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CHARACTERIZATIONS FOR THE G-FRACTIONAL INTEGRAL OPERATORS
IN GENERALIZED G-MORREY SPACES ON R,

ELMAN J. IBRAHIMOV!, AYNURA O. BINNATOVA2 AND SAADAT A. JAFAROVA3

Abstract. In this paper, we study the boundedness of the G-fractional integral operators J& on
R4 = [0,00) in the generalized Morrey G-spaces My, , (R4 ). We characterize the strong and weak
types of boundedness of J& on the generalized G-Morrey spaces, respectively.

1. INTRODUCTION

As is known, the maximal functions, singular integrals, and potentials generated by different dif-
ferential operators are important in applications and various questions in harmonic analysis, making
their study highly topical. Non-accidentally, there is a vast literature devoted to different properties of
the aforementioned object of harmonic analysis. We cite only the works that are relevant to the ques-
tion discussed in this paper. More detailed information the reader can find in the above-mentioned
paper [4].

Based on our investigation Gegenbauer differential operator G was introduced in [2] G = G =
(2% — 1)d >+ (2 A+ 1)z dx, z € [1,00), A € (0,3). The shift operator A2, generated by G is given as
follows [10]:

T(A+1) |
AN f(cha) = 73 /f(chxcht — shasht cos @) (sin ) Ldp,
T J
where F(z fo et 1dt, x > 0 is a Gamma function.
Let HT = (0,r), r € (0,00). For any E C Ry = [0,00), 278E = |E|y = [, sh®**tdt. The
Gegenbauer maximal operator Mg and the Gegenbauer potential I are introduced in [11] as follows:

Mg f(chx) = sup—— /Acht|f (chz)|sh* Mtdt,

>0 iH |
1 (T .
I& f(chx) = T() / (/r21hr(cht)dr>Ai‘ht (chxz)sh*tdt,

270 0

where -
hy(cht) = /e_”(”+2)‘)"P,j\(cht)(u2 - 1)>‘_%du, 0<a<2X+1,
1

and

[(v 4 2X) cos A
TAOT(A+1)
is the eigenfunction of the operator G, and o Fj(«, 8;7;x) is the Gauss hypergeometric function.
We also consider the Gegenbauer fractional maximal operator Mg and Gegenbauer fractional in-
tegral J& introduced in [16] as follows:

o 1 _
P)Mcht) = (2cht) "2 o Ry (g + A, g A+ v+ A+ 1 (cht) 2)

1
MG f(chx) = supi/ AN | f(cha)|sh® M dt, 0 <a <y <2\+1,
r>0 |H | vy F
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and
oo

J&f(chx) = / |Hy|§‘1A§hyf(chx)sh”ydy, 0<a<y<2XA+1.
0
Note that M2 = M.
The operators Mg, I& and J& play an important role in harmonic analysis and applications.
In the present work, we study the Spanne-Guliyev type boundedness of the operator J& from
Mp i 4(Ry) to Mg, 4(Ry), 1 <p < g < oo, and from M, (R;) to the weak WM, o, ~(Ry),
1 < ¢ < 00. We also study the Adams-Guliyev type boundedness of the operator J& from ./\/lp 1 (Ry)

toM 1 (Ry),1<p<g<ooand from the space My ., »(Ry) to the weak space WM 1 (Ry),
U QW

qwa,
1<g<o0.
We characterize the Spanne-Guliyev and Adams-Guliyev boundedness type of the operator J& on the
generalized G-Morrey space, including weak versions. These results are analogues to those presented
in [4]. Here and further, w,w; and ws are the positive measurable functions on R, .
Next, A < B denotes that there exists some positive constant C depending on some nonessential
parameters such that A < CB. If A < B and B < A, then we write A =~ B and say that A and B are

equivalent.

2. NOTATIONS AND PRELEMINARY RESULTS

We denote by L, x(Ry), 1 < p < oo the space of functions py(z) = sh?*z—, measurable on R
with the finite norm

1
P
||fHLp,>\(R+) = (/ |f(0ht)|pd;u')\(t)> ) 1< p < o0, d/L)\(t) = 8h2)\tdt7
R+

[z n = IfllLo = esssup|f(cht)], p=oo.
teR 4

Let f € L, x(R4+), 1 < p < co. Then for any y € R, the following inequality (see [10, Lemma 2])

ANy iy sy < IFlL, @) (2.1)

holds.
We also denote by WL, \(R.) the weak space defined as the set of locally integrable functions on
R, with the finite norm

1 llwe, @) = sup H{z € Ry« [f(chz)] > t}2)* -

The main objective of this paper is to obtain the results similar to [4].

In the study of local properties of solutions of partial differential equations, together with weighted
Lebesgue spaces, Morrey spaces play an important role. They were introduced by C.Morrey in 1938
[18].

Consider the Riesz potential (see

[1])
I, f(x) /Imfgqu_ady, 0<a<n.
R'Il

In [1], Adams studied the boundedness of the Riesz potential on the Morrey space and proved the
following

Theorem A ([1]). Let0<a<nand 0 <A <n, 1<p<(n—A\)/a.
(1) If 1 <p < (n—A)/a, then the condition

1 1 o

p q n—2A
is necessary and sufficient for the boundedness of I, from M, x(R™) to M, x(R™).
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(2) If p =1, then the condition
ol @
q n—A

is necessary and sufficient for the boundedness of I, from Mj x(R™) to WM, »(R™).

In [7], there was introduced Gegenbauer—-Morrey (G-Morrey) space associated with the Gegenbauer
differential operator G as the set of locally integrable functions f(cha), x € Ry with the finite norm

x,7eER

T 1
TNR— ( / Aéht|f<chx>|17dm<t>) ,
+
0

1<p<oo, 0<A<1/2and 0<v <2\+1, and also the weak space WL, , (R;) with the finite
norm

S

AWy, a@e) =supr sup (877[{y € [0,8) : A%y, [ f(cha)] > r}x)" .
r>0 xzeRy
t>0

The Hardy-Littlewood—Sobolev theorem for the Gegenbauer potential Ig in the G-Morrey space,
which is analogous to Theorem A, is proved in [7].

Theorem B ([7, Theorem 2.1]). Let 0 < a <2A+1,0<v <2 +1l—-a and1 <p< (2A+1-v)/a.
(i) If 1 <p< (2X\+1—v)/a, then the condition

11 «
p q¢ 22+1—v

is necessary and sufficient for the boundedness of I& from Ly, x(Ry) to Lg, x(R4).
(ii) If p=1< (2A\+1—v)/a, then the condition

1 o
qg 22 +1-v
is necessary and sufficient for the boundedness of I& from Ly, x(R4) to Ly, A(Ry).

If we take v = 0 in Theorem B, then we obtain the following result.

Theorem C ([8, Theorem 3]). Suppose that 0 < A< 1/2, 0 < a<2A+1and1<p<(2A+1)/a.
(a) If 1 < p < (2\+ 1)/, then the condition

1 1 «

p g 22+1

is necessary and sufficient for the boundedness of I& from Ly x(Ry) to Ly a(Ry).
(b) If p=1, then the condition
1«
g 22+1
is necessary and sufficient for the boundedness of I& from L1 x(R4) to WLy A(Ry).

We denote H, = (0,7) C R;. Further, we need the following relation (see [8]):
gl
umxz/ﬁﬁﬁﬁz(mg), (2.2)
Hy
where 0 < A < 1/2 and

() = 220+ 1, if 0<r <2,
7= 4N, if 2<r<oo.

According to (2.2), in [16], the following concept was introduced.
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Definition 2.1. Let 1 <p < 00,0 <A< 1/2and 0 < v <~. We denote by L, , »(R;) the G-Morrey

space associated with the Gegenbauer differential operator G as the set of locally integrable functions
f(chz), x € Ry with the finite norm

:
11y ey = s (11 / A |F(cha) s )

zERL
r>0
T 1
—_ v P
= sw (17 [ lscholdnm))
TER4
r€(0,2) 0

r

wosw (10 [, e Panm )
TER4
ref2,00) 0

T, Ly a(Re) = 11 € LES(RL) s 17l < )
n [17], it has been proven that if L, o x(Ry) = Ly A(Ry), Lpya(Ry) = Loo(Ry4) for v < 0 or
v >, then L, , »(Ry) = ©O(R4), where © is the set of functions equivalent to zero on R .

=

Definition 2.2. Let 1 < p < oo and 0 < v < 4. We denote by WL, , \(R;) the weak space
L, (R;) defined as the set of locally integrable functions f(chz), « € Ry with the finite norm

vy =sipr s ((sg) |ty € 0.0 A%, Irtena)] > 1), )

r>0 t>0, zx€R

1
AN »
=supr sup ( (sh) / sh”‘ydy) .
r>0 t>0, z€R, 2
{yE[O,t Chy\f(chas)|>r}
Remark 2.3. In [11, Corollary 3.1], it has been proven that

a < I chy Ch],‘
|G f(chz)l S 2)\-',-1 —dux(y), 0<a<2x+1.

According to (2.2), we can write

(chz) (chx)
e rtehz)l 5 /| ”h?/%ilxa /| L 2)\ilxa dpa(y)
|Achy (chz)| Chy|f(ch$)|
' e Jé ha). 2.3
2/ (8h%)4>\_a px(y) O/ |H |i px(y) = G(‘f|) (chz) (2.3)

From the inequality (see [16, Proposition 2.4]) t < sht < e“t, where t € [0, A] and A > 0, it follows
that Definition 2.1 and Definition 2.2 are equivalent to the G-Morrey space introduced in [7].

This approach seemed natural to us, since it is an absolutely continuous measure of the intervals
(0,2) and [2,00), respectively. Therefore, the relation (2.2) was used in the formulation of the theorem,
as well as in its proof.

Theorem 2.4 ([16]). Let 0 < a < v\ (1), 0 <v <y (r) —a and 1 <p < (7a(r) —v)/a.
(i) If 1 < p < (ya(r) —v)/a, then the condition

1 1 a

p g () -v
is necessary and sufficient for the boundedness of J& from L, , x(Ry) to Ly, (R4).
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(ii) If p=1 < (7ya(r) — v)/a, then the condition
ol e
¢ ) -v
is necessary and sufficient for the boundedness of J& from Ly, x(Ry) to WLg,a(Ry).

Note that from (2.3), under the conditions of Theorem 2.4, the boundedness of the Gegenbauer
potential /& follows from the boundedness of G-fractional Gegenbauer integral J&.
3. GENERALIZED MORREY G-SPACES
In this section, we give the following generalization of the G-Morrey spaces.

Definition 3.1. Let 1 < p < oo and w(z, ) be a positive measurable function on Ry x (0,00). We
have defined the generalized G-Morrey space M, ,, ,(R.) associated with the Gegenbauer differential
operator G for all functions f € Lgﬁ(RQ by the finite norm

_ "%
10ty ) = sup ()™ (52 ) 7 L,

cER4
r>0
r 2241
— p
= sup w(e,n) ™ (shg) " Il
zER4
re(0.2)

A
_ ™
+ sup w(x,r) 1(sh§) ||fHLp,A(Hr)-
rERL
ref2,00)
We also defined the weak generalized the G-Morrey space WM, o, (Ry) of locally integrable
functions f(chx), x € Ry with the finite norm

_ "
W a,y o (ry) = sup w(a,r) " (Sh§> I fllwe, e,

(EGR+
r>0
r 2241
— P
= sup w(z,r)"! (Sh§ I fllwe, )
Z€R+
re(0.2)

_4X

_ T P
+ sup w(ax,r) 1<Sh§) [FAITONG: e
r€ERY
ref2,00)

By analogy with [19], in [14] was introduced the following notation.
Definition 3.2. Let 0 < p < oo and ¢(r) : Ry — Ry be a Lebesgue measurable function. The gener-

alized Gegenbauer-Morrey (G-Morrey) space M, ,, (R4 ) associated with the Gegenbauer differential
operator GG are the set of locally integrable functions f(chx), x € Ry with the finite norm

1
1 5
1ty = 1l o o= sup (W) / Aiht|f<ch:c>|pdm<t>) ,
zeR L
r>0 Hy.

and the weak G-Morrey space WM, , »(R;) are the set of locally integrable functions f(chz), z € Ry
with the finite norm

1 fllwaty k) = 1f W,

-

1 »
=sup rsup | ——= EH:Ai‘ chx) >r )
r>0 xeR4 (gp(t) Hy ! ht|f( ) }’

>0
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1
1 P
= Ssup 7 sup ( / dﬂ)\(y))
r>0 xz€R, So(t)
r>0 {yeH: A, | f(chz)>T}

Let 0 < 6 < 1. Assume that for any r > 0, ¢(r) satisfies the conditions

r<t<2r = o(t) = e(r), (a)
T o(t) rmCMDG(r), v=224+1,0< 7 <2,
LS I (b)
trot r=4Mo(r), v=4\ 2<r < 0.

T

Theorem D ([14]). Let0 <A <1/2,0 < a <2A+1,1 <p<a/(2X\+1) and 1/p—1/q = o/(2X+1).
Assume that ¢ satisfies conditions (a) and (b). Then:
(i) Ifp>1and f € My, A(Ry), then

G FIat, ey S N lNaz, 005
(ii) Ifp=1 and f € My, \(Ry), then
I J&fllwaty ey S WFla o ®e)-
Lemma 3.3 ([12]). Let w(x,r) be a positive measurable function on (Ry) x (0, 00).

(i) If

ol

sup (shg)_p w(z,r) ! =00

t<r<oo
is true for some t > 0 and any © € Ry, then M, , (R4)O(R4);
(ii) 1f
sup w(z,r)"! = oo
0<r<t

is true for some t >0 and any x € Ry, then M, , ,(Ry) = O(R4).
Remark 3.4. We denote by Q7 the sets of all positive measurable functions w on Ry X (0, 00) such
1
that for all £ € (0,00), sup (S:)l(i),r)p < oo and sup [lw(z,r)" L (04 < 0, respectively. In
z€Ry Lo (t,00) zER L
the following, keeping in mind Lemma 3.3, we assume that w € .

A function w : Ry — Ry is said to be almost increasing (resp., almost decreasing) if w(r) < w(s)
for r <'s. Let 1 < p < co. Denote by ®) the set of all almost decreasing functions w : Ry — R4 such

that ¢ — (sh%)%w(t) is almost increasing.
Lemma 3.5 ([12, Lemma 2.4]). Letw € @), 1 < p < o0, Ho = (0,70) and xu, be the characteristic
Junction of the interval Hyo. Then xu, € Mp o v ®r,)-

Moreover,
1

w(ro)’

1
w(ro) - HXHOHWMp,w,’Y(RJr) < HXHOHMP"“"Y(R+) S

4. G-FRACTIONAL INTEGRAL OPERATOR IN THE SPACES M, , \(R})

(0,2) if y=2x+1

d let
2,00) ify=4r O F

4.1. Spanne—Guliyev type result. Denote E, = {

~

Ny 00
(ShQ) / (Shi) ||fHLp,A(HS) <Ch§) ds, t € E,
1

‘ 2241 gy 2At1 g s
:{(shZ)M‘I S (sh3) =5 Tl o (eh3)ds, € (0.2),
(shi)e [(shs)™ @ M| fllr, ,(m.) (chs)ds, t € [2,00).

The following result is an analogue of Theorem 4.2 from [4].
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Theorem 4.1. Let 1 <p < o0, 0 < a <\(r), f € LYS(Ry) and

11
S (4.1)
p g ()
Then forp > 1,
N t\T [, s\-i-1 s
1 e nno S (s05) " [ (s03) ™ Wl sy (ch3) s e 2, (12
t
and forp =1,
v 00
o < t« s\ ~3 1 s
19&flweanny S (shg ) [ (s03) " 1fllnoaom (chl ) ds, te By, (4.3)
t

Proof. For a given interval H; = (0,t) C Ry, we split the function f as f = f1+ fo, where f1 = fxu,,
f2 = fXxu,)e = [X(t,00)- Then

J&f(chx) = J& f1(chz) + J& f2(chz).

Let 1 < p< 00,0 < a<~v/pand (4.1) hold. Since f1 € L, »(R4), by the boundedness of the operator
J& from Ly, x(Ry) to Ly x(R4) (see Theorem 2.4 by v = 0), it follows that

178l gy S Wil a@s) = 12

i s\~31 s
< (sh2) /(sh§) £y s (chi) ds, t € E,. (4.4)
t

Estimate the integral J& fo as

T fateha) = [ AY,|fcha)] (sh2) " dus(w

S 7Aéhyf<chx>|(/oo(sh§)a“ (en3) ds ) dir (1)

Y

_ ]O< / AN f(chx)|duA(y)> (shg)“_H (chg) ds

t t<y<s
< / ( H/ el ) (03)" (en3) as.

Using Holder’s inequalities (2.1) and (2.2), we have
1

[ atlstcralann < ([ asisenarranm) ( [anm)’

H, H, Hs
=
P

|

S
< (sh3) " 142 Fll, s

s\v(1—%
S O I Vi PR

where p +p’' = pp'.
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Then we obtain

sasaten) 5 [ (s02)"7 1Ay aca (en) as

Tt~y T3

(sh%)_%_l 1F Ly o (chg) ds. (4.5)

From (4.5) and (2.2), we get

~

o T s\ "7 ! s
198 2l vy S ez [ (sh5) " Wl acny (cb3) ds
t

~

T s\ ¢! s
= ez [ (503) " 1z (ch3) ds
t

[3)

_
q

Ul aciy (515 s

o
q

! s
Ifllz, »cm) (shE) ds, t € E,. (4.6)

Combining (4.4) and (4.6), we obtain (4.2).

Finally, in case p = 1, by the boundedness of the operator J& from Li z(R4) to WL, A(Ry) (see
Theorem 2.4 by v = 0), it follows that

& fillweg sy S Wil sy = 1Nz, s

N 0O
t\ ¢ s\~ 3L s
< (5h2> /(sh§> 1F 1w (shi) ds, t € E,. (4.7)
t

Note that inequality (4.6) is also true in case p=1. Then by (4.6) and (4.7), we get inequality (4.3). O

We use the following statement on the boundedness of the weighted Hardy operator

o0

H,g(t) = /g(s)w(s)ds, 0<t<oo.
t
The following theorem is true.

Theorem 4.2 ([4]). Let v1, va and w be the weights on Ry and let vi(t) be bounded outside a
neighborhood of the origin. The inequality
esssup va(t)Hy,g(t) < Cesssup vy (t)g(t) (4.8)
>0 t>0
holds for some C' > 0 for all nonnegative and nondecreasing g on Ry if and only if
r d
B = esssup/L)S < 00.

>0 J esssupvi(r)
t s<r<oo

Moreover, the value C=B is the best constant for (4.8).

Theorem 4.3. Let 1 <p < o0, 0 < a < 7/p, condition (4.1) hold. Also, let the pair (w1,ws), where

wi € ), wo € QF, satisfy the condition

ooessinfwl(x,s)(sh%)%
r<s<00 r <
/ (sh%)%ﬂ ( h )drwwz(ﬂcﬂf), te k.. (4.9)

2
t
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Then for p > 1, the operator J& is bounded from My ., ~(Ry) to My, ~(Ry) and for p = 1, the
operator J& is bounded from My ,,, ~(Ry) to WMy, ~(Ry).

~

Proof. By Theorems 4.1 and 4.2 with wvy(r) = wa(z,r)™', vi(r) = (shy) 7 wi(z,r)7?,
]
w(r) = (shg) “ " chg, g(r):||f||Lp$A(Hr),we have

5ty = 500 1) 1(sh2) 0
ren,

N

5 r
sup wa(z,t) 1/ 5) Nz, x o dr

zERY
tekE,

7

t 3

< swp (e (o 2) 170 nct7) = 17 6
rERY

teE,

and for p > 1, we have

—1 q

[TENW Mgy S SUD w2, 1)
zE€R,

tek,

_ AN
< sup wr(a,1 1(sh2) 1 canr = 1 Latr

zERL
teE,

forp=1. O

r
(el ) 11y n

w\g

Remark 4.4. Note that the analogue of Theorems 4.1 and 4.3 is proved by another method for the
Gegenbauer potential I& in [15].

In order to prove our main result, we need the following estimate.

Lemma 4.5. Let Hy = (0,79), then

(sh3) < Jaxum(cha)
for every x € Hy.
Proof. By (2.2), we have

70

OOA)‘ h t\ 7
Jéxm, (chz) =/de(t) =/<sh2> sh? tdt
) (shz) 4

2 (sh2)7 (sh%‘))7 > (sh%’)a. O

The following theorem is one of our main results.

Theorem 4.6. Let 0 < <7, p,g € [1,00), w1 € Y, wr € Q), 1<p< 2 andf—l:%.
If wy € @ satisfies the condition

/ (shg)a_l (chg) wi(r)dr < <sh;)aw1(t), te b, (4.10)

Q

then the condition N
t
(sh2> wi(t) Swalt), teE, (4.11)

is necessary and sufficient for the boundedness of J& from My, ~(R4) to WMy, (Ry) by p=1.
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Moreover, if 1 < p < v/a, then condition (4.11) is necessary and sufficient for the boundedness of
J& from My o 4(Ry) to Mg, ~(Ry).

Proof. Sufficiency. Let (4.11) hold, then (4.10) implies (4.9) and by Theorem 4.3, J& is bounded from
Mp oy (Ry) t0 Mg u, 4 (Ry)

Necessity. Now, let J& be bounded from M, ~(Ry) to Mg, ~(R4). Let Hy = (0,79) and
x € Hy, then by Lemmas 3.5 and 4.5, we have

to ) 1
(s0%) " % 10 sy S w2ttt

wa (to)

< ws(t <

S wato)lxm, laye, o S TR
or

to @ wg(to) to @

h— ] < & | sh— to) S walt

<S 2) Nwl(tO) § 2 wl( O)NWQ( 0)5
for all tg > 0.
Since this is true for every ty > 0, we are done . 0

Remark 4.7. If we take wy(t) = (shé)ug7 and ws(t)

sht)“T" in Theorem 4.6, then conditions
(4.11) and (4.10) are equivalent to 0 < v < v — ap and £

respectively.

ST

q

Corollary 4.8 ([17]). Let 0 < a < v, 1 <p < ~v/a, 0 <v <~y —ap, and (4.1) hold. Then the
operator J& is bounded from L1, x(Ry) to WLg , A(Ry) if and only if v = p/q.

Moreover, if 1 < p < v/a, then the operator J& is bounded from Ly, »(Ry) to Lq ux(Ry) if and
only if v/p = pn/q.

4.2. Adams—Guliyev type results. The following pointwise estimate plays a key role in proving
our main results.

Theorem 4.9. Let 1 <p<oo, 0<a<vyand f € LL‘:‘;\(R”. Then

J&f(chz) < <sh;> " Mg f(chx)

+/(sh;)a?’1 (chg) Ifllz, rdr, t€ B, (4.12)

t
Proof. Write f = f1 + fa, where f1 = fx(,) and fo = fx(m,)-- Then
JE f(chx) = J& fi(chx) + J& fa(ch).
First, we show that
T8 f1(cha)| S (mé)a M f(cha), (4.13)

for all x € R4
In fact,

¢ A
I hilcha) = | de(y)
0

IN

[
VA

>

Q

—

DN

& T
1

~

O\%‘N

=
;.‘)/
<
=
Q
>
=
=
=
>
—~
NS
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oo

< <sh;> Mg f(chz)d 277 < <sh;> Me f(cha).

k=0

For J& fa(chz) with z € Ry, from (4.5), we have

(s52) " (ch2) WAl oy

rye—3—1 r
(sh§> (ch§) 1f |, + o, ydr, t € Es.

J& fa(chz) <

“k‘ﬁ“ﬁg ““~_\38

From this and (4.13), we obtain (4.12). O

Theorem E ([12]). Suppose 1 < p < 00, wy € QF, wa € Q7. Moreover, let condition (4.1) hold and
also the pair (w1,ws) satisfy the condition

sup (sh§> “wi(z,8) Swalz,r).
s>r 2

Then M is bounded from My ., ~(Ry) to Mg w, ~(Ry) forp > 1, and Mg is bounded from My o, ~(Ry)
0 WM (Ry).
Using Theorem E for a =0 (then ¢ = p) and wi(z,r) = wa(z,r) = w(z,r), we get the following

Corollary 4.10. Let 1 < p < oo and w satisfy the condition

sup w(x,s) Sw(z,r). (4.14)
s>r>0

Then Mg ts bounded from My, ., ~(Ry) to Mp o, ~(Ry) forp > 1 and Mg is bounded from M, ,, ~(R1)
to WM, ~(Ry) forp=1.

Theorem 4.11 (Adams-Guliyev type results). Let 1 < p < g < 00, 0 < a < v/p and let w € Q)
satisfy condition (4.14) and

a—1 ap
t t 1 ™\ a»p
— — pdt < —
/ (shQ) <ch2> w(z,t)rdt S (sh2) , r>0. (4.15)

Then for p > 1, the operator J& is bounded from M 1 (Ry) to M 1 (Ry) and for p =1, the
PwP Y qwd
operator J& is bounded from M, ,(Ry) to WM 1 (Ry).
a7,y

Proof. Let 1 <p < o0 and f € My, ~(R;). By Theorem 4.9, inequality (4.12) is valid. Then from
condition (4.15) and inequality (4.12), we get

o t\“ Ty a—3-1 r
T fchr) < (%) Masteha)+ [ (shZ)7 T (AZ) 10 o
t

oo rya—1 1
MGf (chx) /(8h2> w(@, )71l (chﬁ) dr

/ (sh%) w(z, r)% 2

r)” (chg) ,

™R

‘U\'—‘

$
dr

 (sh5)

£\ "ar
" M f(cha) (hQ) Il . (Ry), teE,

ap

) Mostens) <11l [ ©

€
]
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The right-hand side attains its minimum at

a—-p
£ 1l 1 (Ry)\ Y
sh— = Pl oy

2 q—p Mcgf(chx)

for all x € R, we have

T f(cha) S (Maf(cha) s Iflne" | .

pywP oy
Hence, the statement of the theorem follows from the boundedness of the G-maximal operator Mq in
My w.~(Ry), provided by Corollary 4.10, by virtue of condition (4.14),

1-2 _1 " L
1eflae o SIAl,  swp wr) ™ (shg) " IMGfIL, )
qwd,y pwP v TERL !
r>0
P
q
-z _1 ™
=Ifl®, | sup wle)F (shT) T IMe e,
pwP vy rERY
r>0
P
=flm 5 IMaflge , SWolw o
1
pwP oy pwP .y p,wP y

for 1 < p < q < oo, and

~

_1 1 - 1
& fhwan S0, swp wlar) ™ (shg) " IMa I, o,y
" r>0+
1—1 1
S N1 = 1M
forp=1<q< . O

The following theorem is one of our main results.

Theorem 4.12. Let 0 < a <7, 1 <p < q < oo and (4.14) hold.
If w € @ satisfies the condition

J (1) (st stoiar s (g)" 19

p

1 T\« ™ " a—p
) < L
w(r)? (sh2> < <8h2) (4.17)
is necessary and sufficient for the boundedness of J& from My, ~(Ry) to WM Ry)ifp=1,
a;
and from M 1 (Ry)toM 1 (Ry) if 1l <p<oo.
PPy qw

Y

Proof. Sufficiency. Let (4.17) hold, then condition (4.16) implies (4.15) and by Theorem 4.11, it
follows that Jg is bounded from M 1 (Ry) to M 1 (R4) if 1 < p < 00, and from M, (R4)
PwP Y qwa Y
toWM 1 (Ry)ifp=1.
qwa,y
Necessity. Let J& be bounded from M 1 (Ry)toM 1 (R;)ifl <p < g < oo and from
Py q

w7y

pw?,
Migpr(Ry)to M 1 (Ry) if p =1 Let Hy = (0,t9) and z € Hy. By Lemma 4.5, we have
qwa .y

then the condition

1
wdyy

(sh%’)a S J&xH,(chz). Therefore, by Lemma 3.5 and Lemma 4.5, we get

to « _1 1
(8h2> S Holy " 19880 | (10 S w(t0) 7 | T 6| r1
q

1
ywd ey

1 1_1
Sw(to)?llxm,llm Sw(te)s 7,
P,

3 |

WPy
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to\® to\* to) "7
(sh;) w(t@ii% <1l (sh;) w(to)% < (sh20> ’ p,

for all g > 0 . Since this is true for every x € R, and ¢y > 0, we are done. d

or

Theorem 4.13 (Adams-Gunawan type result). Let 0 < a <7, 1 <p < ¢ < oo and w € Q7 satisfy
condition (4.14) and

(shé)aw(x,t) + / (shg)a_l (chg) wlz,r)dr Sw(z,t)i, te E,. (4.18)

Then for p > 1, the operator J& is bounded from /\/l b (Ry) to M 1 (Ry) and for p=1, the
q,wy
operator J& is bounded from My, ~(Ry) to WM 1 (R+)

q,w T,y

Proof. Let 1 <p < o0 and f € My, ~(R;). By Theorem 4.9, inequality (4.12) is valid. Then from
condition (4.15) and inequality (4.12), we get

oo

AN amj=lgow
T8 f(cha)| £ (sh2> Me f(cha) +/ (sh5 (e ) 11z, rcrr,y

< (shé) Mgf(chm)+||f||Mpwv/(sh;) ( )w(a:,r)dr, teE,.

From (4.18), we have
t

w(z,t) (sh;) < wl(z, )P/ = (sh2

) S w(z, t)P/a7t, (4.19)

and

= Ut [ (503)" () wlriar S 1, . ol 777 (1.20)

t
Summing (4.19) and (4.20), we get

|78 f(cha)| S w(x,t)i ™ Mg f(cha) + w(@,t) || fllum, .. . -
If w(x,t)%flMgf(chx) < w(z,t)d Ifllm,.. ., then w(z,t) > MGf(Chm)”fHKApMﬁv and we have
1—-2
T f(cha)| < wan t)i— Mo f(ch) < Mo f(cha) (A 1Mpen )
G ~ ) ~ MGf(Chx)
P 1-2
= (Mg f(cha))® || fllam,), -
Since w(w, )1~ Mg f(cha) > w(@, t)7]|fl|am, .., therefore w(w,t) < Mg f(chz)| f|1, . and we get

P M, h.
T8 f(ch)| < wla, 051, < (| Jfﬁf (e @) s

= (M f(cha))? ||y’

p,w 'Y
Thus,

78 f (cha)| < (Maf(cha)® [Ifl[e" (4.21)

PW’Y
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From Corollary 4.10 and (4.21), we obtain (see proof of Theorem 4.11)

76 fllm 1Ma [ 14 Sl
a ¥ P, P

<t e
~ ||fHM 1
P w Py

3=

1 1
ywd ,y ,w?b, wPy

for 1 < p < g < oo and

1—1 1
Ieflwae o S I le IMeflli, ., S 1M ,s
a

forp=1<q< . O

1
w4y

The following theorem is one of our main results.

Theorem 4.14. Let 0 <a <7, 1<p<g<ooandw € 2.
If w € @) satisfies condition (4.18), then the condition

(shg) w(r)% S w(r)% (4.22)
is necessary and sufficient for the boundedness of J& from My, ~(R4) to WM Ry) ifp=1
q

and fromM 1+ (Ry)toM 1 (Ry)ifl<p<g<oo.
PwP aw7,y

1
w ey

Proof. Let (4.22) hold. Note that if w € ®), then

o] o)
J_2_1q

/(sh%)ail (chg) w(r)dr = / (shg); ! (ch%) w(r)dr

t t

> (eng) ot [ () ()
_y (sh;>aw(t), ie.

<sh;>a w(t) < 7(%2)(’_1 (ch2)wlr)dr S w(ty's, te E,.

Suppose that w(r) = go(r)%. Then condition (4.18) is equivalent to the condition

(oo}

/ (sh%)a (chg) w(r)%dr < w(t)%.

t
Then by Theorem 4.13, the statement of Theorem 4.14 is proved.

Necessity. Now, let J& be bounded from M 1 (Ry) to M 1 (Ry). Let Hy = (0,tp) and
p,wP 7y q,w 9,y

x € Hy. By Lemma 4.5, we get (sh%’)a S JaxH, (chx). Therefore, by Lemma 3.5 and Lemma 4.5,
we have

t() e _% «
<8h2) S|HOH)\ HJGXHO||LQ>\(HO)

1
S wlto) (| 7Gx, M
q

t (0%
(sh;) w(to)
for all tg > 0 .

Since this is true for every z € Ry and ¢y, > 0, we are done. O

1 1_1
o Swlto)lixmllm L Swlte)s ™,
ywd,y p,wP v

or

1
Q=

to\“ 1
—3 <1 (sh20> w(to)? Sw(to)s,

Remark 4.15. If we take w(t) = (sh%)”~7 in Theorem 4.12, then condition (4.16) is equivalent to

0 < v <+ — ap and condition (4.17) is equivalent to zl) — % = ﬁ Thus we get the following
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Corollary 4.16 (Theorem 2.4). Let 0 < a <y, 1 <p<g<oocand 0 <v < 'yfap Then the
operator J& is bounded from Ly, x(Ry) to WL, A(Ry) if and only zf L_

Moreover, if 1 < p < q < oo, then the operator J& is bounded from Lp,%)\

i 1 _ o
only zfl—a—,y_u.

1
q y—v"
(R ) to Ly (Ry) if and

Corollary 4.17. Taking v =2\ + 1 in Corollary 4.16, we obtain Theorem B.
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