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FRACTIONAL SERIES OPERATORS ON Z»

PABLO ROCHA

Abstract. For0 < a <nandm € NN(1— %, 00), we introduce a class of fractional series operators
Te,m defined on Z™ which are generated by certain m-invertible matrices with integer coefficients.
In this note, we prove that Ta,m is a bounded operator HP(Z™) — £9(Z™) for 0 < p < g and
1_1_ 2. This allows us to generalize the results obtained by the author in [Acta Math. Hungar.,

q p
168 (1) (2022), 202-216].

1. INTRODUCTION

Given 0 < a < n,let m e NN (1 — %, 00) and let ay,...,a,, be m positive constants such that
o1 + -+ + apy =n — a. We define the discrete operator 7, ,,, on Z" by

(Tamd)() = > ) , jezm, (1.1)

£ AN el m li — Ayjlon - ]i — Apjlem

where the Ay’s are invertible matrices of M,,(Z) (= the set of all matrices of degree n with coefficients
in Z). For the case a = 0, we also assume that Ay — A; is invertible if 1 < k #1 < m.

The case forn =1,0 < a <1, m=2, A3 =1 and Ay = —1 in (1.1) was studied by the author
in [7]. Using the atomic decomposition for H?(Z) given in [1], we proved that such operator is bounded
from HP(Z) into ¢7(Z) for 0 < p < 1 and % = ]% — a (see Theorems 7 and 9 in [7]).

We also observe that the operator (1.1) is a generalization of the discrete Riesz potential on Z™.
Indeed, for 0 < o < n, m =1 and A; = Id, we have T,, 1 = I, where

(Lb)G) = WD, (1.2)

i — jln—a’
ieimzy 1177

Y. Kanjin and M. Satake in [5] studied the discrete Riesz potential I, for the case n = 1 and proved
the HP(Z) — HY(Z) boundedness of I, for 0 < p < 1 and % = zl) — a. To achieve this result, they
furnished a molecular decomposition for elements of HP(Z).

Recently, by means of the atomic decomposition for HP(Z™) given in [2], the author in [10] and [9]
studied the behavior of discrete Riesz potential on HP(Z™). More precisely, in [10] we proved the
HP(Z™) — ¢9(Z™) boundedness of I, for 0 < p < 2 and % = % — 2:in [9], on the range 21 < p <1,
we furnished a molecular decomposition for H?(Z™) analogous to the ones given by Y. Kanjin and M.
Satake in [5], and obtained the H?(Z") — H9(Z™) boundedness of I, for =1 < p < ¢ < 1.

In [7], we also showed that there exists € € (0, ) such that for every 0 < a < ¢, the operator Ty m
given by (1.1), withn=1,m =2, a1 = ag = 1770‘, A; =1 and Ay = —1, is not bounded from H?(Z)
into H4(Z) for 0 < p < H%a and % = % — «. This is a significant difference with respect to the case
O<a<l,nm=m=1and Ay =1 (i.e, T, 1 = I, is discrete Riesz potential on Z).

For more results about discrete fractional type operators one can consult [4,6,14]. On the other
hand, the HP(R™) — L?(R"™) boundedness of the continuous counterpart of (1.1) was studied by the
author and M. Urciuolo in [11] and [12] (see also [13] and [8]).

The main aim of this note is to prove the following two results. They generalize Theorems 7 and 9
in [7], respectively.
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Theorem 3.1. For 0 < a <n andm € NN (1 — %,00), let T, m be the discrete operator given by

(11). If1<p< 2 and % = % — =, then there exists a positive constant C' such that

1T, mblleazny < C|Ibller(zny,
for all b e (P(Z).

Theorem 4.2. For 0 < a <n andm € NN (1—%,00), let Ty, 1 be the operator given by (1.1). Then
forO<p<i1 and%:l_g

P n’

| Teov,m Ol ga(zny < ClIbll oz,
where C' does not depend on b.

Notation. We set Ny = NU{0}. For every E C Z", we denote by #E and x g the cardinality of the
set F and the characteristic sequence of £ on Z", respectively. Given a real number s > 0, we write
| s| for the integer part of s. As usual, we denote by S(R™) the space of smooth and rapidly decreasing
functions. If i = (iy,...,i,) € Z" and S is the multi-index 3 = (B, ..., Bn), then i :=i{* --- % and
[8] := 81+ -+ + Bn. Throughout this paper, C' denotes a positive real constant not necessarily the
same at each occurrence.

2. PRELIMINARIES

This section presents three auxiliary results necessary to obtain the main results of Sections 3 and 4.
For 0 < p < oo and a sequence b = {b(7) };czn, we say that b belongs to ¢P(Z™) if

1/p
llerery = () < .

iczn
For p = oo, we say that b belongs to £>°(Z") if

[1b]] o (zny = sup [b(i)| < oo.
iczn

In the sequel, for j = (ji,...,Jn) € Z", we put |jloc = max{|jx| : &k = 1,...,n} and |j| =
GF+ a2,

A discrete cube @Q centered at ig € Z™ is of the form Q = {i € Z" : |i —ig|oc < N}, where N € Ny.
It is clear that #Q = (2N + 1)".

Let 0 < a < n, given a sequence b = {b() };czn, we define the centered fractional maximal sequence
M,b by

1
Mab A - b . , . Zn’
(M) () = Sup s ;gl @), je

where the supremum is taken over all discrete cubes ) centered at j. We observe that if o = 0, then
My = M, where M is the centered discrete maximal operator.
The following result was proved in [10, see Theorem 2.3 and Proposition 2.4].

Proposition 2.1. Let0<a<n. If1<p<Z and % = % — &, then
[Mabllgazny < C|bllen(zny, Vb€ LL(Z").
The following lemma is crucial to get Theorem 3.1.
Lemma 2.2 ([9, Lemma 2.1]). If e > 0 and N € N, then

n, n+te 2577’ " —€
Z < 2" 2+ N—e.

i Ml T €

Next, we introduce the definition of p-atom.
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Definition 2.3. Let 0 < p <1 and d, := [n(p~* —1)|. We say that a sequence a = {a(i)}iczn is a
(p, 00, dp)-atom centered at a discrete cube @ C Z™ if the following three conditions hold:

(al) suppa C @,

(a2) ||aH€°°(Z") < (#Q)Mr,
(a3) Zz = 0 for every multi-index 8 = (f1,...,5,) € Nj with [5] < d,,.
1€Q
Given a discrete cube @Q = {i € Z" : |i — igloo < N} and m-invertible matrices Ay,..., A,

belonging to M, (Z), we define that for k = 1,...,m, Qf = {i € Z" : |i — A Vig|oc < 4DN}, where
D = max{||A; '] : k = 1,...,m}. Then we put R = Z" \ (U;~, Q) = (Ui-, Q;)°. Moreover,
R =J;", Ri, where

Ri={jeR:|j— A | <|j — Ay io| for all I # k},

forevery I =1,...,m.
By adapting the argument used in the proof of Lemma 14 in [8] to our setting, we obtain th e
following result.

Lemma 2.4. For 0 < a <n andm € NN(1—%,00), let Ty m be the discrete operator given by (1.1).
If a ={a(i)}iczn is a (p, 00, dp)-atom centered at a discrete cube Q C Z", then

ntdptl

(Tama(i)] < Cllalle= > xr, () (Mg (x@)(A10)) " if G € R,
=1

where C' does not depend on a.

3. THE ¢P(Z™) — (9(Z"™) BOUNDEDNESS OF Ty,

In this section, we establish the ¢P(Z™) — ¢9(Z™) boundedness of the discrete operator Ty, ., for

1<p<gand%=%—%.

Theorem 3.1. For 0 < « < n and méeNN(1-— o ,00), let Ty be the discrete operator given by

(L1). Ifi<p< 2 é = 5 — & then there e:czsts a positive constant C' such that
HTa,mbHM(Zn) < CJbll g (znys

for all b € P(Z™).

Proof. Given a sequence b = {b(4) }iezn, we put || = {|b(4)|}iczn. We study the cases 0 < a < n and
a = 0 separately. For 0 < a < n, it is easy to check that

(T, < (Lalbl)(Arj), Viezm
k=1

We observe that 3z [(Za[b])(A5)[? < 32 czn [(Lalb])(5)]? for every invertible matrix A € M, (Z),
since A(Z™) C Z™. Thus, the ¢P(Z™) — ¢9(Z"™) boundedness of T, (0 < a < n) follows from
Theorem [14, Proposition (a)] or [10, Theorem 3.1].

For a = 0, we have that m > 2 and, without loss of generality, we may consider the case for m = 2.
We point out that this case is entirely representative for the general case m > 2. Now, we introduce
the auxiliary operator T defined by (Tb)(j) = (Tp,2b)(j) if j # 0 and (7')(0) = 0. From the Holder
inequality and Lemma 2.2 applied with N =1 and € = n(p’ — 1), we have that

[(To.20) ()] < Il Hlgwr 2 o Ilenzmy < 00, for all 1 < p < .

So, it suffices to show that T is bounded on P(Z™), 1 < p < 400, for which we put d = min{|4;z —
Aszx| i x| =1} and D = max{||A1 ||, ||A2]|}. Since the matrices A1, Ay and A; — A, are invertible with
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integer coefficients, we have that d > 0 and D > 1. For jo € Z™ \ {0}, we write Z™ \ {A1jo, A2jo} =
I, U, UlIsU I, where

d
I, = {iGZ":O< |i — Arjo| < 2|j0|}, for k=1,2,

Iy={ieZ": il <2ynDl|jo|} N (I NIS), and Iy = {i € Z" : |i| > 2/nD|jo|} N (IT N IS).
Then

(i)
|<Tb><yo>|—|<a2bJo|<<Z 22+ Z)w—Aquwz—Azjolm'

i€l i€y i€ls i€y

First, we estimate the sum on Iy. If ¢ € Iy, then |i — Agjo| = |A1jo — A2jo + i — A1jo| > g|j0|. So,

b(i)| 202 |b(3)]
< _— = .
Z |i — AU0|"‘1 li — Agjol™2 = d*2|jo|*2 Z i — Ayjo|™ Zl

el 0<|i—A1jo|<Z|jo]

Now, we take kg € Ny such that 2k < %|j0\ < 2Fot1 thus

PR > O
k=0 d|jol 2= (42 d|jo| <|i—A1jo| <27 (R+D d]|jo | i = Avjol

0 2(k:+2)(x1

k
1) pram 3 ()|

k=0 li—Axjo|<[27 R+ d]jol |

k}o 7&2]()

2
— 2a2+2a1 bii
P AT 2 P

li—A1jo| <2~ R+ d]jo|]

ko

1
< 2a2+2a1 2—a2k .
D SIS EE ]

k=0 li—A1jo|<[27 (T d|j0] |

this last inequality follows from the fact that |2~ *+1d]|jo|| <2~ *+1)d]|j,| and that % <2
for each kK =0, ..., kg. Thus

b(i)| 2 < o k> ’
Z . — <2t (N Mgmek ) (Mb)(Ayjo). (3.1)
\Z—A1]0| 1|i — Aajol =
Similarly, it is seen that
b(@)| :
27 Auol"‘l i Agjopes = (A 2

On I3, we obtain

[b(4)] n .
2 i — Avjolor]i — Agjoloz ~ dn |‘70‘ >, o

i€l lil<2v/nDljol

2ol > [b(3)| < C(MD)(jo)- (3.3)

li—jo|<(2v/nD+1)ljol

_d”

Now, on Iy, for every k = 1,2, we have |i — Agjo| > (2\2/?1)1” | for all ¢ € I,. Since Iy C {i € Z" :

|i| > 2fD|j0\} C{i€Z": |ilw > 2|D]|jol}, it follows that

b(i)] /
<C 2 1b(i)| < O] 4w n/P < O] e nro (3.4
> |Z_A1j0|a1| < > J3] =" b(3)] 61| e» |50l l16]]# [ ol (3.4)

i — Agjo|*? , ,
= Jol liloo 32D ] ol
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where the second inequality follows from Hoélder’s inequality and Lemma 2.2 applied with N = 2| D]|jo|
and e = n(p’ — 1). Thus (3.4) implies that

#{j;«éO: >)\}§(C||b)|l”)p, 1<p< . (3.5)

S i — Au|m i — Agj[2b(0)
i€ly

Finally, (3.1), (3.2), (3.3), (3.5) and Proposition 2.1 with a = 0 allow us to conclude that T is a
bounded operator (P(Z") — (P°°(Z™), for every 1 < p < oco. Then, the ¢7(Z) boundedness of T
follows from the Marcinkiewicz interpolation theorem (see Theorem 1.3.2 in [3]). This completes the
proof. O
Remark 3.2. Let 0 <a <n. If -2~ <g<ooand 0 <p < n_’i’éq, then the operator T, ,, is bounded
from ¢P(Z™) into £7(Z™). This follows from Theorem 3.1 and the embedding ¢P*(Z") — ¢P2(Z"), valid
for 0 < p; < p < .

4. THE HP(Z™) — ¢7(Z") BOUNDEDNESS OF T}

First, we recall the definition of HP(Z") spaces and state the atomic decomposition given by S. Boza
and M. Carro in [2].

Let ® € S(R™) with flR" ® = 1, and let ®¢ denote the restriction of ® on Z". Now, for t > 0, we
consider ®¢(j) =t~"®(j/t) if j # 0 and ®¢(0) = 0. Then, by [2, Theorem 2.7, we define

HP(Z") = {b € (P(Z") : sup |(®F %z b)| € ep(zn)}, 0<p<l,
t>0
with the “HP(Z™)-norm” given by

10l zro 2y = [|Bllew 2y + [|(RF %70 B)||ow ().

From Definition 2.3, we find that if a = {a(j)};ezn is a (p, o0, dp)-atom, then a = {a(j)},czn €
HP(Z™). The atomic decomposition for H?(Z"), 0 < p < 1, developed in [2], is as follows.

Theorem 4.1 ([2, Theorem 3.7]). Let 0 < p < 1, d, = |[n(p~' —1)| and b € HP(Z™). Then there
exist a sequence of (p, 00, dy)-atoms {ak}z;’%, a sequence of scalars {\x}25 and a positive constant C
depending only on p and n, with 325 [\, P < ClIbll s gy such that b = SOF% Neay,, where the series
converges in HP(Z™).

Now, we are in a position to prove our main result.

Theorem 4.2. For0 < a <n andm € NN(1—2,00), let Ty, m be the operator given by (1.1). Then

for0<p<1 and%:%_%’
| T m blleagzny < ClIbllznzny,

where C does not depend on b.

Proof. For 0 < p <1 and % = % — 2, we prove that there exists a universal positive constant C' such
that

|Ta,mallea < C, (4.1)
for all (p,o00,dp)-atoms a = {a(i)}iezn for which we consider a (p,o00,dp)-atom a = {a(i)}iezn

supported on the discrete cube Q = {i € Z™ : |i — iglo < N}. For every k = 1,...,m, let
Q; = {i € Z" : |i — A; Yolo < 4DN}, where D = max{||4; '] : k = 1,...,m}. Now, we de-
compose Z" = (J;, Q;) U R, where R = (", Q})°. So,

m

DN Tama) <D0 D N Tam@) DI+ Y | Tama) (DI = L + L.

jenn k=1j€Q; JjER
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To estimate I;, we take —"— < gg < oo and put pio =
Theorem 3.1, we obtain

q% + &. By the Hélder inequality with /g and

I < | Tamallfa Y (#Q0)' % < Cllal|f, Y (#Q5)'

k=1 k=1
m

C(#Q)™/P(#Q)P Y (#Qp)' 9/ < C, (4.2)

k=1
where the constant C' does not depend on the p-atom a.
Now, we proceed to estimate I>. By Lemma 2.4, we have

n+tdp+1
q9—
B Clalte Y Y (Mo b)) (4.3)
=1 jezn
Since A;(Z"™) C Z™ for every I =1,...,m, it follows that
qn+dp+1 qn+dp+1
> (Mg (k@) (Ar) <3 (Mo (@) (4.4)

JEZ™ JEL™

Taking into account that d,, = Ln(% —1)], we have g2t&EL > pntdtl 1 Then, we write g = ¢2+t2+L

and let % == —|— so 1 <p<qg<ooand p/q=p/q. Then Proposition 2.1 leads to

n+d+1 ’
gttt a/p
> (Mo t@) T <0 Enel)) -
JEZ™ JEZ™
This inequality, together with (4.4) and (4.3), give
I < Cllaf= #Q)"? = C, (4.5)

where C is independent of the p-atom a. Now, (4.2) and (4.5) allow us to obtain (4.1).
Given b € HP(Z™), by Theorem 4.1, we can write b = Y A\gag, where the a;’s are discrete (p, 00, d,)
atomb and the scalars Ay, satisfy >, [Ar|P? < C||b|| g»(z»). By Theorem 3.1 applied with —2— < g < 00

and — po == —|— & and since b = )", Apaj converges in ¢P°(Z"), we have

(o) ()] < 3 Nell Tamar) G, for all j € 2. (4.6)

Finally, inequalities (4.1) and (4.6) allow us to obtain

mw{TaT 1/p
Toblisizry < € (ZM )™ <o S nk) < bt
k

Thus the proof is concluded. O

In the following corollary we recover Theorem 3.3 obtained in [10].

Corollary 4.3. FOT 0 < a < mn, let I, be the discrete Riesz potential given by (1.2). Then for
0<p<1and 1 = &

=W

1o Bl ga(zny < C||bll 020y

where C does not depend on b.

Proof. To apply Theorem 4.2 with 0 < « <n, m =1 and A; = Id. d

Remark 4.4. Let 0 <a<n If0<¢g< o and 0<p< n+aq, then the operator Ty, ,, is bounded
from HP(Z™) into ¢1(Z™). This follows from Theorem 4.2 and the embedding H?! (Z”) — HP2(Z")
valid for 0 < p; < po < 1. In particular, for 0 < a < n, 0 < g < j and 0 < p < the discrete
Riesz potential I, is bounded from HP(Z") into ¢1(Z™).

n+o¢q’
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