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A SHORT NOTE ON STAR-COMPACT SPACE

PRASENJIT BAL

Abstract. In this paper, we intend to show that in a regular space with a cellular open base, a star
compact subspace and a closed subset, disjoint from each other, are strongly separable. We also find
an alternative representation of star-compactness in terms of a family of closed sets by introducing
some modifications to the finite intersection property.

1. INTRODUCTION

In a topological space (X, ), the star of a subset A, with respect to a collection of subsets U is

denoted and defined as
St(AU) = U eu:UNA#0}.

The star operator was used to generalize the concepts of compactness and Lindel6fness by Douwen,
Reed, Roscoe and Tree [15] in 1991. Since then, several generalizations of star-compactness have been
made and studied by various authors. Some recent advances in this direction can be found in the works
of Xuan and Song [16], Ko¢inac et al. [12,13], Bonanzinga and Maesano [10] and Bal et al. [2,3,5-9].
A topological space (X, 7) is called a star-compact space if for every open cover U, we can find a finite
subset F' such that St(F,U) = X [15]. By the definition itself, it follows that every compact space is
a star-compact space. Imposing the finite intersection property on a family of closed sets leads to an
alternative interpretation of compact sets [11]. Following the same path, we established an alternative
definition for the star-compact space. On the other hand, if a regular space has two disjoint subsets,
one of which is compact and the other is closed, then they are strongly separable [11]. In this article,
we discuss what happens if the one of the disjoint subsets is star-compact.

2. PRELIMINARIES

Definition 2.1 ([11]). A family F = {F, : @ € A} (where A is an index set) is said to have the finite
intersection property if for every finite subset {a1, a2, as,...,a,} of A, i, Fa, # 0.

Definition 2.2 ([1]). A family F is said to be cellular if the elements of F are pairwise disjoint.

An open base B of a topological space (X, 7) is called a cellular open base if the elements of B are
pairwise disjoint.

3. MAIN RESULTS

Theorem 3.1. Let (X, 1) be a reqular space with a cellular open base, and let (A, T4) be a star-compact
subspace of (X, 7). Then for every closed set B disjoint from A, there exist open sets U,V C X such
that ACU, BCV andUNV = 0.

Proof. Since (X, 1) is a regular space, for every x € A, there exists open sets U,,V, C X such that
2 €U, BCVyand U, NV, =0.

Let B be a cellular open base for (X, 7), then there exists B, € B such that x € B, C U,. Clearly,
x € B, and B C V, are such that B, NV, = (. Then A C UyecaB,. Let U = {B, : = € A}. So,
Uy = {ANDB, : z € A} is a cover for the subspace (A,74). But (4,74) is a star-compact space.
Therefore, there exists a finite set F' C A such that

St(F, UA) = A.
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But every element of U/, is a subset of the corresponding element of U, therefore
A C St(F,U).

We take U = St(F,U) and V = NyepV, = V. Obviously, U and V are open sets with A C U and
B C V. Now.we have to show that U NV = (.
If possible, let UNV #£#Pand pe UNV.

= pe€ St(F,U) and p € ﬂ Vi,
zeF
= {3B, € U such that p € B, and F N By # 0} and {p € V,Vz € F}.

Let re B_NF = re€ Bjandr € F.

Therefore, B, € Ua such that p,r € B; and p € V,.. p may or may not belong to A, but ¢,r € A.
Since B,, By € U and U is a cellular open base, therefore either B, N B, =0, or B, = B,.

Since r € B, and r € By, therefore B, N B, # 0, so B, = B,.

Thus p € B, = B, alsop € V;,, ". B, NV, # 0, which is a contradiction.

Therefore U NV = (). Hence we have the following O

Corollary. Let (X,7) be a Hausdorff space with a cell-open base and let (A,74) be a star-compact
subspace of (X, 7). Then for every x € X such that x € A, there exist open sets U,V C X such that
ACU,z€V andUNV = 0.

Proof. In a Hausdorff space, every singleton set is closed. So, the result follows directly from the
aforementioned Theorem 3.1. O

Definition 3.1. A family F of subsets of a space X is said to have the modified non-finite intersection
property (MNI property) if there exists a subfamily £ C F with the property NE = () for which we
can find a finite subset P C X such that PN (X \ F) # 0 for all F € £.

Theorem 3.2. For a topological space (X, T), the following statements are equivalent:

(1) X is a star-compact space.

(2) For a given family U of open sets, if for every finite subset F C X, St(F,U) # X, then U
cannot cover X .

(3) For a given family F of closed subsets of X, if (\F = 0, then the family F have the MNI
property.

(4) Every family of closed subsets of X that does not have the MNI property has a non-empty
intersection.

Proof.
(1) = (2).

Let X be a star-compact space. If possible, suppose that U is a family of open sets that covers X.
In this case, by condition (2), for every finite subset F' C X, St(F,U) # X, which contradicts the fact
that X is star-compact. So, U cannot be a cover of X.

(2) = (1).

Let U be an arbitrary open cover of X and condition (2) be satisfied. Clearly, U is a collection of
open sets. If possible, suppose that for every finite set F' C X, St(F,U) # X. So, by condition (2), U
is not a cover of X, which is a contradiction. Thus there must exist a finite subset F' C X such that
St(F,U) = X.

Therefore, X is a star-compact space.
1)= (3).

Let X be a star compact space. Suppose F be a family of closed sets such that (F = 0.

~X\(NF) =x\0,

= J&x\F)=x.
FeF



ON STAR-COMPACT SPACE 209

Thus G = {G = (X \F): F € F} is an open cover of X. But X is a star compact space. So, there
exists a finite set P C X such that St(P,G) = X.

= (J{Geg:PnG#0} =X,
= (H(X\F)eG: PN (X\F)#0} =X,
= (H(X\F): FeFand PN (X\F)#0} =X,
= X\[[{FeF:Pn(X\F)#0}=X,
— ({FeF:Pn(X\F)#0}=0.

Suppose that £ ={F € F: PN (X \ F) # 0}. Therefore, &€ C F is such that (€ =0 and P C X
is finite such that PN (X \ F) # 0 for all F € £. Therefore, F has the MNI property.
(3)=(1).

Let condition (3) be satisfied and U be an arbitrary open cover of X. Therefore, [ JU = X

— x\ (Uu)=x\x=0,
= ({X\U:Uecu}=0.

Suppose that F = {F = X\ U : U € U}. So, F is a family of closed sets with (|F = (. Now, by
condition (3), the family F has the MNI property. Thus there exists a sub-family £ C F with (€ =0
for which there exists a finite subset P C X such that PN (X \ F) # 0 for all F € £.

Now,

ECF = {(X\F:Fe&}C{X\F:FeF}
= U ={U=X\F:Fe&}CU.
Also,
Uu =x\((F:Feet) =x\ () =X \0=X.
But PN(X\ F)#0 foral Feé&.
So, StPU) = {U=X\Feu :Pn(X\F)#0} = Ju =X,
= St(P,U) = X( Since, U’ CU).

Therefore, X is a star-compact space.
(3) = (4).
Statements (3) and (4) are contrapositive to each other, hence they are equivalent. O
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