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EXTENSIONS OF CLASSICAL INEQUALITIES VIA E-CONVEXITY AND
FRACTIONAL INTEGRALS

TARACHAND PRAJAPATI!, NIKHIL KHANNAZ2* A. M. JARRAH3 AND ALBERTO FIORENZA*

Abstract. In this paper, we derive novel integral inequalities similar to Hadamard’s inequality for
e-convex functions using fundamental analytical methods. Our findings contribute to the growing
body of work in convex analysis and provide a foundation for further generalizations in functional
inequalities.

1. INTRODUCTION

Hadamard’s inequality [2,12] is a fundamental result in mathematical analysis that establishes
bounds on the integral of a convex function over a closed interval. This inequalty, originally formulated
by Jacques Hadamard in 1893, has significant applications in optimization [17], economics [18], and
functional analysis [5]. For a convex function f : [I,m] — R, Hadamard’s inequality is given by

¢(”m> slfqb(x)dws"b“”‘b(””-

This result provides a crucial relationship between the midpoint value of a function, its integral, and
the arithmetic mean of its endpoint values. It is widely utilized in estimating convex functions and
has led to numerous extensions and generalizations.

Hadamard’s inequality has been extensively analyzed and expanded within various mathematical
approaches. In 2003, Dragomir and Pearce [9] discussed different generalizations of Hadamard’s
inequality for convex functions, particularly under higher-order convexity conditions. Later, in 2006,
Niculescu and Persson [20] examined integral inequalities within the framework of convex analysis,
providing refinements to the classical Hadamard inequality.

Recent studies have explored connections between Jensen’s inequality and Hadamard’s theorem [7],
reinforcing the deep relationship between convex analysis and integral inequalities.

Convex functions [1,5,22] play a pivotal role in mathematical analysis, especially in optimization
and economics. A function f is convex on an interval [ if for any u,v € I and « € [0, 1], the following
inequality:

plau+ (1 - a)v) < ag(u) + (1 — a)é(v)
holds. This convexity property ensures that the secant line lies above the function’s graph, lead-
ing to fundamental inequalities such as Jensen’s inequality, the Hermite-Hadamard inequality, and
inequalities of convex combinations.

Extensions of Hadamard’s inequality have been formulated for various types of convexity, in-
cluding strongly convex [23], quasi-convex [8], and harmonically convex functions [13]. These de-
velopments highlight the continued significance and flexibility of the Hermite-Hadamard inequal-
ity [6, 10,14, 15,21, 24, 26] in modern mathematical research, demonstrating its extensive influence
across diverse fields. The incorporation of fractional and quantum calculus, along with its applications
to stochastic processes and optimization, underscores its effectiveness in solving intricate mathematical
and practical problems. Additionally, recent investigations into weighted, integral, and multidimen-
sional extensions have expanded its theoretical scope, reinforcing its importance in disciplines such as
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financial modeling, machine learning, and mathematical physics. As novel convexity concepts emerge
and computational methods advance, the Hermite-Hadamard inequality remains a vital link between
classical mathematical analysis and contemporary applied mathematics.

2. e-CONVEX FUNCTIONS AND SOME INTEGRAL INEQULITIES

We begin this section by recalling the concept of an e-convex function, which generalizes classical
convexity using an exponential weighting scheme.

Definition 2.1 ([16]). Let ¢ : T — R be a non-negative function. The function ¢ is said to be
e-convex if, for any u,v € Z and for all « € [0, 1], the following inequality:
dlau+ (1 - a)v) < e*g(u) + €16 (v)

holds. This definition extends the classical notion of convexity by incorporating an exponential factor,
which influences the way how the function interpolates between two points. The exponential weights
e® and e!~® provide a distinctive scaling property that may lead to unique applications in optimiza-
tion, functional analysis, and mathematical economics. It is also worth noting that the concept of
e-convexity explored in our paper is more general than those considered in [3,25].

Example 2.2 ([16]). A real-valued function ¢ : [0,1] — R, defined by ¢(z) = x'/?, p € N\ {1} is
e-convex, but not convex.

In this work, we extend and generalize the integral inequalities established in [21,26] to a broader
class of e-convex functions. We derive new inequalities that serve as analogous to Hadamard’s in-
equality within this generalized framework. We begin by giving the following
Lemma 2.3. The following statements are equivalent for the mapping ¢ : [I,m] — R:

(1) ¢ is e-convex on [l,m].
(2) For all z,y € [l,m], the mapping ¥ : [0,1] — R defined by ¥(t) = ¢(tx + (1 — t)y) is e-convex
on [0,1].

Proof. (1) = (2).
Assume that ¢ is e-convex on [I,m] and let =,y € [I,m]. We show that the mapping ¢ : [0,1] - R
is e-convex on [0, 1]. Then, for o, p,q € [0,1], we have

Y(ap+ (1 —a)g) = ¢((ap+ (1 —a)g)z + (1 —ap — (1 — a)q)y)
= ¢(apr + (1 — a)gr +y — apy — qy + aqy + ay — ay)
= ¢ (a(pr + (1 —p)y) + (1 — a)(gz + (1 — q)y))
<eplpr+ (1 —ply) + e “dlgz + (1 - q)y)

e“P(p) + €'Y (q).

Thus we conclude that
Plap+ (1 - a)g) < e*¥(p) + e *Y(q),
which implies that v is e-convex on [0, 1].
(2) = (1).
We show that ¢ : [I,m] — R is e-convex.
Let x,y € [I,m]. Then there exist p, ¢ € [0, 1] such that

y=ql+(1—qgm.
Define the function ¢ : [0,1] — R by
PY(A) = oM+ (1 — X\)m).

Then we have



EXTENSIONS OF CLASSICAL INEQUALITIES VIA E-CONVEXITY AND FRACTIONAL INTEGRALS 269

Since 1) is e-convex, it follows that
Y(ap + (1 - a)q) < e*P(p) +e' Y (q)
= e"(z) + ' "P(y). (2.1)
Also, we compute
Plap+ (1 —a)g) =¢((ap+ (1 —a)g)l+ (1 —ap— (1 —a)gm)

= ¢ (apl + gl — agl + m — apm — gm + agm + am — am)

=¢(a(pl + (1 =p)m) + (1 - a)(lg+ (1 — ¢)m))
=¢(ax+(1-a)y). (2.2)

Using (2.1) and (2.2), we have
$laz + (1 - a)y) < e®é(z) + ' ¢(y), Ya,yell,m], aecl01].
This shows that ¢ is e-convex on [I, m]. O

Theorem 2.4. Let ¢ and ) be real-valued, integrable, and e-convex functions on [l,m]. Then

ok oo« (2

U(l,m) = o) (1) + ¢(m)p(m),  V(I,m) = ¢(1) p(m) + ¢(m) (1) (2.3)
Proof. Since ¢ and 1 are e-convex on [l,m], for ¢t € [0, 1], we have
Ot + (1 —tym) < e'p(l) + ' "o (m),
Gt + (1= t)m) < e'p(l) + e~ "p(m).

- 1) Ul m) + e V(l,m),

where

Thus,
ol 4+ (1 —t)m) Y(tl + (1 — t)m)
< (e)?0(D) (1) + (1) p(m) p(m) + e'e' " [p(1) ¥(m) + P(1) p(m)]
= (2o (1) + (e'")?¢(m) Y(m) + e V(I,m).

Now, integrating both sides with respect to t, we get

/¢(tl + (1= )m) ot + (1 — ym)dt

1

()dt + / (e1=126(m) w(m)dt + e V (I, m)

IN
o\
=
o
=

<o) p(l) [ (e")?dt + ¢(m )2dt + e V(l,m)
st [
= 000 S 4 g vm) Y et m)

(@) Y1) + ¢(m) Pp(m)) + eV (I, m)

U(l,m)+eV(l,m).

7 N 7N
[N}
N— —
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Putting tl + (1 — t)m = z, then (I — m)dt = dx, we get

_l/qﬁ d:c<<

Theorem 2.5. Let ¢ and 9 be real-valued, integrable, and e-convex functions on [I,m]. Then

¢<H;m> (”m) /¢ 2)dx + 262 U(l,m) + (2 — 1) V(I,m),

where U(l,m) and V(I,m) are the same as defined in (2.3).

1) U(l,m)+eV(,m).

Proof. For ¥ € [0, 1], we have

() (5)

W+ 1 -N+Im+(1—-9)m H+A-=Nl+Im+(1—-9)m
- ; )« : )
< [e%¢(m +(1—)m) +ed o ((1—9)+ ﬁm)}

x [ex ¢ (91 + (1 —0)m) + e v ((1 —19)l—|—19m)]

I+ (1 —9)m) + ¢((1 — D) + Im) (1 — 9)l + Im)]
) (e 70 (D) + ¢’ v(m))

) (€ (1) + e~ p(m))]

I+ (1 —9)m) + ¢((1 — D) + 9m) (1 — 9) + 9m)]
2¢” ¢!~V ¢(m) P(m)]

(1) (m) + ¢(m) (1))

I+ (1 —9)m) + ¢((1 — ) + 9m) (1 — 9) + 9m)]

This yields

l+m l+m
() (557
<elp(W+ (1 —9)m)pW+ (1 —Fm)+ ¢((1 — N+ Im) (1 — F) + Im)]
+2e2U(1,m) + (62”9 + 62(1779)) V(l,m).

Now, integrating both sides with respect to ¢, we get
l+m l+m
o(557) 2)

e/ (WL + (1 = )m) YL+ (1 = I)m) + ¢((1 — I)l +Im) P ((1 — I)l + Im)] dv
0

1
—|—2eUlm—|—Vlm/ 2<“9>
0
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j (W + (1 =9)m) (Il + (1 —I)m) + ¢((1 — 9)l +Im) Y((1 — I)l + Im)] dv
+O262 U(l,m)+ (e — 1) V(I,m)
% / S0+ (1= 9)m) (91 + (1 — N)m)dd + 262 U(l,m) + (2 — 1) V(I m).
Now, putting 91 + (1 — 9)m = x, we get
()

/ ) dz+ 22 U(Lm) + (2 — 1) V{1, m). 0
1

Theorem 2.6. Let ¢ and 1) be real-valued, integrable, and e-convex functions on [l, m]. Then

m m 1

/(;5 (tz+ (1 —t)y)Y(te + (1 — t)y) dtdy dx
10

—

m

-1 /¢ 2) dz + 2 (e — 12 [U(Lm) + V{1, m)],
l

where U(l,m) and V(I,m) are the same as defined in (2.3).
Proof. Since ¢ and 1 are e-convex on [, m], for z,y € [I,m] and t € [0, 1], we obtain

Ptz + (1 —t)y) < e’ p(x) +e' " p(y)

and
P(te+ (1 —t)y) <e'(x) +e' " Y(y).
We have
otz + (1 —t)y)(te + (1 —1)y)
< e p(x) (@) + D o(y) YY) + e [(x) YY) + oY) Y(x)].
This gives

otz + (1 —t)y) Ytz + (1 —t)y) dt

o _

IN

(e ; 1) [o(x) Y(z) + o(y) ¥(y)] + e [o(x) Y(y) + ¢(y) v (x)].

Integrating both sides over [I,m] x [, m] and using Hermite-Hadamard type integral inequality for
e-convex functions [16, Theorem 3.7], we get

§622_1(m_l) [/¢ dm+/¢ ]
e wa) da / ly) dy + / o(y) dy / e da:]
l l l l
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<(e — 1) (m— 1) / o(x) (x) da
!

+2e(m —1)* (e = 1)? [(¢(1) + ¢(m)) (¢(1) + 1 (m))]
(2 — 1) /¢ ) dz + 2 (m — )2 (e — 1)2 [U(L,m) + V(I m)].
l

Thus

l\)

ffj¢tm+ 1-t)y) Ytz + (1 —t)y)dtdydx
1710

e —1
<
— (m-=1)

/¢> ) dz + 2 (e — 12 [U(Lm) + V({1 m)].

Theorem 2.7. Let ¢ and v be real-valued, integrable, and e-convex functions on [l,m]. Then

nf_lf/lqﬁ(m(l—t)”;”)w(m+<l—t>”2 )aras

1 0

<5 1l /¢ 2y de+ ele — 1) (W)(U(z,mwva,m»,

1
where U(l,m) and V (I, m) are the same as defined in (2.3).

Proof. Since ¢ and 1) are e-convex on [I,m], it follows that for ¢ € [0, 1], we have

¢(m+(1—t)lgm> < d'la) + (”m),
¢<tx+(1—t)l+2 ><et1/)(x) el- %/;(ZJ””).
Note that
¢<tx+(1t)l+2m> w( (1t)l+2m>
< o) ula) + 0706 (D) w ()

2
te [(b(x)z/) <l +2m> +6 (Hm) wm} :

0/1¢>(tx+(1—t)l+2m> 1/1( (1—t)l+2m> dt
< <622‘1> o) +o (") 0 (5]

This implies that
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This further gives

]n/l(b(t“(l_t)l?n) ¢(t$+(1—t)l+2m) dt de

l

‘(e _1)/¢ d“( Y m-ne () o (55
+6V¢ (l+m> da +]n¢<l+2m> w(x)dx]

(57 / o) vty o+ () (m=1)e [(60) + 9(m) (600 + 000

+e [Ve () +p(m)) (m —1) (e — 1) (6(1) + ¢(m))
Ve (9(1) + o(m)) (m — 1) (e — 1) ((1) +1(m)]
(e2 1)

. /¢(x) o) do + & . D o — 1) (U1 m) + V(I m)
l

<

+2¢32(m—=1) (e —1) (U, m) +V(I,m))

/¢ ) dz + (m — De(e — 1) (U, m) + V(I,m)) (eglwﬁ).
Thus

/1¢(ta:+(1—t)l+2m> ¢(tm+(1—t)l+2 )dtd
0
1

/ e+1+44/e
< 2 =1 l/d)(a:)w(x) dr +e(e —1) (2) (U(,m) +V(l,m)). 0

Theorem 2.8. Let ¢ : I CR — R be an e-convex function on [l,m]. Then

_l /¢ ¢l +m — ) de < Q(d(1), 9(m)) + (¢* — 1) + 2¢ (M(g(1), $(m)))”

where Q(p,q) = 5%, M(p,q) = /4.

Proof. Since ¢ is e-convex on [[,m], it follows that for ¢ € [0, 1], we have

—l/¢ o(l+m—2x)d

St + (1 — t)m) ¢((1 — t)l + tm) dt

I
l\DM—l O\H
O\H

St + (1 — tym))? + (H((1 —t)l+tm))2} dt
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20 t) dt+26¢()¢( )

Il
N | =
—
/\
O\H

— () + (6(m))?) / Pt dt + 20 8(1) p(m)

0

= (6 + om?) - L 20501 g(m)

_ <¢(l)2+2¢(m)2> (€2 —1) +2e p(1) p(m)

= Q(o(1), p(m)) (€* — 1) + 2e M (¢(1), p(m))*. M

From [4,11,19], we recall that for an integrable function ¢ on the interval [I,m], the Riemann-
Liouville fractional integrals Fi% ¢ and F}_¢ of order a > 0, with [ > 0, are defined as follows:

x

1 -
Flo(x) = 1“(04)/(I —)* T et dt, x>,
l
1 m
P ola) = o [ =2 o0t m>
where I'(a fo e %51 ds denotes the Gamma function. It is also understood that F, +(;5( x) =

F%_sﬁ(m) = ¢(9€)~

Next, we give Hermite-Hadamard type fractional integral inequalities for e-convex functions.

Theorem 2.9. Let ¢ : [I,m] — R be an e-convez, integrable function on [l,m]. Then for the fractional
integrals, the following inequalities hold:

NG (l Zm) : 225331)1

for a>0.

1

(Fef(m) + F5 §(0) < 500 + om)) [ 17t +¢77)

0

Proof. Since ¢ is e-convex on [I,m], we have

as(“y)<f<<> o(y) for =,y € [l m].

Let x =tl+ (1 —t)m and y = (1 — )] + tm, where t € (0,1). Then

l+m

%qﬁ ( 5 > <o+ (1 —t)m) +o((1 =)l +1tm), Vite(0,1). (2.4)
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Multiplying both sides of (2.4) by t*~! and integrating with respect to t, we get

1 1
1 l+m o1 —Om o1 _ m
a\/é¢(2>§0/t S(tl+(1—1) )dt+/t (1 — 1)l + tm) dt

0
m

l]n G W“*M/(vl)“%(v)dv

1
_ (mr(_o‘l))a (FS ¢(m) + FE_ (1))

1 l4+m INa+1
- () <
Using the e-convexity of ¢, we have
Pt + (1 —t)ym) < e’ o(1) + e~ p(m),
(1 —t)l+tm) < e' " (1) + e p(m).
Adding (2.6) and (2.7), we have
O(t + (1 — )m) + B((1 — )1 + tm) < ($(1) + d(m)) (¢ +¢' 7).

(Firo(m) + F-¢(1)) -

275

(2.8)

Now, multiplying both sides of (2.8) by t*~! and integrating the resulting inequality with respect

to t, we obtain

/t“*1¢(tl+ (1—t)m) dt+/t“’1¢>((1 —t)l +tm)dt
0 0

< (@) + ¢(m

tafl (et 4 elft) dt

N
=
O\H

1 ! a—1 1 ! _ na-—1
N (ml)al/(m—u) o) du+ l/(v 121 (v) do
< (1) + d(m)) /ta—l (¢! + e ) dt
0

1
o R o)+ 50 < 640 ) [

Ia+1)
2(m =)~

Therefore, by (2.5) and (2.9), we obtain

1
(Fe om) + Fi- 0(0) < 5 (6(0) +0m)) [ 172 (¢! +-e1) .
0

1 l+m I'(a+1) a
¢¢( 2) oo (P o(m) + Fi- ()
g >~ 1 e b el™ t)dt.

v |

(2.9)

O

Remark 2.10. If we take a = 1, then the above inequality reduces to the Hermite-Hadamard-type

inequality for e-convex functions [16, Theorem 3.7].
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Theorem 2.11. Let ¢ and ¢ be real-valued, e-convex functions on [l,m]. Then for all l,m,a > 0,
we have

PRl ey G080 R Y Oy
e ST ™ 7o) O/t dt + L) O/t dt.

Proof. Since ¢ and 1) are e-convex functions on [I,m], it follows that for ¢ € [0, 1], we have
P(tl+ (1 —t)m) < e'p(l) + ' ¢(m),
b(tl + (1= tym) < e'p(l) + ' (m).
Then
Gt + (1 —t)m) - p(tl + (1 — t)m)
< (200 v (1) + 2070 ¢m) v(m) ) + e ($(0) ¥(m) + ¥ (1) 6(m))
= e ¢(1) (1) + €7 ¢(m) ¢(m) + e[V (I, m)).

Now, multiplying both sides of the above inequality by % and integrating with respect to t, we get

1 1 a-l —t)m —t)m
F(a)o/t St + (1 — Bym) (t + (1 — tym)dt

1 1
€ m o) Y (m) a—1 2t p(m) y(m) a=1 2(1-t)
< 7F(a T 1)V(l, )+ 7F(a) O/t dt + 7“0[) O/t dt.

Substituting u = tl + (1 — t)m = t = 2= we obtain

m—1’
Fi[¢(m) ¢(m)]
(m— 1)

1 1
< yum)+ o) (1) /ta—l 2t gt 4 W/ta—l 220-1) g¢. 0
0 0

MNa+1) ') o

Remark 2.12. If a = 1, the above inequality reduces to Theorem 2.4.

Theorem 2.13. Let ¢ and ip be real-valued, integrable e-convex functions on [l,m]. Then for all
a,l,m >0, we have

o (52 ) v (B ) = O (e otom) wlm) + 0(m) @) + Fi- (60 0) + 600y wm)) .
Proof. We have
l+m l4+m
o(5) ¢ (5)
U+ =tm  (1—t)l+tm tH+(1—tm (1=t +tm
=9 ( 2 + 2 ) g ( 2 + 2 )
<e (¢t + (1 —t)m) + o((1 — )l +tm)) - (P(tl + (1 — t)m) + (1 — t)I + tm))
= e (o(tl + (1 — t)m) »(t + (1 — tym) + ¢((1 — t)l + tm) (1 — )l + tm)
+ o((1 =)+ tm) Yt + (1 — t)m) + ¢(t + (1 — t)m) Y((1 — )l + tm)).

Now, multiplying both sides of the above inequality by % and integrating the resulting inequality
with respect to ¢, we obtain
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s 1>¢(l+2m> v (lzm>

1

/ta—l St + (1 — £)m) it + (1 — t)m) dt

L p((1 =) +tm) (1 — )l + tm) dt

0

+— /t“71¢((17t)l+tm)w(tl+(1—t)m)dt
0
0

* Ty ) W e v m =W du

= Gy (B 0m) () + P () 0(D) + Ffy- (1) 6m) + i o(m) v()).

o(57) v (57)
< el'(a+1)
— (m =)~

Hence,

(F3 (@(m) p(m) + ¢(m) (1)) + Fo- (¢(D) (1) + o(1) $(m))) .

Remark 2.14. For a = 1, the above inequality reduces to Theorem 2.5.
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