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VARIATIONAL AND NUMERICAL ANALYSIS OF A DYNAMIC
THERMO-VISCOELASTIC CONTACT PROBLEM WITH NORMAL
COMPLIANCE FOR A LOCKING MATERIAL

MUSTAPHA BOUALLALA:2* AND EL-HASSAN ESSOUFI?

Abstract. This paper studies the dynamic problem of frictional contact between a perfectly locking
thermo-viscoelastic material and a heat conductive foundation. The contact is described by the
normal compliance condition, and the friction is modeled by the nonlocal Coulomb friction law. The
mathematical model of the dynamic process is presented, and the variational formulation is derived.
The existence and uniqueness of the weak solution are established. The continuous dependence of
the solution on the friction coefficient, as well as on the initial displacement and temperature data,
is studied. Finally, a fully discrete finite element scheme for the variational problem is proposed,
and error estimates for the approximate solution are derived.

1. INTRODUCTION

The term ’locking material’ refers to a physical phenomenon in which the deformation of a material
is hindered or halted upon encountering an obstacle or reaching a specific threshold. In this case, the
material can no longer be distorted independently of the force. Changes in stress occur that are not
accompanied by corresponding changes in deformation.

Recent advances in the modeling of a differential variational-hemivariational inequality and a gen-
eralized nonlinear quasi-hemivariational inequality in the context of an optimal control problem can
be found in [32,33]. Applications of generalized quasi-variational inequalities, particularly those in-
volving generalized sub-differentials in the Clarke sense, have been observed in various fields. Refer
to [8,31,32] for further details.

The first studies of variational problems with locking materials, initiated by Prager, are cited
in [22-24], and developed by F. Demengel and P. Suquet in [12,13]. Bourichi et al. addressed
a penalty method for an elastic-locking material in a unilateral contact problem with friction, as
discussed in [6]. The mathematical model of an elastic locking material with memory was considered
in [26]. Recently, in [16], the authors have presented a new model of a contact problem involving an
electroelastic-locking material in friction with a conductive foundation.

Mathematical models describing the dynamic frictional contact between a thermo-viscoelastic body
and a rigid foundation were studied in [10,19], and more recently in [4]. Elliptic variational and
hemivariational inequalities for the displacement field, arising in various types of contact problems
with friction for elastic and viscoelastic materials, can be found in [16,20]. References [1,25] present
the models for perfectly locking materials.

Several papers investigating numerical analysis schemes and their error estimates for the dynamic
and quasi-static contact problem, with or without friction, were studied in [3,5,7,9,15].

In this paper, we study the mathematical and numerical analysis of a new dynamic contact problem
for a thermo-viscoelastic perfectly locking material with a heat conductive foundation. The defor-
mation is limited by a positive constant, beyond which the body becomes extremely rigid, causing
blockage, while the stress and temperature continue to increase. Since temperature has an impact on
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displacement, the locking effect is also depends on it. This model includes the subdifferential of indi-
cator functions, introducing a key novelty in considering the locking effect caused by the temperature
intensity.

Furthermore, the temperature field will be constrained to belong to a certain convex set. In this
context, the Fourier law of heat conduction is expressed in the following form:

@n(t) € = VO(t) — 0Ip(VO(t)) in Q x (0,T),
where B is the closed convex set defined by the formula

B ={Bp € L*(Q), |Bsll < Mp}.

This new model leads to a complex system of a dynamic quasi-variational nonlinear inequality, and
a second parabolic variational nonlinear inequality. The difficulties in solving this problem lie in
the coupling of the viscoelastic and thermal aspects, as well as in the non-linearity of the boundary
conditions. In addition, we get the non-linear terms that are hard to deal with in continuous and
discrete cases.

The contact is modelled by the penalized normal compliance condition with the parameter of
penalization €. The friction is described by Coulomb’s law. We derive the existence and uniqueness
of the weak solution, the proof is based on the quasi-variational inequalities and the Banach fixed
point theorem. We prove the dependence of the solution on the friction coefficient and its convergence
result. Likewise, we present the discrete problem using the finite element method and the backward
Euler finite difference method. We establish the convergence of its solution through a proof. The
rest of the paper is structured as follows. Section 2 presents the method for our dynamic frictional
contact problem, including the non-linear thermo-viscoelastic-locking constitutive low, the equilibrium
equation, and the boundary conditions describing the material behavior. In Section 3, we provide
the notations and assumptions regarding the problem data. Additionally, we derive its variational
formulation. In Section 4, we present the proof of a weak solvability. In Section 5, we study a contact
problem for thermo-elastic case with a small perturbation of the friction coefficient, and establish a
convergence result. In Section 6, we analyze a fully discrete scheme and derive related error estimates.
Finally, in Appendix, we present some results of the analysis.

2. A MATHEMATICAL MODEL OF CONTACT

We consider a locking body that initially occupies an open bounded domain Q c R? for
d = 1,2,3. The boundary I' of the domain €2 is assumed to be Lipschitz and is divided into three
disjoint measurable parts: I'p, I'y and T'c such that meas(I'p) > 0. Let T > 0 be the time interval
of interest, [0,T], and let p : Q — RT denote the mass density of the body.

The body is clamped on I'p x (0,7T), causing a displacement field in that region to vanish. The
body is subject to a volume force of density fo in © x (0,7") and to a volume thermal force of density
go. It is also subject to a surface traction of density fi on I'y X (0,7). On I'¢, the body may come into
contact with a heat conductive obstacle, the so-called foundation. We assume that its temperature is
maintained at fr. The normalized gap between I'c and the conductive foundation is denoted by g.

We use S¢ to denote the space of a second-order symmetric tensor on R%, and ” -” and || - ||
represent the inner product and the Euclidean norm on R? and S¢, that is, for all u, v € R?, and for
all o, 7 € S%,

1 1
w-v=u;-v;, |[v]|=(@-v)?, and o-7 =0y -7, ||| =(7-7)2,

where the indices 7, j run between 1 and d, and the index following the comma indicates a partial

derivative with respect to the corresponding component of the spatial variable, e.g., u; ; = g;? .
J

We denote by u : Q x (0,T) — R? the displacement field, by o = () : © x (0,T) — S%, the stress
tensor, by g, = (qin,) : 2 x (0,T) — R the heat flux vector, and by e(u) = (g45(u)) = 3 (us; +uj.;)
the linearized strain tensor.

Here and below, Div denotes the divergence operators for tensor and vector-valued functions, i.e.,
Div(o) = (035,;) and div(g:n) = (g, ;) are the vector-valued functions.
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Moreover, v = (v;) denotes the outward unit normal at I'; and u, = u- v, u; = u — u,v are the
normal and tangential components of u on I'. Also, 0, = (ov) - v, 0, = ov — o,V are the normal and
tangential stress on I', respectively.

Under the above assumptions, we are in a position to introduce the formulation of the contact
problem.

e Problem (P): Find a displacement field u : 2x]0,T[— R? and a temperature field 6 : Qx]0, T
— R such that

o(t) € Ceult)) + Fe(ult)) — 0(t) M + dLa((u(t))) in Q x (0,T),
an(t) € —AVO(t) — (VL) in Qx (0,7), (2.2)

pii(t) = Div o(u(t)) + fo(t) in Q x (0,7T), (

0(t) + div(gn(t)) = qo(t) in Qx(0,T),

—~
NN
LR

— =

u(t)=0 on T'p x (0,7), (2.5)

6(t) =0 on (FN UFD) X (O,T), (26)

o(t)v = f1(t) on T'y x (0,7), (2.7)

w(0,2) = ug, ©w(0,x) =g, 0(0,z) =6y in Q, (2.8)

ou(uy(t) —g) = —% [uy(t) — g]t, €>0 on I'c x (0,7), (2.9)
lo- @O < plllur@)I)Row (u(t))], .

ir(t) 0= 0,(0) = O D R fue) | ootk (O o O @10

40E) _ k. (ua(t) ~ 9)61(610) ~ 0 on T x (0.7), (211)

where Ip_4 p is the indicator function defined by

In(a) 0, ifae P,
o) =
P 400, otherwise,

in the closed and convex sets A and B defined, respectively, by
A={Ba €S [|Ball < Ma},
B ={Bp € L*(Q), |Bsll < Mp}.

Recall that equations (2.1) and (2.2) represent the thermo-viscoelastic constitutive law for a locking
material. In these equations, F = (fiju), € = (cijm), A = (my;), and A& = (k;;) correspond to
the elasticity tensor, viscosity tensor, thermal expansion tensor, and heat conductivity tensor, respec-
tively. Equations (2.3)—(2.4) are, respectively, the equations of motion and the Fourier law of heat
conductivity. Conditions (2.5)—(2.7) represent the displacement, traction, and thermal boundary con-
ditions. The initial conditions are specified by equation (2.8). Furthermore, equation (2.9) represents
the normal compliance contact condition on I'c, where ¢ > 0 denotes the penalty parameter. The
Coulomb law of friction is considered in relation (2.10), where p is the friction coefficient and R is
a regularization operator. The function R can be selected as the convolution product with a regular
function w, which corresponds to the nonlocal friction law, as described in [11].

R (z) = / w(llz - 2l (2)dz,

and
2

ep< o ) it Jlal] < a
w.exp | ——— < a,
w(z) = [2l? — a2

0 if ||z]| > a.
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—+oo
The normalization constant w is determined such that / w(z),dr = 1, where w(z) is the regular
—o0
function. Additionally, « represents a length that characterizes the geometry of the material’s asper-
ities.
Finally, equation (2.11) represents the regularized thermal condition, as described in [14], such that

—L if s<—-L, k() =0 if <0
(r)=0 if r <0,
dr(s)=<s if —L<s<L, and .
. k.(r)>0 if r >0,
L if s>1L,

where L is a large positive constant.

3. WEAK FORMULATION

In order to present the variational formulation of Problem (P), we require some additional nota-
tion and preliminary concepts. Let X be a Banach space, we use the classical notations for the spaces
LP(0,T; X) and W*? (0,T; X), where 1 <p < oc and k = 1,..., endowed with the norm

T
a0y = [ e
0

We introduce the following functional spaces:
H=L*Q)"={u=(u); w € L*(V)}, Hi = H(Q)",
H ={1=(1ij) | iy =151 € L*(V)}, #4 ={c €| DivoeH}.

These spaces are the real Hilbert spaces equipped with inner products corresponding to the associated
norms defined as follows:

mezjwmmwmwmzmmH+Mdeﬁ,
Q

(o,7) e = /aijTijdx, (u,v) ¢ = (0,7) ¢ + (Div 0,Div 7) ,,,
Q
and the associated norms || - ||z, || - &y, || - ||lo2 and || - || s, respectively.
Let Hr = H%(F)d and v : H — Hr be the trace map. For every element v € H, we also use the
notation v to denote the trace yv of v on I
Let HlF be the dual of Hr and (-,-) denote the duality pairing between HlF and Hrp. For every
o € €, ov can be defined as the element in Hf satisfying

(ov,yv) = (0,6(v)) ,p + (Div 0,v)y, Vv € Hy. (3.1)
Moreover, if o is continuously differentiable on £, then
(ov,yv) = /JI/ -vda, Vv € Hy, (3.2)
r

where da is the surface measure element.
Combining equations (3.1) through (3.2), we obtain the following Green’s formula in elasticity
theory:

(0,6(v)) ,p + Div 0,v)y = /O’V -vda. (3.3)
r
Notice that if ¢ € H*() is a sufficiently regular function, the following Green’s type formula
(¢: V) g + (div ¢,n) 2y = /q -vnda, ¥n € H'(Q) (3.4)

r
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holds. Taking into account the boundary conditions (2.5)—(2.9), we introduce the closed subspace of
H, as defined below,

V={veH : v=0on I'p},
Q:{UGHI(Q) :m=0on 'pUTN},
Vi={veV :0v,-9g<0 on I'c},
which are endowed with the inner products and norms defined as follows:
(w,0)y = (e(u),e@)or, vy = (v,0)¢,
(O.m)a = (VO, V), lnlla = (0.1
Since meas(I'p) > 0, the following Korn inequality (see [21])
le(),, = ctl|v]|f,, forall veV,

holds, where ¢; is a non-negative constant depending only on 2 and I'p.
The following Frierichs—Poincaré inequality

IVnlla = Cellnllq, forall ne@,

holds on Q). Furthermore, according to the Sobolev trace theorem, there exist the constants ¢y > 0
and c¢; > 0, depending on 2, I'¢, and I'p, such that

[olliz2reye < collvllv, lInllzz@e) < ellnllq, forall (v,n) €V x Q. (3.5)

Next, utilizing the Riesz representation theorem, we define the elements f(t) € V and ¢(t) € Q for all
v e Vand n e Q as follows:

(F00)y = [ folt)-vdo+ [ (0) v, (3.6)
Q I'n
(@10 = [ alt) - nda. (3.7)
Q
Also, we define j: VXV >R, x:VxQxQ—>Rand ®:V xV = R by
ju(t),v) = /M(Hur(t)||)|RUu(U(t))|HUera» (3.8)
Ie
X (u(t),0(t),n) = /kc(uu(t) —9)¢L(0(t) — Or)nda, (3.9)
Le
and . .
But),v) =+ / ) = 91" vnda = = () = 91" 0, (3.10)
Le

It should be noted that the integrals (3.8) and (3.9) are well-defined due to the conditions (H P;) and
(H Ps) below, respectively. To proceed with the investigation of the mechanical Problem (P), we
require the following assumptions:

(HP;) The elasticity tensor .# = (fijx1) : Q@ x ST — S? satisfies the usual properties of symmetry,
boundedness, ellipticity and continuity:
i) fiju = fijier = fiwig € L*°(Q2), for all 4, j, k, [;
i) F(x,8).0=¢.F(x,0), forall §,0 € S%, ae. z € Q;
i) fijr(@)&ié0 > me||€]|?, with mg > 0, for all £ € S, ae. z €
i) 1(Ze(w), e(0))llor < Maljullylolly-
(HP,) The viscosity tensor € = (c;jr1) : Q x S — S? satisfies the following conditions:
i) Cijri = Cjirt = cirij € L=(Q);
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ii)

iii)

iv)

v)

vi)
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% (z,.) is monotone on S, i.e.,

(€(2,&1) — €(2,&)) (& — &) >0, forall &,& € 8% ae x €
% (z,.) is coercive on S%, i.e.,

cijr(2)&ii&m > me||€])?, with me >0, for all € € S, ae. € Q;
There exist r € L>(Q) and s € L*(Q) such that

1€ (2,€)| < r(2)|¢] + s(x), VE €S, ae. x €
% (z,.) is continuous on S%, a.e. z € Q
1@, @)l < Mllulvllelv;

% (.,€) is Lebesgue measurable on 2 for all £ € S<.

(HP3;) The thermal conductivity tensor % = (k;;) : @ x R? — R? satisfies

i)
ii)

iii)

k’ij = kji € LOO(Q),
kij(2)€:€; > ma||€]|?, withmy >0, forall £ € RY, z€Q;
[V, Vn)lla < Mx|0]lqlnllq-

(HP;) The thermal expansion tensor .# = (m;;) : @ x R — R satisfies

i)
ii)
(HPs) i)

ii)

iii)

iv)

ii)

iii)

mi; = Mj; € LOO(Q),
[(420,e(v))|l 2 < M.al0]lqlv]lv-
The forces, the traction, and the thermal flux satisfy

foeWhH(0,T;H), fr e WHH(0,T5L(Tn)%), qo € L? (0, T3 L*()) ;
The thermal potential and the gap function satisfy
0 € L*(0,T;L*(T¢)), g€ L*(T¢), g > 0.
The mapping R : Hll“c — L*°(T'¢) is linear compact and continuous with
cr =Rl g -
The mass density satisfies p € L>°(€2), and there exists p* > 0 such that
p € L*(Q) and p(z) > p* a.e. z € R.

The initial data ug, o and 6y of Problem (P) satisfy

ug €'V, g € D(97), 6o € Q,

where 95 denotes the sub-differential of j and D(9j) represents its domain.
There exists h € L2(Q)? for all v € V such that

c(tio, v — tp) + alug, o) + j(uo,v) — j(uo, o) > (h,v — o).

The functional j is proper, convex, and lower semi-continuous on V' x V.

(HP;) The coefficient of friction p: I'c x RT — RT satisfies

i)

ii)

iii)

There exists a positive constant L,, > 0, for all 2,y € R,

lu(,z) — p(,y)| < Lylz —y| ae. onTe;
There exists a positive constant M, > 0 such that

z,u)| < M,, forallu € R* and z € T'¢;
2 H

The mapping = — u(z,u) is measurable on ¢ for all u € RT.

(HPg) The coefficient of heat exchange k. : ['c x R — R™ satisfies ies

i)

ii)

There exists My, > 0 such that |ke(x,u)] < My, for all u € R,z € T « — ke(x,u) is
measurable on I'c for all © € R, k.(z,u) =0 for all x € T'¢ and u < 0;
There exists Ly, > 0 such that |ke(x,u1) — ke(z,u2)| < L |ur — usl, for all uy,us € R.
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Using (H Fs)(iv), the inclusion mapping of (V, || - ||v) into (H, || - || ) is continuous and dense. Then
we identify H and H' and write V. C H=H' C V.

Since @Q is dense in L?(Q2), we write Q C L*(Q) C Q'.

Wedenote by a: VXV =R c: VXV >R d:QxQ —Rand m:Q xV — R are the bilinear
operators given by

a(u,v) = (Fe(u),e(v) o, c(u,v) = (Ge(u),e(v)) 4,
d(0,m) = (L%/VQ, Vn)H ) m(aa v) = (%975(’0))% :
From the constitutive laws (2.1)—(2.2), we have
o(t) = Ce(u(t)) + Fe(u(t)) — 0(t) A4 + < (u(t))
qun(t) = —A'VO(t) = Z(6(1)),

where

Fu(t) € 0la(e(u(t))) and BO(t) € dIp(VI(t)) in Q.
For almost all ¢ €]0, T, let us define the following subsets:

Vo =A{u(t) € V5 sup{|le(u(t))lle, le(i(®))|l#} < Ma ae. inQ},
and
Qu = {0t) € Q [VO(1); < M ac. in 0.

For all u,v € V5 and 6,1 € @1, we obtain

(Fu(t),e(v) —e(u(t)) < Ta(e(v)) — Lale(i(t)) <0,

(BO(t),Vn —VO(t)) < Ig(Vn) —Ig(VO(t)) < 0.
Then,
(o(t),e(v) —e(i(t))) 5 < (€e(i(t) + Fe(u(t)) — 0(t)A e(v) —e(i(t))) 4 , (3.11)
(=qun(t), Vip = VO(t)) iy < (HVO(t), V= VO(t)) - (3.12)

Next, we assume that {u, 0,0, gy} are regular functions satisfying (2.1)—(2.11) and let v € V3 N V4,
n € Q1. Using (3.3)—(3.4), we have

— (Div o(t),e(v) —e(u(t))) ,p + / (ov.e(v) —e(u(t))) da
r
< (Ge(a(t) + Fe(u(t)) — 0(t)A ,e(v) —e(i(t))) e »

(div gun(t), Vi — VO(E)) ; — / (quuv-Vn — V6(t)) da < (H'VO(1), Vi — V(1))

By conditions (2.5)—(2.7) and (3.6)—(3.7), we deduce
(—pii(t) — F=(i(t)) — Fe(u(t) +0(t). () — =(i(t))) o
+ [ (ome(v) - @) da <~ (F(0).e(0) ~ eCale))y

Te

(~60) ~ #96().Vn = VO)) | = [ (ainr. V0~ V6(2)) da < — (a(t), V0 - V()

Taking into consideration equations (3.11)-(3.12), (2.9)—(2.11), (3.8)—(3.10), as well as the inner prod-
uct in H, we obtain the following weak formulation.



42 M. BOUALLALA AND EL-H. ESSOUFI

e Problem (PV): Find a displacement field v € (V3 NV3) x]0;T[ and a temperature field
6 € Q1x]0,T], for all v € V; N V5 and n € Q1 such that:

(i(t),v —u(t) g + c(i(t),v —u(t) + a(u(t),v —u(t)) —m(0(t),v — u(t))
+@ (u(t), v —a(t)) + j(u(t), v) — j(u(t), a(t)) = (f(t), v —i(t))y ,

(9(15), n— G(t))Q/XQ +d(0(t),n—0(t) + x (u(t),0(t),n — 0(t)) = (q(t),n — 0(t)) (3.13)
U(O) = Ug, U(O) = fL(), 9( ) 9
4. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

The existence and uniqueness of the weak solution to Problem (PV) are established as follows:

Theorem 4.1. Assuming that (HP;)—(H Pg) hold, there exists a unique solution to Problem (PV)
that satisfies

uw € Wh®(0,T;V)NW22(0,T; H), 6cWh2(0,T;Q)N L*0,T;Q).
The proof of Theorem 4.1 is carried out in several steps and based on the arguments involving
quasi-variational inequalities and the Banach fixed point theorem.
At the first step, let A € WH1(0,T; H) and v € L*(0,T; L*(£2)) be given, and consider the following

intermediate variational problems.
e Problem (PV)): Find a displacement field uy € (V1 N V3)x]0, T for all v € V4 NV, such that:

X
(ix(8), v = axn(t)) g + ¢ (@r(t), v = ax(t)) + a (ur(t), v = ia(t))
+ (), v —ax()y + 7 (ua(t), v) — 5 (ur(t), an(t)) = (f(t), v = wx(t))y (4.1)
ux(0) = ug, ux(0) = up. (4.2
e Problem (PV,): Find a temperature field 6, € Q1 x]0, T for all n € Q1 such that:

(6000 =0,0) _ +d (0,00 = 0,0) + (0.1 = 0, 0)g = (@hn =0, (). (43)
6,(0) = by. (4.4)
At the second step, we present and prove the solvability result for the intermediate problems.
Lemma 4.1. There exists a unique solution to Problem (PV)) that satisfies
uy € WH(0,T; V) nW?2>(0,T; H).
Proof. Using the Riesz representation theorem, we can define the operator
(Fa(8),v)y = (f(£),v)y — (A(),v)y -
Then Problem (PV)) can be written as follows:
(lia(t), v —x(t)) g + c(a(t), v — a(t) + a(ur(t),v — ar(t))
+35 (ua(t), v) = j (ux(t), wx(t)) = (fx(t),v = @r(t))y
U)\(O) = Uog, U)\(O) :1},0.
Keeping in mind (HPs)(i), (3.6), we have f € W11(0,T, H), and from the regularity of A € W11(0,
T;V), we can conclude that f\ € W11(0,T; H).
By the assumption (HP;), the operator a is continuous, symmetric, bilinear, and satisfies the
following coerciveness condition
(e, ) oy + allul]? > wlul?, Vu eV,

with a = 0 and w = me.
Next, we define the set-valued operator M : V — V' by M = ¢+ 9j.
From (HP,), we have

(%(6(111)) — %(5(“2)),5(1“) — 6('1,&2))% Z 0, Vul,ug S V,

then the operator ¢ is monotone.
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Since c¢ is continuous, in accordance with (H P»)(iv), we can deduce that ¢ is bounded.

Using (H Pg)(iii), the operator j is proper, convex and lower semi-continuous on V' x V' which
implies that 7 is maximal monotone.

Consequently, since ¢ is monotone, bounded and continuous in V' x V| we conclude [2, P. 39] that
M = ¢+ 9j is maximal monotone. Moreover, by (HPs)(i)—(ii), the initial data uo and ¢ satisfy the
condition

{aug + cip} N H # 2.
It follows now from Theorem 6.2 that there exists a unique function satisfying uy € W1°°(0,T;V) N
W?2°°(0,T; H). O
Lemma 4.2. There exists a unique solution to Problem (PV,) that satisfies the given condition
0, € Wh2(0,T; L*()) N L*(0,T; Q).
Proof. By the Riesz representation theorem, there exists an operator g, (t) € @ such that

(a(),m)g = (a(t),mq — (¥(t),mq, Yn€E Q1. (4.5)
Then problem (4.3)-(4.4) can be written as follows:

(6(01m = 05(0) (B0 0= 6,(0)) > (as(0). 0 — (D)

for all n € Q. From (3.7), (4.5) and the regularity of g, we can observe that g, (t) € L?(0,T; L*(12)).
The hypothesis (H P3) assures that the operator d is a continuous, symmetric bilinear and satisfies
the following condition:
d(0,0) + coll0ll720) > allblley, VO € Q,

with ¢g = 0 and o = m_. Now, utilizing Theorem 6.3, we can conclude the result. O

From now on, the constant denoted by C' may differ line to line.
At the last step, for (\,v) € WH1(0,T; H) x L?(0,T; L%(f2)), we define the mapping

A (L) = (AL (A, )(8), A2 (A, )(1) €V x Q, (4.6)
given by
(AL (A 7)(1),v) = @ (ua(t),v) —m (65(t),v)
(Ao (A7) (1), m) = x (ua(t), 04(¢
for all v € V1 N V5 and 1 € Q1. We have the following
Lemma 4.3. For (\,vy) € WHY0,T;H) x L*(0,T; L*(Q)), the operator A : [0,T] — V x Q is

continuous. Moreover, there exists a unique (A\*,v*) € (\,7) € Wh1(0,T; H) x L*(0,T; L*(Q)) such
that AN*,~v*) = (A", 7).

Proof. Let (\,v) € WHY0,T; H) x L*(0,T; L*(Q)) and ty,t, €]0,T7.
Using (3.10), (4.7), (HP,) and the inequality |[z]T — [y]T] < |z — y|, we obtain

[AL(A,7) (1) — AN ) (E2) v v
2
<sup (M 2 ) (10301) = 0,12l + fan(t) = wn(a)ly ) (49)
By the regularities of uy and 6., we conclude that Ay(\,vy) € C([0,T]; V).
On the other hand, by (3.9), (4.8), and (HPs), it follows that
18207, 1) (1) = A2 (A V) (t2)lly g < Mo L[| (t1) — 05 (t2)ll - (4.10)

Then Ay(A, ) € C([0,T]; Q). Consequently, A(X,v) € C([0,T];V X Q).

Let now (A1,71), (A2,v2) € WHH0,T; H) x L*(0,T; L*(Q)) and t € [0,T].

Using the arguments similar to (4.9) and (4.10), we can deduce the existence of a positive constant C'
such that

IO A1) = A2 32) By g < C (1632(6) = 02u (Blg + llu, (1) — sl ). (411)

N—
=
S
—~
- -
o
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t
Note that wuy, (t) = /uxi(s)ds + uy, (0), for ¢ = 1,2, implies
0

Jurs ) = wra 3 £ € [ fin, (5) = s 0) 2 . (4.12)
0
From (4.1), we write
(ﬂ)q (t) - u/\z (t)v ’I:L>\1 (t) - 7:&)\2 (t)) +c (11)\1 (t) - qu (t)7 u)q( ) u)\Q( ))
Fa (uny (8) = s (8), i, () = ta, () + (Ao (8) = Ao (), i, (£) — ia, (¢))

F (un, (), e, (8)) = 5 (i, (1), toay (8)) = J (ung (), 1, (£)) + J (uag (), x5 (£) < 0. (4.13)
We first bound the terms of j,
|j (u)\l (t)7 a)\l (t)) —J (u)\l (t)7 u/\Q (t)) —J (u)\z (t)> u)\l (t>) +J (U)\2 (t)7 Tl)\2 (t))‘

< g Lucr [[un, () = ux, ()l i, (8) = ix, (D] - (4.14)
Integrating (4.13) over [0,¢] and combining it with (4.14), (HPy), and (H P2), we can deduce

s / i, (5) — ing (S)II% ds< (M + 2 Locs) / s (5) — rg ()l [[ia, (5) — oy () |y s

5 a0 = Ol = [ a(6) = Aalo), i, (5) — i, (5)) d.
0

Using the inequality zy < az? + =v2, (a > 0), (4.12) and Gronwall’s inequality, it follows that
g y ry Y

Jurs ) = w7 <€ [ INa(6) = (o} d: (1.15
0

Moreover, by (4.3), we conclude that
(9"71 (t) - 9"‘/2 (t)’ 971 (t) - 9’)’2 (t)> Q'x0Q +d (971 (t) - 9"/2 (t)v 971 (t) - e’Yz (t))
+ (71(8) = 72(1), 04, () — 05, (t)) g < 0.
Similarly, from (H Ps), we obtain

163, () = 02,001, < € [ Ia(s) = 22(5) 5y ds.
0

Combining (4.11) through (4.15) and (4.16), we get

t

AL Y1) () = A2, 72) ()1} < C/ (A1, 71)(5) = (A2, 72) (5)[1§ o - (4.16)
0

Finally, using the result presented in [27, P. 41-45], we deduce that the operator A possesses a unique
fixed point. O

We are now ready to prove Theorem 4.1.

e Existence: Let (\*,v*) € WH(0,T; H) x L?(0,T; L?(Q2)) be the fixed point of A, and denote
by u3, 6 the solutions of problems (4.1)-(4.2) and (4.3)-(4.4), respectively. For (\,v) = (A\*,7*), by
definition (4.6) of A, we deduce that the pair (u},63) is a solution of Problem (PV).



VARIATIONAL AND NUMERICAL ANALYSIS 45

e Uniqueness: The uniqueness of the solution follows from the uniqueness of the fixed point of
the operator A.

5. CONTINUOUS DEPENDENCE RESULT

In this section, we consider {js}s~, as a family of perturbations of the friction coefficient . We
aim to study the dependence of the solution of Problem (PV) on the perturbation of z, with respect
to the initial condition (ug, g, 0p).

We introduce the following variational problem involving a perturbed friction coefficient ps and
denote its solution as (us,85) with respect to the initial data (uso, 8s0)-

e Problem (PVj): Find a displacement field us € (V4 NVa) x]0; T and a temperature field 65 €
Q1x]0, T, for all v € V; N V5 and n € @1 such that:

(iis(t),v = ts(t) y + c (s (t), v — is(t)) + a (us(t), v — is(t)) —m (0s(t), v — ts(t))
+@ (us(t), v —ts(t) + j(us(t),v) — j(us(t), us(t)) = (f(t),v —us(t))y , (5.1)
(Qs(t)ﬂ? - 95@)) oxot d(05(t),n — 05(t)) + x (us(t), 05(t),n — 05(t)) = (a(t),n = 05(1)) g (5.2)
u,;(O) = Ugso, 125(0) = ”L'L(;O7 95(0) = 050.

Problem (PVj) has a unique solution, and the arguments of the proof are similar to that used in
Section 4.
Now, we present the following convergence result.

Theorem 5.1. Assume that the conditions
e (lurll) = ps (lusr D 207,220y — 0, as 6 = +oo,
{lluo = wsolly + llito = soll s + 0 — Osoll | = 0, a5 8 = +oo (5.3)

hold. Then the solution of Problem (PVs) converges to the solution of Problem (PV), in accordance
with the following estimate:

[t = us )1, + ) — s )1 + 106) — 0501
6t) — 95(t)||iz(0’T’Q)} 0, as & — +oo.
Proof. Substituting v = us(t) into (313) and v = 4(t) into (5.1), we deduce
(ii(t) — dig (), w(t) — s (t)) gy + ¢ (u(t) — is(t), w(t) — s (t)) + a(u(t) — us(t), (t) — is(t))
—m (0(t) — 05(t), a(t) —is(t)) + P (u(t) — us(t), u(t) — is(t))
< (u(t), us(t)) — j (u(t), u(t)) — j (us(t), w(t) + j (us(t), is(t)) -
(ii

In other words, referring to (3.5), (H Ps)(iil) and (H Pr), there exists a positive constant C' depending
on cg, M, and ¢y such that

15 (u(t), s (1)) — j (u(t), a(t)) — 5 (us(t), w(t)) + j (us(t), s (1))]
< C (Jlu(t) = us @)}, + i) = as @I + e (luel) = s Qs 0.1, 200y ) - (5:4)

Employing hypotheses (HP;)—(H P3) along with the Young inequality in conjunction with (5.4), we
can conclude that

li(e) — s (O + 5 % Nit) — o (% < € {lu(e) —us (@) + (t) — (D)
+1188) = 05(OIG + Il Ul 1) = s (s 1)L 207,220 } (5.5)

Similarly to (4.12), we observe that

futt) = s < O [ ate) = ds(o)1% s + o — wsol}
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Integrating equality (5.5) over the interval [0,¢] and applying Grownwall’s inequality, we arrive at
Ju(t) — us ()13 + (e) — s(6) % < O {10(6) — 00 + o — wsoll
o — g0l + a1 = s (s Dl oo 1,200y - (5.6)
Take n = 05(¢) in (3.13) and n = 6(¢) in (5.2), we have
(0) = 05(0).00) = 05(1)) =+ (B(2) = 05(0), 0(2) — 05(1)

< x (u(t),0(t), 05(t) — 0(t)) — x (us(t), 05(t), 05(t) — 0(t)) - (5.7)
We deduce from (3.9) and (H Pg) that

X (u(t), 0(2), 05(t) — 0(2)) — x (us(t),05(1), 05(t) — 0(2))]

< My, Legen [lu(t) —us(8)ly 10(8) — 650l - (5-8)
Using the property of the operator d combined with (5.7)-(5.8), we get
1d
l6() — 65(2)llg + 3 19(t) — 05(t)llg < C llut) — us()I3 - (5.9)

We integrate the two sides of (5.9) and, using the Gronwall inequality, there exists a constant C' > 0
such that

16(t) = B (DI, + 16(8) = 6D 220,70 < 0{ / lu(s) — us(s)[2 + 160 — 505 } (5.10)
0

Finally, combining (5.6) with (5.10) and performing some algebraic manipulations, we can deduce the
existence of a positive constant C such that

lu(t) — us@)Il + i) — a7 + 10() — 05015 + 10(2) — 051720140
<C {||uo — usollsr + o — soll 3y + 100 — Osollfy + Il (lur ) — e <||u57||>||L2(0,T,Lz<rc>>} :

Hence, by the hypothesis stated in relation (5.1), we can derive the result presented in Theorem 5.1. [

6. FUuLLY DISCRETE APPROXIMATION

In this section, we introduce a fully discrete numerical scheme for the solution of Problem (PV)
and derive the error estimate. We use the finite element spaces V" and Q" and introduce a partition
of the time interval [0;T] : 0=ty <t; < --- <ty =T. Let k, > 0 denote the time step size defined
as k, = t, —t,_1 forn =1,..., N. We allow a non-uniform partitioning of the time interval and
denote k = max k, as the maximum step size.

For a continuous function u(t), taking values in a function space, we denote u, = wu(t,) for

0 <n < N. We represent the difference as du,, = —(u, — un—1), where k is the step size.

7 (
k _

Let— {7"} be a regular family of triangular finite element partition of Q, compatible with the
boundary decomposition I' = T¢ UTp UT . We then define a finite element space Vh c V and

Q" c @ for the approximations of the displacement field u and the temperature 6 defined by
vh = {vh e [c@]"; vy, € PUTA]; ¥Tre T o' =0 on TD},
Q" = {nh € [C()]; 77|hT7- € [P(Tr)]; VTre T n" =0on Tp UFN}.

We also have V" = ViN V" VI =Von V" and QF = QN Q" .
To simplify again the notations, we introduce the following notations for n =1,..., N :

n n
hk hk  hk hk |, h hk hk | ph
wy” = 0u,”, Uy = g kjwi™ +ug and 6% = E ;607" + 05

j=1 j=1
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The fully discrete approximation method is based on a backward Euler scheme, it has the following
form.

e Problem (PVj;): Find a displacement field {uﬁk} C V*NVJ and a temperature {92’“} cQh,
for all v" € VP NV, nh € Q" andn=1,...,N such that

(6,whk: ol — ) —|—c( hk ,Uh ) +a( Bk _ka) (ozkh h —U)Zk)
+<I>( Uy 1,vh—wn )—i—](un ,vh)—](uzk,wﬁk) > (fn,v —wzk)v, (6.1)
(Mﬁkﬂ?h - sz)LZ(Q) + d (%ka ehk) + X ( Uy — 179’2k 17 b eﬁk) Z ((Jmﬂh - ezk)Q7 (62)

uhk h o hk hk h
Uy = Ug, Wy _w079n = by,
with uft € VP, wh € V" and 0} € Q", are the approximations of ug, wg and 6o, respectively.

Remark 6.1. The choice of u* | and 0%, in (6.2) is motivated by the fixed point method employed
in the previous section.

Applying a discrete analogue of Theorem 4.1, we observe that given u* | € V*NV and 6% | € QF,
Problem (PV};) possesses a unique solution uflk e VN VY and 60 ¢ Qh.
Now, we derive the following convergence result in the fully discrete solution.

Theorem 6.1. Assume the initial values ult € VPNV, 0F € Qb and the assumptions (HP;)— (HPy).
Then if
||u07ug||‘/%0, HwofngV%O, H‘L)O*QOH 0, as h =0,

the fully discrete solution of Problem (PVyy) converges:

max { o — wl¥[5, + [fun = w5 + (180 = 0255, } > 0, as bk 0.

1<n<N
Proof. We rewrite (6.1) in the form
(6wzk,w ) + ¢ (w)! hk w, — )—l—a( e w, —wh ) (Hn 1,wn—whk)
—i-(I)(qul,wn—w )—|—j( Uy s Z)—](uzk,wzk) (5wn ,wn—vn)H—l—c(wn,wn—vZ)
+a (Ul wy, —olt) — (0051w, — o) + @ (ult 1,wn—vﬁ)—|—(fn,vﬁ—wﬁk)v. (6.3)

Substituting v with w!* € V" at time ¢ = t,, in equation (3.13), we obtain

(wn,wk’“ - wn)H +c (wn, whk — wn) +a (un,wzk — wn) —-—m (amwzk _ wn)

4o (un,wﬁk — wn) + 3 (un, ) J (Up,wp) > (fn,ka — w”)v ) (6.4)
Combining relations (6.3) and (6.4), we have
(wn - 5wzk,wn - ka) +c (wn - whk , Wy — hk) + a( — uﬁk,wn — ka)
—-m (9 ff)n LWy — wh ) + ¢ (un —ul* w, fwﬁk)
= (s wit®) + 5 (unywi) = 5 (up®, o)+ (u®, wi)
(5wn ol — ) +c( Zk,vﬁ—wn)—l—a(uzk,vﬁ—wn)

(ezkla Z )+(I)( Uy, — 1avz_wn)+(fnvwn_v7g)v'
We write

Zk,w whk)H + (5wzk7wn — UZ) = (6wn — 5wzk,wn — wﬁk)

+ (5w — Swh® ol —wn)H—i— (wn — dWn,

n Jrn

(u'Jn — dw I

h hk . h
v, — W, )H—|— (wn,wn—vn)H.
After performing some algebraic manipulations, we deduce

((5wn - (5whk, Wy, — wﬁk) +c ( — wﬁk7wn - ka) < (5wn - 5w2k7wn - vh)H

n
e (ol =)+ 0 o~ =) = 0y — ok )

+o ( Ups g — un,v,}i — whk) ((5wn — Wy, 0N — wﬁk) + R (wn,v,}i) + R;, (6.5)

n

H
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where

R (wn,vﬁ) = (wn,vﬁ — wn)H +c (wn,vﬁ — wn) +a (un,vﬁ — wn) —-m (Gn, vZ — wn)

+& (un,vz - wn) +3J (Um”UZ) 7j(unawn) - (fn,wn - Uﬁ)va

and
Rj :] (unvwzk) _j (Un»vﬁ) +.7 (Uﬁkavﬁ) _j (uzkawﬁk) . (66)
From the relation ) .
Swy, — owh = z (Wy, — Wp—1) — p (wzk — wﬁ’il) ,

and after some calculation, it follows that
2 2
[|wn — wzkHH — |lwn-1— wZ’ilHH < 2k (6w, — Swl*, w,, — wﬁk)H . (6.7)
We conclude from (HP;)—(H P3) that

¢ (wn — Wl wy, — W) = me |w, — w7,

e (i — B — )] < M [ — ¥y i — o2 09)
o i — a2 — )] < M — a4 s — o2 (010
and
‘m (6n — OrF | wht — UZ)| < My H¢9n - HzlilﬂQ szk - UZHV. (6.11)

Similar to (4.9), we observe that

2
19 g — o) < B s ] 612
Applying (3.5), (3.8), (6.6), (HPs)(iii) and (HP7), we have

|Ra| < Mycrej |Jup — quHV Hka - UZHV : (6.13)

By combining (6.5), (6.7)—(6.13), and utilizing the given inequality, we derive

len® = villy < flwn® = wally + fwa = vrlly .
there exists a positive constant ¢ such that
o — i = e r = ]l + ek Juon —
< ch { s — dwn [y + [fun = wF [}, + [lun =l |5
10 = 00l + =+ o — vy + R () }
+2k (6w, — Swht w,, — UZ)H . (6.14)
Substituting n = 6% € Q" at time t = t,, into (3.13), we have
i phk hk _ hk _ hk
(60, 02% ~ 6,) oy OO = 00) X (O, 6% = 60) > (30,61 — 6) . (6.15)
We rewrite (6.2) in the following form:
(3826 — B85 1y + (6100 — %) x (a6 o — O19)
> (861,60 — 1) o)+ (00" —1) + (ans 1y — 1) - (6.16)
Adding (6.15) and (6.16), we have
(én 50"k 6, — 9ﬁ’“)

n L2(Q) + (662’“, an - UZ)LQ(Q) +d (0n — Qﬁk’ an . GZI@)

< X (tns O, 0% = 00) + x (unS 1000 oy — 03%) +d (05,0 — 0n) + (4000 — 1) -



VARIATIONAL AND NUMERICAL ANALYSIS 49

Using the inequality

) hk hk hk h _ hk hk
(6 — 062%,0, — 0% )Lzm) (00, 0 — 18) L2y = (00 — GOLE, 0, — O1F) L

(00— 0% 1l = 00) 2 gy + (O — 000, egk)mm + (8.0 — )

we deduce

L2(Q)’

(60n — 003,00 — 03F) 1 ) + d (0 — 03°, 00 — O1F) < d (037 — O,y — 60)
+RX +R (ena 772) + (59% - 59216’ 0n - nZ)Lz(Q) + (5077, - éna 772 - ezk)m(m ’ (617)
where
R (evu 777}2) = (én,ﬂf{ - en) L2() + d (ena 772 - Hn) + X (un7 9n7772 - 9n> + (Qnaen - HZ)Q ’
and
RX =X (unvena 9216 - 071) + X (uzlihezlil)nz - ozk) - X (Un, ena T]Z - en) .
Since ) .
80, — 06 = C ohk) — 7 (00— o),
similar to (6.7), we have
2 2 .
10 = 02* 20y = N0n—1 = 051 || 2 ) < 2K (660 — 607%,00 = 03) 12 g, - (6.18)
Using (3.5), (3.9) and (H Ps), we obtain
(Rl < e {[16n = 05112, + un — b 13 + Ik = 615} - (6.19)

Now, we combine (6.17), (6.18)—(6.19) and (6.14), using the properties of the operator d and this
inequality
Hazk - nZHQ = ngk - 9””@ + Han - WZHQ’

there exists a positive constant ¢ such that
e = w118 = 041y = llmms =l Iy + 0 = 2
ek { Jwn —wlF |+ 00— 02421l }
< o { b = w3+ o = w5 + = w5 + o =25

+116,, — 56,,

2 9 )
+2k {(5wn — Swh w, —oh) L+ (86, — 607, 6,, — ng)wm} .
Replacing n by j and summing over j from 1 to n, we obtain
2 2 n 2 n 9
=l e =0l k2l =k 210 =0
J= =

S P L e

n
ek > {l; — oyl + [fuy = 15 + [l = w5 + oy = o,
j=1

. 2
+ H9j - 59]'HL2(Q) 1105 = 01 g+ 105 =}l + R (wy, o) + R (91'7’7?)}

+2k Z {(5wj - (5w;-’k, wj — v;-’
j=1

+ (60; — 601, 0; — )

o @)
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n
Estimate the term Z k (5wj — 5w;-”“, w; — v?)H as follows:
j=1
n n
kY (0w — owi* w; — o), = (wy — wi®) = (wjy = wl®y) jw; —ol)
j=1 =

D (wy = w* wj = o) = (wi = f4))
hk||2 h||2 h|2
< C{Hwn — Wy HH + Hw” - UnHH + Hwo Wo HH + le U1 HH}

n—1 n—1
1
43 kg = w5+ 3 4wy = o = (wi = o) [
=1 j=1

Using the same approach, we can conclude that
kz —807%,0; —nl) . @
e {100 = B+ 100 =+ 0=+ 10—
510 = 0o 165 = ) = 51 = ) e
100~ 0 =y 100~ s = e}

n—1
2
+k2||6.j _Q?ka( kZH J+1 77J+1)HL2(Q)
j=1
We would like to recall the following classical inequality:
J
s = il < lluo = utlly + > kllwe = wi{ly, + 1,
where

< kllull g2 0,7v)-

J
w(s)ds — Z kw,
=1 v

Then
o =41 < o oo =l +3 30 o=ty Ko .

Employing the inequality for j <n < N and N k: T, we can deduce

>kl = w1 < e (Jluo =[5 + K2llull =701 LTSRS o —
j=1 j=1 1=1

Similarly, we have

> k|6 —ahk1||Q<CT(||90—90||Q+/~:2||9|\H1OTQ)+TZkZ}|5el 59fk||Q, (6.20)
- Jj=1 I=1

n—1

> kg =l < o (Jluo — |\V+k2||u||mom)+TZkZ||wz . (621)
j=1

j=1 I=1
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and
n n—1
S k05 = 01115 < e (1160 = 015 + K210l 0.7:)) +TZkZH69; — 60||7,.
: j=1 =1

Let us denote

2 2 ~ 2 2
en = [|wn = i [+ [0 = 0o + ek D ([lws = wf*I5 + 165 - 641,
j=1

and
2 2 2 2
= [Jwo — wg* ||}y + [luo = ug® [l + [Jwr = v} [ + [lwn — 03[

2 2 2 2
1190 = 06" (|20 + 160 = 66"l + 116+ = 722 ) + 1160 = 721720

+kz(uwﬁawju,{+||wj oI+ R (wg.0)))

O (DR RS R ROR)

I\Ml

1 n 2 n 2
g (H(U’J —v}) = (wjs1 — U;'l+1)HH +[[(0; —n7) = (0541 — 7’?+1) ||L2(Q)> :

Now, we keep the assumptions stated in Theorem 4.1 under the regularity conditions
ue C(0,T; H? (4 RY)) N H?(0,T; H),
. € C(0,T; H? (T¢,RY)),
0€C(0,T; HX(Q)) N H? (0,T; L*(), 6eL?(0,T;H(Q)).

51

(6.22)

(6.23)

(6.24)

Let vj? € V" and n? € Q" be the finite element interpolates of u; and ;, respectively. It is important

to mention [17,18] the following approximation properties:

max Hwn—vhHV Ch|‘w||c(07T;H2(Q)d)7

1<n<N
1I<na<XN ||0 o ||Q S Ch’ ||0HC(O,T,H2(Q)) ;
o = w |y < ehllwllgrage e

HUO —Up ||H <ch ”uOHHl(Q R4) >

||90 - QSLHLZ(Q) S Ch ||90||L2(Q) ’

and

. A 2
£ (g =l + 5 =005, ) < ek lullagomacan + R 100 s 0 702000
j=1

1

(w5 =) = (i = o) 1+ 1105 = 13) = (011 =14 [0
1

n

=

J
2
< ch® HU’HH?(O,T;V) + ch? ||9HH2(0,T;Q) ’
Next, using a similar proof technique as presented in [18,30], we can obtain
|R (wja U;L)} <c Hwn - UZ||L2(FC)¢1 < ChQHwn”C(O,T;Hz(Q)d)'

and
|R (9j> 77?)‘ < Ch2||9n||C(o,T;H2(Q))-

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)
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Finally, combining relations (6.20)—(6.24), (6.25)—(6.29) and applying the discrete Gronwall inequality
[28], we can conclude that

s {03 L+ = 00— 025} < ). 0

The Theorem is proved.

APPENDIX

In this section, we recall some existence and uniqueness results concerning evolution problems,
which can be found in references [2,28].

Definition 6.1. Let X be a topological vector space and f : X — R be a function.
The subdifferential of f at the point x on the space X is defined as follows:

Of(x) ={z € X"| (z,y —x) < f(y) — f(x), Vy € X},
where X’ is the topological space of X.

Theorem 6.2. Let V and H be two real Hilbert spaces such that V' C H and let the inclusion mapping
of V into H be continuous and densely defined. We suppose that V is endowed with the norm || - ||
induced by the inner product (-,-) and H is endowed with the norm | -|. We denote by V' the dual
space of V', by (-,-)v+,v the duality pairing between an element of V and an element of V', and H
is identified with its own dual H'. We assume that M is a mazimal monotone set in V x V' and
A is a linear, continuous and symmetric operator from V to V' satisfying the following coerciveness
condition:
<Au7u>v’><\/ + O‘”u”2 2 w”u”27 Vu e Vv
where o € R and w > 0. Let g be in WH1(0,T; H) and ug, vo be given with
ug €V, ’l}()ED(M), {Au0+MUO}ﬁH7é¢

Then there exists a unique solution u to the problem

d?u du

7 Aust M(E> > g(t) Z‘e. on (0,T),
u

U(O) = Uo, E(O) = V9.

which satisfies u € W10, T; V)N W2>(0,T; H).

Theorem 6.3. Let V C H C V' be a Gelfand triple. Let K be a nonempty, closed, and convex set
of V. Assume that a(.,.) : V x V — R is a continuous and symmetric bilinear form such that for
some constants a > 0 and co,

a(v,v) + collvllf; > allvly, YveV.

Then for every ug € K and f € L?(0,T;H), there exists a unique function u € H(0,T;H) N
L2(0,T; V) such that u(0) = ug, u(t) € K for allt € [0,T], and for almost all t € (0,T),

(@(t),v —u(t)) /oy +a(u(t),v—u(t) > (f(t),v—u(t),, YveK.
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