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CONSTRUCTIVE MARTINGALE REPRESENTATION OF NON-SMOOTH
EXPONENTIAL PATH-DEPENDENT BROWNIAN FUNCTIONALS

EKATERINE NAMGALAURI! AND OMAR PURTUKHIAL2

Abstract. In this paper, we consider several classes of Brownian functionals, including non-smooth
functionals (therefore, it is impossible to use the well-known Clark—Ocone formula), depending both
on the trajectory and on the last moment of time. We also propose a new method for obtaining a
constructive stochastic integral representation for smooth, as well as for non-smooth functionals.

1. INTRODUCTION AND AUXILIARY RESULTS

The martingale representation theorem is a cornerstone of stochastic calculus and is of great im-
portance due to its profound implications for various areas of financial mathematics (option pricing,
risk management), for understanding stochastic processes (the structure of martingales, relation to
Brownian motion), and for solving problems in control theory and filtration theory. It provides a pow-
erful framework for understanding and managing stochastic processes governed by Brownian motion.
Its implications extend far beyond mathematical finance, influencing fields such as physics, engineer-
ing and economics. It serves as a fundamental tool for researchers and practitioners dealing with
uncertainty and stochastic phenomena.

After Clark [1] obtained the formula for the stochastic integral representation for Brownian motion
functionals, many authors tried to explicitly find the integrand. The works [7,9,10,14-17] are especially
important in this direction. In the 80s of the past century (see [8]), it became clear that martingale
representation theorems (along with Girsanov’s theoren on absolutely continuous change of measure)
play an important role in modern financial mathematics.

Let a Brownian motion B = (By), t € [0,T], be given on a probability space (Q,S, P), and let
3B =0{B,:0<u<t}

Let Cp°(R") be the set of all infinitely differentiable functions f : R" — R such that f and all
its partial derivatives have polynomial growth. Denote by Sm the class of so-called smooth random
variables F' of the form

F:f(BtlaBtrzv"'vBtn)v fec‘z?o(Rn)a tie [07T}

Moreover, we denote by Pol the class of random variables F' with polynomial f. It is known (see [12,
Chapter 1]) that Sm and Pol are dense in La(2).

The stochastic derivative (derivative in the Malliavin sense) of a smooth random variable F' is
defined as a random process D;F defined by the relation (see [13])

DtF == Z %<Bt17Bt27 PP 7Btn,)I[0,ti](t)'
i=1 "

D is closable as an operator from Lo(Q2) to Lo(; Lo([0,T])). Denote its domain by Dj 2. This
means that D; o is equal to the closure of the class of smooth random variables in the norm

1Fllv.2 := {E[F?*] + E[||DF||3, 0.0} /-
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Theorem 1.1 (Clark-Ocone formula, (see [14])). If F is differentiable in the sense of Malliavin,
F € D2, then the following integral representation

T
F = E[F] + / E[D:F|3P]dB; (P — a.s.) (1.1)
0

holds.

Shiryaev and Yor [17] and Shiryaev, Yor and Graversen [7] proposed another method for finding
the integrand based on the Ito formula and Levy theorem for the Levy martingale M; = E[F|SP)
associated with the above-considered functional F' (as F', they considered the so-called “maximal” type
functionals of Brownian motion). Later, using the Clarke—Ocone formula, Renaud and Remillard [16]
established an explicit martingale representation for Brownian functionals that also depend on the
trajectory (in particular, here, F' is a continuously differentiable function of three smooth quantities:
from the Brownian motion with drift and the processes of its maximum and minimum).

It is clear that the class of functionals to which the Clark—Ocone formula can be applied is limited
by the condition that they must be Malliavin differentiable. We study the questions of the stochastic
integral representation for stochastically non-smooth functionals. Glonti and Purtukhia [3] proposed a
method for obtaining an integral representation for a non-smooth Brownian functional of a special form
using the Trotter-Meyer theorem, which establishes a connection between the predictable quadratic
characteristic of a semimartingale and its local time (see also [4,6,11]).

Further, it turned out that the requirement for the smoothness of a functional can be weakened
by the requirement for the smoothness of only its conditional mathematical expectation. It is known
that if a random variable is stochastically differentiable in the sense of Malliavin, then its conditional
mathematical expectation is also differentiable (see [12, Proposition 1.2.8])!. On the other hand, the
conditional mathematical expectation may be smooth even if the random variable is not stochastically
smooth. For example, it is known that Iyp, <.} ¢ Dj 52, but for all t € [0,7) :

c—B
Ellp,<a|ST] = @ (\/T—_t?) € D1,
where c is some real constant and @ is the standard normal distribution function.

Glonti and Purtukhia [5] generalized the Clark—Ocone formula to the case where the functional is
not stochastically smooth, but its conditional mathematical expectation is stochastically differentiable,
and proposed a method for finding the integrand.

In this paper, we consider several classes of Brownian functionals, including non-smooth functionals
(hence, it is impossible to use the well-known Clark—Ocone formula (1.1)), depending on both the
trajectory and the last moment of time. We propose a new method for obtaining a constructive
stochastic integral representation for smooth, as well as for non-smooth functionals.

2. CONSTRUCTIVE MARTINGALE REPRESENTATIONS

Let hy = hs(w) = hy(Bs(w)) be an integrable process adapted to the flow of o-algebras 35.

Consider the functional
b
F(a,b) = exp { /hsds},

a

where 0 <a<b<T.

'In particular, if F € D1 2, then E(F|SF) € D12 and Dy[E(F|SE)] = E(DF|SF) I 4 (t).
2The event indicator I, is Malliavin differentiable if and only if the probability P(A) equals zero or one (see
[12, Proposition 1.2.6]).
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Theorem 2.1. If the function V(t,x) = E[F(t,T)|B; = x| satisfies the requirements of the classical
Ité formula (i.e., V(-,-) € C12([0,T] x R)), then the following stochastic integral representation

T
F(0,7) :EF(O,T)+/F(0,t)-v;(t,Bt)dBt (P —a.s.). (2.1)
0
holds.

Proof. According to It6’s formula, we have
t
V(e B) = V(O Bo) + [IV.(s.B.) + 5V (s Blds
0
t
+/v;(s,Bs)st (P —as.). (2.2)
0

Due to the Markov property of the Brownian motion,
V(t,By) = E[F(t,T)|B; = allo—p, = E[F(,T)|B)] = E[F(, T)|SF] (P —a.s.),
and hence, under the conditions of the theorem, the process
F(0,t)-V(t,B;) = F(0,t)- E[F(t,T)|SP] = E[F(0,t) - F(t,T)|SP] = E[F(0,T)|3?] := M,

is a martingale. Since the martingale M; is adapted to the filtration generated by the the Brownian
filtration, it will be a continuous martingale.

Further, from (2.2), taking into account the fact that the product of functions of finite variation is
again finite variation, we can write

t
’ 1 "
M, = F(0,4) - V(0, Bo) + F(0,1) - / [V (5, BS) + 5Vl BS)}ds
0

+F(0,t) - /V;(S,Bs)st = F(0,t)- V(0, Bo)
0

+F(0,1) - / (V. (s, B,) + %v;;<s7Bs>}ds
0
+O/tF(o,s)-v;(s,Bs)st —O/t<0/sv;(9,39)d39)dF(o,s). (2.3)

On the other hand, a continuous martingale of bounded variation starting at 0 is identically equal
to 0 (see [2, Theorem 39]). Therefore, in equality (2.3), the term of bounded variation is equal to zero
and, taking into account the equalities

EF(0,T) = E[F(O,T)|%6B] = M, =F(0,0)-V(0,By) =V(0,By) (P —a.s.)
and
Mr = E[F(0,T)|S%] = F(0,T) (P —a.s.),
the proof of the theorem is easily completed. O

Remark 2.1. It should be noted that the result of Theorem 2.1 is especially interesting for nonsmooth
functionals, although it is likewise useful for smooth functionals.

Theorem 2.2. Let F(0,t) € Dy for almost all t. Then the Clark-Ocone representation (1.1) for
the functional F(0,T) follows from representation (2.1).
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Proof. If, in addition to the conditions of this theorem, the functional F'(0,T) satisfies the conditions

of Theorem 2.1, then, according to [12, Propositions 1.2.3 and 1.2.8], taking into account [12, Corollary
1.2.1], equality (2.1) can be rewritten as follows:

T
F(0,T) = EF(0,T) +/F(0,t) Vo (t, B)dB;
. 0
= EF(0,T) +/F(O,t) - DV (t, By)|dB,
- 0
— BF(0.7)+ [ FO.0) DUELF (. T)/3F)) B

0
T

= BFO.T)+ [ DAFQ.0)- EF@.T)SP)) B
0

T
— EF(0,T) + / DAE[F(0,T)(3P]}dB,

0
T
:EF(07T)—i—/E[DtF(O,T)\%tB]dBt (P —a.s.). (2.4)
0

Let us now consider a sequence of smooth random variables F,(0,T) € Pol converging to F(0,T)
in D; 2. Due to the well-known properties of Brownian motion and the conditional mathematical
expectation, it is not difficult to see that the conditional mathematical expectation of the polynomial
f(Bt,, Bt,, ..., By,) with respect to the o-algebras S is again a polynomial, but relative already only
to By itself and those B, where s < t. To verify the validity of this proposition, it is easy to see that
it suffices to consider the case t < u < v. In this case, we have

E[B}'B}|S{] = E{E[B]'B}|37][S7}
_E{BTE[(BU - Bu + Bu)n|gf]|gtB}

~p{mry cipw, - by pre)
=0

[n/2]
— Z C*E(B, — B,)*E{B™+"~% |35}
1=0
(/2 _ _
— Z C%(2i — )(v — u)'E{(B, — B; + B,)™ ™" %|3P}
1=0
/2] o [min-2i)/2) , o
=Y CrEi-Dw—uw)'x > CH (2 — D) (u—t) BT
i=0 j=0

Thus, it is not difficult to see that the smooth random variables F,(0,T) € Pol satisfy the condition
of Theorem 2.1. Consequently, due to relation (2.4), we have

T
F.(0,T) = EF,(0,T) —s—/E[DtFn(O,T)\%tB]dBt (P—a.s.). (2.5)
0
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Next, by the assumption:
tim {]1F4(0,7) = F(O.T) ooy + [1DFu(0.7) = DF(OT)|aorsaqoiry} = 0
whence, based on the Jensen inequality, we have
tim {||EIDF,(0.7)/38) = EIDF O, T[S a(oyta(01)
< tim_{||DFu(0.T) = DFO, )|l 1a(@taorn} = 0.
Therefore, taking the limit in (2.4), we obtain the Clark—Ocone representation (1.1). O

Remark 2.2. Note that to satisfy the condition of Theorem 2.2 it is sufficient, for example, that the
process h be smooth, and for the process h itself and its stochastic derivative be bounded.

Consider now another form of the path-dependent and non-smooth Brownian functional
G(a’ﬂ b) = I{maxsg[avb] B,<c}-

Since maxepo,r] Bs = max{maxc[o,q Bs, maxse¢, 1) Bs}} (0 <t <T) and for any pair of events A
and B: Ianp = 14 - Ip, it is obvious that the functional G(a, b), like the functional F(a,b) considered
above, has the property of multiplicative expansion: G(0,T) = G(0,t) - G(¢,T).

Therefore, following statements similar to those we used in proving Theorem 2.1, it is not difficult
to prove an analogue of Theorem 2.1 for the functional G(0,T).

Proposition 2.1. If G(0,T) = Ifmax,cor B.<c}, then the function V(t,x) = E[G(t,T)|B; = ]
satisfies the requirements of the Ito formula, and the following stochastic integral representation

is valid, where @ is the density of the standard normal distribution.

)dBt (P —a.s.)

Proof. According to the Reflection Principle, the probability that the maximum of the Brownian
motion over the interval [0, 7] is greater than or equal to z is equal to twice the probability that a
standard normal variable is greater than or equal to =/ VT, therefore

T
P{max B, <z :2@(—) 1.
{max, ’ JT

Hence, we have

C
= m < = _— —_ .
Elltmax.cio,r) B.<c}] P{seﬁ}%} B. s ¢} 2@<\/T) 1

Next, we recall that the distribution function of the maximum value of the increment of Brownian
motion is equal to

X
P B, — B;) < :1-2@(—7).
{Jé“[f‘,’}]( ) <z} T

Therefore, we easily conclude that
V(tax) = E[I{maxse[tﬁrp] Bsgc}|Bt = J,‘]

= E[[{maxse[t,T](Bs—Bt)SC—I} ‘Bt = l‘] = E[I{maXsE[t,T](BS_Bt)SC_x}]

= P{max (B, = B) S e—ap=1- 2@( - CT_ft) - 2@(;%) 1

It is easy to see that there are continuous derivatives

Vi) =~ ()
and
vt = - e (=)
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Let us now check the continuous differentiability with respect to t. Suppose that

oe|

c—z c—z }
VT =t VT —t— At}

Then, according to the mean value theorem for integrals, it is easy to verify that for some 6 the
sequence of relations

V/(t,z) =2 lim Qj( T:im) _Qj( C%ft)

At—0 At
R OIE e =1
=2 lim
At—s0 At

o @(0)(c— ) [T —t — (T —t - Ab)|
= a0 AT —t = AT —H(VT — i+ VT — - &)

_ c—x ( c—x )
\/(T—t)SSD VT —t
is true. Therefore, the continuity with respect to ¢ of the function V/ (¢, x) is obvious on the interval
[0,T).
On the other hand, for any positive numbers a and 3, we have

—a/s 1\ B
lim S = lim (=) e = lim of /e =0,
s—0 S8 1/s—o0 \'S T—>00
which, together with the above relation, shows the continuous differentiability with respect to ¢ of the
functions V' (¢, ) on the segment [0, 7.
Moreover, it is obvious that

1
V/(t,x) + §Vx’;(t, x) = 0.
Combining now all of the above on the basis of an analogue of Theorem 2.1, we complete the proof
of the proposition. d

Remark 2.3. Note that an approach similar to Theorem 2.1 can also be used for functionals depending
on the last moment of time. There is the following statement.

Proposition 2.2. If F(T) = exp{I{p,<c}}, then the function V(t,x) = E[F(T)|B; = x] satisfies the
requirements of the Ito formula, and the following stochastic integral representation

T
exp{l{pr<c}} =1+ (e — 1)95(%) - ;T_—jtso(\c/;—i)d& (P —a.s.)
0

is valid, where e is the Euler number.
Proof. We have
V(t,x) = Elexp{I{p,<c} }| Bt = | = Elexp{I{p,—p,<c—a} }| Bt = ]

1
= Elexp{I{pr—p,<c-a}}] = NeaEn]
o 2
y 1
Ty<e- - dy =
X /exp{ y<e m}eXp{ 2(T—t)} Y 2m(T' - t)

c—x oo
2

x[e/exp{—myit)}dy—i—/exp{—mgl_t)}dy]

— 00 cC—x
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z\/%{e j_fexp{—u;}du—l— 7 exp{—u;}du}

_ e@(%) +1 —@(%) =1+ (e— 1)@(%).

Next, following the statements similar to those we used to prove Proposition 2.1, and taking into
account the relationships

Elexp{I{py<cy}] =1+ (e - 1>@<%>

and 1
’ e — cC—X
V. (t,z) =— ( ),
2 (1, 1) —\ 7
it is not difficult to complete the proof of the proposition. O
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