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Lp

Lp

1 < p < ∞

|p− 2| |〈ImA ξ, ξ〉| ≤ 2
√
p− 1 〈ReA ξ, ξ〉

ξ ∈ Rn Lp

∇t(A ∇) A

Lp

Lp

Lp p

Lp

∇t(A ∇) + ∇+ a

∂h(A
hk(x)∂k) A hk(x) m×m

∂h(A
h(x)∂h) A h(x) m×m L1





ΩC (C, d : C → C,Δ : C → C ⊗ C)
C μ : C ⊗ C → C

ΩC

μ �1

ΩC

μ

E1,k : ΩC ⊗ (ΩC)⊗k → ΩC, k = 1, 2, 3, . . . , E1,1 =�1,

ΩC G
H∗(Ω2X)

E = ψ + E0 E0

ψ



Hs(Ω) 1
2 < s < 3

2



Ω

L∞



[X,Y ]
X Y X̃

Ỹ X Y
A := X+iY

[A∗, A] Ã A

[A∗, A]
A K

A+K

F
A F (‖[A∗, A]‖)

A

L C∗ L
L

L A ∈ L

A− λI
L λ ∈

ε > 0 A A = A1 + h(ε)A2 + εA3

h A L (0,∞)
Aj L

‖A1‖ ≤ ‖A‖ ‖A3‖ ≤ ‖A‖ ‖A2‖ ≤ ‖[A∗, A]‖
A1 A2

A2 U [A∗, A]V U V
L

F h







z = 0



L2

−1

R X E X
R R R(E) R

E R R(E) E

X = L1, E = H1 H1 fRg f g
|f | = |g| R(E) = Lg+L R(E) = Z1 R(E) = L1) Zp

p > 0 ∈ F (t), t > 0
{x : |f(x)| > t} f ∈ Zp |F |p (1, ∞)

t−1dt

A
L̃ L̃
A f g

f T
ϕ g = ϕ̃ ϕ ∈ L(T )

2π (0, 2π)
(0, 2π) f ∈ H1 f ∈ Z1





Lp(S
3), 1 < p < ∞



(C,α
(C,α

< < ∞

f(x)



C αn

(C,αn)
(C,αn) (−1 <

αn < 0)

(C,α)

T = [−π;π] f : R→R 2π
f∈L(T ) σ[f ] σ(f)

f σα
n(x, f) tαn(x, f)

σ[f ] σ(f) α > −1

fn(x) = − 1

2π

∫ π

π
n

[f(x+ t)− f(x− t)]
t

2
dt, n > 1.

p ∈ [1; +∞] f ∈ Lp(T ) (L∞(T ) = c(T ) ‖f‖c = ‖f‖∞ =
x∈T

|f(x)|)
ω(δ, f)p 0 < δ ≤ π Lp f



g(n, f) ≡ 1

n

∫ π

1
n

ω(t, f)c
t2

dt.

α ∈ (0; 1) p ∈ (1;+∞) αp > 1
f ∈ C(T )

‖σ−α
n (f)− f‖c ≤ A(p)nαω

(
1

n
, f

)
p

+A(α)g(n, f).

p ∈ (1;+∞) f ∈ C(T )

‖σ− 1
p (f)− f‖c ≤ A(p)

[
n

1
p ( n)

1− 1
pω

(
1

n
, f

)
p

+ g(n, f)

]
.

α ∈ (0; 1) f ∈ C(T ) αp > 1

‖t−α
n (f)− fn‖c ≤ A(p, α)nαω

(
1

n
, f

)
p

+A(α)g(n, f).

p ∈ (1;∞) f ∈ C(T )

‖t−
1
p

n (f)−fn‖c ≤ A(p)

[
n

1
p ( n)

1− 1
pω

(
1

n
, f

)
p

+ g(n, f)

]
.

1 2 2

1

2

G
H1 (G)



V4

E5 = E5 ∪ E∗
4 E∗

4 S4

V4 R = {A,Ai, A5} (i, j = 1, 2, 3, 4) A ∈ V4

Ai ∈ T4(A) (T4(A) V4 A {Ai, A5} ⊂ E∗
4

V4 (ω1, ω2, ω3, ω4)
R A V4

Ai A5 E∗
4

(Ai) (A5)
(ω1, ω2, ω3, ω4)

(AAi) F j
i

(i �= j) A (AAj) d�Fi

(AA1 · · ·Aj−1Aj+1 · · ·A5) A V4

F j
i (F j

i )

(ω1, ω2, ω3, ω4) (AAi) (F j
i )

F j
i

V4 (F j
i )

(Ai) (ω1, ω2, ω3, ω4)



f T 2 = [0, 1)2

∞∑
k,j=0

f̂(k, j)ωk(x)ωj(y)

f

Sm,n(f)(x, y) =

m∑
k=0

n∑
j=0

f̂(k, j)ωk(x)ωj(y),

(m,n) ∈ N2
0 (N0 = {0, 1, 2, . . .})

B B N2
0 k > 0

m n
(
[0, k]2 + (m,n)

) ∩ N2
0 ⊂ B

∞∑
k,j=0

ak,j B

m,n→∞
(m,n)∈B

∑
0≤k≤m
0≤j≤n

ak,j

B

B ∈ B f ∈ L∞(T 2) f̂(m,n) = 0
(m,n) �∈ B

B



(C, α)

Rk k Sk−1 = {x : x ∈ Rk; |x| = 1}

f ∈ L(Sk−1) k ≥ 3 S(f ;x) =
∞∑
n=0

Y λ
n (f ;x)

f Y λ
n (f ;x) f n λ = k−2

2
(C,α) S(f ;x)

σλ,α
ν (f ;x) =

1

Aα
n

n∑
ν=0

Aα−1
n−νS

λ
ν (f ;x),

Sλ
ν (f ;x) S(f ;x)

α ≥ 2λ
(C,α)

f ∈ L(Sk−1) f(x) = 0
n→∞σλ,α

n (f ;x0) = 0

x0

λ < α < 2λ (C,α)

(C,α)
α = λ

E1 (E2, S2) M
E1 M
E1 f : E1 → (E2, S2)
M μ ∈ M f μ

(E1, S1, μ1) (E2, S2, μ2)
Γ ⊂ E1×E2 (μ1×μ2) E1×E2 (μ1×μ2)

Z ⊂ E1 × E2 (μ1 × μ2)(Z) > 0 Γ ∩ Z �= 0

E1 μ f : E1 → E2

μ2 ran(f)



f (μ1 × μ2 E1 × ran(f)
μ′

1) μ′ μ1

2) f μ′

(E1, S1, μ1) (E2, S2, μ2)
card(E1) = card(E2) = α {Zξ : ξ < α}

E1 × E2

(1) (μ1 × μ2) Z ⊂ E1 × E2 (μ1 × μ2)(Z) > 0
ξ < α Zξ ⊂ Z

(2) X ⊂ E1 card(X) < α Zξ (ξ < α) Zξ \ (X × E2) �= ∅
f : E1 → E2 (μ1×μ2) E1×E2

f M(μ1)

(C,α)
Lα
n n ∈ N α ∈ R

C1n
1
2
−α < Lα

n < C2n
1
2
−α α < 1

2 .

C1 n < Lα
n < C2 n α = 1

2 .

0 < Lα
n < C α > 1

2 .



Lp

T = [−π;π] [a; b] ⊂ T b − a > 0 f : R→R
2π R = (−∞;∞) f∈L(T ) σ[f ]

f
σα
n(x, f) α σ[f ]

φ(x, t) = f(x+ t) + f(x− t)− 2f(x).

ω ∈ Φ ω [0;π]

[0;π]

ω ↑ t↑
ω(0) = 0

ω(t) > 0 0 < t ≤ π

A(f, p), A(f, p, α, η), . . .
σ[f ]

Lp([a; b]) 1≤p < +∞
p ∈ [1; +∞) ω ∈ Φ α > 1

{ b∫
a

[ t∫
0

|φ(x, s)| ds
]p

dx

} 1
p

≤ A(f, p)tω(t), 0 < t ≤ η ≤ π,

{ b∫
a

∣∣∣∣σα
n(x, f)− f(x)

∣∣∣∣p dx} 1
p

≤ A(f, p, α, η)
1

n

η∫
1
n

ω(t)

t2
dt.



{Nk} Δk = (Nk, Nk+1],
(k = 1, 2, . . . ) {ϕn} L2(0, 1) {ϕn}
Δk

‖ϕn‖2 = 1 n = 1, 2, . . .

(ϕi, ϕj) = 0 i, j ∈ Δk i �= j k ≥ 1

{ϕn} Δk k = 1, 2, . . .
{ϕn}n∈Δk

{Nk} →∞
(Nk+1−Nk) = ∞ Δk = (Nk, Nk+1]

Δk Δk {ϕn}∞∑
n=1

a2nw(n) < ∞ w(n) ↑ ∞
{ϕνn} {ϕn} Δk

{ϕn} {ϕνn}

→∞
1

n

n∑
k=1

ϕνk(x) = 0



a0
2

+

∞∑
n=1

an nx+ bn nx, (1)

∞∑
n=1

a2n + b2n > 0

Sm(x)

{gk(t)} (2)

N N N

gk : N → N (k = 1, 2, 3, . . .).

(−π, π) f(x) (2)
(1) {mk}

k→∞
Smk

(x) = f(x) δ > 0 [−π + δ, π − δ]

an = bn = 0 mk < n ≤ mk + gk(mk) (k = 1, 2, 3, . . .)

(−π, π) f(x)
(2) (1) {mk}

k→∞
Smk

(x) = f(x) (−π, π)

an = bn = 0 mk < n ≤ mk + gk(mk) (k = 1, 2, . . .)



Ω ⊆ Rn w(x) Ω 1 < p < ∞ θ > 0

L
p),θ
α (Ω, w) f

‖f‖
L

p),θ
α (Ω,w)

=
0<ε<p−1

(
εθ

∫
Ω

|f(x)|p−εw(x)1+αε dx

) 1
p−ε

,

∫
Ω

w(x)1+αp dx < ∞.

(Hf)(x) =
1

x

x∫
0

f(t) dt, x ∈ R+

Lp(R+, v) Lp(R+, w) w(x)xν v(x)xν

R+ ν ≥ 0

‖Hf‖
L

p),θ
α (R+,w)

≤ C‖f‖
L

p),θ
α (R+,v)

α
∞∫
0

w(x)1+αp dx < ∞,

∞∫
0

v(x)1+αp dx < ∞.









f f1
D D1 z = x + iy |w| < 1

|f − f1|
D z

θ < |z| < 1, θ ≥ 1/2
θ

1 − θ D D1

z w = f1(z) = z D1 z
|w| < 1 w w = f(z)

D |w| < 1 z |z| ≤ θ

|f(z)− f1(z)| = |f(z)− z| ≤ k(1− θ)
1

1− θ
.

|z| ≤ θ1θ

0 < θ1 < 1

|f(z)− z| ≤ k(1− θ)
1

1− θ1
.

D
D1 ε D1 D f f(0) = 0

f1 f1(0) = 0 |z| < 1 D
D1

|f ′(0)| ≤ |f ′
1(0)|+ 4ε .

D 1 < |w| < 1 + ε f, f(0) = 0
|z| < 1 D |z| < r0, r0 ≥ 0.1

1 ≤ |f(z)| ≤ 1 + ε .

D D1 w = 0
f, f(0) = 0, f ′(0) > 0 f1, f1(0) = 0, f ′

1(0) > 0
|z| < 1 D D1

|f(z)− f1(z)| < M(r)ε, |z| ≤ r < 1 ,

M(r) r



D
D1 γ D D1

z0 z01 f, f(z0) = 0 f1, f1(z
0
1) = 0

D D1 |z| < 1 t
γ

|f ′(t)f ′
1(t)| ≤

4

ρ2(t; z0, z01)
,

ρ(t; z0, z01) ρ(t; z0) ρ(t; z01)
D D1

ε
D D1

ε

Φ = u + iv

αu+ βu = γ . (1)



Φ+ Φ− L

Φ+(t) = G(t)Φ−(t) + g(t), t ∈ L , (2)

Φ+ L Φ− L

Φ+ Φ− L

Φ+[α(t)] = G(t)Φ−(t) + g(t), t ∈ L , (3)

Φ+ L Φ− L α
t ∈ L α(t) = t

Φ+[α(t)] = G(t)Φ+(t) + g(t), t ∈ L , (4)

Φ+ L α,G g

Φ+[α(t)] = G(t)Φ−(t) + g(t), t ∈ L , (5)

Φ+[α(t)] = G(t)Φ+(t) + g(t), t ∈ L . (6)

α+ α− L
L |α+(t)| > 0



|α−(t)| > 0 t ∈ L α+ L
L

Φ+[α+(t)] = Φ−(t) ,

Φ+[α−(t)] = Φ+(t) ,

α(t)ϕ(t) +
β(t)

πi

∫
L

ϕ(τ)dτ

τ − t
+

1

πi

∫
L
K(t, τ)ϕ(τ)dτ = f(t) ,

(i) L
α, β,K

(ii) L
α, β,K L

(iii) L
α, β,K



1 2

1

2

1 2 3 4

1,3

2

4

f : U → C



1 2 3

1,3

2

Ap

f(z) = zp +
∞∑

n=p+1

anz
n (p ∈ N = {1, 2, . . .})

U = {z : |z| < 1} f(z) ∈ A1 := A

f(z) ∈ Ap



wz +Aw +Bw = 0, (1)

A ∈ Lloc
p ( ) B ∈ Lp,2( ) p > 2.

Q(z) ∂z A(z)

Qz = A(z) . (F1, G1)

w1z +B1w1 = 0,

B1(z) = B(z)e2i Q(z). (F1, G1) up,2(0, B1)
F1, G1 ∈ C p−2

2
( ) F1z, G1,z ∈ Lp,2( ) K0 > 0

(F 1(z)G1(z)) ≥ K0 > 0. F (z) = F1(z)e
−Q(z) G(z) =

G1(z)e
−Q(z) F,G ∈ C p−2

p
( ), Fz, Gz ∈ Lloc

p ( )

(F (z)eQ(z)G(z)eQ(z)) > K0, (F,G)
F G

Fz +AF +BF = 0, Gz +AG+BG = 0. (2)

A(z) B(z).
−2 (FG) �= 0.

A =
GFz − FGz

GF − FG
, B =

FGz −GFz

GF − FG
.

(F,G,Q)



Un Cn S
1 ≤ p < ∞ ωj ∈ S(1 ≤ j ≤ n) f ∈ H(Un) f

Bp(ω)

‖f‖Bp(ω) =

∫
Un

|Df(z)|p
n∏
1

ωj(1− |zj |)
(1− |zj |2)2−p

dm2n(z) < +∞,

dm2n(z) 2n Un D
f

Lp(ω)

ω



B (α, β)

B (α, β) =

1∫
0

tα−1(1− t)β−1 dt =
Γ(α)Γ(β)

Γ(α+ β)
,

(α) > 0, (β) > 0.

α = β = 0 α = − β = x

B(i x,−i x) =
ε→0+

B(ε+ ix, ε− ix) = 2π δ(x) =

1∫
0

dt tix−1(1− t)−ix−1

F (a, b; c; ξ) = F

(
a
c
; b; ξ

)
.

a = c+n b = c+ k n, k ∈ N.

F

(
a
c
; b; ξ

)
= (−1)b−cΓ(c)Γ(1 + a− c)

Γ(b)Γ(1 + a− b)
(−ξ)−aF

(
a

1+a−b
; 1+a−c; ξ−1

)
,

= (−1)b−cΓ(c)Γ(1+a−c)

Γ(b)Γ(1+a−b)
(1−ξ)−aF

(
a

1+a−b
; c−b; (1−ξ)−1

)
,(

| (−ξ)| < π, | (1− ξ)| < π, c �= 0,−1, . . . , a− b = m, m = 0, 1, . . . .
)
.





W 2 = {(zk)k∈N : zk ∈ , k ∈ N,
∑
k∈N

|zk|2 < +∞}

S∞ = {(zk)k∈N : (zk)k∈N ∈ W2
∑
k∈N

|zk|2 = 1} W 2

SO(1) R2

(SO(1))∞

μ∞ S∞

c
μ∞ μ∞ A ⊆ S∞ μ∞(A) > c

A

1
2 μ∞



ζ(2n)
2n

ζ(2n)
ζ(2n+1)

AP AP

AP 2× 2



X
G I ⊂ R+

Kα Ĝ
Kα ⊂ Kβ α < β (α, β ∈ I)

⋃
α∈I

Kα = Ĝ X

Lp(G) ≡ Lp(G,μ) 1 ≤ p < ∞ G μ
p L∞(G) ≡ L∞(G,μ)

G μ M(G)
G {σKα}

X
σKα(f)(g) ≡ (f ∗ VKα)(g), g ∈ G, f ∈ X,

VKα(g) = (mesKα)
−1((̂1)Kα

(g))2, (̂1)Kα

Kα G = Rm I = N Kn n ∈ N n σKn

f ∈ Lp(G)

α→∞mes (TKα)/(mesKα) = 1 T Ĝ

σKα(f) f Lp(G) 1 ≤ p < ∞ L∞(G)
M(G) ∗

{VKα} L1(G)











τ

τ
MτSR

MτSR τ
MτSR

τTA(T ) τTA(T )
T A(T )

τT ∃T ∀T

MτSR





f f ′ ∞( , ) f
f ′ g : → , h : → ,

h ◦ f = f ′ ◦ g.

f ∈ ∞( , ) Wf

f ∞( , ), f ′ ∈ Wf f

Q : Rs → Rt

k = s− t

Q : R4 → R3 [−3, 3] ∩ Z.

n = 3
[0, 8] ∩ Z

[0, 8] ∩ Z

[0, 8].
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f : X → Y



f : X → Y G

· · · → pro−Hn(X;G) → pro−Hn(Y ;G) → pro−Hn(f ;G) → · · ·

· · · → inj −Hn(f ;G) → inj −Hn(Y ;G) → inj −Hn(X;G) → · · · ,

pro−Hn(f ;G) = {Hn(fαβν ;G)}(α,β,ν)∈ N (f),

inj −Hn(f ;G) = {Hn(fαβν ;G)}(α,β,ν)∈ N (f),

Hn(fαβν ;G) = Hn(Cyl(fαβν)), Xβ ;G), Hn(fαβν ;G) = Hn(Cyl(fαβν)), Xβ ;G),

fαβν : Xβ → Yα ν : β > f−1(α), α ∈ N (Y ) β ∈ N (X) N (X) N (Y )
X Y,

f : X → Y

· · · → H̆n(f ;G) → H̆n(Y ;G) → H̆n(X;G) → · · · ,

H̆n(f ;G) = → inj −Hn(f ;G).

(X,A)

· · · → H̆n(i;G) → H̆n(Y ;G) → H̆n(X;G) → · · · ,

i i : A → X.



1 2

1

2

IFSP (X,E) X
E

τ ⊂ IFSP (X,E)
X τ X

Φ̃,
∼
1 τ

τ τ

τ τ

(X, τ,E) X

(X, τ,E) X
τ = {(Fα, Gα, E)}α∈Λ τ1 = {(Fα, E)}α∈Λ τ2 = {(Gα, E)}α∈Λ

X

(X, τ,E) X
τα = {(F (α) , G (α)) | (F,G,E) ∈ τ } α ∈ E

X

(X, τ,E) (Y, τ ′, E)
f : (X, τ,E) → (Y, τ ′, E) (F,G,E) ∈ τ ′ f−1 (F,G,E) ∈ τ f :
(X, τ,E) → (Y, τ ′, E)

(X, τ,E) (Y, τ ′, E)
f : (X, τ,E) → (Y, τ ′, E)

f : (X, τ,E) → (Y, τ ′, E)

(F,G,E) Y f−1(F,G,E)
X

(F,G,E) X f((F,G,E))
∼⊂ (f(F,G,E))

(F,G,E) Y (f−1(F,G,E))
∼⊂f−1((F,G,E))

(F,G,E) Y f−1((F,G,E)◦)
∼⊂(f−1(F,G,E))◦



1 2

1

2

(X, τ,E) �=Y ⊂X U= ({Fα, E})α ⊂τ

U
∼
Y

∼
Y ⊂ ⋃

α
(Fα, E)

∼
Y = X U (X, τ,E)

(X, τ,E)
X

(X, τ,E) �= Y ⊂ X (Y, τY , E)
∼
Y

∼
X

(X, τ,E) (X, τ,E)
(X, τα) α ∈ E

T2

(X, τ,E) (Y, τ ′, E)

f : (X, τ,E) → (Y, τ ′, E)
(
f (X) , τ ′f(X), E

)



f : C−→C′

· · · −→Hm(C)−→Hm(C′)−→Hm(f)−→Hm−1(C)−→· · · .

H∗(−)
MTop H∗(−) :

MT0p−→Ab H∗(f) �H∗(Cf )
f : X−→Y

Cf f
(X,A)

· · · −→Hm(A)−→Hm(X)−→Hm(Ci)−→Hm−1(A) −→ · · · ,

Ci i : A−→X i : A−→X
(X,A) H∗(Cf )�H∗(X,A)

Ci (X,A)



∼

Asp(G) G
WAP (G) WAP (G)

Asp(G)
G

K

0 −→ A −→ B −→ C −→ 0 (∗)
K

0 −−−−→ A −−−−→ B −−−−→ C −−−−→ 0

‖
⏐⏐� ⏐⏐�γ

0 −−−−→ A −−−−→ B′ −−−−→ C ′ −−−−→ 0,

γ

0 −−−−→ A′ −−−−→ B′ −−−−→ C −−−−→ 0

α

⏐⏐� ⏐⏐� ‖
0 −−−−→ A −−−−→ B −−−−→ C −−−−→ 0,

α
T : K → K ′

K ′

T i i ≥ 0 T



(∗) i ≥ 2

0 −→ T i(A) −→ T i(B) −→ T i(C) −→ 0;

0 −→ T i(C) −→ T i(B) −→ T i(A) −→ 0.

(∗) i ≥ 2

0 −→ T i(A) −→ T i(B) −→ T i(C) −→ 0;

0T i(C) −→ T i(B) −→ T i(A) −→ 0.

X G
h
∗
s(X,G) h∗s(X,G)

X G = ANR
h∗s(X,G) ≈ h∗s(X,G)

ϕ : Sq(X) → G
α = {Uα} X ϕ|Sq(α)

Sq(α) = F (Δq, X) Δq Uα

Lq
0(X,G) L̃q(X,G)

Lq(X,G) = L̃(X,G)/Lq
0(X,G)

Lq(X,G) h̃∗s(X,G)

X p : E → B E
F = p−1(b0)

· · · −→ hqs(X,F ) −→ hqs(X,E) −→ h̃qs(X,B) −→ hq+1
s (X,F ) −→ · · · .



(C(P n), C(P∞), Zp) Qp)
l

l p

Lm(V n)

Lm(V n) Γα
i Γα

βi Γi
jk

Lm(V n)

xi = xi(xk); yα = Aα
β(x)y

β ,

∥∥∥∥ ∂xi∂xk

∥∥∥∥ �= 0;

∥∥∥∥Aα
β

∥∥∥∥ �= 0; i, j, k = 1, 2, . . . , n; α, β, γ = 1, 2, . . . ,m.

{ei, eα} Tn+m z = (x, y) ∈ Lm(V n)
Ei = ei − Γα

i eα TA
B GL(n,m,R) ×

GL(n,m,R)

T (ξ) = TA
B ξBeA, A,B,C = 1, 2, . . . , n+m

Tn+m Lm(V n) TA
B

TA
C TC

B = λδAB,



λ = 0
λ = −1

λ = 1

Lm(V n) GL(n,R)
ξα(x, y) GL(n,R) ηi(x, y)
Lm(V n)

Lm(V n) GL(n,R)
ξi(x, y) GL(n,R) ηα(x, y)
Lm(V n)







B(X,D)

X D = {Z1, Z2, ..., Zn, ...}
Σ1(X, 5)

D B(X,D)

V (D,α)

X

X



X

D D X
X

D f X D f
αf X αf =

⋃
x∈X

({x} × f(x))

αf BX(D) BX(D)

X D

∅ X
(x, y) ∈ α xαy x, y ∈ X Y ⊆ X α ∈ BX(D) T ∈ D
D̆ =

⋃
D yα = {x ∈ X|yαx} Y α =

⋃
y∈Y

yα

V (D,α) = {Y α|Y ∈ D}



X D
Z Z �= D̆ D D

Z

D = {Z1, Z2, . . . , Zn−1, D̆} DM D
D

T,Z ∈ D T �= Z T ⊂ Z c(T, Z)
D T

Z

N(D) = {|c(T ′, D̆)||T ′ ∈ DM} h(D)
N(D) Qk 1 ≤ k ≤ h(D)

T1 ⊂ T2 ⊂ · · · ⊂ Tk

DM = {Z2, Z1} d = 2|c(Z2∪Z1,D̆)|−1 Q′
s (1 ≤ s ≤ d)

X Z1 ∩Z2 = ∅ Q′
s = {Z2, Z1, Z2 ∩

Z1} ∪D1 D1 ⊆ c(Z2 ∪ Z1, D̆)

D |DM | = 1 |DM | ≥ 3 α

BX(D) α =
k⋃

i=1
(Y α

i × Ti)

BX(D) k 1 ≤ k ≤ h(D)
V (D,α) T1 ⊂ T2 ⊂ · · · ⊂ Tk Y α

1 ∪ Y α
2 ∪ · · · ∪ Y α

p ⊇ Tp Y α
q ∩ Tq �= ∅

p = 1, 2, . . . , k − 1 q = 1, 2, . . . , k

D DM = {Z2, Z1} Z2 ∩ Z1 = ∅

α BX(D) BX(D)

1 ≤ k ≤ h(D) α =
k⋃

i=1
(Y α

i × Ti) V (D,α)

T1 ⊂ T2 ⊂ · · · ⊂ Tk Y α
1 , Y α

2 , . . . , Y α
k /∈ {∅} Y α

1 ∪Y α
2 ∪· · ·∪Y α

p ⊇ Tp Y α
q ∩Tq �= ∅

p = 1, 2, . . . , k − 1 q = 1, 2, . . . , k

α = (Y α
2 × Z2) ∪ (Y α

1 × Z1) ∪ (Y α
0 × (Z2 ∪ Z1)) ∪ β β =

s⋃
j=1

(
Y α
j × Tj

)
0 ≤

s ≤ d V (D, β) Z2 ∪ Z1 Y α
2 , Y α

1 /∈ {∅}
Y α
1 ⊇ Z1 Y α

2 ⊇ Z2 Y α
1 ∪ Y α

2 ∪ · · · ∪ Y α
p ⊇ Tk Y α

q ∩ Tq �= ∅ k = 4, 5, . . . , s− 1
q = 4, 5, . . . , s

D DM ε
D BX(D)

GX(D, ε) |DM | = 1 |DM | ≥ 3
|GX(D, ε)| = 1 |DM | = 2 |GX(D, ε)| ≤ 2

+



A = (A,F ) ∅ �= A1, . . . , An ⊆ A
n f ∈ F ρ(A) A f(A1, . . . , An) =

{f(a1, . . . , an) : ai ∈ Ai} CmA = (ρ(A), F )
A A = (A,F )

g(f(x11, . . . , xn1), . . . , f(x1m, . . . , xnm)) = f(g(x11, . . . , x1m), . . . , g(xn1, . . . , xnm)),
n f ∈ F m g ∈ F A

xy.uv ≈ xu.yv
V A

n f m g V A m
t1, . . . , tn g(f(x11, . . . , xn1), . . . , f(x1m, . . . , xnm)) =

f(t1(x11, . . . , x1m), . . . , tn(xn1, . . . , xnm)) V A
V

V
(f, g)

A = (A, f, g)



BX(D)

Σ2(X, 4), X = Z4

BX(D) Σ2(X, 4),
X = Z4 |X| = 3,

r(f ;m)
m n n ≥ 4 f

r(f ;m)
ρ(f ;m) d f m

p
p

p



κ
κ

E κ n
2κ (E, f)
n

G κ H
κ Aut(H) ∼= G

n E k
2κ E n



1 2 3

1

2

3

SM I
i ∈ I (Fi, Ai) Mi i < i′ (pi

′
i , q

i′
i ) :

(Fi′ , Ai′) → (Fi, Ai)

i = i′ pi′i = 1Mi , q
i′
i = 1Ai

i < i′ < i′′pi′′i = pi
′
i ◦ pi′′i′ qi

′′
i = qi

′
i ◦ qi′′i′(

{(Fi, Ai)}i∈I , {(pi′i , qi
′
i )}i<i′

)
SM

Inv(SM) SM ←−
Inv(SM) SM.

←−
[
(Fi, Ai)

∼∪ (Gi, Bi)
] ∼→

[
←−(Fi, Ai)

] ∼∪
[
←−(Gi, Bi)

]
.

SM



BX(D) Σ4(X, 7)
BX(D) αf (f : X → D) αf = ∪({x}× f(x))

X

Q(x) = Q(x1, · · · , xf ) =
∑

0≤r≤s≤f

brsxrxs

f

R(ν,Q) P (x) ν
Q(x) T (ν,Q) = {ϑ(τ, P,Q) : P ∈ R(ν,Q)}

ϑ(τ, P,Q) =
∑
x∈Zf

P (x)zQ(x), z = e2π iτ , τ > , τ ∈ C.

T (ν,Q)
T (4, Q) T (8, Q).

T (6, Q)







1 2

1

2

u1tt + u1t + (−1)l1 Δl1u1 = λ1 |u1|p−1 |u2|q+1 u1, t > 0, x ∈ Rn, (1)

u2tt + u2t + (−1)l2 Δl2u2 = λ2 |u1|p+1 |u2|q−1 u2, t > 0, x ∈ Rn, (2)

uk (0, x) = ϕk (x) , ukt (0, x) = ψk (x) , k = 1, 2, x ∈ Rn. (3)

λ1 > 0, λ2 > 0, (4)

p ≥ −1, q ≥ −1, p+ q > 0;
p+ 1

l1
+

q + 1

l2
>

2

n
+ r(p, q), (5)

r(p, q) = 1
l1
, p > 1, q ≥ −1; r(p, q) = p

2l1
+ 2−p

2l2
, −1 ≤ p ≤ 1, q > −1

(4) (5) δ > 0

(ϕk, ψk) ∈ Uδ =

=
{
(u, v) : ‖u‖

W
lk
2 (Rn)

+ ‖u‖L1(Rn) + ‖v‖L2(Rn) + ‖v‖L1 (Rn) < δ
}
, k = 1, 2

(1) (3) (u1, u2)

uk ∈ C([0,∞) ;W lk
2 (Rn)) ∩ C1 ([0,∞) ;L2 (R

n)) , k = 1, 2,

∑
|α|=r

‖Dαuk (t, ·)‖L2(Rn) ≤ C (1 + t)
−n+2r

4lk
, t > 0, r = 0, 1, . . . , lk,

‖ukt (t, ·)‖L2(Rn) ≤ C (1 + t)
−

(
1+ n

4lk
,γk

)

,

γk =
n

2

2∑
i=1

ρki
li

− rk, k = 1, 2.



uy(uy − 1)uxx + (uy − ux − 2uxuy + 1)uxy + ux(ux + 1)uyy = 0.

f(u+ x) + g(u− y) = y.



1 2 3

1

2

3



{
(x,D)u(x) = f(x), x ∈ Ω,

(γS ju)(t) = Gj(t), j = 0, . . . , �− 1, t ∈ S := ∂Ω,

N ×N

(x,D) :=
∑

|α|�m

aα(x)∂
α, j(x,D) =

∑
|α|�mj

bjα(x)∂
α, aα,j,k, bjα,m,k ∈ C∞(US ),

US ⊂ Ω S

f ∈ H
m(Ω), u ∈ H

m+�(Ω), Gj ∈ H
m+�−mj−1/2(S ),

mj := j(x,D), j = 0, 1, . . . , �− 1,

m f
Nωf

m = −1,−2, . . .



ϕ(t) = a(t)ϕ(t) +
b(t)

πi

∫
Γ

ϕ(τ)dτ

τ − t
, A : Lp(Γ, ρ) → Lp(Γ, ρ)

a, b ∈ C(Γ) Lp(Γ, ρ)
ρ := (t− c1)

α(t− c2)
β 1 < p < ∞ 1/p− 1 < α β < 1/p

Γ =
�
c1c2, c1 c2

t∈Γ
|a(t) ± b(t)| �= 0

α, β
p a(c1) ± b(c1) a(c2) ± b(c2)

0
Lp(Γ, ρ) p = 2

0
μ(Γ, ρ)

ρ := (t− c1)
α(t− c2)

β 0 < μ < 1 μ < α, β < μ+ 1

−1 < γ δ < 1

SγSδϕ = ϕ(t) + i π(γ − δ) [Sγ − Sδ] (ϕ), Sδϕ(t) :=
tδ

πi

∫ ∞

0

ϕ(τ)

τ δ(τ − t)
dτ

= a∗I + b∗Sγ a∗ = a(a2 − b2)−1

b∗ = −b(a2 − b2)−1 γ
0 = I + T T

0
μ(Γ, ρ)



Q = Ω × (0, T ) T > 0 Ω ⊂ Rn n ≥ 2
Ẇm,1

p,ω (Ω)

∂u

∂t
−

∑
|α|≤m

(−1)|α|DαAα(x, u,∇u, . . . ,∇mu) =
∑

|α|≤m

(−1)|α|DαFα(x),

u/t=0 = 0 ,

Dα = ∂|α|
∂x

α1
1 ∂x

α2
2 ···∂xαn

n
|α| = α1 + α2 + · · · + αn m ≥ 1

Iρ =

∫
Ωρ

ω(x) |∇mu|p dx dt,

ρ Ωρ Ω 0



n

(D0∂
n
1 +D1∂

n−1
1 + · · ·+Dn−1∂1 +Dn)F (x1, x2, . . . , xm) = 0 ,

∂1 = ∂/∂x1 x1 Di i = 1, 2, . . . , n,
∂k = ∂/∂xk k = 2, 3, . . . ,m,

F (x1, x2, . . . , xm)

m F =
n−1∑
k=0

Lk fk Lk



Lk =
∞∑

m=0
lkm xm1 /m! lkm

∂k k = 2, 3, . . . ,m, lkm = 1 k = m
lkm = 0 m < k F = f0(x2, . . . , xm) ∂1F = f1(x2, . . . , xm) ∂n−1

1 F = fn−1(x2, . . . , xm)
F fk

x1 = 0
fk

x′1(t) = p1(t)x2(τ1(t)),

x′2(t) = p2(t)x3(τ2(t)),

x′3(t) = −p3(t)x1(τ3(t)),

pi ∈ Lloc(R+, R+) τi ∈ Cloc(R+, R+)
t→+∞ τi(t) = +∞ (i = 1, 2, 3).

A



R3

Ω C2 f ∈ C(∂Ω)

Uψ(x) =

∫
∂Ω

Γ(x, y)ψ(y) dSy,

Γ(x, y) =
e−k|x−y|

4π|x− y| , k = constant > 0.

v Ω

q1(x)
∂2v(x)

∂ν2x
+ q2(x)

∂v(x)

∂νx
+ q3(x)x(x) = f(x), x ∈ ∂Ω,

qi(x) > 0, x ∈ ∂Ω qi(x) ∈ C(∂Ω) i = 1, 2, 3.

3∑
i,k=1

∂

∂xi

(
aik

∂u

∂xk

)
+ a(x)u(x) = 0,

aik ∈ C(3,α)(R3), a ∈ C(2,α)(R3), a(x) < −λ2, x ∈ R3, λ = constant > 0.

m
3∑

i=1

ξ2i ≤
3∑

i,k=1

aik(x)ξiξk ≤ M
3∑

i=1

ξ2i , m = constant > 0, M = constant > 0.

1 2

1

2

∂2u

∂t2
−

3∑
i=1

∂2u

∂x2i
+ f(u) = F, (1)



f F f u

DT : |x| < t < T x = (x1, x2, x3) T = const > 0 u(x, t)

u
∣∣
ST

= 0, (2)

ST : t = |x| t ≤ T
W k

2 (DT , ST ) := {u ∈ W k
2 (DT ) : u|ST

= 0} W k
2 (DT )

L2(DT ) L2(DT )
k u|ST

= 0
f u ∈

W 2
2 (DT )

‖u‖W 2
2 (DT ) ≤ c

[
1 + ‖F‖L2(DT ) + λ‖F‖3L2(DT ) + ‖F‖W 1

2 (DT )

(
c‖F‖2L2(DT )

)]
(3)

F ∈ W k
2 (DT , ST ) c u F

u ∈ W 2
2 (DT )

D∞ : t > |x| F ∈ W 1
2,loc(D∞, S∞)

u ∈ W 2
2,loc(D∞, S∞)

W k
2,loc(D∞, S∞) :=

{
v ∈ L2,loc(D∞) : v

∣∣
DT

∈ W k
2 (DT , ST ) ∀T > 0

}
.



12

12
187

Ta = [aj−k]
∞
j,k=0 : �p → �p �p

1 ≤ p ≤ ∞ a(ζ) �p |ζ| = 1
{aj}∞j=−∞

Waϕ(x) = cϕ(x) +

∞∫
0

k(x− y)ϕ(y)dy, Wa : Lp(R
+) → Lp(R

+)

Lp(R
+) p 1 ≤ p ≤ ∞ R+ =

(0,∞) a(ξ) = c + (Fk)(ξ) ξ ∈ R = (−∞,∞) Lp

F

|ζ|=1
|a(ζ)| �= 0

Wa Ta

Lp(R
+) �p

a �r p − ε < r < p − ε ε > 0
1 < p < ∞ Ta �p(N)

|ζ=1
|a(ζ)| �= 0

Ta = − a.



Ta a
Ta

n = a ≥ 0 n = a ≤ 0 �p(N)
( ) (Ta)

−1 =
(Ta)

−1 = T−1
a+ Tr−nTa−1

−
, a = a−rna+ p a (

)
a = 0 Ta

T−1
a = T−1

a+ T−1
a−

Wa



(0, 0)

P · EL(X) DN · EL(X) V G · EL(X)
X

GEL(X)

P · EL(X) ⊂ DN · EL(X) ⊂ GEL(X), V G · EL(X) ⊂ GEL(X).

GEL(X) DN ·EL(X)
WEL(X) rot+λI ∇div+λI

λ �= 0 (p, q)
. . .



utt − uxx + q(x)u = 0,

u(x, 0) = 0, ut(x, 0) = f(t), t ≥ 0, x ∈ [0, b], u(0, t) = 0, t > 0

t → ∞ q(x) f(x) ∈ C∞
0 (R1)

f ⊂ [0, 1] b



−α2 α > 0 u (1) (2)

u(x, t) = t−3/2eαt
(
h(x) + v(x, t)

)
.

h(t) v(x, t)

|v(x, t)| ≤ C(b)

t
‖f‖L2 .





Zn n = 0, 1, 2, . . . c 0 < EZ2
1 < ∞

τc = {n ≥ 0 : Zn > c} c > 0
Zn

Zn ↑ n → ∞ EZ1 = μ > 0 P {τc < ∞} = 1
∀ c ≥ 0; τc → ∞ c → ∞ τc

c → 1
μ c → ∞

Zn ↑ μ = EZ1 = 1 0 < DZ1 = 2σ < ∞ x ≥ 0

P
{τc
c

≤ x | Zn > 0
}
→ e

1
σx c → ∞.

Zn ↑ μ = EZ1 > 1 0 < DZ1 < ∞
T F (x) = P {T ≤ x} x �= 0

P

{
μτc

c
≤ x | T > 0

}
→ 1− F (1/x)

1− F (0)
c → ∞.

1 2

1

2

H+ ⊂ H ⊂ H−
H−

Lξ + (a, ξ)g = η, ξ+Γ = ζ.



H−
L : D(S) → H− L∗ : H− → D′(S)

L

L� = η, �
+
Γ = ζ.

A

(1) (2) :

1) L D(L)
H−;

2) g ∈ H+ |(a, u)| · ‖g′A−1‖ < 1;

3) η H− μη λ(x)
H+

μξ ∼ μ�

dμξ

dμ�

(u) = H

(
I + (a, u)A−1g

) {(∫ 1

0
λ(Au+ t(a, u)g)dt, (a, u)g

)
H

}
,

η H

dμξ

dμ�

(u) = H

(
I + (a, u)HA−1g

) {
− (a, u)H(Au, g)H − 1

2
(a, u)2H‖g‖2H

}
.

1 2

1

1

2

(Yn) (Zn) Yn + Zn → 0
Yn → 0 Zn → 0

P (|Xn + Yn| ≥ |Yn| | Fn) ≥ c,



Fn σ |Y1|, . . . , |Yn| c
n

(Ω,F ,P) θ
η [0,+∞) wt, t ≥ 0

P (θ = 0) = π, P (θ ≥ t| θ > 0) = e−λt, 0 < λ < ∞, 0 ≤ π ≤ 1,

P (η ≤ x) = 1− e−νx, 0 < ν < ∞.

ξt t ≥ 0,

dξt = rχ(t− θ)dt+ σdwt, r �= 0, σ2 > 0,

χ(t) = 0 t < 0 χ(t) = 1 t ≥ 0.
θ

ρ(τ) = cP (τ < θ) + ν

∞∫
0

P (θ ≤ τ ≤ θ + η)e−νη dη, c > 0.

τ∗ � = �(τ∗) = inf�(τ),

τ∗ = inf{t ≥ 0 : ψt ≥ A∗},

ψt t ≥ 0,

dψt = [1 + (λ− ν)ψt]dt+
r

σ2
ψtdξt



A∗ [−A2λ(1− λ) +A(1− c) + c
]
Φ(A)− c− λA = 0,

Φ(x) = xλ · e 1
x ·

x∫
0

u−(λ+2)e−
1
u du.

X Y (Ω,F ,P)
A A R2 FXY (x, y) = FX(x)FY (y) (x, y) ∈ A
FXY (x, y) = P (X ≤ x, Y ≤ y) X Y FX(x) FY (y)

X Y
X Y

A = R2

f(x) f(x, y)(
1 ρ
ρ 1

)
|ρ| < 1 f(x | y) = f(x,y)

f(y) f(y | x) = f(x,y)
f(y)

A++ = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0} A−− = {(x, y) ∈ R2 : x < 0, y < 0}
A+− = {(x, y) ∈ R2 : x ≥ 0, y < 0} A−+ = {(x, y) ∈ R2 : x < 0, y ≥ 0}

g(x, y) = C2
+IA++(x, y)f(x, y) + C2

−IA−−(x, y)f(x, y)+

+ IA+−(x, y)u+(x)f(x)u−(y)f(y) + IA−+(x, y)u−(x)f(x)u+(y)f(y),

IA (x, y) A

u+(x) =

⎧⎪⎪⎨⎪⎪⎩
α− 1

2 C+

∞∫
0

f(y | x) dy, x≥0

0, x < 0.

; u−(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
α− 1

2C−

0∫
−∞

f(y | x) dy, x<0

0, x ≥ 0.

;

u(x) =

{
u+(x), x ≥ 0

u−(x), x < 0
; α =

∞∫
0

∞∫
0

f(x, y) dx dy.



C+ C− C++C− = α− 1
2

C+ = C− = 1

2α
1
2

C+ = 1

3α
1
2

C− = 2

3α
1
2

g(x, y) R2 (1)
g(x) = u(x)f(x) g(y) = u(y)f(y) g(x, y)

X Y (A+− ∪ A−+)





Y p = p(x) = P{Y = 1/x}
xi i = 1, n [0, 1]

xi∫
0

h(x) dx = i−1
n−1 h(x)

[0, 1] Yij i = 1, n j = 1, N

P{Yij = 1/xi} = p(x) P{Yij = 0/xi} = 1 − p(x) i = 1, n j = 1, N Yi =
N∑
j=1

Yij

B(N, pi = p(xi)) Y1, . . . , Yn
p(x)

p̂nN (x) = ϕnN (x)
fn(x)

ϕnN (x) = 1
nbn

n∑
i=1

K
(
x−xi
bn

)
1

h(xi)
Yi fn(x) =

1
nbn

n∑
i=1

K
(
x−xi
bn

)
1

h(xi)

bn > 0 bn → 0 n → ∞
K(x)

x
K(x) < ∞ K(−x) = K(x) (K) ⊂ [−τ, τ ]

p ∈ C2[0, 1] h(x) ≥ μ > 0 h ∈ C1[0, 1]

UnN = nNbn
∫
Ωn

(ϕnN (x) − EϕnN (x))2 dx Ωn = [τbn, 1 − τbn] Δn = EUnN σ2
n =

4(nbn)
−2

n∑
k=2

p(xk)(1− p(xk))
k−1∑
i=1

p(xi)(1− p(xi))Q
2
ik Qij =

1
h(xi)h(xj)

∫
Ωn

K
(
x−xi
bn

)
K

(x−xj

bn

)
dx

nb2n → ∞ n → ∞ Δn = Δ(p) +O(bn)

Δ(p) =

1∫
0

p(x)(1− p(x))h−1(x) dx

τ∫
−τ

K2(u) du,

b−1
n σ2

n = σ2(p) +O(bn) +O(n−1b−2
n ) σ2(p) = 2

1∫
0

p2(x)(1− p(x))2h−2(x) dx
2τ∫

−2τ

K2
0 (u) du K0 =

K ∗K σ−1b
−1/2
n (UnN −Δ) ⇒ N(0, 1) ⇒



F (x, ω)
x x

F (t, x) x
x

F (t, x, ω) x ut

(Ω,F , {Ft}t∈[0,T ])

Nt (P (Nt = k) = tke−t

k! k = 0, 1, 2, . . .) Ft

N(Ft = FN
t ),F = FT Mt (Mt = Nt− t)

DM· G G

ξt(ω)

ξt(ω) = ξ0(ω) +
t∫
0

as(ω) ds+
t∫
0

bs(ω)δMs(ω),

dξt = atdt+ btδMt

ξt dξt = btδMt F ∈ C2
b

F (ξt)

F (ξt) = F (ξ0) +

t∫
0

F
′
(ξs−)bsδMs +

t∫
0

DM
s [F

′
(ξs−)]bsδMs +

1

2

t∫
0

F
′′
(ξs−)b2s ds+

+

t∫
0

DM
s [F

′
(ξs−)]bs ds+

∑
0<s≤t

{
F (ξs)− F (ξs−)− F

′
(ξs−)Δξs

}
.



(xn)

( n∑
k=1

xk
)

σ : N → N
∑
n
xσ(n)

α,
β, 0 < β ≤ α

H(t)
μ



v−

X X∗ ξ
X

〈x∗, ξ〉 x∗ ∈ X∗

η X E e〈x∗,ξ〉 ≤
E e〈x∗,η〉 x∗ ∈ X∗

ξ

ξ
H ξ

∞∑
k=1

τ2(〈ξ, ek〉) < ∞

(ek) H
〈·, ·〉 h ∈ H τ(〈ξ, h〉)

〈ξ, h〉





1 2

1

2

1 2

1

2

−

t ∈ [0,∞)
N1(t) N2(t) N3(t)



dN1(t)

dt
= α1N1(t) + α2N2(t)− α3N3(t),

dN2(t)

dt
= β1N1(t) + β2N2(t)− β3N3(t),

dN3(t)

dt
= γ1N1(t) + γ2N2(t)− γ3N3(t).

N1(0) = N10 N2(0) = N20 N3(0) = N30 α1 α3 β2 β3 ≥ 0
γi ≥ 0 i = 1, 2, 3 α2 β1

y(uxx + uyy) + buy + aux = 0, b = ,

y > 0 u(x, 0) = g(x) g(x) ∈ C(R),

u(x, y) =
y1−b

Λ(a, b)

+∞∫
−∞

g(ξ)eaθρb−2dξ, b < 1,

Λ(a, b) :=

π∫
0

eaη −b ηdη, θ :=
x− ξ

y
, ρ :=

[
(x− ξ)2 + y2

]1/2
.

{hm}
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1

1

2





w := {F (x, t), p(t)}



ut = (k(x)ux)x+F (x, t) −k(l)ux(l, t) = ν[u(l, t)− p(t)]
ϕ(x) = u(x, T )

Jα(w) = ‖Φ[w]−ϕδ‖2L2(0,l)+α‖w‖2W



1 2 2

2 2

1

2





P −Δ
0, 1 < Θ ≤ 0.2

1/(1−Θ
Θ

Θ = 0.26
P −Δ

M = 7.1

Ku = f K
H

K D(K−∞) =
∞⋂
n=1

D(K−n)

‖x‖2n = ‖x‖2 + ‖K−1x‖2 + · · ·+ ‖K−n+1x‖2, n ∈ N,

(x, y)n = (x, y) + (K−1x,K−1y) + · · ·+ (K−n+1x,K−n+1y), x, y ∈ D(K−∞).

K−∞(x) = {K−1x,K−2x, · · · ,K−nx, · · · }
D(K−∞) K−∞

D(K−∞) K−∞

(K−∞)−1 (K−∞)−1

D(K−∞) K−∞ D(K−∞)
(K−∞)−1 K∞ K∞u = f
D(K−∞) K∞

KN HN D(K−∞)
K∞u = f D(K−∞)

Ku = f H
K∞u = f

D(K−∞)







1,2 3 4

1

2

3

4

∂u

∂t
+ γu2

∂u

∂x
− μ

∂3u

∂x2∂t
= 0, (1)

γ μ u → 0
x → ±∞

u(x, 0) = u0(x)
x = a, x = b, a < b QT = [a, b]× [0, T ]

u(a, t) = u(b, t) = 0, t ∈ [0, T ), u(x, 0) = u0(x), x ∈ [a, b] (2)

O(h2 + τ2)
W 3

2 (QT )



[0, 1]× [0, T ]

∂u

∂t
=

∂

∂x

(
v
∂u

∂x

)
,

∂v

∂t
= g

(
v
∂u

∂x

)
+ ε

∂2v

∂x2
,

u(0, t) = u(1, t) = 0,

∂v(x, t)

∂x

∣∣∣∣
x=0

=
∂v(x, t)

∂x

∣∣∣∣
x=1

= 0,

u(x, 0) = u0(x), v(x, 0) = v0(x),

g u0 v0
0 < γ0 ≤ g(ξ) ≤ G0 γ0 = Const G0 = Const T = Const ε = Const > 0

ε → 0



∂U

∂t
= a

(∫ t

0

∫ 1

0

[(
∂U

∂x

)2

+

(
∂V

∂x

)2 ]
dx dτ

)
∂2U

∂x2
,

∂V

∂t
= a

(∫ t

0

∫ 1

0

[(
∂U

∂x

)2

+

(
∂V

∂x

)2 ]
dx dτ

)
∂2V

∂x2
,

a = a(S)
(0, 1) × (0,∞)

U(0, t) = V (0, t) = 0,
∂U(x, t)

∂x

∣∣∣∣
x=1

=
∂V (x, t)

∂x

∣∣∣∣
x=1

= 0, t ≥ 0,

U(x, 0) = U0(x), V (x, 0) = V0(x), x ∈ [0, 1],

U0 = U0(x) V0 = V0(x)

a(S) = (1 + S)p p > 0 U0, V0 ∈ H3(0, 1) U0(0) = V0(0) = 0 ∂U0(x)
∂x

∣∣∣
x=1

=

∂V0(x)
∂x

∣∣∣
x=1

= 0 (1) (2)∣∣∣∣∂U(x, t)

∂x

∣∣∣∣+ ∣∣∣∣∂U(x, t)

∂t

∣∣∣∣+ ∣∣∣∣∂V (x, t)

∂x

∣∣∣∣+ ∣∣∣∣∂V (x, t)

∂t

∣∣∣∣ ≤ C

(
− t

2

)
.



η
h D Fη−1

N Fη η
O(hN )

D



1 2 3

1

2

3

wtt −
(
λ+

8

π3

∫
Ω

|∇w|2dx
)
Δw = 0, 0 < t ≤ T, x ∈ Ω,

w(x, 0) = w0(x), wt(x, 0) = w1(0), x ∈ Ω,

w(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T,

x = (x1, x2, x3) Ω = {(x1, x2, x3)| 0 < xi < π, i = 1, 2, 3} ∂Ω
Ω w0(x) w1(x) λ > 0 T



wtt −
(
λ+

2

π

π∫
0

w2
x dx

)
wxx = 0

u′′ +
1

2

(
w′2)′ + p(x) = 0,

k20
Eh

2(1 + ν)

(
w′′ + ψ′)+ Eh

1− ν2

[(
u′ +

1

2
w′2

)
w′

]′
+ q(x) = 0,

h2

6(1− ν)
ψ′′ − k20

(
w′ + ψ

)
= 0, 0 < x < 1,

u(0) = u(1) = 0 w(0) = w(1) = 0 ψ′(0) = ψ′(1) = 0
u = u(x) w = w(x) ψ = ψ(x) q(x)

ν,E, h k0 0 < ν < 1
2

u(x) ψ(x) w(x)



Eh

1− ν2

⎡⎣⎛⎝1− ν

2
k20 +

1

2

1∫
0

w′2 dx+

1∫
0

(1− x)p(x) dx−
x∫

0

p(ξ) dξ

⎞⎠w′′ − p(x)w′

⎤⎦−

− 3Ek40
h σ

1−ν

1+ν

⎛⎝ σ(x−1)

x∫
0

σξ w′(ξ) dξ + σx

1∫
x

σ(ξ−1)w′(ξ) dξ

⎞⎠+q(x)=0

w(0) = w(1) = 0 σ = k0
√

6(1− ν)/h











αi, α3 (i = 1, 2)

νi1 = u1(α1, α2) + α3ψ1(α1, α2), νi2 = u2(α1, α2) + α3ψ2(α1, α2), νi3 = w(α1, α2).

ωi
1 = Ω1(α1, α2) ωi

2 = Ω2(α1, α2) ωi
3 = Ω3(α1, α2) + α3ι(α1, α2)

σi
33

σi
11 σi

22
α3
Ri

Ri

σi
31 σi

32 μi
33

σi
31 =

0
σ
i

31(α1, α2), σi
32 =

0
σ
i

32(α1, α2), μi
33 =

0
μ
i

33(α1, α2).

σi
31 σi

32 μi
33



x3 + u3 ≤ ψ(x′ + u′),

u = (u1, u2, u3) x = (x1, x2, x3)
u′ = (u1, u2) x′ = (x1, x2) ψ

ψ

ψ ∈ C2(R2)

ψ ∈ C0(R2)



N = 1







−

( − 1
ρ

∂p
∂z

= Ae−iωt
)

η
(
∂V
∂x

)2
σV 2



(−∞ < x, z < ∞ y > 0)
0 ≤ y ≤ b −∞ < z < ∞ x = 0

τ0e
−iktδ(y)

ω = ω(x, y, t)

Δω = ρ
∂2ω

∂t2
, |x| < ∞, y > 0,

∂ω(x, 0, t)

∂y
= 0,

〈τxz(0, y, t)〉 =
〈
G
∂ω(0, y, t)

∂x

〉
= μ(y, t), 0 < y < b,

μ(y, t) ≡ 0, y ≥ b.



ω(1)(0, y, t) = δ0e
−ikt

0 ≤ y ≤ b δ =

∂2ω(1)(0, y, t)

∂y2
− ρ0

E0

∂2ω(1)(0, y, t)

∂t2
= − 1

E0h
μ(y, t)− 1

E0h
τ0e

−iktδ(y),

ω(1)(0, y, t) μ(y, t)
ρ0 E0 h

σs = 0 Un

σn = P P = (P1, P2)
�

Un =

[
u1n1 + u2n2

u3n1 + u4n2

]
, σn =

[
(Tu)1n1 + (Tu)2n2

(Tu)3n1 + (Tu)4n2

]
, σs =

[
(Tu)2n1 − (Tu)1n2

(Tu)4n1 − (Tu)3n2

]
,



uk (Tu)k k = 1, 4,
n = (n1, n2)

�

12.5◦C
97

5◦C
15m3/sec.







1,2 1,2 1 1,3

1

2

3

T



T

〈q| T+
l (E) |k〉 =

∞∫
0

dr r jl(qr)R
+
l (kr) k q

jl(qr) R+
l (k r)

〈q| T+
l (E) |k〉 = (−1)iγ (3πγ/2)

2kq

Γ(l − iγ + 1)

Γ(l + iγ + 1)
Qi γ

l

(
q2 + k2

2qk

)
, q �= k.

Γ (z) Qμ
ν (z)

Qμ
ν (z) z ∈ [−1,+1]

q = k,

〈q|T+
l (E) |k〉R =

⎧⎪⎪⎨⎪⎪⎩
(−1)iγ (3πγ/2)

2kq

Γ(l − iγ + 1)

Γ(l + iγ + 1)
Qi γ

l

(
q2 + k2

2qk

)
, q �= k,

(2iδl)− 1

2ik
, q = k.









T
T

(
)





1 2

1

2

x 31− x
p

p
28 − p p

(31−x)+28+ p = 56 (28−x)+31+ p = 56
y

(31−y)+28+p = 48
(28−y)+31+p = 48

x
x = p+3 x = p+4

y = p+11 y = p+12

p + 11 ≤ 28 p + 12 ≤ 29 p + 11 > 28 p + 12 > 29
p+ 11 p+ 12

F

F = 32+[31−(P−1)] F = 32−(P−1)












