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FUNCTIONAL (CO)HOMOLOGICAL GROUPS OF COMPLETELY REGULAR
SPACES AND THEIR APPLICATIONS

‘ VLADIMER BALADZE ‘ AND FRIDON DUMBADZE

ABSTRACT. Using the set of functionally open finite covers of completely regular spaces, we con-
struct a Cech-type functional homology functor HE (-, —;G) : Top2, — Ab and functional co-
homology functor IA{I’;(—, —;G) : Top2, — Ab from the category of pairs of completely regular
spaces and their CE-subspaces to the category of abelian groups. We also define the Bokshtein—
Nowak functional cyclicity coefficient 'ryg and the functional cohomological dimension dimg of com-
pletely regular space with values in the set N U {0,00}, and prove the equalities HY (X, 4;G) =
Ha(BX,A75G), HR(X, 4:G) = A™(BX,A76), nE(X) = na(BX), dimf(X) = dimg(8X),
where N, Hn(BX,ZﬁX;G), ﬁ”(ﬂX,ZﬁX; G),ne(BX) and dimg(BX) are the set of natural num-
bers, Cech homology group, Cech cohomology group, Bokshtein-Nowak cyclicity coefficient and
cohomological dimension of the Stone-Cech compactification of the pair (X, A) € ob(Top2,) and
the space X € ob(Top,,), respectively.

INTRODUCTION

Problems in the theory of compactification of topological spaces also lead to the necessity of the
creation and development of such new (co)homological theories, whose methods can be effectively
used in the study of specific problems in algebraic topology.

The research presented in this paper focuses on the following Problem: Find the necessary
and sufficient conditions under which the spaces of the given class possess the compact-
ifications with the given properties.

This problem has been studied for various compactifications and properties by several authors
(cf., [1,5,7,11-15,19-21,23, 24, 26-28, 31-36]).

The present paper is devoted to the study of this problem for the following properties:

the n-dimensional Cech (co)homology group [19], the cyclicity coefficient [13,28] and the cohomo-
logical dimension of the Stone-Cech compactification of a completely regular space of a given group
and an integer, respectively.

A special aspect of this topic was considered in [19], where it was proved that if (X, A) is the
Tychonoff compactification of a closed pair (X, A) of normal spaces, then

HJ(X, A;G) = Hy(X, 4;G)
and

H} (X, A;G) = H' (X, A;G),
where H/ (X, A; G) and H}? (X,A;G), Hy(X,A; G) and ﬁ"(f(, A; Q) are, respectively, the n-dimensional
Cech homology groups and the n-dimensional Cech cohomology groups of pairs (X, A) and (X' , fl),
based on finite open covers. Note also that in [5,11] and [27], the obtained results include the char-
acterizations of other homology and cohomology groups of extensions of spaces from some classes of
spaces.

We say that a subspace A of X has the CE-property, if every continuous map f : A — [0,1] is

continuously extendable over X (cf., [20]). The sat A we also call a CE-subspace.
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By Top2, we denote the category of pairs consisting of completely regular spaces and their CE-
subspaces.

In this paper, we define the Cech type functional homology and cohomology O-functor and
§-cofunctor (see [19]) HE (=, —;G) : Top2, — Ab and Hp(—,—;G) : Top2, — Ab from the cat-
egory Top2, to the category Ab of abelian groups. The definitions of these functors are based on the
set of functionally open finite covers of pairs (X, A) € ob (Top2,).

The main results of the paper are the following theorems.

Theorem 3.1. For every pair (X, A) € ob(Top2,), one has

Y (X, 4 G) = Ho(8X, 473G
and

rn rn —BX

Hp (X, A4:G) = H(8X,3°%; ).

The paper also defines the functional cyclicity coefficient nZ(X) and functional cohomological
dimension dimg(X ) of completely regular space X, and proves the following theorems.

Theorem 3.4. For every completely reqular space X, the equality
nG(X) = nc(BX)
holds.
Theorem 3.7. For every completely reqular space X, the relation
dim&(X) = dimg(8X)
holds.

Note that, here g and dimg are the classical cyclicity and cohomological dimension coefficients
studied by several authors.

Thus, the functional (co)homology groups, intrinsically, in terms of functionally open sets of com-
pletely regular spaces describe the Cech (co)homology groups, the cyclicity coefficients and the coho-
mological dimensions of the Stone-Cech compactifications of completely regular spaces. In particular,
the pair (X, A) € ob(Top2,) has the Stone-Cech compactification with the Cech (co)homology group
isomorphic to the abelian group M if and only if (X, A) has a functional (co)homology group isomor-
phic to abelian group M. Moreover, a completely regular space X has the Stone—Cech compactification
with cyclicity coefficient or cohomological dimension equal to the integer n > 0 if and only if X has a
functional cyclicity coefficient or cohomological dimension equal to the integer n > 0.

In view of these results, the relations HI (X, A;G) = M, HA(X,A;G) = M, n5(X) = n and
dim&(X) = n are the internal necessary and sufficient conditions for (X, A) and X, so that (X, A)
and X have the compactification with H, (8X, Zﬁx; G) =M, ﬁ”(ﬁX, ZBX; G)=M,ne(BX)=n
and dimg(8X) = n.

Finally, we note that without any additional references, if necessary, we will use the definitions
and results from the books “General Topology” [20], “Algebraic Topology” [19], and “Dimension
theory” [21,28].

1. CECH-TYPE FUNCTIONAL (CO)HOMOLOGY GROUPS

In this section of the paper, using the methods developed in [19] and [20], we present the construction
of the Cech-type functional homology and cohomology functors on the category Top2, and deduce
some of their consequences.

Let (X, A) be a pair consisting of a completely regular space X and its CE subset A. By covp(X)
we denote the set of functionally open finite covers of space X. Let a = {au}, ¢y € covp(X),
Vol < x0 and s C V,, be a subset of V,,. By car,(s) we denote the carrier of s. By the definition,
cary(s) = ﬂves «,. Consider the nerve X, of a and its subcomplex A, consisting of all finite subsets
s C V, such that car,(s) N A # 0.
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The chain and cochain groups C,, (X, Aq; G) and C"(X,, Ay; G) with coefficients in the abelian
group G of the simplicial pair (X,, A,) are defined in the usual way [19].

Now, we assign to the simplicial pair (X, A, ) the homology and cohomology groups H, (Xa, Aa; G)
and H"(X,, Aq; G) with coefficients in the group G (see [19, Ch. VI, 3.9]).

Let C,, (X, ) be the free abelian group generated by all ordered n-simplices of X, and let C,(As)
be the free abelian subgroup generated by all ordered n-simplices of A,. By C, (X4, Ay) we denote
the quotient group C,(X,)/Cn(As). For every generator (vg,vi,...,v,), Cn(Xy) has its boundary
defined as

n

O(vg, V1, ..y Un) = Z(—l)i(voml, vy Dy, Up)
i=0

Hence, there exists the boundary homomorphism

On 1 Cr(Xy) = Cr1(Xa)
with the properties

an(cn(Xa)) - Cnfl(Xa)
and

an(cn(XaaAa)) C Cnfl(Xou Aa) .

Thus, we have the ordered chain complexes

C(Xa) = {Cn(Xa)aan}v C(Aa) = {On(Aa)aan}

and
C(Xa,An) ={Ch(Xa, An), On}.
Let
Cn(X0; Q) = Cn(Xa) ® G, Cr(Ay;G) = Ch(Ay) @ G
and

Cn(XouAa; G) = Cn(Xaa Aoc) & Gv

where the symbol ® denotes the tensor product of groups. Consequently, we have obtained the chain
complexes

C(XQ;G) = {Cn(Xa; G)aan ® 1G}7 C(AQ;G) = {Cn(Aa; G)van ® 1G}7
C(XouAa;G) = {Cn(XouAa;G)aan & 1G}

For the sake of simplicity, the homomorphisms 9,, ® 1¢ we again denote by 0,.

As in [19, Ch. 5], we can describe cochain complexes {C™(X,;G),0"}, {C"(Aq;G),0"} and
{C"( X4, Aa; G), 0™}

Let H,(Xo, Ao; G) = ker 8,/ im 9,11 and H"(X,, Ay; G) = ker 6" /Im §"~1. The boundary ho-
momorphism 0 : Hy, (X4, Aa; G) = Hp—1(As; G) and coboundary homomorphism § : H"(A,; G) —
H" (X, Ay; G) are defined in the usual way. Note also that every simplicial map f5 : (Xo, Ao) —
(Y3, Bg) induces the homomorphisms fg. : Hn(Xa, Aa; G) = Hn(Yp, B; G) and f5 : H" (Y, Bg; G) —
H"(Xqo,An; G).

Let o € covp(X) be a refinement of o € covp(X) (notation a < «’). Note that the set covp(X)
is a directed set with respect to the refinement relation <.

Any two refinement projection maps induce contiguous simplicial maps from the pair (X, Aar)
to the pair (X, A,). Consequently, any two refinement projection maps pas and pl,.. induce the
unique homomorphisms

Paars = Poors * Hn(Xory Aar; G) = Hy(Xa, Aa; G)
and

P = Dyt HY (X0, Ag; G) = H" (X o, Ar; G).
For every a € covp(X), the homomorphisms p,a+ and pf,, are the identity homomorphisms, and for
every triple a < o/ < a’,

paa”* = paa/* .po/o//*
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and
pZa" = pz’a” 'pZo/ :
Thus, there exist the inverse system {H,(X4,Aq;G),Paa+,covp(X,A)} and the direct system
{H"(Xo, Aa; G), plorscovp (X, A)} for the pair (X, A) € ob(Top2,).
We have the following

Proposition 1.1. Let A be a CE-subspace of space X € ob(Topee). The set of covers {c, N Ala, €
a € covp(X)} is a cofinal subset of the set covp(A).

Proof. Let o = {aw, }viev,, i =1,2,...,n be a functionally open cover of A. There exists a functionally
closed shrinking covering 8 = {51;1}@16\/ ,i=1,2,...,n of the covering « (see [20, Theorem 7.1.5]).
For every pair (A \ ay,,fBu,;), vi € Va, there ex1sts a continuous map f,, : A — [0,1] such that
fui (AN aw,)) = {0} and f,,(By;) = {1}. By the condition of our proposition, every map f,, has a
continuous extension f,, : X — [0, 1]. The family

{FaH@/2.10), £1(/2,00), o f 1 ((1/2,1), f £51(0,1))}

is a functionally open finite cover of X. Note that AN f,*((1/2,1]) C o, for each i =1,2,...,n and
AN 61 f;l([O, 1)) = 0. Thus, the family

{Anf 1 (/2,0]), A0 £ ((/2,1]), . AN FH((L/2,1))

is a functionally open finite cover of A and it is a refinement of «. O

The limit groups
X A;G) = L{H (Xay Aa; G)y Do« scovp (X, A)}
and R
Hi (X, A;G) = liﬂ{H"(XmAa; G),ph. ,covp(X, A)}

are called the n-dimensional functional homology and cohomology groups of the pair (X, A) € ob(Top?2,)
with coefficients in the abelian group G, respectively.
Let
(f:(X,4) = (YV.B)) € MOTTopge((Xa A), (Y, B))
and
B = {ﬂv}veVg € covr(Y, B).
The family o = {a, }yev,, where a,, = f~1(,) for every v € V,, = V3, is a functionally open cover
of X. Note that X, is a subcomplex of Y3 and A, is a subcomplex of Bg. Hence, there exists
the inclusion simplicial map fz : (X4, A4a) = (Y3,Bg). Let 8 € covp(Y) and § < #’. Then any
refinement projection pgg: of A’ into 8 induces a refinement projection pyo of @’ into . From the
equality fg.paa’ = pppr-f5 it follows that
Ix " Paarx = Ppprs - [
and
Poar - I3 = f3 - DPhpr-

Consequently, the map f~! : cov;(Y, B) = covp(X, A) and the homomorphisms

fﬁ* : Hn(Xa, Aa; G) — Hn(YB7 Bﬁ; G)
and

J5: H"(Ys,Bp;G) = H"(Xq, Aa; G)
form the morphisms

(fﬁ*’f_l) : {Hn(Xa7Aa;G)apoza'* ) COVF(X7 A)} — {Hn(YBaBﬂa G),pﬂﬁl*,COVF(Y, B)}

and
(fﬁ ) {H”(Yﬁ,Bﬁ,G),pEB,,covF(Y, B)} = {H"(Xa, Aa; G), Dk covp(X, A)}.
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Let
fe=tm(fp, f71) : Hy (X, A:G) — H (Y, B G)
and
fr="lim(f5, f71) : HR(Y, B; G) = HE(X, 4;G).
The homomorphisms f, and f* are called the homomorphisms induced by the map f : (X, A) —
(Y, B).
2. CeECH TYPE FUNCTIONAL (CO)HOMOLOGY FUNCTORS

In this section, we construct the Cech-type functional homology and cohomology 9 and § founctors
HI(—,—;G) : Top2, — Ab
and
H2(—,—;G) : Top2, — Ab.
By the definition,
1, (= = G) (X, 4) = Hy (X, A;G), (X, A) € ob(TopZ,),
Hy (f) = fo, [ € Morpope, (X, A), (Y, B)),
Hi (=, = G)((X,A)) = HE(X, 4;G), (X, A) € ob(TopZ,),
HE(f) = 1", | € Morqopz, (X, A),(Y, B)).
This implies that for every continuous maps
[ € Morgopz ((X,A),(Y,B)), g€ Morropz ((Y,B),(Z,C))
and the identity map
I(x,4) € Morgopz (X, A), (X, A)),

the following equalities

hold.
Thus we have the following

Theorem 2.1. There exist a functional homology functor and a functional cohomology functor
HE (-, —;G) : Top2, — Ab

and
H2(—,—;G) : Top2, — Ab,

respectively.

Let (X, A) € ob(Top2,). Consider a cover a € covp (X, A), indexed by the pair (V,, VA).

Let VA = {v € V,Ja,NA # &}. Now, define a cover o/ = {ayNA},cya of A and an order
preserving map ¢ : covp(X,A) — covp(A,d). By the definition, ¢ (a) = &’. The correspondence
o, — @(a), induces the identification of simplicial complexes A, and A, (), i.e., Aq = Ayq). Note
that the following equalities: paa/« * Pars = Qax * Po(a)p(ar)x and ©h, - phor = p;(a)w(a,) - ¥ hold for
every pair a < o' of covp(X, A).

Now, consider the map ¢ : covp(X, A) — cov(X, @) given by the formula ¢ (), = a,. Note also
that the nerves X, and X () are isomorphic simplicial complex, i.e., Xo = Xy (). There exist the
maps of the inverse systems:

{H,(Aa; G)s Do s COVE(A, @)} = {Hp(Aa; G), P «» cOVE(X, A) }
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and
{H,(Xa; ), Paarss covp (X, D)} = {Hn(Xa; G), Paars, covi (X, A)}.
It is clear that the limit homomorphisms
Yoo HY (A;G) — HY (A G) x4
and
Voo + Hy (X3G) — Hy (X5G)(x,a)

are isomorphisms.
For cohomology, we have the isomorphisms

P> HE(4,G) (x,0) = HRE(A;G)
and
U Hp(X; G)(x,a) — HR(X;G).
Let o € covp(X, A). Consider the homology and cohomology sequences of the pair (X,, A,),

R Hn<XonAoc§G) & Hn(XodG) <1o<_* Hn(Aa;G) <a_a HnJrl(XOMAOé;G) Al
and
o H™M(X o, Aa; G) 225 HY (X0 G) -2 H™(Aa; G) 22 H™ (X o, Ag; G) — -+ .

There exist the following limit sequences:

v 5 i & 7
s HE (X, A) €5 HY (X) (x,) <= HE (A)x,0) <= HE (X, A) -

and

rn " fn i A 8 fn
s = HR (X, A) 2 HE(X) (x,4) — Hp(A)(x,a) = HETH(X,A) = -
respectively. . R
Let 0: HE (X, A;G) — HE [(A;G) and 6 : Hp(A;G) — Hpt (X, A; G) be the homomorphisms
given by the formulas 0 = (o) ~! -9 and § = &' - (=)L
Thus, we obtain the following

Theorem 2.2. For every map f : (X, A) — (Y, B), an integer n and abelian group G, the following
rectangles:

1E (X, 4:G) —— 2 HE | (A4:)
f. (fla)-
HE (Y, B;G) 1l (B;G)
and
Hy ' (B G) HE (Y, B; G)
(fia)* I
Hi™H (A G) ———— HR (X, A4:G)

are commutative.
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Note that @eo - 0 = Yoo - it - &' = &'. Now, we prove that the equality i’ - oo = oo - ix holds.

Consider the maps 7,7 : covp(X, A) — covp(A, @) defined by the formulas
Ta=pa, (Ta)y=ANa,, accovp(X,A),
na =i ‘o, (na)y =ANa,, accovp(X,A).

Let 7o : Hp(Aro; G) = Hy(Xo;G) and 1 @ Hy(Ape; G) = Hy(Xa; G) be the homomorphisms
induced by the simplicial embedding maps of complex A,, into complex X,, and complex A4, into
complex X, respectively.

For every finite functionally open cover a € covp(X, A), we have na < T7a. There exists a homo-
morphism ppa ras : Hn (Ara; G) = Hy (Apa; G) such that 7, = 1 - Ppa,rasx-

The homomorphisms 7, - o, and ¥ - i, are the limits of the morphisms

(Taa T>7 (77a7 7]) : {Hn(Aa; G)apaa’*7 COVF(A7 @)} — {Hn(Xa§ G)7paa’*a COVF(Xa A)}
Since Too = Moo, We have i, - Yoo = Voo * ix.
Let 0,p : covp(X, A) = covp(X, @) be the functions given by the formulas
ca =«
and
pa = a.
Note that X;0 = X,0 = X, . Let the homomorphisms o4, pa : Hn(Xa;G) = Hy(Xa, Aa; G) be
induced by the inclusion map X, — (X4, An). We have the morphisms
(Uou 0‘), (Pa’ ,0) : {Hn(Xa; G)aPaa’*z COVF(X7 ®>} — {Hn(Xou Ag; G)>pao/*; COVF(Xv A)}

Note that for every a € covp(X, A), pa < 00, 0 = pa - Ppa,cax- 10 addition, ooe = poo.
Homomorphisms j/ -, and j. are the limits of morphisms (o, c) and (pq, p), respectively. Hence,

.7; Yoo = Ju-
Consequently, the diagram below satisfies the commutativity relations:
- o - is . Jx
Hy (X, A G) —— HY (A;G) Hy(X;G) —— H (X, 4G)

‘ , @ool y wool ./ ‘ ‘
(X, 4;G) — HE(4;G)(x — HI(X; G)(x,a) = HE (X, 4;G)

TF
Hn+1

For cohomology there exists a similar diagram.
Therefore, we have the following

Theorem 2.3. For any pair (X, A) € ob(Top2,), the homology sequence
= HY(A;G)—H] (X;G) —» HE (X, A;G) — HE | (A;G) — -+
is of order 2, and the cohomology sequence
o HY YA Q)= HE (X, A:G) — HE (X;G) —HRE (A;G) — - -
s exact.
Therefore, the functional homology and cohomology functors
HE(—,—;G) : Top2. — Ab
and .
H%(—,—;G): Top?, — Ab
are O-functor and d-cofunctor in the sense of [E — S], respectively. This is a direct consequence of
Theorems 2.1, 2.2 and 2.3.

Let a be the cover of X consisting of a single point. The inverse system of nerves of functionally open
covers of X has a single term X, = N(a) consisting of a single vertex. Consequently, HI' (X;G) =

H, (N (a);G) and H(X;G) = H" (N (a);G). Hence, A (X;G) ~ G and HI (X;G) = 0 for
n # 0. Analogously, H% (X;G) ~ G and Hp (X;G)=0 for n # 0.
Thus we have the following
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Theorem 2.4. For the distinguished singleton space X = {x},

Hf(x;@:{o’ "
G, n=0
and

. 0, n#0

HE(X;G)=< "

# ) {G, n=0.

3. CHARACTERIZATIONS OF CECH (CO)HOMOLOGY GROUPS, CYCLICITY COEFFICIENTS AND
COHOMOLOGICAL DIMENSIONS OF STONE-CECH COMPACTIFICATIONS

Now, we are mainly interested in the following question: How can the Cech (co)homology groups,
cyclicity coefficients and cohomological dimensions of the Stone-Cech compactifications of completely
regular spaces be characterized intrinsically, in terms of functionally open subsets of completely regular
spaces.

Consider the inclusion maps i : A — APX j: A — BX, k: A?X — X and the homeomorphism
o+ APX 5 BA (see [Eny]) for which the equalities ¢ -i = j and B(f) - j = f hold, where B(f)
is an extension of the map f. For an arbitrary extension 1 : A?X — [0,1] of the map f, we have
B(f) - o4 =Ya. It is clear that ¥ = B(f) - ¢. i

Let [ = k - i. Moreover, there exists an extension f : fX — [0, 1] of the composition S(f) - ¢, i.e.,
F-k=B8()-e.

Note that

Fa=Ff-(k-iy=(F-k)-i= @) i=Bf)(p-i)=Bf) =]
Now, we list a number of facts about the CE-subspaces, which are simple consequences of general

results in the compactification theory. Note that if A is the CE-subspace of X and X is the CE-
subspace of Y, then A is the CE-subspace of Y. Furthermore, if A is the CE-subspace of completely

regular space X, then A and ZBX are the CE-subspaces of 5X.

The main result on the connection between the Cech (co)homology groups of compactifications of
completely regular spaces and the Cech functional (co)homology groups of completely regular spaces
is the following

Theorem 3.1. For every pair (X, A) € ob(Top?2,), one has
1Y (X, 4:6) = H, (X, 477 0)

and
HE (X, 4:G) = A" (BX, A73.G).

Proof. Let X be a completely regular space and A be a subspace with the CE-property. For every
finite open cover a = {aw, fu,ev,, i = 1,2,...,k of BX, there exists a functionally open shrinking
covering 3 = {8y, fv,evy, @ = 1,2,...,k of a such that 8,, C ay,, 7 =1,2,..., k. For the cover fAX =
{Bv; " X }uevsnx, @ = 1,2,..., k, there exist a functionally open shrinking covering v = {Vu, }w,ev; s
i=1,2,.. .k

Let Ex(Yw,) = BX \ (X \ Vu,;), i = 1,2,..., k. From the relation Ex(7w,) C Fa, C Bo, C Q,, it
follows that the family Ex(v) = {Ex(Yw,)}r_; is an open shrinking of a = {au, }u,ev,. Note that
Ex(y)ANX =~ and Ex(y) > a.

Let @ = {ow, }u,e(va,va) be a cover of (X,A) € ob(TopZ,). The closure A7 of A BX is
equivalent to the Stone-Cech compactification SA of A. For finite functionally open cover «,

Ex () N Ex(aw,) N Ex(ae,)NA~ # 2

if and only if
Qyy Ny, N Nay, NAFO.
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The above arguments show that the nerves of functionally open cover of o and Ex(«) of the pairs
(X, A) and (8X, ZBX) are isomorphic simplicial complexes.

The set {o = BAX|B € covp(BX)} is a cofinal subset of the set covp(X), and the set { Ex(a)|a =
BANX, B € cov(BX)} is a cofinal subset of cov(8X). The simplicial isomorphisms yield the isomor-
phisms of the groups

—BX
Hn(XavAoz;G) ~ Hn((BX)Ex(a)a(A )Ex(a);G)
for each @ = B A X1, 8 € covp (8X) . Hence, the limit groups

Ho (X, A7G) = ln(H, (BX) 5. (A7) 4: @), . covr(BX)
and
HY (X, A;G) = lm{Hp (Xa, Aa; G), Pa,ars, covr(BX)}
are isomorfic.
Applying the last isomorphisms, we conclude that Y (X, A;G) = Hn(BX,ZBX; G).
Analogously, we can verify that IYI?(X, A;G) = I;T"(BX7Z5X; Q). O

Corollary 3.2. The compactification (8X, Zﬁx) of the pair (X, A) € ob (Topge) has a Cech (co)homology
group isomorphic to an abelian group M if and only if (X, A) has a Cech functional (co)homology group
isomorphic to M.

Now, we present the following

Definition 3.3. Let G be an abelian group. A functional cyclicity coefficient n&(X) of X € ob(Topce)
with coefficients group G is equal to n, if ff}? (X;G) =0 for every m > n and f[}ﬁ (X;G) #0. We put
n&(X) = oo if X # @ and for every m there is an n > m with HR(X;G) #0.

Thus, the functional cyclicity coefficient of X with the coefficients group G is a function
n& : Topee — N U {0,00} : X — n such that n5(X) = n.

The following theorem is a direct consequence of Theorem 3.1.

Theorem 3.4. For every completely reqular space X, the equality

né& (X) =g (BX)
holds.

Proof. Assume that ng(8X) = n. Then for every m > n: I:I’”(BX;G) = 0 and I:I”(BX;G) # 0.
From the relation H*(8X;G) = HE(X;G) it follows that H%(X;G) = 0 for every m > n, and
HR2(X;@G) # 0. Thus, nk(X) = n. Consequently, n&(X) = ng(8X). O

Corollary 3.5. For every completely reqular space X, the cyclicity coefficient ng(8X) is equal to n
if and only if the functional cyclicity coefficient n&(X) is equal to n.

The construction of meaningfull cohomological dimension theory for general topological spaces
is one of the main problems of modern topology. It is well-known that the theorems of classical
cohomological dimension theory ( [2,13,16-18, 22, 24-30, 32, 33]) of “good” (metrically compact or
Hausdorff compact) spaces often cannot be generalized to completely regular spaces. In this paper,
we also investigate the given problem by using the Cech functional cohomology theory. For this aim,
we define a functional cohomological dimension and establish some of its main properties.

Definition 3.6. The functional cohomological dimension dimg X of a completely regular space X is
defined as the largest integer n > 0 such that HZ(X, A; G) # 0 for the CE-subspace A of X.
The functional cohomological dimension of X is the function dim% : Topee — NU{0,00} : X — n,
where dimg X =n.
Theorem 3.7. For every completely reqular space X, the relation
dim& X = dimg X
holds.
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This Theorem is a consequence of Theorem 3.1.

Corollary 3.8. For the functional covering dimension of a completely regular space X, dim X = 0 [20]
if and only if dimg X =0.

Theorem 3.9. The following propositions are equivalent:

i) dimg X < n;

ii) For everym > n and CE-subspace A of a completely reqular space X, the induced homomorphism
HY(X : G) — HE(A;G) is an epimorphism.

Proof. The proof follows from Theorem 3.1 and Skliarenko’s Theorem 37.7 (see [28]). O

Theorem 3.10. Let A be a CE-subspace of a completely reqular space X. Then

dimf; A < dim¢ X.
Proof. Note that
dimf A = dimg BA = dimg 4™~ < dimg SX = dim5 X.

Hence, dim§ A < dim§, X. O

Theorem 3.11. Let a completely reqular space X be the union of CE-subspaces X7 and Xo. If
dimg X: <m and dimg X5 < n, then dimg X < max{m,n}.

Proof. Note that 3X = X = X; U X, = X;UX5. Since X; and X, X5 and X5 are homeomorphic
spaces and Theorem 3.7 holds, we have the following relations:

dimg X = dimg X, = dimf X, <m
and
dimg X, = dimg X, = dim& Xy < n.
From Kodama’s Theorem 38.3 (see [28]), it follows that
dimg BX = dimg(X; U Xo) < max{m,n}.

By Theorem 3.7, we have dim& X < max{m,n}. O

The propositions below follow from the above-obtained results.

Proposition 3.12. Let {Gu, paar, A} be a direct system of abelian groups and G = lig{Ga,paa/, A},
If for every a € A and completely reqular space X dimgu X <n, then dimg X <n.

Proposition 3.13. If G = & G, then for every completely reqular space X,
acA

dim& X = max{dimga X|a € A}.
Using Theorem 3.7 and the results of papers [17] and [27], we can easily prove the following

Theorem 3.14. Let
0—-G —-G—-G"=0

be a short exact sequence of abelian groups. Then the equalities dimg X < max{dimg, X, dimg,, X},
dim&, X < max{dim§ X, dim&, X + 1} and dim&, X < max{dim§, X, dimg, X — 1} hold.
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