for Systems of ODE
on Graphs
HAMLET MELADZE!, TINATIN DAVITASHVILI?, ZURAB TSVERAIDZE?
IN. Muskhelishvili Institute of Computational Mathematics, Georgian Technical University
2I. Javakhishvili Thilisi State University
3Georgian Technical University
Thilisi, Georgia

e-mail: h_meladze@hotmail.com; t_ davitashvili@hotmail.com; ztsveraidze@Qmail.ru

Mathematical modeling of various processes in the nets of gas pipeline, system of submission
and distribution of water, drainpipe, also long current lines and different types of engineering
constructions quite naturally leads to the consideration of differential equations on graphs. In
this paper we consider the mathematical model of electro power system, which is the boundary
value problem for ordinary differential equations, defined on graphs. Correctness of the prob-
lem is investigated. Constructed and investigated the corresponding finite-difference scheme.
Double sweep type formulas for finding solutions of finite difference scheme are offered. This al-
gorithm is essentially a parallel algorithm and efficiently implemented on computers with parallel
Processors.

Convergence of an Iteration Method for a
Kirchhoff Problem
VLADIMER ODISHARIA
1. Javakhishvili Thilisi State University, Department of Mathematics

e-mail: vodisharia@yahoo.com

The following initial boundary value problem is considered
8 2
wy — ( A+ = [ [Vw[*dr JAw =0, 0<t<T, z€Q, (1)
™
Q

w(z,0) = w(z), wi(z,0)=w!(0), zeQ,

- (2)
w(z,t) =0, €9, 0<t<T,

where z = (z1,22,23), Q@ = {(z1,22,23)| 0 < z; <7, i =1,2,3}, 9Q is the boundary of the
domain Q, w®(x) and w'(z) are given functions, A > 0 and T are the known constants.
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Equation (1) is a three-dimensional analogue of the Kirchhoff equation [1],

™
2
Wy — </\ - /wz dac> Way = 0
0

describing the oscillation of a string. The problem of solvability of this equation was for the
first time studied by S. Bernstein. Later, many researchers showed an interest in equations of
Kirchhoff type (see e.g. [2, 3]).

Here we present a numerical algorithm of problem (1), (2). Step-by-step discretization with
respect to a spatial and a time variable is carried out. To solve the resulting cubic system we
use the Jacobi iteration method. The error of this method is estimated.
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A Numerical Algorithm of Solving a
Nonlinear System for a Plate
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Let us consider the nonlinear system of differential equations

u’ + % (w’2)l +p(x) =0,
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with the boundary conditions u(0) = u(1) = 0, w(0) = w(l) = 0, ¢'(0) = ¢'(1) = 0. Here
u = u(z), w = w(z) and ¢ = Y(z) are the functions to be determined and ¢(z) is the given
function, v, E, h and ko are the given positive constants, 0 < v < % System (1) describes the
static behaviour of the plate under the action of axially symmetric load. It is obtained from
the two-dimensional system of Timoshenko equations for a plate [1, p. 24] or for a shell [2, p.
42]. By Green functions two sought functions u(z) and () are expressed through the w(z) for
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which the nonlinear integro-differential equation
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with condition w(0) = w(1) = 0 and o = ko+/6(1 — v)/h is obtained. To approximate the solu-
tion of equation (2) a variational-iteration method is used. The problem of algorithm accuracy
is discussed.
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Special Centrosymmetric Matrices in Numerical
Solutions of Elliptic Equations
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Many problems of technique and science are reduced to the numerical solution of partial dif-
ferential equations with different conditions. To receive the numerical solutions of such problems,
diversity of difference schemes of different order of accuracy are used. One of such approximating
methods is known as a method without saturation. One approach to this method was received by
means of the approximating method of the academician Shalva Mikeladze for the ordinary differ-
ential equations, which gave possibility to raise the order of accuracy by increasing a number of
approximating points. Using discrete and semi-discrete approximating methods for solving the
boundary value problem for the second order partial differential equations of elliptic type with
Dirichlet condition gave certain type matrices known as centrosymmetric or doublesymmetric
matrices. Properties and peculiarities of such matrices are presented.
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On Higher Accuracy Discrete Singularity Methods
JEMAL SANIKIDZE
N. Muskhelishvili Institute of Computational Mathematics, Georgian Technical University
Thilisi, Georgia
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Some quadrature formulas of higher accuracy are constructed for singular integrals with
Cauchy kernels. Their applications are indicated.

Numerical Solutions of the Helmholtz Equation by
Multivariate Padé Approximation
MUHAMMED YIGIDER, MESUT KARABACAK, ERCAN CELIK
Erzincan University, Faculty of Art and Science, Department of Mathematics
Erzincan-Turkey
email: myigider@erzincan.edu.tr
email: mkarabacak@atauni.edu.tr
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In this paper, numerical solution of the Helmholtz partial differential equation is consid-
ered by Padé Approximation. We applied this method to two examples. First, the Helmholtz
partial differential equation has been converted to power series by two-dimensional differential
transformation, then the numerical solution of equation was put into Padé series form. Thus we
obtained numerical solution of Helmholtz-type partial differential equation.
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On a Numerical Solution of a Problem of Non-Linear
Deformation of Elastic Plates Based on
the Refined Theory
EDISON ABRAMIDZE
N. Muskhelishvili Institute of Computational Mathematics, Georgian Technical University,
Department of Computational Methods
Thilisi, Georgia
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‘We consider a numerical solution of a problem of non-linear deformation of elastic plates
based on the refined theory. This theory takes into account the deformations which may not
be homogeneous along the shifts. The obtained numerical results are compared with the results
based the another theory.

The Neumann BVP of Thermoelasticity for a
Transversally Isotropic Half-Plane with
Curvilinear Cuts
LAMARA BITSADZE
I. Vekua Institute of Applied Mathematics, I. Javakhishvili Thbilisi State University
Thilisi, Georgia

e-mail: lamarabits@yahoo.com

In the present paper the second boundary value problem of the theory of thermoelasticity
is investigated for a transversally isotropic half-plane with curvilinear cuts. For solution we
used the potential method and constructed the special fundamental matrices, which reduced
the problem to a Fredholm integral equations of the second kind.The solvability of a system of
singular integral equations is proved by using the potential method and the theory of singular
integral equations. For the equation of statics of thermoelasticity we construct one particular
solution and we reduce the solution of the second BVP problem of the theory of thermoelasticity
to the solution of the second BVP problem for the equation of transversally-isotropic body.
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Existence Theorems of Solutions of the Third and
Fourth BVPS of the Plane Theory of
Thermoelasticity with Microtemperatures
LAMARA BITSADZE
Ilia State University
Thilisi, Georgia
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In the present paper the third and fourth boundary value problems of the plane theory of
thermoelasticity with microtemperatures are investigated. To this connection see also [1-4]. We
use the potential method and construct the special fundamental matrices which reduces the
problems to a system of singular integral equations of the second kind. The solvability of the
system of singular integral equations is proved by using the potential method and the theory of
singular integral equations.
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Finite Element Method for 2D Shell Equations:
Existence and Convergence of Approximated Solutions
TENGIZ BUCHUKURI, ROLAND DUDUCHAVA
A. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: t_ buchukuri@yahoo.com; RolDud@gmail.com

We consider linear asymptotic model of 2D shell based on the calculus of tangent Giinter’s
derivatives. For the boundary value problem stated for this model equivalent boundary pseudo-
differential equation is written in terms of Giinter’s derivatives on the middle surface and Korn’s
inequality is proved. This problem possesses a unique solution in appropriate Bessel potential
space.

We describe the discrete counterpart of the problem based on Finite Element Method, em-
ploying Korn’s inequalities we prove the existence and uniqueness of approximated solutions
in suitable finite dimensional spaces and their convergence to the solution of the boundary
pseudodifferential equation.
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General Theory of Micropolar Anisotropic
(Orthotropic) Elastic Multi-Layered Thin Shells
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Department of Mathematical Analysis and Differential Equations
Gyumri, Armenia
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Elastic shell of constant thickness consisting of micropular orthotropic layers is considered.
It is assumed that the layers of the shell are tightly linked and work together without slide and
separation. Here we shall reduce three-dimensional equations to two-dimensional equations.
Constructing the applied theory for micropular layered shells following hypotheses are accepted:

a. The hypothesis of straight line for all packet of the shell is accepted as initial hypothesis
[1] (@i, a3, (i = 1,2) are curvilinear orthogonal coordinates)

Vi = wi(on, a2) + agi(an, as), v = us(ay, as) + aga(ar, a2), vh=w(o, az).

We shall also assume wi = Q1 (a1, as), wh = Qa(a1, az), wh = Qs(a1, ao) + agi(a, as).

b. In the generalized Hook’s low force stress o4 can be neglected in relation to the force
stresses J’il, a§2.

¢. Quantities %j can be neglected relative to one (R; are the main radii of curvature of
coordinate surface).

d. During determination of deformations, bending-torsions, force and moment stresses in all
layers, first for the force stresses 0%, 0%y and moment stress 1, we shall take:
; _ 0 ; _ 0 ;oo
o5 =0g1(01,02), 05 =0g(a1,02),  pyg = Hyg(ar, az). 1)

After determination of mentioned quantities, values of o, 0%, and 115 will be finally defined
by the addition to values (1) summed up, obtained by integration of correspondent equilibrium
equations, for which the condition will be required that quantities averaged along the shell’s
thickness are equal to zero.

On the basis of accepted hypotheses general mathematical model of micropolar elastic
anisotropic (orthotropic) layered shells with free fields of displacements and rotations is con-
structed.

References

[1] S. H. Sargsyan, General theory of micropolar elastic thin shells. Physical Mesomechanics
14 (2011), No. 1, 55-66.



140 Continuum Mechanics September, 15-19, Batumi, Georgia

Signorini Problem with Natural Nonpenetration
Condition in Elasticity

AVTANDIL GACHECHILADZE, ROLAND GACHECHILADZE

A. Razmadze Mathematical Institute, I. Javakhishili Thilisi State University
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In the recent work the contact problem of an elastic anisotropic inhomogeneous body with
a rigid body (frame) is considered. Usually such contact is described by Signorini boundary
conditions including normal displacement and normal stress (also the tangential components of
the friction arise between bodies). These conditions are written after some linearization and
other simplifications of the Natural Nonpenetration Condition:

w3 +ug < P(a’ +u), 1)

where u = (u1,u2,us) is a displacement vector, © = (z1, 22, z3) belongs to the contact part of
boundary of the elastic body, u' = (uy,us2), 2’ = (z1,%2) and ¢ describes the contact surface of
the frame.

Our aim is to avoid the simplification procedure which moves away the mathematical model
from the physical one, and describe the mentioned contact by the initial Nonpenetration Con-
dition (1). The only assumption to this end is that ) should be concave and continuous.

Suppose that the elastic body is subjected to volume and external forces, then the Condition
(1) leads to the variational inequality on the close convex set. When the body is fixed along
a part of its boundary, i.e., we have the Dirichlet condition, then the variational inequality
has a unique solution. Without the condition the necessary result of the existence of solution
is obtained. When ¢ € C2?(R?) then we write the boundary conditions corresponding to the
variational inequality. The stability result is also obtained when the problem is uniquely solvable

and ¢ € CO(R?).

A Boundary Contact Problem of Stationary
Oscillations of the Elastic Mixture Theory for a
Domain Bounded by a Spherical Surface
L. GIORGASHVILI, A. JAGMAIDZE, K. SKHVITARIDZE
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

email: lgiorgashvili@gmail.com

A fundamental boundary contact problem of stationary oscillations of the elastic mixture
theory is considered for a domain bounded by a spherical surface when on the contact surface a
difference of displacement vectors and a difference of stress vectors are given. A representation
formula is obtained for a general solution of a system of homogeneous differential equations of
stationary oscillations of two-component elastic mixture theory. The formula is expressed in
terms of six metaharmonic functions. A new version of the proof of the uniqueness theorem
of the considered contact problem is given. The problem solution is obtained in the form of
absolutely and uniformly convergent series.
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Fundamental Solution of the System of Differential
Equations of Stationary Oscillations of
Two-temperature Elastic Mixtures Theory
L. GIORGASHVILI, SH. ZAZASHVILI, G. SADUNISHVILI, G. KARSELADZE
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: zaza-ude@hotmail.com

The paper deals with construction of fundamental matrix of solutions for the system of
differential equations of stationary oscillations of the theory of two-temperature elastic mixtures.
The entries of the matrix are represented in explicit form as linear combinations of metaharmonic
functions. With the help of the fundamental matrix the corresponding single layer, double layer
and Newtonian potentials are constructed and their properties are studied. The results are then
applied to prove the existence theorems to boundary value problems by the potential method
and the theory of integral equations.

On Construction of Approximate Solutions of
Equations of the Non-Shallow Spherical Shells
BAKUR GULUA, DALI CHOKORAIA
I. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University,
Sokhumi State University
Thilisi, Georgia

e-mail: bak.gulua@gmail.com, tojinadali@mail.ru

The purpose of this paper is to consider the non-shallow spherical shells. By means of I.
Vekua method the system of equilibrium equations in two variables is obtained [1, 2]. Using
complex variable functions and the method of the small parameter approximate solutions are
constructed for N = 1 in the hierarchy by I. Vekua. Concrete problem is solved, when the
components of the external force are constants.
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The Interior Neumann type Boundary Value
Problem of the Thermoelasticity Theory of
Hemitropic Solids
DIANA IVANIDZE, MAREKH [VANIDZE
Georgian Technical University, Department of Mathematics
Thilisi, Georgia
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We investigate the interior Neumann type boundary value problem (BVP) for the equations
of statics of thermoelasticity theory of hemitropic solids. By the potential method we reduce
the BVP to the boundary integral equations. Afterwards we study the Fredholm properties of
the corresponding boundary integral operator. The null space of the boundary integral operator
is not trivial and therefore the corresponding nonhomogeneous integral equation is not solvable
for arbitrary right hand side data. We constructed all linearly independent solutions of the cor-
responding homogeneous adjoint integral equation and established the explicit form of necessary
and sufficient conditions for the integral equation corresponding to the Neumann type boundary
value problem to be solvable.

Investigation of Boundary Value Problems of the
Theory of Thermoelasticity
MAREKH IVANIDZE, DIANA IVANIDZE
Georgian Teqgnical University, Department of Mathematics
Thilisi, Georgia

E-mail: Marexi.ivanidze@gmail.com

We investigate the interior and exterior Dirichlet and Neumann type boundary value prob-
lems (BVP) for the equations of statics of thermoelasticity theory. By the potential method
we reduce the BVPs under consideration to the boundary integral equations. Afterwards we
study the Fredholm properties of the corresponding boundary integral operators and prove the
existence theorems for the BVPs in various function spaces. In the case of the interior Neumann
type BVP we establish the necessary and sufficient conditions of solvability in the explicit form.



September, 15-19, Batumi, Georgia Continuum Mechanics 143

On Some Problems of Thermoelasticity for the
Rectangular Parallelepiped with Non-Classical
Conditions on the Surface
NURI KHOMASURIDZE, ROMAN JANJGAVA, NATELA ZIRAKASHVILI
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Thilisi, Georgia
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The elastic equilibrium of the rectangular parallelepiped is considered, when the symmetry
or asymmetry conditions are given on the lateral faces of the parallelepiped and stresses on the
upper and lower faces are equal to zero.

The problem consists in choosing a temperature distribution on the upper and lower faces
so that normal or tangential displacements on these faces take the prescribed values.

The solution of the problem is found in analytic form by means of the method of separation
of variables.

Nonlinear Parametric Vibrations of Viscoelastic
Medium Contacting Cylindrical Shell Stiffened with
Longitudinal Ribs with Regard to Lateral Shift
M. A. MEHDIYEV
Institute of Mathematics and Mechanics, Azerbaijan Academy of Sciences,
Department of Theory of Elasticity and Plasticity
Baku, Azerbaijan

e-mail: mahirmehdiyev@mail.ru

In the paper, a problem on parametric vibration of a longitudinally stiffened cylindrical shell
contacting with external viscoelastic medium and situated under the action of external pressure
is solved in a geometric nonlinear statement by means of the variation principle. Lateral shift
of the shell is taken into account. Influences of environment have been taken into account by
means of the Pasternak model. The curve separating the stability and instability domains of
parametric vibrations have been constructed on the plane “load-frequency”.
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The Neumann Boundary Value Problems of Statics
of Thermo-Electro-Magneto Elasticity Theory
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We investigate the interior and exterior Neumann boundary value problems for the system
of statics of the thermo-electro-magneto elasticity theory. Using the potential method and the
theory of integral equations we prove the existence results. We show that the solutions can be
represented by the single layer potentials. In the case of an exterior unbounded domain, it is
shown that the unknown density of the potential is defined uniquely by the corresponding system
of integral equations, while in the case of an interior domain of finite diameter the corresponding
system of integral equations are not solvable for arbitrary right hand side data. We establish
the necessary and sufficient conditions for the system of integral equations (and thus for the
interior Neumann boundary value problem) to be solvable. The basis of the null-space of the
corresponding adjoint operator is constructed explicitly which gives us possibility to write the
necessary and sufficient conditions in efficient form.
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Dynamical Contact Problem for Elastic Halfspace
with Absolutely Rigid and Elastic Inclusion
N. SHAVLAKADZE
A. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
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It is considered the dynamical contact problem for a half space: (—oco < z,2z < 00, y > 0)
strengthened with rigid or elastic inclusion in the form strip: 0 <y <b, —00o < z < 00, z = 0.

The border of the half space is free from load, while an evently distributed shifting harmonic
load oe~**§(y) is applied on the outer border.

It is requested to find the field of stress and displacement in the condition of antiplane
deformations.

The formulated problem 1is equivalent to the boundary problem for displacement
w=w(x,y,t):
ow(z,0,t)

O%w
Aw = p—r, < o0, y >0,
w=pgms el <oy >0, ay

0,

on the inclusion the tangential stress has discontinuity:

(r(0.0) = (G2E2D) 0, 0 <y <,

wy,t) =0, y>b.
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Displacement is continuous and constant for absolutely rigid inclusion: w(l)(O,l Jt) = dge Rt
0 <y <b, § = const, while for elastic inclusion is satisfies the condition:

9w (0,y,t)  po 9w (0,y,t) 1 [—
a2 - Fo 012 = *mﬂ(ya ) — mToe 3(y),

where w®(0,y,t) is displacement of border points of inclusion, u(y,t) is unknown contact
stresses, po is a density of the material, Ey is the module of elasticity, h is its thickness.

Using the theory of integral transformations the problem can by reduced to solution of
singular integral equations of first or second kind.

Using the method of orthogonal polynomials these equations are reduced to the system of
infinite linear algebraic equations. It is proved a quasi-full regularity of mentioned system. The
numerical results for the low of change of amplitude of tangential contact stresses are obtained.

Investigation of the Dirichlet and Neumann
Boundary Value Problems for a Half-Space filled
with a Viscous Incompressible Fluid
K. SKHVITARIDZE, M. KHARASHVILI
Georgian Technical University, Department of Mathematics
Thilisi, Georgia

e-mail: takhvlediani@hotmail.com

In the paper, for a homogeneous system of linear Stokes differential equations the Dirichlet
and Neumann boundary value problems are solved for a half-space by means of Papkovich-Neuber
representations and integral Fourier transforms. The solutions are obtained in quadratures.

Solution of a Mixed Problem of the Linear Theory of
Elastic Mixtures for a Polygonal Domain with an
Equi-Strong Boundary Arc
KOSTA SVANADZE
Akaki Tsereteli State University, Department of Mathematics
Kutaisi, Georgia

e-mail: kostasvanadze@yahoo.com

In the present work we consider a mixed boundary value problem of statics of the linear
theory of elastic mixtures for an isotropic polygon one side of which has a cut of unknown
shape. On the entire boundary os = 0, and the vector U, is a constant on the linear part of the
boundary; moreover o,, = P, on an unknown contour, where P = (P, Pg)T is a known constant
vector,

[ (Tuw)ini + (Tu)2ns

U — Uy + ugng - -
" " (Tu)sny + (Tuw)ang | 7°

| (Tw)ani — (Tu)1no
U3y + Ugng -

(Tu)any — (Tu)sne
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ug, and (Tw)g, k = 1,4, are partial displacement and stress vectors components respectively, and
n = (ny, ’ng)T is the unit outward normal vector. Applying the method of Kolosov—Musxelishvili
the problem is reduced to the Riemann-Hilbert problem for a half-plane.

The stressed state of the body is defined and the equation of the unknown contour is obtained,
for the condition that so-called the tangential normal stress vector on those boundary takes one
and the same constant value.

Using the obtained results, the problem with an unknown boundary for a polygon weakened
by holes in the presence of symmetry is solved.

Generation of Clean Renewable Energy and
Desalination of Sea Water by
“Super Power Energy Towers”

SHALVA TZIVION
Tel Aviv University, Faculty of Exact Sciences,
Department of Geophysics and Planetary Sciences
Tel Aviv, Israel

e-mail: tzivion@storm.tau.ac.il

A clean and renewable energy source that substitutes oil burn and generates fresh water
is of major importance to many global factors such as air pollution, economy and climate. A
“Super Power Energy Tower” is a gigantic vertical tower at the top of which a large amount of
water (that can be sea water) is poured as small drops. The evaporation of the falling drops
produces a strong downward flow. At the bottom of the tower, the kinetic energy of the air
can be converted to electrical power by the use of turbines. In order to calculate correctly and
accurately the flow of the air and the drops in an Energy Tower of large dimensions, an axisym-
metric numerical model was developed based on the solution of the Navier-Stokes differential
equations for turbulent flow and integro-differential kinetic transfer equations for calculating the
drops evaporation, collection and sedimentation processes. . A detailed description of the set of
equations, turbulence parameterization, microphysical processes and numerical methods used in
the model can be found in previous publications: [S. Tzivion, T. G. Reisin, Z. Levin, A numer-
ical solution of the kinetic collection equation using high spectral grid resolution: a proposed
reference. J. Computation Phys. 148 (1999), 527-544; Numerical simulation of axisymmetric
flow in “Super Power Energy Towers”. Computational Fluid Dynam. 9 (2001), No. 1, 560-575.
Patent in Israel: “Super Power Energy Tower” No. 129129, 26.10.2005]. Based on numerous
numerical experiments optimal geometric, physical and atmospheric parameters for such a tower
are obtained. The results show that a tower of 800 m height may produce up to 4500 MW of
electricity. The out flowing air at the tower$ bottom is 12.5°C' colder than the environmental
air and its relative humidity is near 97%. By extracting the small salty drops that remain in
the air and by further cooling this air by about 5°C) it is possible to obtain relatively cheap,
essentially fresh water at a rate of 15m3/sec. These calculations indicate that the idea to use
energy from the evaporation of falling drops in relative warm and dry air heated by sun could
be realistic. The results of this study can be further used for the development a small-scale
experimental prototype of the Energy Tower.

It is important to notice that the above mentioned results are not based on realistic three di-
mensional conditions of an energy tower with turbines and environmental factors incorporated.
In order to eliminate some of these deficiencies in future it is proposed to develop a three dimen-
sional theoretical model of Energy Tower that incorporates influence of turbines and external
environmental conditions on the airflow in the Tower and on the efficiency of energy production.
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If the idea of producing environmentally clean energy by energy towers is realistic than usage
of such towers for energy production will essentially reduce many global negative factors such
as air pollution and global climate warming by greenhouse Gases. Currently, production of
reasonably environmentally clean energy is one of the most stressing problems. There are many
locations in the world having warm and dry climate. The proposed theoretical study is certainly
a necessary step in the possible future realization of Energy Towers. It is of high importance
and could have important practical engineering outcomes. By using a three dimensional model,
we can find the realistic optimal geometric and physical parameters of the Energy Tower.
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Shear Flow Non-Normality Induced Mode Coupling in Rotating
oUnstably Stratified Flow Systems

G.D. CHAGELISHVILI'2, J.G. LoMINADZE"?, R.G. CHANISHVILI', A.G. TEVZADZEMS

I Abastumani Astrophysical Observatory, Ilia State University
2Institute of Geophysics, Javakhishvili State University
3 Javakhishvili State University
Thilisi, Georgia

email: g.chagelishviliQastro-ge.org

The non-normal nature of shear flow and its consequences became well understood by the
hydrodynamic community in the 1990s. Shortcomings of traditional modal analysis (spectral
expansion of perturbations in time and, later, eigenfunction analysis) for shear flows have been
revealed. Operators in the mathematical formalism of shear flow modal analysis are non-normal
and the corresponding eigenmodes are non-orthogonal. The non-orthogonality leads to strong
interference among the eigenmodes. Consequently, a proper approach should fully analyze eigen-
mode interference. While possible in principle, this is in practice a formidable task. The math-
ematical approach was therefore changed: the emphasis shifted from the analysis of long-time
asymptotic flow stability to the study of transient behavior by, so-called, non-modal approach.
This approach grasps linear coupling of vortices and waves [1] and different wave modes in
shear flows [2]. The wortex-wave coupling is described by second order inhomogeneous differ-
ential equation where, the inhomogeneous (vortex) term is the source of wave mode. The talk
is based on this route of research and presents our investigation of shear flow non-normality
induced linear dynamics of convective and vortex modes (their transient growth and coupling)
in differentially rotating flow, when the fluid is Boussinesq with vertical (to the rotation plane)
stratification of thermodynamic quantities and the flow has constant shear.
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1. G. D. CHAGELIsHVILI, A. G. TEVZADZE, G. BopO, S. S. MOISEEV, Linear mechanism
of Wave Emergence from Vortices in Smooth Shear Flows, Phys. Rev. Lett., 1997, 79,
3178.

2. G. D. CHAGELISHVILI, R. G. CHANIsHVILI, J. G. LOMINADZE, A. G. TEVZADZE,
Magnetohydrodynamic Waves Linear Evolution in Parallel Shear Flows: Amplification
and Mutual Transformations, Phys. Plasmas 1997, 4, 259.

Regularized Coulomb 7-Matrix
VAGNER JIKIA, ILIA LOMIDZE
University of Georgia, Physics Department
Thilisi, Georgia

e-mail: i.lomidze@ug.edu.ge

Since the Coulomb potential slowly decreases at the infinity there appear the well known
singularities of quantum mechanical functions which describe two charged particles scattering
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problem. In our investigation of radial part of two charged particles outgoing half-shell T-matrix
we have obtained the next results:
The radial part of Coulomb T-matrix having outgoing asymptotics can be expressed as

o0

(ol TH(E) |k) = [drrji(qr)R} (kr), where k is a kinematic parameter, ¢ is a absolute value
0

of a vector in momentum space, j;(¢r) denotes the spherical Bessel function, and Rf(k r) is

the Coulomb outgoing wave function. Integrating this representation gives en explicit analytic
expression of the half-shell Coulomb T-matrix in the next form:

(l j,lJr(E) k) = (71)” exp(3my/2) Tl —iy+1) iy <q2 + k2

2%q T(l+ir+1) “ 2k ) a7k

Here T (z) denotes the Euler gamma function. Q%(z) is the adjusted Legendre function of the
second kind. The function Q5 (2) has the cut on the segment z € [—1, +1] of the complex plane
which tends to the ambiguity of obtained expression at the points ¢ = k, corresponding to the
elastic scattering mode. The relation obtained satisfies two-particle unitary condition and has
Born asymptotics. Besides, taking into account the S-matrix perturbation theory results our
formula allows us to find out the regular Coulomb T-matrix which satisfies the two particle
unitary condition everywhere in the momentum space:

(1) exp(3my/2) T —iv+1) iy (qQ + k2> o4k
(q\Tﬁ(E)Vﬂ)R: ) 2kq F(l+i’y+1) l 2qk ’ ’
exp(2id;) — 1
— > q=k.
2ik

In contrast with the well known Ford rule [1], our results are obtained without modeling
consideration and actually gives us a generalization of the Ford rule for arbitrary values of
angular momentum. Hence, we get a solution of ambiguity problem in the Coulomb T-matrix
theory.

References
[1] W. F. Ford, Phys. Rev. 133 (1964), No. 6B, 23 March.

Singular Value Decomposition for Data Unfolding in
High Energy Physics
VAKHTANG KARTVELISHVILI
Lancaster University, Department of Physics
Lancaster, UK

e-mail: v.kartvelishvili@lancaster.ac.uk

An overview of the data unfolding problem in high energy particle physics will be given,
followed by a presentation of the algorithm based on the Singular Value Decomposition of the
detector response matrix. The ways of regularising the inversion procedure will be considered,
and various examples will be shown, together with recommendations and advice for practical
uses of the method.
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Gauge Invariant Effective Field Theory for Dressed Nucleons
ALEXANDER KVINIKHIDZE
A. Razmadze Mathematical Institute, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: sasha_kvinikhidze@hotmail.com

A gauge invariant formalism is developed which allows one to construct electromagnetic
currents in the effective field theory for low energy nucleons. Dressing of nucleons by mesons is
important starting from the next to the leading order approximation. The formalism enables
one to take into account nucleon dressing and carry out renormalisation in spite of that all
problems are reduced to three-dimensional, Lippmann-Schwinger like equations. The talk is
partially based on the papers [1, 2].

References

[1] A. N. Kvinikhidze, B. Blankleider, On the Wilsonian renormalization group equation for
nuclear current operators. Phys. Rev. C' 76 (2007), 064003.
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New Two-Dimensional Quantum Models with
Shape Invariance
DAvVID NISHNIANIDZE
Akaki Tsereteli State University, Department of Physics
Kutaisi, Georgia

e-mail: cutaisiQyahoo.com

Two-dimensional quantum models which obey the property of shape invariance are built in
the framework of polynomial two-dimensional SUSY Quantum Mechanics. They are obtained
using the expressions for known one-dimensional shape invariant potentials. The constructed
Hamiltonians are integrable with symmetry operators of fourth order in mo- menta, and they
are not amenable to the conventional separation of variables.
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Mathematics Before and After Godel
MARIAM BERIASHVILI
I. Javakhishvili Thilisi State University
Faculty of Exact and Natural Sciences, Department of Mathematics
Thilisi, Georgia

e-mail: mariam_beriashvili@hotmail.com

The beginning of the 20th century may be regarded as crisis of mathematics, because a lot
of new paradoxes and questions appeared. The fact that Georg Cantor has founded set theory
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and then Ernst Zermelo and Abraham Fraenkel proposed an axiomatization of this theory,
stated new open problems for mathematicians of the time. Russell has analyzed the Frege’s
results and during the process of the work did meet with the well-known “Russell Paradox”.
He co-authored, with A. N. Whitehead, “Principia Mathematica”, as an attempt to ground
mathematics on logic. In this work it was main idea about formalizing the whole Mathematics.
In this period the process of formalizing mathematics was a very actual and interesting question
for mathematicians. It was the fundamental problem: is it possible to show that mathematics
is consistent? In a 1900 speech to the participants of International Congress of Mathematics,
David Hilbert set out a list of 23 unsolved problems in mathematics. The second problem was:
is arithmetic or the classical theory of natural numbers consistent? In 1920 he proposed an
explicit research project that became known as Hilbert’s program. He wanted mathematics
to be formulated on a solid and complete logical foundation. He believed that , in principle,
this could be done. But in 1931 Gédel published his incompleteness theorems in “Uber formal
unentscheidbare Sétze der Principia Mathematica und verwandter Systeme” (called in English
“On Formally Undecidable Propositions of Principia Mathematica and Related Systems”). In
the article he proved that it is impossible to show the consistency of arithmetic by means of
only finite methods. At present, the general form of Gédel’s theorem looks as follows (see[1-3]):

Godel’s Incompleteness Theorem. For any formal, effectively definable theory T in-
cluding basic arithmetical truths and also certain truth about formal provability, T includes a
statement of its own consistency if and only if T is inconsistence.

This result turned out to be a cornerstone for further development of mathematical logic and
whole mathematics. A lot of new branches of mathematics founded after this theorem (theory
of models, universal algebra, theory of algorithms and so on).
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Algebraic Curves and their Properties in
Higher Mathematics Course
TAMAR KASRASHVILI
Georgian Technical University
1. Vekua Institute of Applied Mathematics, I. Javakhishvili Thilisi State University
Thilisi, Georgia

e-mail: tamarkasrashvili@yahoo.com

As usual, elements of the theory of plane curves are included in various lecture courses
of Higher Mathematics (Analytic Geometry, Differential Geometry, Calculus). The beginning
courses of Analytic Geometry are primarily devoted to algebraic curves of first and second degree
(i.e., conical sections) and their properties. In particular, it is demonstrated that any such a
curve admits a rational parameterization. In more advanced courses, various parameterizations
of much more complicated curves are discussed in Calculus lectures and courses of Differential
Geometry. These topics are interesting and important from the purely theoretical point of view
and from the view-point of applications (in rigid and arch type constructions). The extensive
study of these topics is justified from the didactic and methodological stand-point. In our
opinion, it is desirable in various mathematics lectures to pay more attention to questions related
to general algebraic curves and their properties. This is very reasonable, because the properties
of algebraic curves are tightly connected with Diophantine equations in classical Number Theory
and the algebra of polynomials.

Among topics which seem to be of interest to students, we may propose the following ones:

(1) Newton’s Theorem on barycenters of sections of an algebraic curve by parallel straight
lines (this is one of the first theorems concerning a general property of algebraic curves);

(2) the problem of a rational parameterization of an algebraic curve (which is almost trivial
for conical sections but is decided negatively for cubic curves);

(3) the fact that the envelope of an algebraic family of algebraic curves is also algebraic;

(4) the fact that the evolute of an algebraic curve is also algebraic.
As a summary, we may state that the discussion of algebraic curves in Higher Mathematics
courses should be more thorough and extensive, which will provide under-graduate students

with additional valuable information from algebra and geometry.
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In 1905, G. Vitali [1] proved the existence of a non-measurable point set (in the Lebesgue
sense). With this classical result absolutely new type of researches started in Mathematics,
which also reflected in receiving various Equidecomposability Paradoxes in Euclidean space.
Namely, the analysis of the proof of Vitali’s Theorem has revealed that the existence of a
non-measurable set is closely related to uncountable forms of the Axiom of Choice and certain
group-theoretical features of the Lebesgue measure (see [2, 3]). As it has become clear later on,
this factor has been recognized in a different form in remarkable results obtained by F. Hausdorff,
S. Banach, A. Tarski, J. Mycielski and others. Their results may be considered as a continuation
of the research initiated by Vitali whose theorem was generalized in various directions along
with obtaining many further equidecomposability paradoxes. A special attention deserves a
discovery by J. von Neumann that the existence of a free subgroup of the motion group of three-
dimensional Euclidean space, with two independent generators, plays a very important role for
the aforementioned theorems and similar statements (see again [2, 3]).

The purpose of this report is to review the above-mentioned researches and demonstrate
an advisability of their inclusion in an appropriate (more or less adapted) form in the modern
courses of Higher Mathematics. This is justified by a lot of interesting connections of the topic
with other mathematical disciplines.
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