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ADVANCED ANALYSIS OF MEROMORPHIC BI-UNIVALENT FUNCTIONS
AND QUASI-SUBORDINATION VIA JACKSON'’S (p,q)-DERIVATIVE

FETHIYE MUGE SAKAR!* AND SEHER MELIKE AYDOGAN?

Abstract. In this work, we introduce a new subclass of meromorphic bi-quasi-subordinate functions
by utilizing the (p,q)-Jackson derivative, specifically defined in the exterior of the unit disc. We
derive coefficient bounds for these functions and explore several special consequences of our findings.
By providing some new results in this area, this work extends the understanding of meromorphic
function classes and their behavior under generalized derivatives, offering new insights and potential
applications in complex analysis.

1. INTRODUCTION

We start by letting U = {¢: £ € R and 1 < [{] < oo}, and T be the class of meromorphic functions
of the style

0o am
5(5):f+ao+257m7 (1.1)
m=1
which are univalent in U. It is well known that every function s € Y has an inverse s~! defined by

sHs(€)=¢, €€U and s(s ' (w)) =w, 71<|w <o, n>0.
The inverse of the function s is represented by the following series:

s_l(w):ﬁ(w):w—&-bo—i—zz%, n<|w|<oo, n>1). (1.2)
m=1

Substituting @ = s(£) in the above series (1.2), the coefficients by, of s7*(£) can be expressed in terms
of the coefficients a,, of s(¢). Thus, for some initial values of m, we obtain

bo = —ag, b1 = —a1, by = —(az +apay), bz = —(asz + 2apas + aia; + a?), and so on.

For a brief history in the class T, see [1,9,13,24,25,27,28,30]. A univalent function in U is said to
be bi-univalent if its inverse map is also univalent there.

The function s € T is said to be bi-univalent and meromorphic if s~' € Y. The family of these
functions is denoted by T ;.

—_

(2m —1)!

-
m!(m — 1)! o

Springer [30] proved |ag| < 1, |as + $a}| < = and conjectured that [az;,—1| <

2
(m=1,2,...).
With a view to recalling the principle of subordination between analytic functions, let the functions
s and ¥ be analytic in . Then we say that the function s is subordinate to 1 if there exists a Schwarz
function w(§), analytic in U with
@(0)=0, [@(@)]<1, £€0

such that
s(§) = w(£)), £€0.
We denote this subordination by

s <9 or s(&) <9(§), £€0U.
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In particular, if the function ¥ is univalent in U, the above subordination is equivalent to
s(0) =9(0), s(U) C ¥(U).

In 1970, Robertson [23] introduced the concept of quasi-subordination. For two analytic function s
and 9, the function s is said to be quasi-subordinate to ¥ in U and is written as

s(§) < V(§), €€0,

if there exists an analytic function |h(§)| < 1 such that Zig is analytic in U and
s()
— =< 5 ) f € Ua
we) <"

that is, there exists a Schwarz function w(&) such that s(§) = h(§)Y(w(£)). Observe that if h(§) = 1,
then s(§) = H(w(§)), so s(§) < ¥(€) in U. Also note that if w(€) = &, then s(§) = h(&)¥(E) and it is
majorized by ¥ and written as s(§) < ¥(£) in U. Hence it is obvious that quasi-subordination is a
generalization of both subordination and majorization (see related works on quasi-subordination, for
example, [18,21,23,26]).

We shortly recall the concept of g-operators, i.e., q-difference operators, that play an important role
in hypergeometric series, quantum physics and special functions. The implementation of the g-calculus
was started by Jackson [15] (see [5,6,17,20,31]).

The g-calculus has attracted the attention of researchers due to its numerous applications in var-
ious branches of mathematics, especially in geometric function theory. Jackson [15,16] initiated and
developed the application of the g-calculus. Chakrabarti and Jagannathan defined the Jackson (p, ¢)-
derivative as a generalization of the g-derivative (see [8]). Al-Hawary et al. [2] introduced a new
differential operator defined by the Jackson (p, ¢)-derivative. Some applications of (p, ¢)-differential
operators are studied by Altinkaya and Yalgin [4] and Araci et al. [5]. We believe that one can find
more deeper understanding of the idea by carefully studying some of the works on the fractional
g-functions (see, for example, [7,10-12,22,29]).

For the expedience, we present some definitions and concepts of (p, ¢)-calculus that were used in
this article by assuming p and ¢q are fixed numbers such that 0 < p < ¢ < 1. The Jackson’s ¢-derivative
operator (or g-difference operator) is presented by

5(pg) — s(g€)
Op,qs(§) = (p—q)¢ $#0
0p,q5(0) = s'(0), £=0

provided s’(0) exist, where the symbol [m], , denotes the basic twin number by

p'rn_qm
m = 9 0 s :0, 1 R =1.
mlpg === Ol [p.q

Note that for 0 < ¢ < 1 and & # 0, we have
_ s(g8) — s(§)

D1,45(8) = 9g5(§) = Tg—1

(for more details, see [15]) and
1_ qm m—1 .
=2 4"

1—¢ ,

1=

[m]1,q = [mlq =

It is clear that for the function s of the form (1.1), we have
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2. DEFINITIONS AND LEMMA

For 0 < v <1, x >1and s € T, we present a subclass of meromorphic bi-univalent functions
denoted by BY (v, x;p,q) as

Definition 2.1 ([3]). A function s is presented by (1.1), is said to be in the class BY (v, x;p, q) if the
following conditions:
s(§)

R{(1 - X)T +X0p,gs(€)} > v, (£ €D),

Hw)

and
A =)= +xFp (@)} > v, (weD),
hold true, where 0 < v <1, y >1and ¥ =s"1.
We note from Definition 2.1 that

. o R —x) 2L + x,s(6)} > v _ .
;L}H{ BY(v,x;p,q) = {s :s€ Y and {%{(1 B X)@ (@)} > v }} = BY (v, x;q).

Furthermore,
' R {1 =)&) 4 \s'(€)} > v B
(}% BY(v,x;q) = {S :s €7 and {%{(1 B X)@ (@)} > v = BY(v, ),

where the class BY (v, x) is defined and studied by Hamidi [14].

Definition 2.2 ([3]). A function s is presented by (1.1), is said to be in the class BY(x, x;p,q) if
the following conditions

R{(1- 20" 430,560} < 5. (€< ),
and
H(e)

R{1—x)—
w
hold true, where 0 < x <1, y>1and ¢ =s"!in U.

+XOpad(@)} < 5, (@ € D),

‘We note from Definition 2.2 that

X7
R{(L—x)*E + x0,5(9)} < =~
lim BY(x,x;p,q) =1 s:s€ T and 195 ! 2[><7r = BY(X,Xx;q)-
pol R{L =) "2 +x09(@)} <
Furthermore,
R )& 4 ys/(6)) < =8
lim BY(x,x;q) =< s:s€ 7T and 9 2><7r = BY(Kx, ).
=t %{(1—X)%+Xﬁl(w)} <5

In the sequel, it is assumed that © is analytic function with the positive real part in U satisfying
©(0) =1, ©'(0) > 0, and O(U) is symmetric with respect to the real axis. Such a function is known
to be typically real with the series expansion © (&) = 1+ B1& + Bot? + B3€3 + -+ -, where By, B, are
real and B; > 0. We define the following class of meromorphic functions:

Definition 2.3. A function s is presented by (1.1), is said to be in the class BY (O, x;p, q) if the
following conditions:
s(§)

(1207 +x0p5(0)] <0(0), (€€ D),

[1- 0" 139, 4i(=)] < 0), (@ c0)

hold true, where 0 < p<¢<1,x >1and ¥ =s"!in U.

and
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We note from Definition 2.2 that

. N O {1 =% +x9,5(6)} < 6(¢) _ ,
Zl);ml BY(©,x;p,q) = {s :s€ Y and {{(1 B X)@ \O9()} < O(w) }} = BY(0,x;q).

Furthermore,
. o {1 =0 +x5(©)) < 0(9) _
31311 BY(0O,x;q) = {s :5€ T and {{(1 B X)@ (@)} < () }} = BY(0©, ).

Definition 2.4. A function s is presented by (1.1), is said to be in the class BY (0, x;p, q) if the
following conditions:

[(1-07E 38,059 - 1] =, GO -1, (€€D) 21)
and 9
(10" 0,0) 1] <, O) - 1), (=<0), 22)

holdtrue,where0<p<q§1,leandz?—s in O.
We note from Definition 2.3 that
lim BY,(©, x;p,4)

. {1 =) " +x0,5(6) = 1} <, (O(6) — 1) _ _
{s.sGTand {{(1—X w)—l—xaﬁ (@) -1} <, (O (w)_l)}}BTp(@,X,CI).

Furthermore,

lim BY,(6.x:9)

| (1= +x5'() — 1} <, (0(6) = 1) _
{5 et {{(1 042 () - 1)} <, (B(=) -1 }} - e

Lemma 2.1 ([19]). Ifk € g, the class of all functions with R(k(E)) > 0, £ € U, then |ky| < 2,
m e {1,2,...}, where k(§) =1+ > k™.

We know that k(§) € p < ]k(%) €p, €.

Define the functions k and € in @ given by

KO=1ym =1t tat
d
B (=118 0 b
S 1-0(f) ¢ &
whereu(g):%+§%+ +57+ u@)] < 1 andv(é)—g+§—2+ +57+ (e <1
& € U are the Schwarz functions (e.g., see [19]). It follows that
k(-1 k1 1 k?\ 1
“@ggraeta(e ) =
ond 06 -1 611 3\ 1
U(g):£(£)+1:2§+(52—2>§2+"'- (2-4)

In this article, we obtain the initial bounds of the class on meromorphic bi-univalent functions for
BY(x,x;p,q), as well as for the classes BY(0, x;p,q) and BY,(0, x; p, ¢) obtained by using subor-
dination and quasi-subordination. We also give some results related to this class.
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3. MAIN THEOREMS

Theorem 3.1. Let s be presented by (1.1), is said to be in the class BY (0, x;p,q) for0 <p <q <1,
x 2> 1. Then

B,
ao| <
ool < 721
and B
[
pq — x(1+ pq)

Proof. Let s € BY(0©, x;p, q). Then there are analytic functions u,v : U — C with u(c0) = v(c0) = 0,
satisfying

s
(1= 07 4 x0y5(6) = B(ulE))
and 9(e)
w _
(L =)=~ + X0pg¥(@) = Ov(@)), (V=51
Since © . . .
s
(1207 x5O = 1+ (1= aog + (1=x(14+ ) Jn g5 (3.1)
and 9(w) 1 1 1
w
(=)™ X0pi() = 1= (1= x)bo— — (1-x(14 ) Jou 5 (32)
and also,
Bk Biky + Bok?
Ou(é)) =1+ 101 12—2 i R (3.3)
3 £
and . . )
B B B
O(w)) =1+ ! 1—|— ! 22—2 201 e (3.4)
then equating coefficients (3.1) with (3.3) and (3.2) with (3.4), we obtain the following equalities:
(1 = x)ao = Biki, (3.5)
1
[1 - x(l n ;q)}al = Biks + Bok?, (3.6)
—(1 =Xx)ao = Bil1, (3.7)
1
_ [1 - x(l n p—q)]al — Bils + Bol?. (3.8)
Now, considering (3.5) and (3.7), we have
ky = —El.
Also, from (3.6) and (3.8), we find that
By (ka — £3)

a; = )
2[1-x(1+%)]
which in view of the inequalities |k,,| < 1 and |£,,| < 1 yield
B,
1—x (1 + p—lq)
Since B > 0, the last inequality leads to the required estimate given in Theorem 3.1.
From (3.5) and (3.6), using |k;| <1 and [¢1] < 1, we have
By
1—x'

laq] <

lag| =
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On the other hand, comparing the coefficient of (2.3) and (2.4), we get

k
(1—x)ao = 31317 (3.9)
1 1 k? 1
[1 . x(l + E)}al =3B (kg - 21> + Bk, (3.10)
£y
—(1 - X)ao = Bl;’ (311)
1 1 2\ 1
- [1 - X(l n E)]al =3B (@ - 21> + 1 B:l5 (3.12)

From (3.9) and (3.11), we have k; = —¢;. Considering the sums of (3.10) and (3.12) with k; = —¢4,
we have

2{1 - X(l n piq)]al - %Bl (ko — £2)
and hence,

B
g € ——F——. O

1
(14 5)
Upon letting p — 1 in Theorem 3.1, we obtain following

Corollary 3.1. Let s of the form (1.1) be in the class BY(0,x;q) for0 < g <1, x >1. Then

B
<
|aol T
and
B
la1| < 71(]
q—x(1+4q)

Upon letting ¢ — 1 in Corollary 3.1, we can get the following
Corollary 3.2. Let s of the form (1.1) be in the class BY(©,x) for x > 1. Then

B,
ag| <
and
ar] < 28
a1| & .
1—2y

Theorem 3.2. Let the function s given by the series (1.1) be in the class BY (X, x;p,q) for 0 <p <
q<1, x>1. Then

| |< 2
ag| &
0 1—
and
2
|a1|<—1.

Proof. Let the function s be a member of the class BY(x,x;p,q), (0 < x <1, x > 1). Then by
Definition 2.2, we have the following:

(1- x)s(? T xBp0s(6) = KO, (€ €D), (3.13)

and
(1-0"2 1 38,0) = =), (= <0), (3.14)
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where k(&) and 4(w),

kl kQ 61 62
k(§) =1+ —+4+ =+, and L&) =1+ —+ = +---
© £ & © £ &
are the functions with a positive real part in O.
Now, equating the coefficients of (3.13) and (3.14), we have the following:

(1 =x)ao = xki, (3.15)
{1—X(1+£)}a1 - l><]k2+% x (% — 1)k2, (3.16)
—(1=x)ao = xty, (3.17)
_{1—X(1+piq)]a1: 1><€2+% x (% — 1)£2. (3.18)

Equations (3.15) and (3.17) yield the relation between k; and /1 as k? = ¢3.
We shall first obtain a refined estimate for a; for our future use. For this purpose, we add (3.16)
and (3.18), and also using k¥ = 2,

D((kg — 62)
ay = 1 ;
2[1-x(1+4)]
and [ko| < 2, €] < 2, we get the following:
2x
la1] < —
1-— X (1 + E)
From (3.15) and (3.17),
o _ X2(kf+43)
ay = 3
2(1-x)
and taking the modulus, we get the following:
2K
|a0| < 1 . D
- X

Upon letting p — 1~ in Theorem 3.2, we obtain following

Corollary 3.3. Let s of the form (1.1) be in the class BY(x,x;q). Then

lao| < 2X
ap| X
0 T—y
and
2
lag| € —————.
1—X(1+%>

Upon letting ¢ — 17 in Corollary 3.3, we obtain the following

Corollary 3.4. Let s of the form (1.1) be in the class BY(x,x). Then
2
=X

lao| <

and
2

1-2x"

lai| <
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Throughout this paper, it is assumed that © is analytic in U with ©(0) = 1 and let

@(g):1+?+£—2+£—5+--~, By > 0. (3.19)
Also, let
h(g):Do+%+%+%+w, h(§) < 1. (3.20)

Theorem 3.3. Let the function s given by the series (1.1) be in the class BY ,(©, x;p,q) for 0 <p <

q<1, x>1. Then
lao| < 2081
L=X

and
| 1| <pq(DOBQ+D1B1)
= pg—x(1+pq)

Proof. If s € BY ,(©, x;p, q), then there are two analytic functions u,v : U — U with «(0) = v(0) =0,
[u(€)] < 1, |v(w)| < 1, and a function h given by (3.20) such that

(0= 07 39,050~ 1] = 1(6) (©Cu(6) - 1 (3.21)
and
(1= 02 139, 40(=) ~ 1] = hiw) O(0() ~ 1). (3.22)
Determine the functions k() and £(§) given by
_1tu© Lk ke
KO=1 o =lterer
and
e o) R S
g(w)_lfv(w) 1+w+w+ '
Thus
CkKEO-1 k11 K2\ 1
u(f)k(£)+12£+2(k22>£2+ (323)
and
w) — 1 %
v(w)M€;+;<@é>;Q+m. (3.24)

In fact, k and ¢ are analytic in U with k(0) = ¢(0) = 1.

Since u,v : U — U, the functions k, £ have a positive real part in U, and the relations |k,,| < 2
and |¢,,| < 2 are true. Using (3.23) and (3.24) together with (3.19) and (3.20), in the right side of
correlations (3.21) and (3.22), we have

2
h(€) (O(u()) — 1) = %DoBﬂkl1 + (;DlBlkl + %DOB1 (]k2 - “Zl)

1 1
z + Dosz%> e 4o

4

and

1 1 1 1 02 1 1
h(w) (@(v(w)) — 1) = §D031€1; + <2D131€1 + iDOBl (52 — 21> + 4D032€%> 9 + -
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In view of (3.21) and (3.22), we have
_ DoB1k;

(1= x)ao 5 (3.25)
1 D1B1ky  DgBi k2 Dy B:k?
1— (1 —)] - ky — 1 | 4 20228 2
{ x(1+ )] T+ <2 )+ = (3.26)
DyByt
~(1 = x)ag = =5, (3.27)
1 D1B1£1 D()Bl f% D()BQE%
1- (1 — ] - -1 . 3.28
[ x(1+ pq> ax 3 + 9 275 + 1 (3.28)
Now, due to (3.25) and (3.27), we have
k= —/; (3.29)
and DoBy (ky — /¢
QO—xMoz—iiéf:—Q. (3.30)
Thus we obtain
lao| < 2oB1
ap| & 1_ X .
Adding (3.26) and (3.28), we get
1 DBy (ki + ¢ DoBy (kg + ¢ Do(By — By) (k% + 62
21—X<1+*> ay = 1B (k1 + 1)+ oB1 (ko + 2)+ o(Ba 1)(1 1)7 (3.31)
pq 2 2 4
Using (3.29), (3.30) and |k, <2, |fn] <2 in (3.31), we obtain
DyBs + D1 B
la1| < 02 + 11 L
1-— X (1 + E)
This completes the proof of Theorem 3.3. g

Upon letting p — 1~ in Theorem 3.3, we obtain the following

Corollary 3.5. Let the function s given by the series (1.1) be in the class BY (0, x;q). Then
DyB;

lao| <
1—x

and
q(DoBs + D1 By)

q—x(1+q)
Upon letting ¢ — 17 in the above Corollary 3.5, we obtain the following

lai| <

Corollary 3.6. Let the function s given by the series (1.1) be in the class BY ,(©,x). Then
Dy By

|ao| <
1—x

and
DyBy + D1 B,

lai| <
1—-2y

4. CONCLUSION

We introduced a subclass of meromorphic bi-quasi-subordinate functions using the (p, ¢)-Jackson
derivative. We tried to find the coefficient bounds for these functions and explore several special
consequences of our results. We extended our understanding of meromorphic function classes and their
behavior under generalized derivatives, offering new insights and potential applications in complex
analysis. We believe that the readers will be able to find useful results if they use new notions from
the fractional calculus and combining them with the appropriate concepts from this area.
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