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ON THE TANGENT FIBER SURFACE OF THE SPACE T(Vn)

GOCHA TODUA

Abstract. The paper considers the theory of the surface of metric tangent fibers for the space
T(Vn). Analogues of the Gauss—Weingarten derivation formulas, as well as analogues of the gener-
alized Gauss, Peterson—Codazzi—Mainardi equations, are found.

Let us consider the tangent fiber space T'(Vn), where the local coordinates of a point transform by
the law

=7 (%), ¥=my 4 kijk=12..n
Assume that the tensor field Gap (A, B,C =1,2,...,2n) is given on the space T'(Vn), i. e.,

Gap = X9%8Geop,

where
oz’ Ford i
A _ H axt ox7  oyi || _ || % 0
B — B g’ g || — i D 7
9 P27 Dy Tps¥™ T
An inverse matrix of the matrix has the form
oz’ oz’ *;
H aaeA oz oyF || _ T, 0
ayz 8yt - *i *] D *i
ozk oy TikTpY L,
. - i T *, %k X, kg ok
Since G = z}.x), G*P_ where GfGﬂC = (5k and Gy, = x{”fomk —|—xlmx2ixgysGmh, we can use them
to construct the values Fk as follows: Fk GkJG

Furthermore,
p gl s Kk s h
G“”G@ = xj i Gl Gy —|—mJ qua:b zk ity G

Since z’x; = 4}, x;kx{]’ + x{xfﬂxz =0, ka;kxls’ = ]!, we observe that the values ¥ form a

linearly connected object with the following transformation law:
i j kP _ Xko.d
I =z Ty — aiw, y”,

and the values

Gij = Gij — F?GE — I‘?GEZ + F:ZDP;IGW

are a double covariant symmetric tensor, so we can construct an affine connection object I'; in the
following manner:

ik = 59 P (Vigpi + Vigrp — Vpgir) -

Note that the linear connectedness Fz induces the vertical affine connectedness defined by the object
VIl =T with the following transformation law:

T _ XkXq,.d
Il—xxquk—a:
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Structural equations of the space T'(Vn) have the form:
Duw? = wh A &2,
D! *GkAwk +Rl Wi A WP,
Dwi%—w /\w —|—Rllkw A wk —I—Rl 7w’ ‘NG
wPw? + RZ wp A OF.

Dw; = wj A wk + R;pq

Assume that a hypersurface 9 is given on the space T'(Vn),
W= Wiwe, (1)
and the 1-forms ¥® are such that
{D\Il“ = Wb AT,
DUf = Wg AWE 4+ U AT
Note that

D7 = G NG+ Riw' Awh = 00 NG+ R wPw + RI,WIU® AW = R, 00 AW,

where RI, = R, WilW}E.
The extension of system (1) is given by
{vwi = Wi, Wb, vwg’b F WIS, = Wi, e,

abe
VWepe + 2W, 0 U5 — Wili, = Wa,, 07,

(6]
where
{vwﬁl’b] =0, VWi, =—Ri, WPWiWy,
vVV;b[cd] = 7R;Dqg W(bec Wé
The values Wi, Wi, and W}, form a fundamental third-order difference-geometric object of the

surface 9.
The normal vector of the hypersurface 9 at the point T satisfies the equations

gin' Wi =0, gy n'n/ =1,
A metric tensor of the hypersurface 91 is written in the form
Gab = gijWiwi and Vgap = gabe ¥,

where gape = 9i;W; WbC + ng Wi, W]
The vectors Wlbel and n/.e; admlt representations in the form of a linear combination of vectors of
the reference point {T', W,, n}

Wayei = Ugy, + Lapn, (2)
n'flei = EZWb + ngn, (3)
where
¢ _ _cd ) k _ b cb _ k1
[Uab =g gikWade7 l:ab = gkiN W ab> ‘C ‘ccaa Nag = JksM N - (4)

Hence the following theorem follows.

Theorem 1. If for a hypersurface M, (1) is defined on the space T(V,,), then the Gauss—Weingarten
derivation formulas have the form (2) and (3).

We call equations (2) and (3) the Gauss—Weingarten formulas of the hypersurface 9. From (4),
we obtain

VU, + W, = Uapa¥?, (5)
YV Lape U, (6)



ON THE TANGENT FIBER SURFACE OF THE SPACE T(Vn) 185

where
Uspa = 95 a9i Wi, WE + g g Wiy Wi + 9% g W, Wiy,
Eabc = gkinlgW;b + gkinkW;bc’

ea ,bc

9% 4= —9°9"gaba-

From (5) and (6) it follows that U¢, is the object of affine connectedness and L is the tensor.

We call the object U¢, the object of the induced affine connectedness of the hypersurface 90t. It
is easy to prove that the induced affine connectedness and the internal affine connectedness coincide.
The 1-forms of this connectedness have the form:

A AR
Obviously,
DU® = UP ATE, DY = U5 AU 4+ WE,TCA B,
where
Wica = Upieq) — UeicUpja-

The values Wi, ; form the tensor which we call the curvature tensor of the hypersurface 9.
Expanding equation (2), we obtain

) k )
R WEWIWS = (dec - ca[bcg]) — (v[ccab] — WiLag + Ea[bnc]) n',

JjPq a

k
where V. is the symbol of nonholomorphic covariant differentiation.
From the above equalities, we obtain the generalized Gauss equations

IQJQWIVV(zVVZ?VVCQVVe2 = W(ibce + La[bﬁc]d (7)

and the generalized Peterson-Codazzi-Mainardi equations

k
Ripgr Wy WiWinP? = Wi Lag — VieLiajp) — Lappie]s (8)
where
Ripqr = Gij Rg)qrv Wapce = gdengc'

Hence the following theorem holds.

Theorem 2. If for a hypersurface M, (1) is defined on the space T(Vn), then the generalized Gauss
equations and the generalized Peterson—Kodashi-Maitardi equations have the form (7) and (8).

Equations (7) and (8) establish the connection between the curvature tensor of the space T'(Vn)
and the curvature tensor of the hypersurface 9t in T'(Vn) [1-3,7].
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