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ON THE SPACE OF GENERALIZED THETA-SERIES FOR CERTAIN
QUADRATIC FORMS OF SIX VARIABLES

KETEVAN SHAVGULIDZE

Abstract. The vector spaces of generalized theta-series with spherical polynomials of order v,
corresponding to certain diagonal and non-diagonal quadratic forms in six variables, are considered.
An upper bound on the dimension of these spaces is established.

1. INTRODUCTION

Let
Q(X) :Q(xl,xz,...,a:r) = Z bijxia:j
1<i<j<r
be an integer positive definite quadratic form of r variables and let A = (a;;) be the symmetric 7 x r
matrix of the quadratic form Q(X), where a;; = 2b;; and a;; = aj; = b;j, fori < j. If X = (21 --- x,.)T
denotes a column matrix and X7 its transpose, then Q(X) = %XTAX. Let A;; denote the cofactor

to the element a;; in A and let A™' = (aj;)j;_; be the inverse matrix.

A homogeneous polynomial P(X) = P(x1,...,x,) of degree v with complex coefficients, satisfying
the condition ,
. ( O°P
Z aij(@x»@w) =0 (1.1)
1<i,j<r e

is called a spherical polynomial of order v with respect to Q(X) (see [5]).

Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even order v with
respect to Q(X).

Hecke [6] calculated the dimension of the space P(v, Q) and showed that

i P, ) = (u—i—r—l) B <u+r—3>_

r—1 r—1

He formed a basis for the space of spherical polynomials of order two (v = 2) with respect to Q(X).

Lomadze [7] constructed a basis of the space of spherical polynomials of order four (v = 4) with
respect to Q(X). In the next section a basis of the space P(v, Q) is constructed in a simpler way.

Let

I, P,Q) = Z P(n)zQ("), z=€>™ 7eC, Im7>0
nezr

be the corresponding generalized r-fold theta-series. Schoeneberg [8] proved that the function J(7, P, Q)
is a modular form of weight —(% + ) with respect to the congruent subgroup I'¢(N), where N is the
least positive integer such that NA~! is again an even integral symmetric matrix. The mapping that
assigns to each P in P(v, Q) the modular form ¥(7, P, Q) is a linear transformation.

Let T(v, Q) denote the vector space over C of generalized multiple theta-series, i.e.,

T(v,Q)={d(,P,Q) : PeP(r,Q)}
Gooding [4,5] calculated the dimension of the vector space T'(v, Q) for a reduced binary quadratic

form @ and obtained an upper bound on the dimension of the space T(v,Q) for some diagonal
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quadratic forms of r variables
. £4r—2
dimT(v,Q) < <2 .o > (1.2)

In [9-11], the upper bounds were established for the dimensions of the spaces T(v, Q) for certain
quadratic forms in three, four, five and r variables. In several cases, the dimensions were calculated
and bases for these spaces were constructed.

Gaigalas [1-3] obtained upper bounds for the dimension of the spaces T'(4,Q) and T(6,Q) for
certain diagonal quadratic forms and presented upper bounds for the dimension of the spaces T'(v, Q)
for some diagonal quadratic forms in six variables.

In this paper, upper bounds are obtained for the dimension of the spaces T'(v, Q) for certain diagonal
and non-diagonal quadratic forms in six variables. The dimension of the space T'(2, Q) is calculated,
and a basis for this space is constructed.

In the sequel, we use the following definition and results.

An integral r x r matrix U is called an integral automorphism of the quadratic form Q(X) in r
variables if UT AU = A.

Lemma 1.1 ([5, p. 37]). Let Q(X) = Q(z1,...,x,) be a positive definite quadratic form in r variables
and P(X) = P(x1,...,z,) € P(v,Q). Let G be the set of all integral automorphisms of Q. Suppose

t
ZP(U,-X) =0 for some Ui,...,U CG,

i=1
then ¥(t, P,Q) = 0.

Lemma 1.2 ([11, p. 92]). Let Q1(X) be the non-diagonal quadratic form of r variables, given by
Ql(X) = blll‘% + bggl‘% + b3,3.7j§ + -4 brT{Eg + biox129, then

dmT(v, Q1) < ri2(2 :f?:S) (v+r—2). (1.3)

2. BASIS OF THE SPACE P(v,Q)
Let

i

v k 7 l
k i i— l l—s
P(X) = P(z1, 72,73, T4, T5,T6) = E E E E E AlijisT] Ty ]ac4 xy Sxg

k=0 i=0 j=0 =0 s=0

be a spherical function of order v with respect to the positive quadratic form
Q(x1, o, T3, 24, Ts5,26) Of six variables and let

T
L= (aooooo, (100005 4110005 @11100; @11110, @11111, ¢20000, @210005 - - - 5 al/ﬂ/,l/,uﬂ/)

be the column vector, where agijis (v > k > 1> j > 1> s > 0) are the coefficients of polynomial
P(X).
According to (1.1), the condition

Z A”(axl;cj) 0

1<z ,j<6

is satisfied. Considering

-3 Jj—l l—s_.s

—1
x4 L5 Tg

fE

l\’JET
ws

7 l
S =k — k= Dagijisay ™ 2
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—
>
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—
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A
k=1 k—i—1 -
- E E (v —k+ 1)V — k)ap_rijsay a7 el T e Tl gy
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and also to obtain similar formulas for other second partial derivatives, condition (1.1) takes the form

D
— Z Z (An1(v =k + 1)(v — k)ak—1ij1s + 2412(v — k) (k — i) arijis

+2A13(v — k) (i — 7 4+ Dagiyjis + 2A14(v — k) (§ — 1+ 1)akit1j+11s
+2A15(v — k)(I — 5 + 1)akit1j411415 + 2416(V — k) (5 4+ 1)@rit 141041541
+Age(k — i+ 1)(k — 0)art1ijis + 2A23(k —0)(4 — j + D) agt1it1jis + -

k=1 k—ie1 i~ -l -
+Ag6(s +2)(s + Darttirajiairasi2) 2]~ w5 ag lwy g "zg =0

Thus, for 0 < s <1< j<i<k<v-—1, weobtain
An(v —k+1)(v — k)ar—1ij1s + 2A12(v — k) (k — 1) akijis
+2A13(v — k) (i — j 4+ 1)agiyijis + 2A14(v — k) (§ — U+ 1)akit1j+11s
+2A15(v — k)(I — 5 + 1)akit1j+1141s + 2416V — k) (5 + 1) @it 141041541
+Ago(k — i+ 1)(k — 0)akt1ijis + 2A23(k —0)(4 — j + D)ag+1i+1jis + -
+As6(s +2)(s + 1)ars1i42j+2142542 = 0.

It follows that condition (1.1), in matrix notation has the following form

S-L=0,
where the matrix S is of the form
Anv(v—1)  2A12(v—1) 2A13(v—1) 2A14(v—1) 0
0 All(llfl)(llf2) 0 0 0
g 0 0 A1 (v—1)(v—2) 0 0
o 0 0 0 A (v—1)(v—2) ... 0
0 0 0 0 .. 2411 ... Ags(v—1)v

and is the (”;3) X (”Jg‘r’) matrix (the number of rows of the matrix S is equal to the number of
(k,i,7,01,8) with 0 < s <1< j<i<k<v-—1, the number of columns is equal to the number of
coefficients ag;jis, i.e., to the number of (k,%,j,l,s) with0 < s <1< j<i<k<v).

We partition the matrix S into two matrices S; and Ss, where S; is the left-hand square nonde-
generate (”'gg) X (”;3) matrix. It consists of the first (”;3) columns of the matrix S; the matrix Sy
consists of the last (”;5) - (”;3) columns of the matrix S.

Similarly, we partition the matrix L into two matrices Ly and Lo, where L; is the (”;3) x 1 matrix
consisting of the upper (*}?®) elements of L; the matrix L, consists of the lower (*1°) — (“1?) elements
of the matrix L.

According to the new notation, the matrix equality takes the form
S1Ly + SaLa =0,

ie.,
Ly =—S71S5Ls.

It follows from this equality that the matrix L; is expressed in terms of the matrix Ls. Consequently,
the first (”;3) elements of the matrix L can be expressed in terms of its remaining elements. Since

the matrix L consists of the coefficients of the spherical polynomial P(X), its first (”;3) coeflicients
y+5) _ (u+3

M 5 ) coefficients.

can be expressed through its last (
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Hence, the polynomials

(1) ¢! 1)
P,—1,0000(@00000: @10000+ - - - + Ay 90—9u-2v-2v-2:1,0,0,... ,0),
(2) (2 (2)
P, —1,1000(@00000: 160005 - - - + Ay 9 y—9y-2y-2y-2:0,1,0,... ;0),
(2.1)
(t) (t (t)
Py, (@00000> 4100005 - - - Uy 2 p—20—2v—2,-2:0,0,0,..., 1),

form the basis of the space P(v, @), where the first (”;3) coefficients, from agooo0 t0 @v2,-2,-212,1-2,
are calculated in terms of the remaining (”+5) — (";3) coefficients. The coefficients of the basis

polynomial Py;j;s are given in brackets, where k = v — 1 or £ = v. Moreover, the polynomial Py;j;s is
such that its coefficient ay;;;s is equal to 1, and all other coefficients for which £ is equal to v — 1 or

v are equal to O .

3. ON THE DIMENSION OF T'(v, Q) FOR CERTAIN QUADRATIC FORMS OF SIX VARIABLES
Let
Q(X) = bnxf + ngl‘% + b333}§ —+ -+ b,.,»xf

with 0 < b1 < bag < -+ < by be a diagonal quadratic form of r variables. We have shown [11, p.91],
that the basis of the space T'(v, Q) is among the theta-series (7, P, Q) with spherical polynomials
P = Py;;..s, where all indices k = 1,1, j,...s are even. Moreover, the dimension of the space T'(v, Q)
satisfies estimate (1.2).

Now, consider the quadratic form of six variables

Q2 = blldﬁ + bggdfg + bggl‘g + b441‘i + b55($§ + .T,%),

where 0 < by < bag < b3z < byy < bss = bgg. Using (12)7 we have

dim T(v, Q) < (2 o 2) _ (2 I4>. (3.1)

We improve this estimate.
We construct the integral automorphisms U of the quadratic form Q2. Since

bll = QQ(i150707070a0)7 b22 = QQ(Oa:‘:1707OaOaO)7 b33 :Q2(0a05i170a070)7
bys = QQ2(0,0,0,£1,0,0), bss = bes = @=2(0,0,0,0,£1,0) = Q2(0,0,0,0,0,+1),

it is easy to verify that the integral automorphisms of the quadratic form - are equal to

e1e 00 0 0 0 e1r 00 0 0 0

0 e 0 0 0 0 0 e 0 0 0 0

0 0 es 0 0 0 0 0 e 0 0 0 o .

0 0 0 e 0 0} 0 0 0 e 0 of (=% i=1234506).
0 0 0 0 e 0 0 0 0 0 0 e

0 0 0 0 0 eg 0 0 0 0 e O

Consider all possible polynomials P = Py;;1s(UX), where Pr;j15(X) € P(v,Q2) are the spherical
basis polynomials (2.1) of order v with respect to Q2(X), and U € G is an integral automorphism of
the quadratic form Q2(X).

We have to find which polynomials P satisfy the equality

Z Prijis(UpX) =0, for some U, € G.
Up

For such polynomials, according to Lemma 1.1, we have ¥(r, P,Q) = 0.
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For example, if U; =

[N eNeNeNeolS
SO OO O
S OO +H OO
oSO, O OO
O OO OO

k il
Prijis(X) 4 Prijis(U1 X) = Z Z Z(l + (fl)s)amﬂsxz_kxg_zx;ﬂzi_lzé_szg.

The equality
Prijis(X) + Prijis(U1X) =0
holds if and only if the condition
(1+(=1)") agijis =0

is satisfied. This means that the index s of the coefficient equal to one must be odd. Similarly, it
follows that if among the last coefficients of P, at least one of the indices k, i, j, [, s of the coefficient
(which is equal to one) is odd, then, by Lemma 1.1, for the spherical polynomial P = Py, the
theta-series satisfies the condition ¥(7, P, Q) = 0. Hence, if theta-series are linearly independent, then

the indices k,i,7,l,s of the corresponding spherical polynomial P must all be even. According to
(3.1), such k,4, 7,1, s indices are equal to (51’4).

100 0 0 0
0 0 0 0 O
. 001 00O
For automorphism Us = 000 10 ol have
0 00 0O0°1
000 01O
P(U:X) = Z Z Z al(c}z‘lg)‘lsxlfikffl;ﬂw?]xfflxéfsxg
k=0 i=0 j=0 1=0 s=0

J
(h) wv—k k—i_i—j j—1 1—(—s) l—s
E: Opijisty T2 T3 "Ty Ty Te

whence it follows that if all the last coefficients of the basis polynomial P(X) are zero except for one
a,(clzj)-ls = 1, then all the last coefficients of the polynomial P(UsX) are zero except for one a,(:;yjylyl_s =1.
Hence, Py;jis(UsX) = Pyiju—s(X) is a basis polynomial of the space P (v, Q2). Further, it is known [5,
p. 38|, that
19(’7’, ‘P(AXV)7 QQ) = 19(7', P(UQX), Qg)

Thus, the theta-series 9(1, P(X), Q2) and ¥(1, P(U3X), Q2), corresponding to different basis polyno-
mials P(X) = Prij1s(X) and P(U2X) = Pyiju—s(X), are linearly dependent.

Calculate how many such linearly dependent theta-series we have. Let k,i,7,l and s be even
(otherwise, it can be shown that ¥(7, P,Q2) =0), i.e., k=v,2|4,2]|J, 2|, 2| s and s takes

l
l
1=-+1
> =3+
2|s,s=0
even values for every even [. Consequently, we have

HEIE

L if 1= 0(mod4),
B2 if | = 2(mod4)
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linearly dependent theta-series for every even [. Similarly, for every even j, we have

zj: l N z]: 1+2 (1+%)2% if j = 0(mod4),
=, = (%) if j = 2(mod4)
[ = 0(mod4) [ = 2(mod4)

linearly dependent theta-series. Also, for every even i, we have

i . %

S

J=0 J=0
j = 0(mod4) j = 2(mod4)
)5 (& +1)i(i +5) if = 0(mod4),
L(E+1)(E+3)(i+1) if i =2(mod4)
linearly dependent theta-series. The number of linearly dependent theta-series for even v is
. 1 i - 1 i i
—(=4+1)i(z+5 —(=+D(z+3)+1
Y. G viEn+ > GG +3E+)
1=0 1=0
i = 0(mod4) i = 2(mod4)
) ssrv+4)% (v +8) if v = 0(mod4), (3.2)
| ss(+2)(v +6)(v? +8v +4)  if v = 2(modd). '

Hence, from (3.1), for the maximal number of linearly independent theta-series, we obtain (a similar
result is given in [3])

5+4 1 2 : —
. 27 — osv(v+4)°(v + 8) if v = 0(mod4),
dimT(v, Q2) < EV%M) 32 ) e
27 = s (v +2)(v 4 6)(v? 4 8v +4) if v = 2(mod4).

Thus we have the following

Theorem 3.1. Let Q2(X) be the diagonal quadratic form of siz variables, given by Q2X) =
b112% 4 boo®3 + b33x3 + baawi + bss (22 + 22), then
o5 (v +4) (v + 8)(¥? + 12v 4 24) if v = 0(mod4),

dimT'(v,Q2) < {3.128 (v +2)(v+6)%(r +10) ifv = 2(mod4).

Similarly, consider the non-diagonal quadratic form of six variables
Qs = b1127 + baow3 + bssx3 + bas] + bss (a3 + x3) + brow1 2,

where 0 < |b12‘ < b1 < byg < b33 < by < b55 = b66.
We construct the integral automorphisms U of the quadratic form Q3. It is easy to verify that the
integral automorphisms of the quadratic form Q3 are

eq, 00 0 0 0 e, 00 0 0 0

0 e 0 0 0 O 0 e 0 0 0 0

0 0 e 0 0 0 0 0 e 0 0 0 o -

0 0 0 e 0 O0f> 0o 0 0 e 0 of (es =1, 1=1,2,3,4,5).
0 0 0 0 e O 0 0 0 0 0 e

0 0 0 0 0 es 0 0 0 0 e O

Consider all possible polynomials P = Py;;;s(UX), where Pr;j15(X) € P(v,Q3) are the spherical
basis polynomials (2.1) of order v with respect to Q3(X), and U € G is an integral automorphism of
the quadratic form Q3(X).
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We have to find which polynomials P satisfy the equality

ZPMﬂS(UhX) =0 forsome U, e€QqG.
Un
As in the case of the quadratic form @2, here too, Py;jis satisfies this condition if, among the last
coefficients of P for which k is v — 1 or v, at least one of the indices i, j,1, s of the coefficient equal
to one, is odd. For such s spherical polynomial P = Pj;j;s, by Lemma 1.1, 9(7, P,Q) = 0. Hence,
if the theta-series are linearly independent, then the indices i, j,l, s of the corresponding spherical
polynomial P must be even. According to (1.3), such k, 4, 7,1, s indices are equal:

1 (54+r-3 v+4/(5+3
— 2 —-2)= 2 . .
r2< r—3 )(V+r ) 4 ( 3 ) (33)

For the automorphism Us, we have

k
PUX) =YY"

J
(h) wv—k k—i_i—j j—1_l—(—s) l—s
E:akijlsxl Ty T3 "Ty Ty Te -

Thus P(U2X) is a basis polynomial of the space P(v, @Q3). Furthermore, it is known [5, p. 38|, that
19(7_7 P(X)a Q3) = ﬁ(Ta P(UQX)a QB)
So, the theta-series ¥(7, P(X), Q3) and ¥(7, P(UzX), Q3), corresponding to different basis polynomials
P(X) = Pyijis(X) and P(UsX) = Pyiju—s(X), are linearly dependent.
Calculate how many such linearly dependent theta-series we have. Let 4, j,1, s be even (otherwise,
it can be shown that ¥(7, P,Q3) =0), i.e.,, 2|4, 27,2 |1, 2] s.
For k = v — 1, the number of linearly dependent theta-series is

= i = 1 i ,
.;0 ﬂ(i-i-l)z(z—i—f))-i- .go ﬂ(ﬁ—'—l)(i +3)(i+1)
i = 0(mod4) i = 2(mod4)

| gsv(v+4)(* +4v —8) if v = 0(modd),
B 5 (v —2)(v +2)%(v + 6) if v = 2(mod4).
For k = v, the number of linearly dependent theta-series is given by estimate (3.2).

Thus, the total number of linearly dependent theta-series for k =v —1 and k = v is

Wu(l/ +2)(v+4)(v+06).

For the maximal number of linearly independent theta-series, from (3.3), we obtain

dim T'(v,Q3) < 1/14(5;3) - ﬁv(u+2)(u+4)(u+6) = <514)

Thus, we have the following

Theorem 3.2. Let Q3(X) be the non-diagonal quadratic form of siz variables, given by Qs(X) =
bui% + bzgx% + b33$§ + b44$421 + b55((Eg + CE%) + bigx129 , then

dimT(v,Qs) < (g I4>
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We now construct the basis of the space T'(v,Q3) for v = 2. For the quadratic form Q3(X), we
have

. 2b
‘A| =detA = 24(4b11b22 — b%Q)b33b44b§5, a|p = %,
4b11b22 — b12
" « b12 N 2b11 N 1
a = Qa = — 5, a. = — %5, a = -,
2o 4b11bag — by 227 dbyybos — b3, 837 2bay
1
ay = ou’ ats = agg = GT and other a;; =0 for i#j.

It is easy to verify that the spherical polynomials (2.1) of second order:

b12
2
Piggo0 = T +x122, Priooo = 7173,
22

bll 2

2
Pi1100 = 2124, ..., Paoooo = —7—a7 + 73,
bao
12 22

Pyi000 = w223, Paoooo = ——— 227 + 23, Pazi00 = 7374,

4baobss

4by1bog — b? 4b11b b?
12 2 11922 — Y12 2

Pygogp = —— 228 + 23, ..., Poosoo= Pasozo = —— 207 t 1

4b22b44 4b22b55
form the basis of the space of spherical second order polynomials with respect to Q3(x).
Now, we construct the corresponding generalized theta-series. Suppose the quadratic form Qs(z)
is such that bay # b112%, bym # Z:Z_ll biix? + biax1re, m = 3,4,5. Consider all possible polynomials
P51, with even indices 4, j,1, s and k = v — 1, v; their number is 5 :

> b
(7, Proooo, Q3) = Z ( > Puooo( ) => ( > (4()12 Ty +501£Z?2))Zn
Qa(w)=n n=1 \Q(e)=n
b
- 721)12 2P 02022 0 o 02P 02t
22
- bii o 2 n
(7, Paoooo, @3) = Z Z Paoooo (@ = Z Z (‘ Pl +1’2> z
Qs(x)=n n=1 \Qs(x)=n 22
2b
— 7bllzb11 +...+2zb22 +...+Ozb33 +...+Ozb44+...+02b55+... ,
22
) & Sbuabas — B3y
(7, Pa2000, Q3) = Z Z Paogoo( = Z Z (— b 4 +553)
Qs(z)=n n=1 \Qs(z)=n 22V33
4b11b227bl2 2P b2 9l i 0gbee L b ,
2b22533
9 "o\ Abi1bas = iy 4 n
(7, Pa2200, @3) = Z > Pao(@) 2" =D D ( b 4 +$4) z
=1\ Qs(a)=n n=1 \Qa(a)=n .
4by1byy — b2
_ _Uiiv22 12 b1 oo gbe2 o 0ghss oL opbae o b 4L
2b22b44
9 n_ N\ 4bi1bas — bty n
(7, Pa2220, Q3) = Z > Pagso(@) )" => (> (— T lbob. aTtw )
n=1 \ Qs(z)=n n=1 \Qs(z)=n 22755
- 4b11b22_b12 A 0022 o 02bss b o 2gbss
2b22b55

These generalized theta-series are linearly independent, since the determinant constructed from the
coefficients of these theta-series is not equal to zero. By Theorem 3.2, we have dim7(2,Q3) < 5
Hence, these theta-series form the basis of the space T'(2,Q3). We have the following
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Theorem 3.3. Let Q3(X) be the non-diagonal quadratic form of sixz variables given by Q3(X) =
blle + bggd?% + bggfﬂ% + b44l’421 + b55($§ + Ig) + blgxlig, and let b22 7& bllilif, bmm 7é Z:i_ll b”xf +
biax1x, m = 3,4,5, then dimT'(2,Q3) =5 and the generalized theta-series:

(T, Proooo, @3): V(T, Paoooo, @3); V(T, Pa20oo, @3); V(T, Pa2200, @3), (T, Pa2220, @3)
form the basis of the space T'(2,Q3).
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