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ON THE APPROXIMATION BY VILENKIN-FEJER MEANS IN LEBESGUE
SPACES

NINO ANAKIDZE! AND NIKA ARESHIDZE?3

Abstract. In this paper, using the modulus of continuity, we study the approximation properties
of Fejér means for bounded Vilenkin groups in Lebesgue spaces for any 1 < p < oo.

1. INTRODUCTION

Let N denote the set of positive integers, N := N U{0}. Let m := (mg, m1,...) denote a sequence
of positive integers not less than 2. Denote by
Ty, i=40,1,...,my — 1}
the additive group of integers modulo my.

We define the group G, as a complete direct product of the group Z,; with the product of discrete
topologies of Z,,,. The direct product u of the measures

we ({5}) == 1/me (j € Zm,)
is the Haar measure on G,, with u(G,,) = 1. In this paper, we discuss only the bounded Vilenkin
groups, that is R := sup,, ¢y my, < 00.
The elements of G,,, are represented by the sequences

T = (X0, L1y vy Thoy - -+ )5 (XK € Zm,) -
It is easy to describe a neighborhood of the base of G,,, namely:
Iy (z) := G,
In(z) ={y € Gn |y =20, ,Yn-1=2n_1} (x € G, n € N).

The intervals I,,(z) (n € N,z € G,;,) are called Vilenkin intervals. Denote I,, := I,, (0) for n € N and
I, :=Gn \ I, . Let
en:=(0,...,0,1,0,...) € G, (nEN),
where the n-th coordinate is 1, the others are 0.
The norms (or quasi-norms) of the Lebesgue spaces LP(Gy,) are defined by

1/p
11, = ([ 1)
Gm

The modulus of continuity of a function f € LP(G,,), 1 < p < oo is defined as follows:

wp(6, f) = ﬁlug\lf(ﬂ-t) —f@)l, 6>0,

t| = .
=3 5
If we define the so-called generalized number system based on m in the following way:
My :=1, Mk+1 = myp My, (k} S N),

where
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then every n € N can be uniquely expressed as

oo
n= anMj, where nj; € Z,,, (j €N)
j=0
and only a finite number of n; differs from zero.
Let
|n| := max{j € N, n; #0}.
Next, we introduce on G,, an orthonormal system, which is called the Vilenkin system. First, we

define the complex-valued function 7 (z) : G,,, — C and the generalized Rademacher functions as
follows:

i, (z) = exp (2may/my)  (* = -1, 2 € G, kEN).
It is cleat that
|rp] =1, forall € Gy,.
We define the Vilenkin system ¢ := (¢, : n € N) on G, as
U (T) == H rpf(x) (neN).
k=0

In particular, this system is called the Walsh—Paley system if m = 2 (for more details, see [12] and [25]).
The Vilenkin system is orthonormal and complete in L? (G,,,) (for details see, e.g., [1,25,31]).

If f e L'(G,,), we can define the Fourier coefficients, partial sums of Fourier series, Fejér means,
Dirichlet and Fejér kernels with respect to the Vilenkin system in the usual manner:

Fik) = / fhudn  (FEN),

G

3
3

1

S
|

Suf : Fk)yr (neNy, Sof :=0),
k=0
1 n
onfi==2 Sf (n€N,),
k=1
n—1
D, ::Z¢k (nENJr)?
k=0
K, = %Z:D;C (neNy).
k=1

In [29], Toledo (see also [5]) showed that
17

15’

where K, is the Fejér kernel with respect to the Walsh system. For one-dimensional bounded Vilenkin-
Fourier series, it was proved in [20] (see also [5,23]) that

sup || Knll, <C,
n

sup || Knl|, =
n

where C' is an absolute constant. But the exact value of the supremum, depending on the sequence m,
remains still an open problem for the bounded Vilenkin systems. It follows that (see, e.g., [1] and [6])
there exists an absolute constant C),, depending only on p such that

HUanp <Gy ||f||p (1<p<o0).
If we define the maximal operator o* of Fejér means by

o'f := sup lonf|,
TLEN+
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then the weak type inequality
. c
pl™f>A) << flly (A>0)

holds for any integrable function. For example, this result can be found in Zygmund [35] for trigono-
metric series, in Schipp [24] for Walsh series and in P4al, Simon [20] (see also [22,32-34]) for bounded
Vilenkin series. It follows that the Fejér means with respect to trigonometric and Vilenkin systems of
any integrable function converge a.e. to this function.

The a.e. convergence and summability of Fejér means, as well as some more general summability
methods have been studied by several authors. We mention Anakidze, Areshidze and Baramidze [2]
(see also [4]), Blahota, Persson and Tephnadze [10], Memize [13], Tephnadze [27,28], Fridli, Manchanda,
Siddiqi [11], Méricz and Siddiqi [14], Nagy [15], (see also [9,16-19] and [21]) and Tutberidze [30].

In [23], it was proved that if 1 < p < oo, f € LP(G,,) and n € N, then there exists an absolute
constant c,, depending only on p such that the following inequality:

N1 50
lons = 11, < epop (/M )+ ep 0 Jrowp (1M, ) (1.1)
s=0
holds. In this paper, we estimate the L' norms of the Vilenkin-Fejér kernels. Moreover, we use a new
approach and estimate the constants in (1.1) for any 1 < p < co. This new approach is very important
for generalizing the problems investigated in [2] and [3] for the Vilenkin systems.

It should be noted that inequality (1.1) was proved by Skvortsov [26] for the Walsh system, and
the rate of approximation of the Vilenkin matrix transform means is discussed in [7] (see also [8]).
The Fejér mean is a special matrix transform mean, so in this special case we were able to obtain a
more exact estimate by using our new approach.

2. AUXILIARY LEMMAS
The next lemmas (see Lemmas 1, 2 and 3) can be found in [23].

Lemma 2.1. Letn e N, 1<s<m, —1. Then

My, if x€ly,
D = 2.1
i, (@) {07 e (21)
and
s—1
Day, =D, Y 1k, (2.2)
k=0

Lemma 2.2. Letn >t, t,n € N, then

17%‘@), x € I\It11, @ — xer € I,
KMn (.’17) = %a S Inv (23)
0, otherwise.

Moreover, if n,t,s € N and 1 < s < m, — 1, then

s—1 ,1-1 s—1
sMyp Ko, =Y (Zr;) (M, +1)D,, + (Zr;) M, Ky, (2.4)

=0 i=0 1=0

Lemma 2.3. Let n = Z:Zl Sn; My, where ng > ng > - >mn, > 0 and 1 < s, < My, for all
1<i<7r as well as

k
n®) =n — Z Sp, Mp,, (2.5)
i=1

where 0 < k <r. Then

r k—1 r—1 ,k—1
nk, = Z ( Tn:j ) Snanchsnank + Z ( H Tnzj)n(k)DS"k Mpy, - (26)
k=1 =1

k=1 \j=1
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Next, we establish several new lemmas that may also be of independent interest:

Lemma 2.4. Letne N and1<s<m, —1. Then
|Ksnr, | < 8[Kw,|

and
In|
nlK,| <2R*Y M, ‘KMk .
k=0

Proof. Combining (2.1) and (2.3), we obtain
Dy, <2|Ka,)-

From (2.4) and (2.9), we find that

s—1
5Mn|KsMn| S 2Mn |KMn| ( l) + SMTL |KMn|
=0

s(s—1)

< 2My,|K + My | K, |

My, |

= s°M,|K

My, |7

which proves inequality (2.7).
According to (2.5), we obtain n(¥) < M,,, . Applying (2.2), we find that

|D5Mn

< s|Dn,

Using (2.6) and (2.7), we have

r r—1
n|Kn‘ < Z S?lank KAlnk ‘ + anankLDMnk‘
k=1 k=1

r r—1
< B0, [Ky, [+ 2R Y M F,
k=1 k=1

<(R*+2R)> M,
k=1

K., |-

Hence,
In]
nlK,| < 2R M, ‘K
k=0

b

My,
which proves (2.8). Thus the proof is complete.

Lemma 2.5. Let n € N. Then
[ Ko@)l duto) < a5
G’Iil

Proof. Since

In|

/ Kn(@)duz) < 223 M, / K ag, ()] dia(z),
G,

n
k=0 Gum

(2.9)

(2.10)
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we obtain

/ K, (2)] dis(z)

| K, ()| dp()

/|KMk ) du(z) + Zf

=0 as=

I (ases)
M1 1 RS
k
LYY / K (@) du(o),
s=0 asfl
(ases)
and on the set Ij(ases), the modulus of Ky, equals
M
Ky | =|——].
[ K| 1—rs(x)
Since
1 ’ 1 1
rs(z) =1 ‘QSin N
applying the well-known inequality
1
+ < T for 0<t<m,
2sin 5 2t
we get
1 T_Ms
re(x) —1| = 228 4
and, finally, we find that
M;
| K, (z)] < 4+1, for x € Ix(ases)

Therefore, using (2.11), we obtain

k—1
Mp,+1 1 1
K d _—+ — M.
/| @) < FG e S m,

M;+1 1 R R
< —_— — 2M <1 — < R.
=T o psl+g <R

IN

It follows from (2.10) that

In|

2
[ Ka@ldne) < BEDY < ar
k=0

The proof is complete.

3. APPROXIMATION OF VILENKIN-FEJER MEANS
Our main result reads:

Theorem 3.1. Let 1 <p < oo, f € LP(Gy,), n €N and My <n < My41. Then

2 N=1

lonf = fll, < (4R* + 2)w, (1/My, f) Z p (1/Ms, f).

191

(2.11)

(2.12)

(2.13)

(2.14)
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Proof. Let f € LP(G,), 1 < p < oo and My <n < My41. Using Young’s convolution inequality

lonfll, = I1f* Knll, < [[Knll, [I£1,

and the inequality |[Swr, f — fll, < wp (1/Ma, f), we get

lowf — 11l

< Mlonf = onSun fll, + lonSnn f = Suin fll, + 1Sun f = 11,
= ||U7l (SMNf - f)Hp + ||SMNf - f”p + ”JnS}V[Nf - SMNf”p

< (4R + Dwy (1/My, f) + lonSary f = Suy fl, -
The straightforward calculations results in:

UnSMNf - SMNf

7ZSkSMNf+* Z Sk:SMNf SMNf

k=Mn+1
:ZSkH— Z Suixf = Sy f
k=Mn+1

**Zskf SMNf Syy f

M M

= —Nonyf — =Sy f

n n

MN

(SMNOMNf SMNf)

%SMN (OMNf f)

Using (3.2) and the fact that

||SMNpr S ||f||p7 f e Lp(Gm)a 1 Sp < 007
we find that
M
lowSas f = St fll, = = 1Sty (a1 f = £,
< ||5MN (omnf = O, <Mooy f=fll,-
Moreover,

ouy f(x) = f(z)
:/(f(gc—t)—f(a?))KMN (t) du(t)

Gm

:/(f (@ — ) — £ (2)) Kty (t) du(t)
Igflms—l

FX 3 [ G0 F @) K (0 dut
s=0 =110 (naes)

=1+ 11

(3.1)

(3.2)

(3.5)
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Applying (2.3) and generalized Minkowski’s inequality, we arrive at

My +1
11, < [ 17 =0~ £ @), 5 dutt)
In
My +1
< (UM, ) [ R du(t) < w, (1M, 1) (36)
In
and
N—1mgs—1 M
1111, = 3 Y sy ] W0 = £ @i
s=0 ns=1 In(nses)
N—-1ms—1
s M,
s 1/M
— ~ ~ 2Sin(7r/m5) / wP( / 37f) d:u(t)
SEU e In(nses)
N—-1mg—1
1 : M, 1
= — — 1 —
2 Z Z sin(ﬂ/ms)wp( /Ms, f) My
s=0 ns=1
R2 N—-1 MS
< — .
= 9 =~ Mpr(]‘/MSaf) (3 7)
The proof is complete by combining (3.1)—(3.7). O
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