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CRITERION FOR BASICITY PROPERTIES OF THE WEIGHTED
EXPONENTIAL SYSTEM WITH EXCESS IN THE GRAND LEBESGUE SPACES

MIGDAD I. ISMAILOV!, KADER SIMSIR ACAR?2* AND YUSUF ZEREN?3

Abstract. In this work, we consider the exponential system {p(t)e™*}, cz with degenerate coef-
ficient p(-) in the grand Lebesgue space Lp)(fﬂ, m),1 < p < +oo. This space is non-separable
and therefore, we define the subspace Gp,)(—m,m) C Ly)(—m,7) in which the infinitely differentiable
functions are densely located. The basicity of such systems in classical Lebesgue spaces has been
studied quite well in the works on various mathematics. We establish criteria for the approximative
properties (completeness, minimality, basicity) of this system in Gp) (—=m,m),1 < p < +o00. Moreover,
we consider the defective system {p(t)e!"*}, ., and obtain similar results regarding this system in
the same space.

1. INTRODUCTION

Let Ly (—m,m),1 < p < +o0, be the grand Lebesgue space, which is a collection of all measurable
functions f defined on [—m, 7] and endowed with the norm

™ 1
g p—e
= su — t)|Pedt .
I £1lp) o<5<5_1(27r/f()| >

It is known that the space L,)(—m,7) is a non-separable, non-reflexive and Banach functional space
[9,24].

The grand Lebesgue spaces were first introduced in 1992 by T. Iwaniec and C. Sbordone [22]
in connection with the study of Jacobian integrability properties. As for the issues of harmonic
analysis, approximation and differential equations in these spaces, one can consider, for example,
[6-13,16,17,20,23]. In [16] a separable subspace of the grand Lebesgue space is considered and the
density of the set of all infinitely differentiable functions with compact support in this subspace is
proved. The closure of the set of all infinitely differentiable functions with compact support on the
interval [—7, 7] consists of the function satisfying the condition

e—+0

lim 5/ |f(®)|P~=dt = 0.

In [29,30], the subspaces G (—m, ) of the grand Lebesgue space L) (—, ) are defined as a subspace
of functions f € L) (—m, ) satisfying

Tsf— fatd—0,
where Ty is the shift operator defined by the formula

(T3 1) (z) = {f(x—i—é), x+4d € (—mm),

07 $+6¢ (—7'[',77),

and the density of the set of all infinitely differentiable functions with compact support on the interval
of [—m, 7] in this subspace is proved.
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In this work, we consider the weighted exponential system {p(t)e"'}, cz with degenerate coefficient
p(+) in the grand Lebesgue space L,y (—m,m), 1 < p < +o00. This space is non-separable and therefore,
we define the subspace Gp)(—m,7) C Ly)(—n,7) in which the infinitely differentiable functions are
densely located. The basicity of such systems in classical Lebesgue spaces has been studied quite
well in the works on various mathematics. We established criteria for the approximative properties
(completeness, minimality, basicity) of this system in Gy (—m,7), 1 < p < +00. Moreover, we consider
the defective system {p(t)eint}n;ﬁn0 and obtain analogously the results with respect to this system in
the same space.

Note that the basis property of the system {[t|*e"*}, c7 in the Lebesgue space Lo(—m,m) was
studied by K. I. Babenko in [1]. In [14], V. F. Gaposhkin studied the basis property of the system
{p(t)e™},cz in Lo(—m,m) for an arbitrary measurable function p(t). In the case of the Lebesgue
space Ly(—m,m),1 < p < 400, it follows from the results of [18,19] that the degenerate system
{p(t)e™*}, ez with a general weight function forms a basis in L,(—m,7),1 < p < +00, when the weight
function satisfies the Muckenhoupt condition, i.e., it belongs to the class A,. In [15], the completeness
and minimality of the system {|t|e™},cz\ o} in the space Ly(—m, ) have been considered and the
impossibility of the basicity of the system {|t|e™},,cz:\ (ko) in the space Ly(—m,m) was established.

In the Lebesgue space L,(—m, ), for weighted exponential systems and trigonometric systems of
sines and cosines with power weight, this question was studied in [2,3,5]. Note that similar questions
for degenerate system of exponent in L,(—m,7),1 < p < 400, and for the degenerate trigonometric
system in the space L, (0, m) for arbitrary weight were studied in [26,27]. Moreover, the basis property
of a classical system of exponents in the grand Lebesgue spaces was studied in [21]. Similar questions
were also considered in [4, 25,28].

2. BASIS PROPERTY OF THE DEGENERATE SYSTEM OF EXPONENTS

Consider the system

{p(t)e™ }nez, (2.1)

with weight coeflicient of the form

T
= H [t — te|**, ar €R, tp€[-m,m), E=0,r,
k=0

where {t;}§ C [—m,7) are distinct numbers.
The following criterion for the completeness of system (2.1) in Gp)(—m,m), 1 < p < +00, is estab-
lished.

Theorem 2.1. System (2.1) is complete in the space Gpy(—m,7),1 < p < +00, if and only if

1
ap>——, k=0,r. (2.2)
b
Proof. Let system (2.1) be complete in the space G,y (—m, 7). Then it is evident that p(t ) ( T, ).
It follows from the results of [20] that this relation is p0551b1e under the condition a, > —=, k=0, 7.
Assume that ag = 75 for some k = 0, r. Therefore, for a sufficiently small § > 0, we have
b
lim a/pp dt>chm E/ti%dtch lim (ﬁch.
e—0t —0+ e—0+
0
The case ozk = —l k # 0 can be shown in a similar way. It follows that p(t) ¢ Gp)(—m,m). Thus,

ap>—2, k=0,r.
Conversely, let (2.2) be satisfied. Then p(t) € L,(—n,7) and hence system (2.1) is complete in the
(=

space Ly(—m, 7). Due to the density L,(—m,m) in G,y (—m, ), we obtain the completeness of system
(2.1) in Gy (—m, ). O

Let us derive a minimality criterion for system (2.1).
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Theorem 2.2. System (2.1) is minimal in the space G,)(—m,7), 1 < p < +o0, if and only if

1 1 1 1

——<ar,<-, k=01, —+-

p q p g

Proof. First we prove the necessity of condition (2.3). Let system (2.1) be minimal in G)(—7,7).

Since p(t) € Ly(—m,7), due to the continuous embedding of L,(—m,m) in G,y (—m,m), we get the
minimality of system (2.1) in L,(—m, 7). Then it is known that condition (2.3) is valid in this case.

Conversely, let the condition (2.3) hold. Consider the system of linear functionals

-1 (2.3)

0u(0) = 5 [ FO97 O Mt f € Gyy(-mm), ne L

Let us show that the functional g, is bounded in G)(—m, 7). We choose € € (0,p — 1) so that

< L k=0 1 1 L
Qg RAYE =ur, = 1= .
(p—e) (p—e) p—e

This is possible, because if the relation ay > is valid for any ¢ € (0,p — 1), then, passing to

p—e—1
p—e
the limit at € — 0 in the last relation, we get oy > %. And this contradicts the condition oy < %.

Therefore, p~!(t) € L,y (—m, ) and we have
1
27

] T ﬁ T / #
o (1) (oo war) "

—T
<cilfllps

i.e., the functional g, is bounded. On the other hand, we have

lgn(f)] =

_] f(t)P_l(t)e—intdt‘ < 217T_/ﬂ|f(t)|p_1(t)dt

IN

™

imty _ —z(n—m)tdt .
gn(pe ) o / e nm

—T

So, system (2.1) has a biorthogonal system {g, }nez, and thus it is minimal in Gp)(—7, 7). O

We now give a criterion for the basis property of system (2.1) in the space Gy (—7,7), 1 < p < +o0.

Theorem 2.3. System (2.1) forms a basis in G,)(—m,7), 1 < p < +o0, if and only if condition (2.3)
is satisfied.

Proof. Let system (2.1) be a basis in Gp)(—m, 7). Then it is complete and minimal in the space
Gp)(—m, 7). By Theorem 2.2, condition (2.3) is true.

Conversely, let condition (2.3) be satisfied. Then, according to Theorems 2.1 and 2.2, system (2.1)
is complete and minimal in G (—m, 7). Consider the following projectors:

m

Sm(f)(t) = Z gn(f)p(t)eint’ I € Gp)(_ﬂ-’ﬂ-% m € Ly,

n=—m
where Z is the set of non-negative integers. We show that the system of projectors S, is uniformly

bounded in G (—, ). Since condition (2.3) holds, as is known, the system {p(t)e™},cz forms a
basis in L,(—m, 7). Let € € (0,p — 1) be such that the following inequalities:

1
< < ,
p—e¢ (p—e)
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hold. Then, as is known, the system {p(t)e™}, ¢z forms a basis in L,_-(—m, 7). Consequently, the
system of projectors S, is uniformly bounded in the spaces L,(—m,7) and L,_.(—m, ), i.e., there
are the numbers ¢, > 0 and c¢,—. > 0 such that the following estimates:

[15m (Ollp < epll fllp
and
1Sm(F)llp—e < cpellfllp—e, Vm € Zy

hold. Applying the Riesz—Thorin interpolation theorem ( [24]), from these estimates we find that the
system {S,,} is uniformly bounded in the spaces L,_,(—m,7) : 0 <1 < ¢, i.e., it is true that

[Sm (N)lp—n < erllfllp—n, Vm € Zy, (2.4)

where ¢; > 0 is independent of the number m.
Consider the case ¢ < n < p — 1. According to Holder’s inequality with the exponent ﬁ > 1, we

get
(/|S |:0 Wdt) P (271_ (p BICED) (/S |p Edt) p—e
(2.5)

< e fllp-e
where the constant co is independent of . Finally, using (2.4) and (2.5), we obtain

1 1
15l < 510 (55) 7 18w (Alp-n+ s (55)7 7 18l
0<n<e N&T0 e<n<p—1 \2T

1
N\ p—n

<c +c sup (—) <c ,

Wl +er_sw (5 11

e, ||Sm] < e
It remains to apply the basis property criterion to systems. O

3. THE BAsiS PROPERTY OF THE DEGENERATE EXPONENTIAL SYSTEM WITH A REMOVED
ELEMENT

This section studies the basis properties of the system

{p(t)eim}neZ\{no}v (31)
with the weight coefficient p(-) in the space G,)(—m,7), where the weight function p(-) is defined by

T

p(t):H|t7tk|ak7 O{kGR, tk€[7ﬂ'7ﬂ-)7 k:O,T,
k=0

{tx}§ are different numbers: —m =ty < t; < --- < ¢, <, and ng € Z be some number.
To obtaining the main result, we need the following fact.

Lemma 3.1 ([27]). Let ng be an arbitrary integer and w(t) be an arbitrary measurable function.
The system {w(t)e™ }, ez (noy @5 complete and minimal in Ly(—m,7), 1 < p < 400, if and only if
w(t) € Lp(—m,m), ﬁ ¢ Lo(—m,7), 5 14 1 =1, and the following item:

1. there is a (unique) point s € [—7 7r] such that z)(té) € Ly(—m,m),
or

2. % € Ly(—m,m) holds.

In the case of minimality, the biorthogonal system to the system {w(t)eint}nez\{no} is represented
by a system of functions
int _ ingt
ba(t) = e — &ne™” ’
w(t)
where &, are some complex numbers.
We present a criterion for the completeness and minimality of system (3.1) in the space G, (—m, ),

1 <p < 4o0.

Yn # ng,
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Theorem 3.1. System (3.1) is complete and minimal in Gp)(—7,7), 1 < p < +o0, if and only if
1) there is a (unique) ag, € [%, 1+ %), ay € (—%, %), k=0,r, k# ko;
or

2) Qg, ap € (_%51—"_%)7 {Oéo,ar}m [%71—’—%) 7é®7 o € <_%7%>7 ]{izl,’l"—l.

Proof. Let system (3.1) be complete and minimal in G,)(—n, 7). The relation p(t) € Gp(—m,7)

Tprg )
system (3.1) is minimal in the space Gy (—m, 7). This contradicts the completeness of system (3.1) in
Gp)(—m, ). Consequently, there is kg € {0,...,r} such that ay, € [%, —i—oo) and therefore p~1(t) ¢
Ly(—m,m).
According to the continuous embedding L, (—m,7) C Gp,)(—n,7), it is evident that system (3.1) is
complete and minimal in L,(—m, 7). Therefore, by Lemma 3.1, there is a (unique) point ¢y € [—m, 7]
such that

is equivalent to condition (2.2). Obviously, p(t) € Ly(—m,m). If o € ( L 1) k = 0,r, then

(t —to)p ' (t) € Ly(—m,m), (3.2)
or
(= )+ D)p~(t) € Ly(—m, ). (3.3)
Relation (3.2) is possible only if
= tolp™ () = It =t ['7%0  JT [t = tel ™ € Ly(=m,m),
k=0,k#ko
and together with the condition p~!(¢) ¢ L,(—m,m) we obtain the validity of condition 1). Condition

(3.3) is equivalent
r—1

|+ |t — ¢t H [t —tg| = € Ly(—m, ).
k=1
From here, taking into account p~!(¢) ¢ L,(—m, ) we obtain the validity of condition 2).
Conversely, let conditions 1) or 2) be satisfied. Then either

p(t) € Ly(=m,m), p~'(t) & Ly(~m,7),
or
(t— tay, )01 () € Lo(—m,m) or (m—t)(m+)p (1) € Ly(—m,7)
holds. By Lemma 3.1, the system (3.1) is minimal in L,(—m,7) and in case 1) this system has a
biorthogonal system (see [27])

eint _ ei(n—no)tko einot
gn(t) = ,  Vn # no. (3.4)
" p(t)
This implies that
eint — ¢iln—no)tgginot ¢ _ 4 s

gn(t) = S I [ R

t - tkU p(t) k‘:O,k;ékO

Then, taking into account condition 1), we obtain that the functional generated by the function g, (t)

is bounded in Gy, (—, ) (see [20, Lemma 2]), i.e., the sequence of functions g, (t) forms a biorthogonal

system to system (3.1). In case of the condition 2), system

eint _ einot
p(t) 7

is a biorthogonal system to system (3.1). Thus, system (3.1) is minimal in G (-, 7). Finally, due to
the density of L,(—m,7) in Gpy(—m, ), we obtain the completeness of system (3.1) in G,,)(—m, 7). O

gn(t) = Yn # no, (3.5)

The following assertion proves that it is impossible for system (3.1) to have a basis property in the
space Gp)(—m,m), 1 < p < +00.
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Theorem 3.2. System (3.1) is not a basis in G,y (—m,m), 1 <p < +o0.

Proof. Assume the opposite, i.e., let system (3.1) form a basis in G,)(—n, 7). Then it is complete and
minimal in G,)(—m, ) with the biorthogonal system (3.4) or (3.5). We expand p(t)e"" € G (—m, )
in Gy (—m, ) according to the basis (3.1). Let

p(t)emot = Z Cap(t)e™™. (3.6)
n#ng

Taking into account that the biorthogonal system to system (3.1) is a system (3.5) from here, we

obtain

Cp = 767;(”7”0)1:)60

or ¢, =-1, Vn#ny. (3.7)
Since the series (3.6) converges, according to the necessary condition for the convergence of the
series, we get

0= Tim [lewp(t)e™ [y = l(t)]) T [eal = Ip(0)])-

Hence, taking into account (3.7), it follows that [|p(t)[|,) = 0. We get a contradiction. Thus, the
system (3.1) cannot form a basis in G,)(—m, 7). O
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