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GENERALIZATIONS OF REVERSE MINKOWSKTI’'S TYPE INEQUALITIES VIA
UNIFIED INTEGRAL OPERATOR

MAJA ANDRIC!*, GHULAM FARID2, JOSIP PECARIC3 AND MUHAMMAD USAMA SIDDIQUE?2

Abstract. In this study, our main aim is to generalize the inverse Minkowski’s type inequality with
the help of a unified integral operator containing the Mittag—Leffler function in its kernel. Some
related inequalities are also discussed. The established results are valid for various types of fractional
integral operators derived from unified integral operators.

1. INTRODUCTION

The interest in the theory of fractional calculus has increased in recent years due to the study of
its numerous applications. The use of fractional calculus in applied sciences develops mathematical
models related to the practical problems. On the other hand, inequalities involving integrals of
functions and their derivatives are of great importance in mathematics, especially in mathematical
analysis and its applications. This encourages researchers to explore extensions and generalizations
of classical inequalities using different fractional integrals and derivative operators.

Our study of Mikowski type integral inequalities is motivated by recent studies of these inequalities
using different types of integral operators (see [5,6,8,13,17-19]). By studying inverse Minkowski’s
type inequalities for the unified integral operator from [7]), we continue our work given in [1-4].

This unified integral operator contains in its kernel the Mittag—Leffler function, a well-known func-
tion that is a natural extension of the exponential, trigonometric and hyperbolic functions. This
function is named after the great Swedish mathematician Gosta Magnus Mittag—Leffler (1846-1927),
who defined it by a power series.

Definition 1.1 ([10]). For every a € C such that («) > 0, the function F,, is given by

oo n

Ea(z) = HZ:) m (z €C).

In 1905 Wiman studied the generalization of Mittag—Leffler function and defined the function E, g
as follows.

Definition 1.2 ([20]). For every «, 8 € C such that $(«) > 0, the function E, g is given by

o0 n

Eap(z) =3 m (z € Q).

n=0
Prabhakar defined its function in 1971, i.e., the Mittag—Leffler function of three parameters, as
follows.

Definition 1.3 ([11]). For every a, 3, p € C such that R(a) > 0, the function E, ; is given by

B =X pantigm €O

After that, numerous generalizations of the Mittag—Leffler function appeared, such as those defined
in [12,14,16]. Recently, we presented the generalized Mittag—Leffler function Eg;g’f;”"(z; u) as follows.
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Definition 1.4 ([1]). Let p,0,7,d,c € C, R(p),R(c),R(7) > 0, R(c) > R(4) > 0 with u >0, r >0
and 0 < v <7+ R(p). Then ng;f;’r(z; u) is defined by

, L Bu(6+nv,c—08)  (Ono z"
EoCUT (. _ ’ 1.1
pirr (55 2 B(6,c—0) L(pn+0) (M’ (L)
where (¢),, denotes the generalized Pochhammer symbol (c),, = % and B, is an extension of

the beta function
1
Bu(z,y) = /t"”’l(l — )Vl T ndt  (R(x), Ry), R(u) > 0).
0

As proved in [1], the series (1.1) converges absolutely for all values of z provided that v < r+ R(p).

T RN(p)
Moreover, if v = r 4+ R(p), then E}‘Z:‘;”;’T(z; u) converges for |z| < T%E}# .
Next, we defined the unified integral operator containing Eg:f;f;”"(z; u) in its kernel.

Definition 1.5 ([7]). Let w,o,7,0,c € C, R(o),R(7) > 0, N(c) > R(4) > 0 with v > 0, p,r > 0
and 0 < v <r+4p. Let f € Li[a,b], 0 < a < b < oo, be a positive function. Let h : [a,b] — R
be a differentiable function, strictly increasing. Also, let % be an increasing function on [a,o0) and
x € [a,b]. Then the unifed integral operator is defined by

x
¢ pw,d,c,0,T LN d(h(x) — h(t)) S,cov,r p. /
Grete i = O ey ER (@) — )N (e (12)

The following remark provides connection of Definition 1.5 with some of the already known frac-
tional integral operators.

Remark 1.1. (i) If we set ¢(z) = 27, u = 0 and h(xz) = z in equation (1.2), then it reduces to the
fractional integral operator defined by Salim and Faraj in [14].

(ii) If we set ¢(x) = 2%, 6 = r = 1 and h(xz) = =, then (1.2) reduces to the fractional integral
operator defined by Rahman et al. in [12].

(iii) If we set ¢p(x) = 27, u =0, 06 = r = 1 and h(z) = x, then (1.2) reduces to the fractional
integral operator introduced by Srivastava and Tomovski in [16].

(iv) If we set ¢(x) =2, u =0, § =r =k =1 and h(z) = x, then (1.2) reduces to the fractional
integral operator defined by Prabhaker in [11].

(v) For ¢(z) = 27, u = w = 0 and h(z) = x, (1.2) reduces to the left-sided Riemann-Liouville
fractional integral operator.

Motivated by papers [5,15], where the authors have proved certain reverse Minkowski’s type integral
inequalities, we present the corresponding generalized results using a unified integral operator in
Section 2. We start with a condition where a quotient function is bounded by positive functions and
continue with the bounds that are positive real numbers. In Section 3 we give some related fractional
Minkowski’s type integral inequalities.

For the convenience of readers, we use simplified notations

E(z;u) :== ESSUT (2:u),

p,0,T

¢ o) e (@ ws0,c,q,T .
PF(wu) == (F00T f) ().
2. INVERSE FRACTIONAL MINKOWSKI’S TYPE INEQUALITIES WITH A UNIFIED INTEGRAL
OPERATOR

In this section we present inverse fractional Minkowski’s type integral inequalities using (1.1) (the
extended generalized Mittag—Leffler function) along with the corresponding fractional integral operator
(1.2) (the unified integral operator) in a real domain. In the first two theorems, the quotient function
is bounded by positive functions, after which we use positive real numbers as bounds.
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Theorem 2.1. Letw € R, p,o, 7,7 >0,¢>d >0 withu >0 and0 < v <r+p. Leth : [a,b] = R be a
differentiable, strictly increasing function, and let f, g, W,y € Lyla, b] be positive functions satisfying

f(z)
g()

Also, let % be an increasing function on [a,00). Then for p > 1, the following inequality:

0<¥(z) < < Uy(z), x € la,bd]. (2.1)

(@F @]’ + [EFe) @)’

[ o]
+[( (H%) (f+9) ) xu)]p (2:2)

Proof. From the hypothesis that i 58 < Wy(t), we have

f@) <B@)[f(E) +9(0)] W) (1), tela,b],

from which follows the inequality
sy < (

Multiplying both sides of the above inequality by

M w xT) — P !
h(e) () Eh(@) = hB) 5 u)h' (0),

3=

holds.

s ) U@ +aF 21, o (%)

and integrating on the interval [a, 2|, we get
x
¢(h(x) — h(t))
— h(t)

S(h(x) ~ (1) o () Y’ .
/ S B i)~ hoyi) (s ) U0+ gl d

E(w(h(z) = h(t))";u) f(t)Pdt

which implies

rme < (7 (122) (o7 ) (2.4
Further, for the lower bound £ > vy (#), we have
ol1) < G0+ 90)] = gsolt). ¢ land],
and
007 < (155 ) FO+9OF, 21 e€ad] 25)

Similarly, if we multiply the above inequality by

Gh(x) — b))

he) () (@) —h(0)" Wk (¢)
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and integrate on [a, x], we get
/ olilz) = hit)) — P p
/ i) () Bwhl@) = k() wh (Bg ()"t

1
1+

[ $(h(@) = h(t) PRV
< / e = D Bunte) - nesun'o)
from which we obtain

(¢Fer) ()] < [(2F(1+1%>"(f+g)p) (x;uﬂ’l’.

The resulting inequality (2.2) now follows by adding (2.4) and (2.6).

Theorem 2.2. Suppose the assumptions of Theorem 2.1 hold. Then

[(zF (1 ;2%)”]“?) (x;u)]’l’ [(ﬁF(l +W1)pgp> (x;u)}%

_9 KﬁFfp) (:c;u)]% {(hF;fa,z,w,aw’“v 57/@09;)) (x;u)}%

< [(8F ) @]+ [(8Fe) @)
Proof. From (2.3), we have

( 1+ Ws(t)
Pa(t)

P
) 10r <@ g0r . b2 ee o)
Multiplying both sides of the above inequality by

¢(h(x) — h(?)) — Pru)h
WE(w(h(m) h(t))?;u)h/(t)

and integrating on the interval [a, 2], we get

w¢(h(x)_h(t)) P )k P P
/ ) hg) Bh(@) = hO) 5k @) (1 4+ ()" F(1)7ds

[ é(h(z) — h(t)) ey »
< / S —hy B (e = hw) 5w (0 1£(2) + g0 dr,

from which we obtain

(27 (S2) p) sn]” < (@R +07) )]

Similarly, from (2.5), we have

D=

A+ ()" g < [ft) +9®)]", p=1, t€a,b].
Multiplying both sides of the above inequality by

Bh(x) — b))

he) —h() (@) —h(6)" Wi (¢)

o) g

(2.7)
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and integrating on the interval [a, z], we get

[ o(h(x) = h() o Lo
/ i) () ZC(@) = RO) ) (4 0 () g(t)

< / o) i) BCo(la) =R (017(2) + g(0))” dt,

which implies

=

(g arwy ) @]’ < [(FG+07) @u)] .10

Now, taking the product of inequalities (2.9) and (2.10), we obtain

[(ﬁF (1;:”2)”#) (x;u)]’l’ KiF(l +g,1)pgp> (x;u)}%
< [(¢F(s+9) (:C;u)}%,

On the right-hand side, by applying Minkowski’s inequality, we obtain

[(iF (1 —L;Z%)”fp) (x;u)]1i {(21:1(1 A gp) (a:;u)F

< |((Fr) @) + (270 (m));} ;

from which we can easily obtain inequality (2.7). O

w,5,c,v,7‘f

Remark 2.1. If we set ¢(x) = 27 in (1.2), then we obtain a generalized fractional operator , T P

from [9]:

(eters) @) = [ (hia) = hOY B i) - OV N O (e (2.1)

a

Applying this in Theorem 2.1, we get the inequality given in [3, Theorem 3]. Analogously, Theorem 2.2
is a generalization of [3, Theorem 4].

If we take ¥y (x) and Wy(z) as constant functions in (2.1), i.e., ¥1(x) = m and Pa(z) = M for all
x € [a,b], then we obtain the following result.

Theorem 2.3. Let w € R, p,o,7,7>0,¢>0 >0 withu >0 and0<v <r+p. Let h:[a,b] > R
be a differentiable, strictly increasing function, and let f, g € Lyla,b] be positive functions satisfying

0<m§M§M, x € [a,b]. (2.12)

g(x)
Also, let % be an increasing function on [a,00). Then for p > 1, the following inequality:

1

[(ﬁFfp) (I;U)] 7+ [(ﬁng) (x;U)]% <a [(2F(f +g)p) (x;U)]% (2.13)
holds, where

M(m+2)+1

(m+1)(M+1) 219

C1 —
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Theorem 2.4. Under the assumptions of Theorem 2.3, we have
(ter) s + [(gro) o]
> o [(4FP) @] [(GFe) @w)]” (215)

where

CQZm(M—I—l)—(M—l).
M

Remark 2.2. If we set h(z) = = and ¢(x) = 27 in (1.2), then we obtain a generalized fractional

operator 52@5;;’; f from [1]:

(2.16)

(cuers) ) = [ =07 BR (wler — 05w F(0)de (2.17)

Using this in Theorem 2.3 and Theorem 2.4, we generalize [2, Theorem 2.1] and [2, Theorem 2.2],
respectively.

3. SOME RELATED UNIFIED INTEGRAL OPERATOR INEQUALITIES

Continuing with generalizations, we present several unified integral operator inequalities satisfying
conditions of Theorem 2.3.

Theorem 3.1. Suppose that the assumptions of Theorem 2.3 hold. Let p,q > 1 with %+é =1. Then

1

[(8F 1) ()] ’ [(8F9) (@w)]"
()" e

Proof. Under the condition % < M, we obtain
1 1 1
ft)s < Mag(t)e,
and after multiplication by f b (t), we get
1 1 1
fit)y <Maf(t)rg(t)s, tela,b].
Multiplying both sides of the above inequality by

L) = M) oy () — Bt b (1)

h(t)

h(w) — h(t)
and integrating on the interval [a, 2], we get
a/ h(m) —h(y) 2@ = hO) 5Ol O F ()t
<M /Wﬂw(h(az) — h(t))?;u)h/ (t)g(t) 7 dt,

from which we get

Q=

1 6.k, 1
(87 ) @w) < azs (uEgIEe (£797)) (asu),
and taking power % on both sides, we get

(47 1) @] <205 [(F (£hgt)) @] (32)

=
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Next, from the lower bound m < %, we have

g(t) < — 7 (t)g7 (t).

H

Multiplying the above inequality by

M w xT) — N4
h) () Zwh(@) = h@O) 5w (?)

and integrating on the interval [a, 2], we get

[ o(h(z) — h(t)) .
/ “h(w) —h( C@) = hO)w R ©)g(t)dt

1 [ élh(z) = h() AR P ()
< | G Bl O 0t

which implies

¢ L o (2

(th) (zyu) < — (hF (fpgq)) (x;u),
and taking power % on both sides, we get

¢ T« L (g (fh,t BNE
[(#F9) @] " < — [(RF (£397)) 0] (3.3)

One can get (3.1) by multiplying inequality (3.2) by (3.3). O

Next, we need two following inequalities for z,y > 0. The first is
(x+y)P <207 HaP +yP), p>1 (3.4)

and the second is the Young inequality for the products

=y 1, o1
xy§p+q, p,g>1, p 4+q =1 (3.5)

Theorem 3.2. Suppose that the assumptions of Theorem 2.3 hold. Let p,q > 1 with %+é =1. Then

p—1 p
(truo) o < 2= (5) (F 07+ 9) @) (36)
q—1 q
22 () (e ) .
Proof. From inequalities (2.4) and (2.6), with ¥;(x) = m and Ws(x) = M, we have
MP
C(Rr) @i < i (SR + 07 @) (37)
and
1 1
L BFe) @) < s (RO +9)7) (o). (3.8)
Using Young’s inequality (3.5), we have
() < fFor g
D q

Multiplying both sides of the above inequality by

M w xT) — P /
h(o) i) Zw(@) = RO (@)
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and integrating on the interval [a, z], we get

f ¢<h<x> — h(t)

~hi) E(w(h(x) = h(t))";w)h'(t) f (t)g(t)dt

/ ¢k hhét) E(w(h(z) — h(6)); wl (1) f (1)t

/ e B w(h) ~ he)) i (E)g(e),
from which we have
(2P (0)) i) < (BF 1) @i + 3 (£F9") (i, (3.9)
From (3.7), (3.8) and (3.9), we obtain

(P9 (i) <~ (8P +97) (i) + s (P +0)7) (@), (310)
Using elementary inequality (3.4), we obtain
(BF (7 +9)7) (@w) <271 ($F (17 + 7)) (w50) (3.11)
and
(LF(7+9)7) (@) < 271 ($F (17 + 7)) (w5 w). (3.12)
Hence, from (3.10), (3.11) and (3.12), we get (3.6). O
Remark 3.1. If in the obtained results we use the power function ¢(x) = 27, then we obtain

inequalities involving generalized fractional operator hTw 56 v oo f as in (2.11), thus generalizing the
corresponding results from [3].

Theorem 3.3. Suppose that the assumptions of Theorem 2.3 hold. Then

= (2R (9) (i) < m (4F(r+07) @) < — (8F(F9)) (). (313)

Proof. Since the quotient function ! 8 is bounded, that is,

)
=g =M
which implies
1 g(t) 1
from the above inequalities, we obtain
(m+1)g(t) < f(t) +g(t) < (M +1)g(t) (3.14)
and
(%5r7) £ < 10+ 90 < (50 s (3.15)
Multiplying inequalities (3.14) and (3.15) we get
1 (SO +91)* _ 1
Mf(t)g(t) < M+ D(m+ 1) < Ef(t)g(t)



GENERALIZATIONS OF REVERSE MINKOWSKI'S TYPE INEQUALITIES 9

Further, multiplying the above inequalities by

Gh(z) — b))

n(o) —h(p) DCw@) = RO (1)

and integrating on the interval [a, 2], we get

1 [ 6(h(z) — h(t)) Y
= / WE(M(W) — h(t))?;u)k (t) f () g(t)dt

(2) ~ h(t)

! [ ¢(h pP. / 2
M +1)(m+1) / n(e) i) Zwh(@) = RO ) (£(2) + ()" dt

=1

1 [ ¢(h(z) — h(t)) PR
< M/WE(w(h(x) — h(t)?;u)h! () f(t)g(t)dt,

which implies inequalities (3.13). O

In the next theorem, we add a positive parameter ¥ such that ¢ < m, i.e.,

O<19<m§M§M, x € [a,b].
g(x)

Theorem 3.4. Suppose that the assumptions of Theorem 2.3 hold. Let ¥ > 0 be such that ¥ < m in
(2.12). Then

ML (6P ¢~ 09)%) ()
<|[(4Fr) @w]” + [ ($Fg") @w)]”

<MEL(8R(f -~ 09)}) (@iu). (3.16)

“—m—4

Proof. From the given condition 0 < ¥ < m < M, we have

mid < MY =mid+m< MI+ M,

that is,
m— MY < M —md,

from which we have

S
+
3
+

Also, from the given condition, we have
m—1 <

which implies

[f(@) —9g(@®)]" _ [f(t) = dg(t)]
W < (t) <

Multiplying the above inequalities by

Slh(x) ~ h(t)
W) —hit) ©
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and integrating on the interval [a, z], we get

1 [ $(h(x) = h(t)) .y - )
(Mﬁ)pa/ h@) = h() E(w(h(z) — h(t)";u)h/(t) [f(t) — Ig(t)]” dt

[ 6((z) — (1) N
Sa/ n(w) — i) Cowlh(@) = @) wk (g (t)dt

L[ $lhlx) — h(t)) W L) — Gl
< Ty / o) — () B (@) = Bk (1) £(2) — 0g(0)” dr,

which implies
(M i 9y (ﬁF(f - 199)’7) (z3u) < (‘;’ngp) (z;u)

(m i N (;EF(f - 199)”) (z;u).

Taking power % on both sides, we get

[(ﬁF(f - 199)?) (; U)} 3 (3.17)

Further, from

from which we have
MP[f(t) — 9g(t)]"
(M —d)»
Again, multiplying the above inequalities by

mP [f(t) — g ()]
(m — )P ’

< fP() <

M w xT) — P /
ho) —h() (@) = h(6)"; Wk (¢)

and integrating over [a, x], we obtain

MP [ g(h(x) = h(t)) o)l - )
(Mﬁ)pa/ hw) = (D) E(w(h(z) — h(t))";u)h/(t) [f(t) — Ig(t)]” dt

[ 9Uh(z) ~ h(1) R
S/ h(z) — h(t) E(w(h(z) — h(t))"; u)l'(t) fP(t)dt

< (mnjpﬂ)P / ¢(hh(§cz))_ hh(gf?)E(w(h(a:) — h(t))?;u)l' (8) [f(t) — 9g(£)]" dt,

which implies

(MA{pﬂ)p (RF(F = 09 (@3w) < (RFf7) (i)

mP

gy (RF (= 09)7) ()

IA
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Taking power % on both sides, we obtain

(R - 0) @] < [(GFr) @]
< (R — gy (i) (318)
Adding inequalities (3.17) and (3.18), we get (3.16). O

Remark 3.2. Using the identity function for the function h and the power function ¢(x) = =7 in the
above two theorems, we obtain the inequalities from [2] which involve generalized fractional operator

Ew,(s,C,'Uy"‘f as in (217)

at,p,o,7
CONCLUDING REMARKS

This research provides certain reverse fractional Minkowski’s type inequalities for the unified inte-
gral operator thereby generalizing the known inequalities. Special cases also provide the results for
fractional integral operators and their refinements.

The right-sided versions of all inequalities in this paper can be established by using

(et s = [ 2O B wing) - s @) £

and can be proved analogously.
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