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SOLVABILITY AND WELL-POSEDNESS OF THE CAUCHY-NICOLETTI
WEIGHTED PROBLEM FOR NONLINEAR SINGULAR FUNCTIONAL
DIFFERENTIAL SYSTEMS

ZAZA SOKHADZE

Abstract. For nonlinear singular functional differential systems, the unimprovable sufficient condi-
tions for the solvability and well-posedness of the Cauchy—Nicoletti weighted problem are established.

Let —oo < a<b<+4oo,t; €[a,b] (i=1,...,n), ¢ = (¢;)4 : [a,b] = R™ be a continuous vector
function such that
wi(t;) =0, @;i(t)>0 for t#t; (i=1,...,n),
and let Cy([a, b]; R™) be the space of continuous vector functions « = (x;)}_; : [a,b] — R", satisfying
the condition

n
lzllc, = Z lzillc,, < oo,
i=1

where

|zi(t)] .
zi|lc,, = sup ca<t<b t#t i=1,...,n).
faile., =sun {1240 ( )

K3
Let, moreover, I, = [a,b]\{tx} (k =1,...,n) and let Ljoc(Ix; R) be the space of functions u : I, — R,
Lebesgue integrable on every closed interval, contained in I.
We consider the nonlinear functional differential system

dz

d—;:fi(gch...,xn)(t) (i=1,...,n) (1)
with the weighted boundary conditions
: |z (t)] ,
lim su <400 (1=1,...,n). 2
msup ( ) (2)

Here, the operators fi : Cy([a, b]; R™) = Lioc(Ix;R) (k=1,...,n) are such that:
(i) for any p > 0, the condition
fe(p,p) € Lioc(Ik;R) (k=1,...,n)

is satisfied, where

Bt ) = sup { | fulwn, - )] @)slle, < o)

(ii) for any p >0, k € {1,...,n}, [ag,bo] C Ix, and for uniformly converging sequence of continu-
ous vector functions (z;p,)i 4 : [a,b] = R™ (m =1,2,...) satisfying the conditions
||($im)?:1||0¢, <p (m: 1727"')7 (3)

i (i ()1 = (#:(0)1y for ¢ € [a,b],

we have
t

¢
lm [ fo(zims .- Tnm)(s)ds = /fk(gch ..., Zpn)(8) ds uniformly on [ag, by).
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From (2), we have the conditions
xz(tb) =0 (Z = 1,...,n).
Problem (1), (2) is known as the Cauchy—Nicoletti problem (see, e.g., [1,2,4,6,7]).
Thus we call (1), (2) the Cauchy—Nicoletti weighted problem.
Everywhere below, in addition to the above-introduced notation, we use the following notation:
X = (wik)}' =, is the n x n matrix with components z;, (i,k =1,...,n);
r(z) is the spectral radius of an n X n matrix;
[]+ is the positive part of a real number z, i.e.,

x4z
[z]+ = 5

Theorem 1. Let there exist a positive number p such that for any A € [0,1] and § > 0 every solution
of problem (1), (2) admits estimate (3). Then problem (1), (2) has at least one solution.

Theorem 2. Let there exist nonnegative numbers p;; (i,k =1,...,n) and a function q : [0, +oo[ —
[0, +o0[ such that
r(p) <1, where p= (pir)i p=1 (4)
lim @ =0,

s—+o0o 8§

and for any (x;)}—, € Cy([a,b]; R™), the inequalities

+

‘/t[fi(xlvm»xn)(S)Sgn((s—ti)xi(s))} ds

<o) (X palail,, +a(Ehale,)) = 1...n) (5)
k=1 k=1

are satisfied in the interval [a,b]. Then problem (1), (2) has at least one solution.

Definition. Problem (1), (2) is said to be well-posed if:
(i) it has a unique solution (z;) ;;
(ii) there exits a positive constant p such that for any integrable functions h; :]a,b[— R (i =
1,...,n), satisfying the conditions

uk(hk)sup{(p:u)‘/tmk(sﬂds :

the problem

dycléit) = filyr, - un) () + halt) (i =1,...,n),
“ftgiljp% <+4oo (i=1,...,n)

has at least one solution and every such solution admits the estimate

(i = zi)iille, < p > vilhe).
k=1

Theorem 3. Let there exist nonnegative numbers p;. (i,k =1,...,n) satisfying conditions (4) such
that for any (x;)7—, € Cy([a,b];R™), in the interval [a,b], the inequalities

’/[fi(xl,...,xn)(s)sgn((s—ti)xi(s))Lds §g0i(t)zn:pik||xk\|g% (i=1,...,n)
ti k=1

are fulfilled. Then problem (1), (2) is well-posed.
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