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ON THE EXISTENCE OF BOUNDED SOLUTIONS OF NONLINEAR SYSTEMS
OF A CLASS OF GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS
AND NONLINEAR IMPULSIVE DIFFERENTIAL SYSTEMS ON
INFINITY AXES

MALKHAZ ASHORDIA

Abstract. Effective sufficient conditions are established for the existence of bounded solutions to
systems of nonlinear generalized ordinary differential equations with a nondecreasing matrix function
on the real axis. The sufficient conditions for the existence of a unique solution are also established.
The results are realized for a nonlinear system of impulsive differential equations.

1. STATEMENT OF THE PROBLEM. BASIC NOTATION AND DEFINITIONS

For the system of the nonlinear generalized ordinary differential equations

de =dA(t) - f(t,z) for teR (1.1)
we consider the problem on the existence of solutions satisfying one of the two conditions
sup{||z(t)|| : t € R} < +oo0, (1.2)
or
sup{|lz(®)|| : t € Ry} < 400, (1.3)

where A = (@)} y=1; A : R — R™ " is a nondecreasing matrix function, and f = (fi)j=; : RxR" —
R™ is the restriction of a vector function that belongs on every closed interval [a,b] C R to the
Carathéodory class Car([a,b] x R™,R"; A).

Generalized ordinary differential equations have been introduced by J. Kurzweil [15]. To a consid-
erable extent, the interest in the theory has also been stimulated by the fact that this theory enabled
one to investigate ordinary differential, impulsive differential and difference equations from a unified
point of view (see [1,3,5-7,18,20] and references therein).

Therefore, we can consider ordinary differential, impulsive differential and difference equations as
equations of the same type.

The problem analogous to the problem considered in the present paper, for linear and nonlin-
ear cases, is investigated in [13,14] (see also references therein) for systems of ordinary differential
equations. As for the generalized case, it is considered in [7] only for linear systems.

As is known, the question related to the nonlinear case has not been studied in earlier works. So,
the problem under consideration is essentially new one.

Some general questions in the theory of impulsive differential equations are studied in [9,10,16,17,19]
(see also references therein).

Throughout the paper, the use will be made of the following notation and definitions:

R =] — 00, +o0[, R}t = [0, +00; [a,b] and ]a, b] (a,b € R) are, respectively, closed and open intervals.

I is an arbitrary finite or infinite interval in R.
n

R"™™ is the space of all real n x m matrices X = (x;); /=, with the norm || X|| = max PBREZTIR

’ M=

yer

R™ = R™*! is the space of all real column n-vectors z = (z;)™_;.
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If X € R"*", then X! and det(X) are, respectively, the matrix inverse to X and the determinant
of X. I, is the identity n X n-matrix.

diag(hq,, ..., h,) is a diagonal matrix-function with diagonal elements hs. ..., hy,.

Inequalities between matrices are understood componentwise.

b
V(X) is the total variation of the components of the matrix function X : [a,b] — R™*™; X (t—)

and X (t+) are, respectively, the left and the right limits of X at the point ¢ € [a,b] (we assume
that X (a—) = X(a), X(b+) = X(b), and X (¢) is defined by continuity outside [a,b]). d1 X (t) =
X(0) ~ X(1-), ds X (1) = X(4) — X (1)
t

If X = (i) : [a,b] = R™™, then V(X)(t) = (\a/(xij))z;zl.

BVioc (R; R™™ ™) is the set of all matrix functions X : R — R™*™ whose restrictions on every closed
interval [a, b] from R belong to BV([a, b]; R™*™).

A matrix function is said to be continuous, integrable, nondecreasing, etc., if each of its component
is such.

If g € BV([a,b];R), f : [a,b] > R and a < s <t < b, then we assume

t

/ #(r) dg(r) = (L — S) / 2(r) dg(r) + F(drg(t) + F(s)dag(s),

s Is:t[

where (L—S) [ f(7)dg(r) is the Lebesgue-Stieltjes integral over the open interval ]s, ¢[. It is known

1s,t]
(see [18,20]) that if the 1ntegral exists, than the rlght side of the integral equahty equals to the Kurzeil-
Stieltjes integral (K — S) f f(7)dg(7) and, hence f f(r)dg(t) = (K - S) f f(r . If a = b, then
b
we assume f t)dg(t) =

We introduce the operator A(X,Y’) in the following way:
if X € BVyoo(R; R™*"). det(I, — (—1)7d; X (t) # 0 (j = 1,2) for t € R and Y € BVoc(I;R™),
then

A(X,Y)(0) = Onxm,

AX,Y)(t) — AX,Y)(s) =Y Y(s)+ Y diX(7)(In—diX (7)) diY(7)
= Y dX () (In + do X (7)) doY (1) for s <t.

If G = (gik);'1=1 € BV([a,b; R™*") and = = (z)}; : [a,b] — R™, then

a/bdG (Z/xk ) dgin (7 )

If G = (gzk)izzl : [a,b] — R*™ is a nondecreasing matrix function, D; C R™*™ and Dy C R"*™,
then Car([a,b] x D1, Dy; G) is the Carathéodory class, i.e., the set of all mappings F' = (fi;); G
[a,b] X D1 — Do such that for each i € {1,...,1}, j€{1,...,m} and k € {1,...,n}:

(a) the function fy;(-,z) : [a,b] — Dy is integrable with respect to g;x for every x € Dy;

(b) the function fg;(t, ) : Dy — Dy is continuous for t € [a, b], and

Sup{|fkj('>x)‘ RS DO} € L([aab]vR;gik)

for every compact Dy C D;.
If G(t) = diag(t, . .., t), then under Car([a, b] X D1, D2; G) we mean the classical Carathéodory class
Car([a,b] x D1, Ds).
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We assume that A(0) = O, x, without loss of generality for every system of type (1.1). Let,
moreover,
det(I, — (=1)7d; A(t)) #0 for t e R (j =1,2). (1.4)
Inequalities (1.4) guarantee the unique solvability of the Cauchy problem for the corresponding
linear systems (see [18,20]).
By a solution of system (1.1) we understand a vector function 2 € BVj,.(R, R™) such that
t

x(t) = z(s) + /dA(T) - f(r,z(r))dr for s <t, s,t €R.

Let a € BVioe(R,R) and ty € R be such that 1+ (—=1)7d;a(t) # 0 for (—=1)7(t — to) < 0, t # 1o
(j = 1,2). Then it is known that (see [11,12] the initial problem

d§ = &da(t), £(to) =1
has the unique solution &, defined by

exp(se(@)(t) = sc(@)(to)) [] (1—dia(r)™ [ 1+ dae(r))
5 (t) _ e f(:);Tt > to,
: exp(se(a)(t) = se(@)(to)) [[ (1—dia(r)) [ (1 +daa(r))™
- - for0 t < tp.

Note that the following equality:
de; (1) = =€ (t)dA(a, ) (1)
holds (see [5,6]).

If o = (0;),, where o; € {—1;1}, then by Ny (o) (by N_(0)) we denote the set of i € {1,...,n}
such that o; = 1 (0; = —1). The sets have been introduced by I. Kiguradze for the ordinary differential
equations (see [13,14]).

Everywhere below, under ¢4, ...,t, we assume that

t;=a for ie Ny (o) and t;=b for i € N_(0).
2. FORMULATION OF THE RESULTS

The results given in this section follow immediately from similar results for the matrix function A
with a bounded variation.

Theorem 2.1. Let the matriz function A and o; € {=1;1} (i = 1,...,n), vector functions a; =
(o) ; € BViec(R;R™) (I = 1,2), and matriz functions (Blik)?,k:l: Biik € Lioe(R, Ry a;) (1=1,2) be
such that

oui(t) — oui (1) = Z/ﬁlik(r)daik(r) for t,TeR (1=1.2;i=1,...,n), (2.1)
k=1
sup{|a;(t)] : tER} < 400 (I=1.2;i=1,...,n), (2.2)

ai(t) < as(t) for t €R;
and the inequalities

(=Dl (felts oty i1, 055 (), g1, - - -, ) — Bun(t)) <0
(l,j=1,2; i, k=1,...,n), (2.4)

(-1)! (a: + (=17 St 2, wn)djain(t) — oni(t) — (—1)jdjal,»(t)> <0
k=1

for (=1)70; >0 (I,j=1,2i=1,...,n) (2.5)
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be fulfilled on the set
{(t,xl, Ce 7.’1?n) :teR, Oéli(t) <ux; < Oégi(t) (’L =1,... ,n)}
Then problem (1.1), (1.2) is solvable.

Theorem 2.1;. Let the matriz function A and o; € {-1;1} (i = 1,...,n), vector functions
ap = (ai)qy € BV (R;R™) (I = 1,2) and the matriz functions (Blik?)?;k:l) Biit € Lioc(R,R; ;1)
(1 =1,2) be such that (2.1) holds for t,7 € Ry,

sup{laj(t)]:t e Ry} <400 (I=1,2;i=1,...,n),
a1 (t) < ag(t) for t € Ry;
and inequalities (2.4) and (2.5) are fulfilled on the set
{(t,z1,. .. zn) st ERY, a1i(t) <y <ani(t) (i=1,...,n)}.

Then system (1.1) for every c¢; € [a1;(0),@2:(0)] (i € Ny(0)), where o = (0;)",, has a solution
satisfying conditions (1.3) and

2:(0) = ¢; if i € Ny (o). (2.6)

(If N1 () = 0, then condition (2.6) is eliminated).
In Theorems 2.2 and 2.3, we assume that

bi(t) =Y aw(t) (i=1,...,n)
k=1

and
G(t) = oimiibis(t) (i=1,...,n).
It is evident that b;; (i = 1,...,n) are nondecreasing functions.
Theorem 2.2. Let the matriz function A and o; € {—1,1} (i =1....,n) be such that

oifi(t, ... ) sgna; < > malwl +ai(t) (i=1,...,n) (2.7)
=1

and

(|fi(t,x1,...,xn)|—Znﬂ|xl|—qz-(t)>djaii(t) <0 (j=1,2; i=1,...,n) (2.8)
=1

be fulfilled on R x R™ and let, in addition,
Gi(t)+1

pi = sup{ \/ (A(Ci7aigi))‘ te R} << oo (1=1,...,n), (2.9)
t
14+ (=1)Yd;¢i(t) >0 for teR (j=1,2;i=1,...,n). (2.10)
and
> lmmildibri(t) <1 for teR(j=1,2; i=1,...,n), (2.11)
k=1

t
whereny € Ry (1 # 1), 7ii <0, ¢; € BVioo(R;R) (6,0 =1,...,n), ¢;(t) = [ ¢i(7)dbii(7) (3,1 =1,...,n)
ti

and the real part of every characteristic value of the matriz (ni)};—, be negative. Then problem (1.1),
(1.2) is solvable.

Note that if dja;;(t) = 0, then the corresponding inequality is eliminated in (2.8).
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Theorem 2.3. Let the matriz function A and o; € {—1,1} (i = ,n) be such that
n
Ui(fi(t7$17"'axn)_fi(taylv"'7yn))sgn Z ll‘xl_yl Z_la"'an) (212)
and

<|fi(tax17 s vérn) - fi(tvylv e 7yn)| - Zm”fl - yl|>d]a’”(t) < 0
=1
(=12 i=1,...,n)

be fulfilled on R x R™ and let, in addition, conditions (2.7), (2.9) and (2.10) hold, where n; € R
t

(i £1), i <0, gi(t) = [ fi(7,0,...,0)db;i(7) (i,l =1,...,n) and the real part of every characteristic
t.

value of the matriz (ni1)7—, is negative. Then problem (1.1), (1.2) has the unique solution.

3. FORMULATION OF THE RESULTS FOR IMPULSIVE PROBLEMS

The obtained results we use for nonlinear impulsive differential system

(cilizf = f(t,x) fora.a. t € R\ T, (3.1)
x(n+) —x(n—) = h(n,z(n)) (=1,2,...), (3.2)

where f = (fi)f_; : R x R" — R" is a vector function restriction that on the every closed interval
[a,b] C R belongs to the Carathéodory class Car([a,b] x R™,R™), and the vector function h(r,.) =
(hi(m, ))p—y :R* - R™ (I=1,2,...) is continuous, T = {7, 72,... }, n € R, <7my1 (1=1,2,...).

In this section, in addition, we also use the following designations:

AC([a,b]; D) is the set of all absolutely continuous matrix functions X : [a, b] — D;

ACioc(I; D) is the set of all matrix-functions X : I — D whose restrictions to an arbitrary closed
interval [a, b] from I belong to AC([a,b]; D);

ACy.(I\T; D), where is the set of all matrix functions X : I — D whose restrictions to an arbitrary
closed interval [a, b] from I\ T belong to AC([a,b], D).

By a solution of thez impulsive differential system (3.1), (3.2) we understand a continuous from the
left vector function z € BV(R;R™) N AC(R \ T;R™) satisfying both the system

2'(t) = f(t,x(t)) for a.a. t e R\T

and relation (3.2) for every [ € {1,2,...}.
We assume that the impulsive points 7, (I = 1,2,...) are such that 0 < 743 < 7p < -+ < 7y <

Ti+1 < --- and lim 7 = 4o0.
l—+o0

Let a(t) =t + ¢(t), where ¢ : R — N is the function defined by ¢(t) = max{l : 7; < t}. It is evident
that the functions ¢ and « are nondecreasing, ¢(t) = [ for t €|m, 741] and dot(t)) =1 (1 = 1,2,...).
Then the matrix function A(t) = diag(t +¢(t),. .., t +(t)) is also nondecreasing, and dy A(t) = Opxn,
dyA(t) = Opxn for t € R\ T and dy A(t) = I,, for t € T. Therefore, we can rewrite system (3.1), (3.2)
in the form

do = dA(t) - f(t,z) for teR, (3.3)

where

~ ) f(t,x) for t e R\T,
f(t’x)_{h(mx) for t=m (I=1,2,...).

Note that according to (3.3), we can assume that h(m,z) = f(n,2) fort =7 (I =1,2,...) without
the loss of generallity.
Using the results for system (3.3) given above, we obtain the following
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Theorem 3.1. Let the numbers o; € {—1;1} (i = 1,...,n), the vector-functions oy = (oy;)P_q €
BViec (R;R™), and (B1i)7—1 € Lioc(R,R™) (I =1,2) be such that conditions (2.2), (2.3),

t
aui(t) — oui(T) ://Bli(T)dT+ Z Bii(m) for t,T€R (I=12i=1,...,n), (3.4)
T T <t

and inequalities

(—D'oi (filt,mr,. o mim1, 05i(t), Tig1s -y ) — Bu(t)) <0

for t eR\T, ay;(t) <z <aoi(t) (L,j=1,2; 4,k=1,...,n), (3.5)
(_1)l0i(gi<7-mvx17 e i1, QG (Tm ) Tig 1, - Tn) — Bii(Tim)) <0
for a1i(tm) <z < agi(mm) (Li=1,2;4,k=1,....,n; m=1,2,...), (3.6)

(71)l(1171 + hi(Tm,xl, PN ,Z’n) — Olli(Tm+)) § 0
for (=)0, >0, a1i(tm) <2 < agi(tm), (=1,2i=1,...,nm=1,2,...) (3.7)

are fulfilled. Then problem (3.1), (3.2), (1.2) is solvable.

Theorem 3.17. Let the numbers o; € {—1;1} (i = 1,...,n), the vector-functions oy = (au;)i4 €
BVioe(Ry;R™) (I =1,2), and (Bi;)"1 € Lioc(R,R™) (I = 1,2) be such that
sup{|a;(t)] :tERL} <400 (I1=1,2;i=1,...,n),
a1 (t) < ag(t) for t € Ry;

and conditions (3.4), (3.5), (3.6) and (3.7) are fulfilled on the set

{(t,z1,...,2n) it €Ry, agi(t) <@ <aqi(t) (i=1,...,n)}
Then system (3.1), (3.2), for every ¢; € [a1;(0), a2,0)] (i € N1 (o)), where o = (0;)"_,, has a solution
satisfying conditions (1.3) and (2.6).

In Theorems 3.2 and 3.3, for the given case, we use the equalities
bii(t) = Oé(t), dlbii(t) =0, dgb”(t) =0 for te R, dgb”(t) =1 for te T,
and

Gi(t) = omia(t), diG(t) =0, doCi(t) =0 for t € R, da((t) = ogmy for t €T
(t=1,...,n);

¢
5= [a@ir+ Y am). bl =0,
0 o< <t
dagi(t) =0 for t e R\ T, dagi(t) =¢q;(t) for t €T (i=1,...,n);
t

A(Gi, 0igi)(t) Eai/Qi(T)dTJr Y mi(l+oma) ta(n) (i=1,...,n).

0 o< <t
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In this case, we find that conditions (2.9), (2.10), (2.11) are equivalent, respectively, to the following
conditions:

Gi(t)+1
sup / |qi(7)|dT + Z mii(1 4+ oimi) " 'qi(m)| 1t €R 5 < 00
t t<7 <Ci(t)+1

(t=1,...,n); (3.8)
mi>71 if O’iil (iil,...,n)7

n
Sl <1 (i=1,...,n). (3.10)
k=1

Note that if h(i,2) = 0,, for some ¢ € {1,...,n}, then the corresponding inequality is eliminated
in (2.8).

Theorem 3.2. Let the matriz function A and o; € {—1,1} (i = 1....,n) be such that inequalities
(2.7) are fulfilled for t e R\T, (x;)_1R", and

|hi(Tm, 21, an)| < Zml|9€l| +qi(Tm) for (z1)ie, € R”
=1
(i=1,...,n, m=1,2,...).

Let, in addition, conditions (3.8), (3.9) and (3.10) be fulfilled, where n; € Ry (i # 1), ni; < 0,
Ci(t) = omua(t), ¢ € BVioe(R;R) (4,0 = 1,...,n). and the real part of every characteristic value of
the matriz (n:1)7;—, be negative. Then problem (3.1), (3.2), (1.2) is solvable.

Theorem 3.3. Let the matriz function A and o; € {—1,1} (i = 1....,n) be such that inequalities
(2.12) are fulfilled for t € R\ T, (z;)71R", and

n
<hi(Tmax17 s 7l'n) - hi(vayla v ayn)| - Zni”xl - yl|> < 0
=1

for (x)iy, (y)ie; €R™ (i=1,...,n, m=1,2,...).

Let, in addition, conditions (3.8), (3.9) and (3.10) be fulfilled, where ny € Ry (i # 1), niy < 0,
Gi(t) = omua(t), ¢;(t) = fi(¢,0,...,0) (4,1 =1,...,n) and the real part of every characteristic value
of the matriz (ni1)j,—, be negative. Then problem (3.1), (3.2), (1.2) has a unique solution.
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