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ON M\f—-STATISTICAL CONVERGENCE

IBRAHIM S. IBRAHIM

Abstract. The aim of this study is to define A f —density, A f —-statistical convergence and A f —statistical
boundedness in metric spaces using modulus functions under various conditions. In addition,
we obtain some relations between the sets of sequences that are \f—statistically convergent and

A f—statistically bounded in metric spaces.

1. INTRODUCTION AND PRELIMINARIES

The notion of statistical convergence was discovered by Zygmund [23] and first published in his
monograph in Warsaw. Moreover, the concept of statistical convergence was fundamentally proposed
by Steinhaus [20] and Fast [6]. Later, Schoenberg [19] independently rediscovered it. Numerous
mathematicians have used statistical convergence as a method for solving a number of open issues
in the areas of sequence spaces, summability theory and some other applications. Statistical conver-
gence has been studied in many fields and under several titles during the past few decades, including
number theory, ergodic theory Banach spaces, measure theory, Fourier analysis, cone metric space,
trigonometric series, topological space and time scale theory.

Statistical convergence depends on the natural density of subsets of N. The number 6 (A) of a subset
A of N is called a natural density of A and is defined by

.1
5(A):nlbngoﬁ|{a§n.a€A}\,

in the case the limit exists, where [{a < n:a € A}| is the number of elements of A that are less than
or equal to n (see [17]).

A sequence () of numbers is said to be statistically convergent (or S—convergent) to the number

To if

lim l|{l<:§n: |xx — x| > €} =0

n—oo M
for each € > 0 (see [17]). In this case, we write S — limzy = xg or xx — o (S) and S denotes the set
of all S—convergent sequences.

To generalize this idea, Mursaleen [11] proposed the notion of A—statistical convergence using the
sequence A = (\,), where A = (\,) denotes a non-decreasing sequence of positive numbers tending
to oo such that Ay =1 and A\, 11 < A, + 1. We write I,, to denote the closed and bounded interval
[n — A 4+ 1,n]. Also, we write A to denote the set of all such sequences A\ = (\,) .

A sequence x = (z) of numbers is called A—statistically convergent (or S)—convergent) to the
number zq if for every ¢ > 0, the following condition:

nlin;oi k€L : s — 0] > €} = 0
holds. In this case, we write Sy — limz, = ¢ or z — o (Sy), and the set of all sequences that
are A—statistically convergent will be denoted by Sy (see [11]). In the case A, = n for each n € N,
S\—convergence reduces to S—convergence.
A sequence (z) of numbers is said to be statistically bounded (or S—bounded) if there is M > 0

such that 1
lim — {k <n:l|zx| > M} =0.

n—oo n
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We write S (b) to symbolize the class of all S—bounded sequences (see [21]).
In 1953, Nakano [13] developed the concept of a modulus function. A function f : [0, c0) — [0, c0)
is called a modulus function (or modulus) if
(1) f(z)=0<x=0,
(2) flz+y) < f(z)+ f(y) for every z,y € [0, o),
(3) f is increasing,
(4) f is continuous from the right at 0.

From these properties, it is clear that a modulus function must be continuous everywhere on [0, 00).
A modulus function may be bounded or unbounded. For instance, f (x) = aP, where p € (0, 1] is an
unbounded modulus, but f(z) = ;77 is a bounded modulus.

Using modulus functions, some authors have introduced and established several sequence spaces
such as Ruckle [16], Gosh and Srivastava [7], Altin and Et [2], Savas and Patterson [18], Candan [4],
Prakash et al. [15], and others.

In 2014, using unbounded modulus functions, Aizpuru et al. [1] presented the definition of f—sta-
tistical convergence as follows. Let f be an unbounded modulus function. Then, the sequence (zy)
of numbers is said to be f—statistically convergent (or S¥—convergent) to the number zq if for every
e>0,

Jm (k< o 0] > ) = 0
holds. Some other applications and generalizations on the notion of statistical convergence are avail-
able in [3,5,8-10,12,14,22].

2. MAIN RESULTS
Definition 2.1. Let f be an unbounded modulus, A = (A\,) € A and A C N. Then, the number
(5{ (A) of the set A is called the A f—density of A and is defined by
1
5 (A) = lim ——— I,:acA
()= i o (ac T ae A},

in the case this limit exists.

Remark 2.1. It is not necessary for the equality (5{ (A) + 6{ N\A4) = 1 to remain true, in general.
Indeed, takeing f () =log(z 4+ 1), (A\n,) = (n) and A = {1,3,5,...}, we get 5£ (A4) = 5{ (N\4) = 1.
That is, 6] (A) + 6] (N\A4) # 1.

Definition 2.2. Let (x) be a sequence in a metric space (X,d), f be an unbounded modulus and

A = (A\,) € A. Then (zy) is called \f—statistically convergent in a metric space (X,d) (or simply
S{ (X, d) —convergent) if there exists some o € X such that

FL ﬁf ({k € L d(zp, w0) > €}]) = 0

for each € > 0, where f ()\,) denotes the n-th term of the sequence (f (A,)). In this case, we write
s

T — Tg (Sf\c (X, d)) or Ty i) xo (X, d). Throughout this study, the class of all \f—statistically

convergent sequences in a metric space (X, d) will be denoted by S/{ (X,d), that is,

1
Sf\c (X,d) = {(:ck) : llm mfﬂ{k €I, :d(zk,xo) > ¢e}|) =0 for some z € X} .
S{ (X, d) —convergence reduces to Sy (X, d) —convergence in the case f (x) = x, and S{ (X,d)—
convergence reduces to Sf (X, d) —convergence in the case (\,) = (n). Also, in the special case

f(x) =2 and (\,) = (n), Sf (X, d) —convergence reduces to S (X, d) —convergence.
We write S/J\C)O (X, d) to denote the class of all S/J\C)O (X, d) —null sequences. It is clear that S{,o (X,d) C
ST(X,d)
a4, a).
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Theorem 2.1. Let (zx) and (yr) be sequences in a metric space (X, d), f be an unbounded modulus
and A € A.

s s
(1) If ) = 20 (X, d), then cxy, — cxo (X, d) for each c € C.
7 s

S s sf
(2) If o1, = 20 (X, d) and yp — yo (X, d), then (x5 + yrx) — (xo + yo) (X, d).

| o

Proof. (1) If ¢ = 0, then the proof is clear. If ¢ # 0, then for every € > 0, the proof follows from the
fact

f({k € I, : d(cxp,caxo) >e}|) = f (Hk €1, :d(zg,xg) > }D .
(2) The proof follows from the fact that

f(H{k eI, :d(zk + yr, o+ Yo) > €}|) Sf(‘{ke]n:d(xk,:co) > g}‘)

+f<‘{k€fn:d(yk7y0)zg}‘>. O

]

Theorem 2.2. Let (x1) be a sequence in a metric space (X,d), f be an unbounded modulus, A € A
st
and o € X. Then x, — xo (X, d) implies zy, LN xo (X, d).
st
Proof. Suppose x3, — x¢ (X, d). Then for every £ > 0,
1
lim ——f({k €I, :d(zx,x0) >¢}]) =0.

n—oo f ()\n)
So, for any m € N; there is ng € N such that for all n > ny,

POk € L dlei o) 2 €}) € = F(\) < (;A) —f (;A) |
Since f is a modulus function, we have
kI, : d(apw0) > e}| < %)\n.
Since the above inequality holds for each m € N, we get
lim % (k€ I : d(2x,20) > e} = 0.
Therefore, xy, 2 20 (X,d). O

Remark 2.2. The converse of Theorem 2.2 is, in grneral, not true. That is, zy N xo (X, d) does not

st
imply x5, —= o (X, d) for every unbounded modulus f and for each A € A. The following example
provides this situation.

Example. Consider the sequence (z) in a usual metric space (R, d) of the form
k if kK =m?
T = m € N.

ﬁﬁ if k # m?

If we take f(x) =log(z + 1) and (A,) = (n), then for every € > 0, we have

1
HkGIn:d<:pk,4) 26}‘ < V.
That is,

1
lim —

n—o0 \p, n—o00 A,

1 1
{ke[n:d<wk,4> >5H < lim —+/\, =0.
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This means that xy, B, % (R,d) . However, for every € > 0, we have

nl;m]c(l)fd{kefnzd<xk,i> ze})> Tim %f(\/g—l) :%.

n—oo f (A
f

Thus, xki (R,d).

We get the following result by taking (A,) = (n) from Theorem 2.2.
Corollary. Let () be a sequence in a metric space (X,d), f be any unbounded modulus, and o € X.
f
Then zx > 0 (X, d) implies x 55 o (X,d).

Theorem 2.3. Let (x) be a sequence in a metric space (X,d), [ be an unbounded modulus, A € A

and xg € X. Ifhmmff( ) >0, then Sy xo (X, d) implies ~S——> xo (X, d).

Proof. Suppose zy, N xo (X,d). Since f is a modulus, we have

keI, :d(zk,z0) > e} > ﬁ ({k € I, : d (zx,20) > €}])

for every € > 0. That is,

nll—>nolo . |{/€ el :d(zg,xg) >} > n11_>1r010 fg\);n) 7 21) F({k € In fa(f)(\:;)c,aco) > c}) .

Since xy, 5, zo (X, d) and lim inf@ > 0, we get
n—oo n

Tim. ﬁm{k €I, d(zx,m0) > €}) = 0

st
Therefore, zj, =2 z (X, d) implies 2z — o (X, d) if lim inf@ > 0. a
n—oo

n

We get the following result taking (\,) = (n) in Theorem 2.3.
Corollary. Let (x) be a sequence in a metric space (X,d), [ be an unbounded modulus and xy € X.
If hnrglgf@ > 0, then 5 2 (X,d) implies xy, st xo (X, d).

From Theorem 2.2 and Theorem 2.3, we get the following result.
Corollary. Let (xy) be a sequence in a metric space (X,d), A € A and o € X. Then for any
unbounded modulus f, providing lhrggf%y > 0,we have zy, 5, zo (X,d) if and only if x, —
xo (X, d).
Theorem 2.4. Let (xy) be a sequence in a metric space (X, d), f be an unbounded modulus, and

A€ A and xg € X. Ifhmlnff( n) 0, then x, 5, xo (X, d) implies xy, —> 2o (X,d).

Proof. Suppose xy, 5, xo (X, d). Obviously, for every € > 0, we have
Hk <n:d(zk,z0) > e} > {k €L, d(zk,x0) >}

Thus,
l;m EHk <n:d(xg,x0) >} > hm —|{k€ I, : d(zg, 1) > e}
1 1
> i >
_nhjgonf( D (k€ Iy - d(2k, 20) = €})

=y FOW) 1 F({k € Iz d(wg,m0) > €}])
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Since xy, EN zo (X, d) and lim inf{Gn) > 0, we get

n—oo n

Jim. ﬁf(l{k € I, : d(xx,20) > €}]) = 0.

Sf
Therefore, xy, 5, xo (X, d) implies zp — 1o (X, d) if lim inf@ > 0. O

n—oo

From Theorem 2.4, we get the following result taking f (z) = «.
Corollary. Let (x) be a sequence in a metric space (X,d), A € A and g € X. If hnnilg.}f/\ﬂ—" > 0, then
Ty 5, xo (X, d) implies xy, LN xo (X, d).

From Theorem 2.4, we get the following result taking (A,) = (n).

Corollary. Let (i) be a sequence in a metric space (X,d), f be an unbounded modulus and xy € X.

f
If liminf£® > 0, then xj 5, xo (X, d) implies xy, LN xo (X, d).
n—oo

n

Definition 2.3. Let (x) be a sequence in a metric space (X,d), f be an unbounded modulus and
A = (A,) € A. Then (zy) is called Af—statistically bounded in a metric space (X,d) (or simply
S{ (X, d) —bounded) if there exists ¢ € X such that

) 1
Jim. mf(\{k €I d(zk,q) 2 M}|) =0

for some M € R*. Throughout the study, the set of all S{ (X, d) —bounded sequences will be denoted
by BS{ (X, d).

In the case f(z) = x, we write BS) (X,d) instead of BS/J\[ (X,d). In the case (\,) = (n), we
write BSY (X, d) instead of BS/J\C (X,d). Also, in the special case f (z) =z and (\,) = (n), we write
BS (X, d) instead of BS{ (X,d).

Theorem 2.5. Let (xx) be a sequence in a metric space (X,d), f be an unbounded modulus and

A€ A If (zy) is S{ (X,d) —convergent, then it is S’{ (X, d) —bounded.

st
Proof. Suppose (xy) is S’f (X,d) —convergent and z —» x¢ (X,d). Obviously, for every ¢ > 0, we
have
Hk €I, : d(xk,x0) > €} > {k € I, : d(zg,m0) > MY

for some M € R such that M > €. Since f is a modulus, the above inequality implies

(k€ I d(zg,w0) > e}]) = ;f(\{k € I - d (g, w0) > M}).

1
f(An) ()

st
Since 2, — o (X, d) , we get

lim. ﬁf(\{k €I, :d(z,x0) > M}|) = 0.

Therefore, (zy) is S}’f (X, d) —bounded. O

Remark 2.3. The converse of the above theorem is, in general, not true. That is, an S { (X, d) —bounded

sequence does not imply S{ (X, d) —convergent for every unbounded modulus f and for each A € A.
The following example provides this situation.

Example. Consider the sequence (z) in a usual metric space (R, d) of the form

1 if k£ is odd,
T =
0 if k is even.
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Then (xy) is S{ (R,d) —bounded, but (xj) is not S{ (R, d) —convergent if we take (A,) = (n) and
f(z) = V.

From Theorem 2.5, we get the following result taking f (z) = x.

Corollary. Let (z1) be a sequence in a metric space (X, d) and X € A. If (z1) is S, (X, d) —convergent,
then it is S, (X, d) —bounded, but the converse is not true, in general.

From Theorem 2.5, we get the following result taking (A,) = (n).

Corollary. Let (zy) be a sequence in a metric space (X,d) and f be an unbounded modulus. If (xy)
is ST (X, d) —convergent, then it is S¥ (X, d) —bounded.

Theorem 2.6. Let (x1) be a sequence in a metric space (X,d), f be an unbounded modulus and
A€ A If (zy) is Sf (X,d) —bounded, then it is Sy (X, d) —bounded.
Proof. Suppose (z) is S{ (X,d) —bounded. Then there is ¢ € X such that

. 1
Jim o (€ T sd(n,0) 2 M) =0

for some M € RT. So, for any m € N, there is ng € N such that for all n > ng,

PO € T o) > MH) < 2of ) < ot (o) =7 (00

Since f is a modulus function, we have
1
Hkel,:d(zg,q) > M} < E/\n.

This means that

1
lim = [{k € I, : d (wx,9) > M}| = 0.

n— oo n

Therefore, (xg) is Sy (X, d) —bounded. O

Remark 2.4. The converse of the above theorem is, in general, not true. That is, an Sy (X, d) —
bounded sequence does not imply S f\c (X, d) —bounded for every unbounded modulus f and each A € A.
The following example provides this situation.

Example. Consider the sequence (z1) = (1,0,0,4,0,0,0,0,9,...) in a usual metric space (R, d) . Then
for any M > 0 and each ¢ € R, we have {k € N: d (zy,q) > M} = A\H, where A ={1,4,9,...}, and
H is a finite subset of N. Now, if we take f (z) =log (z + 1) and (A\,,) = (n), we get

FA) — 1 1 . 1
0 (4) = lim sk e lizke (149, ]} =5 #0.

This means that (zx) is not S{ (X, d) —bounded. However,

1
0(A) = lim = kel :ke{l,49,.. 3} =0

n—oo
Consequently, (zg) is Sy (X, d) —bounded.
From Theorem 2.6, taking (A,) = (n), we get the following result.

Corollary. Let (zy) be a sequence in a metric space (X,d) and f be an unbounded modulus. If (xy)
is ST (X, d) —bounded, then it is S (X,d) —bounded,but the converse is not true, in general.

Theorem 2.7. Let (x1) be a sequence in a metric space (X,d), f be an unbounded modulus and

A€ A Iflim inff()\)‘") > 0 and the sequence (xy,) is Sy (X, d) —bounded, then it is S{ (X,d) —bounded.
n—oo n
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Proof. Suppose (zy) is Sy (X, d) —bounded. Then there is ¢ € X such that

lim —|{k€[ :d(vg,q) > M} =0

n—oo
for some M € RT. Since f is a modulus, we have

Jim Sh{k € d (o) = MY 2 Jim S f (k€ Ly s d (@) > M)
> i £0) 1 flkehs dipz M)

T n—ooo n fD F(An

Since (z) is Sy (X, d) —bounded and lim 1nff( ") > 0, we get

n—oo

. 1

Thus, (1) is S (X,d) —bounded. O
From Theorem 2.6 and Theorem 2.7, we get the following result.
Corollary. Let (x) be a sequence in a metric space (X,d), f be an unbounded modulus such that

lim mff)\ ») >0, and A € A. Then (zg) s Sx (X, d) —bounded if and only if it is S{ (X, d) —bounded.

n— oo

Theorem 2.8. Let (z) be a sequence in a metric space (X, d), f be an unbounded modulus, and

AeA If hm mff(( )) > 0 and the sequence (zy) is S¥ (X, d) —bounded, then it is S{ (X, d) —bounded.

Proof. Suppose (x1) is S/ (X, d) —bounded. Then there is ¢ € X such that

1
nh_fﬂof() (Hk <n:d(ak,q) =2 M}|) =

for some M € R*. Obviously, we have
Hk <n:d(zk,q) > M} >{kel,:d(zrq) > M}.

Since f is a modulus, we can write

ﬁf(l{k <n:d(zk,q) 2 M}|) 2 (n)f(l{k € I - d(wx,q) > M}])
fOw) 1

~F) FO)

Since () is S (X, d) —bounded and lim infZ32) > 0, we get

n—oo f(n)

f({k € I : d(zx,q) =2 M}).

. 1
Tim. mfﬂ{k €l d(xy,q) > M}|) =

Therefore (xy) is S{ (X, d) —bounded. O
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