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ON THE DEFORMATION OF CHIRAL POROUS CYLINDERS IN A STRAIN
GRADIENT THERMOELASTIC THEORY

SIMONA DE CICCO

Abstract. The paper presents the first form of the strain gradient theory of elasticity proposed
by Mindlin and Eshel [21]. The theory was generalized by Papanicolopulos [25] to include non-
centrosymmetric behaviours and make them suitable to investigate the problems related to size
effects and nanotechnology. We study the thermoelastic deformation of a chiral porous cylinder
subjected to a thermal field that is polynomial in the axial coordinate where, the coefficients of the
polynomial are the functions of the two remaining coordinates. The problem is investigated by the
method of induction and, as in the classical elasticity, is decomposed in terms of some generalized
plane strain problems. Using the results established in [9], we obtain a closed-form solution of the
starting problem P(9) of the inductive process, i.e., the deformation of a cylinder subjected to a
thermal field independent of the axial coordinate. Then, we present a method for constructing the
solution of the problem P("*1) when the solution of the problem P(™) is known.

1. INTRODUCTION

This paper is aimed to extend the results established in an earlier study [9] on the deformation of
chiral porous beams in the strain gradient thermoelasticity. In the previous paper, the cylinder was
supposed to be loaded by forces acting on its bases and subjected to a thermal field, linear in the axial
coordinate. The solution was obtained in closed form and, as in the classical thermoelasticity, was
represented in terms of solutions of some plane strain problems. In the present paper we consider a
cylinder free from mechanical loads and subjected to a temperature distribution that is polynomial in
the axial coordinate, where the coefficients of the polynomial are the functions of the two remaining
coordinates. The solution is obtained by the induction method. It is shown that, if we denote by P(™)
the problem corresponding to the temperature T,, = T),(z1,z2)x}, then the solution of the problem
P(+1) depends on the solution of the problem P(™).

The elastic theory of chiral porous solids is a topic of growing theoretical and practical interest.
The theory provides an efficient tool for modelling non-traditional media such as bones and other
biological substances, crystalline solids and geomaterials. The theory has been also proved suitable
for studying the behaviour of nanomaterials. For a long time nanoparticles have been pictured as
spherical objects, but at atomic and even larger scale, they have complex features that display mirror
asymmetry. Moreover nanotubes, nanospheres and other nanoparticles are porous due to the presence
of their internal cavities. Chirality and porosity are intrinsic characteristic of nanomaterials and their
effects on the behaviour of structural elements such as shells, plates and beams cannot be ignored. An
accurate description of the unique physical and mechanical properties of nanomaterials is provided
by Wu et alin [35]. For a brief historical sketch on nanomaterials and technology see Guz and
Dushchitskii [12]. For an overview of chirality in mechanics see Lakes [19,20].

There are a number of theories which have been considered to introduce chirality in the mechanical
behaviour of materials [18,23,24,33]. In [25], Papanicolopulos generalized the Mindlin—Eshel strain
gradient theory for centrosymmetric materials to the case of non-centrosymmetric solids. In his
approach, the chiral behaviour is controlled by a single material parameter and the sign of parameter
allows to distinguish between the right and left chirality. This theory has received widespread attention
and many studies on theoretical developments and applications have been published [2,11,15,17,22].
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Following the model of materials with voids proposed by Cowin and Nunziato [3], the effects of
porosity are described by means of a scalar function taken as an independent kinematic variable.
Since his formulation, the theory of materials with voids attracted much interest and has been the
object of intensive investigations (see e.g., [5,7,26,27,31,34]). The basic results and a review on
the theory of materials with voids can be found in the book by Iesan [14]. Recently, the theory has
been generalized to the case of materials with multi-porosity structure (see e.g., [4,8,28,30,32]). For
extensive references and an overview on the theories of multi-porosity materials, see Svanadze [29].

The strain gradient theory is constructed by adding the second-order partial derivative of the
components of displacement and the first-order partial derivative of the microdilatation function in
the classical set of independent constitutive variables [1,16]. The paper is structured as follows. In
Section 2, we present the basic equations of chiral porous elastic solids and formulate the problem of
thermoelastic deformation of a right cylinder. In Section 3, we investigate the equilibrium problem of
a cylinder free from mechanical loads and subjected to a temperature field independent of the axial
coordinate. The solution is expressed in terms of plane strain problems. In Section 4, we establish
the solution of the problem corresponding to a temperature distribution that is polynomial in the
axial coordinate. We present a method of constructing the solution to the problem P("t1) when the
solution of problem P is known. The solutions of chiral (non-porous) cylinders and porous (achiral)
cylinders can be derived as special cases.

2. BAsiCc EQUATIONS

In this section, we formulate the equilibrium problem of a porous chiral cylinder subjected to a
temperature change polynomial of degree n in the axial coordinate. The cylinder is supposed to be
homogeneous and isotropic. We denote by II the lateral boundary, ¥, (a = 1, 2) is the terminal cross-
sections, X is a generic cross-section, I, is the boundary of ¥, I' is the boundary of ¥ ,and h is the
lenght of the cylinders. We choose a system of rectangular axes such that the x3 — awis is parallel to
the cylinder generator and the x10x9 — plane contains the basis 31 at z3 = 0. In what follows, we
assume that the thermal field has the form

n
T = ZTk($1,$2)$§7 (21)
k=1
where the functions T} are prescribed. The cylinder is supposed to be free of mechanical loads. Let
u; be the components of the displacement vector and ¢ the microdilatation function. The problem of
equilibrium, of the cylinder consists in finding the functions u; and ¢ satisfying the following systems
of equations:

e geometrical equations

1
i(ui,j +uji),  Kijk = Ugk,ij, (2.2)

where e;; is the strain tensor and &;;;, is the strain gradient tensor.

€ij =

o Constitutive equations
Tij = XerpOij + 2p€i5 + dpdi; + f(Eikmbjkm + €jkmbikm) — BTy,

1
Hijk = §a1(f€rri5jk + 26477 0ij + KrrjOik) + @2 (KirrOjk + Kjrrdik)
+ 2a3krrk 05 + 1050,k + B2(dirp,j + 0jkp.i)
+ 204Kk + a5 (Kiji + Frij) + f(ins€js + Ejseis), (2.3)
0; = Bl“rm‘ + 2B2’§irr + apPi, 9= derr + §§0 - BT7

where 7;; is the stress tensor, p;; is the dipolar stress tensor, o; is the equilibrated stress vector, g
is the intrinsic body force, T is the temperature, 6;; is the Kronecker delta, €;;; is the alternating
symbol, A\, u and b are the constitutive constants of the classical theory of elasticity; c; (¢ = 1,2,...,5)
and §;(j = 1,2) are the constitutive constants associated with the gradient terms; d, ag, £ and 3 are
the constitutive constants linked to porosity, and f is a constant associated with the chiral behaviour.
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e Fquilibrium equations
Tji,j — Nkji,kj = 0, 05,5 — g = 0. (24)
In the equilibrium problems, the boundary conditions for a body B with boundary OB are given
by [10,21]
Pz' = PL', Rz' = Ri7 o;n; = o on 3B\C’, Qz = Qz on C, (25)
where E,Ei,ﬁ and @i are the prescribed functions, C' is the union of the edges, and n; are the

components of the outward unit normal of 9B and
P = (Tki - Mski7s)n7€ - Dj (nrﬂrji) + nsnp,uspi(Dknk)a (2 6)
R; = pirsineng, Qi =< UpjiNpNg > EjrgSy o0 OB. '

Here, D; are the components of the surface gradient, D; = (d; — n;ng)9/0xy, s; are the components
of the unit vector, tangent to C', and < g > denotes the difference of limits of ¢ from both sides of C.
In the case of cylinder free of loading on its boundary, we have [9)

P,=0, R,=0, Q;=0, o0ang =0, a=1,2 on II (2.7)

and
P, = —73; + 2a3i,0 + P33s,3, I = p3z; on Xy,

Qi = —2pa3iNa, on I'1.
Further, we have to satisfy on the plane end 3; the following conditions:

/Pada—k/Qads =0, (2.9)

(2.8)

N T

/Pgda + / Q3d$ =0, (210)
3 I

/(xan + Ry)da + /xands =0, (2.11)
21 1—‘1

/EaggxaPﬁda + /Eaﬁgl'andS =0. (2.12)
21 F1

In the next sections, we seek a solution of the problem defined by equations (2.2), (2.3), (2.4) and the
boundary conditions (2.7), (2.9)—(2.12) when temperature T is assigned.

3. ProBLEM P

In what follows, we use the method of induction to solve the problem formulated in Section 2. Let
us denote by P®*) the thermoelastic problem corresponding to the case where the temperature has
the form

T = Tk(xl,xg)xlg,

where T}, is a given function and k is a positive integer. We have to find a solution of problem P*+1)
once a solution of the problem P*) is known. The solution of problem P corresponding to the
thermal field

T:To(.’El,xg), (31)
is the starting point of the inductive process. Problem P9 with different boundary conditions has
been investigated in [9]. We look for a solution of the problem in the form

4

1
Uy = —§aax§ + 380047 T3 + Z aku((f) + wo (21, x2),
k=1

4
k
uz = (a1x1 + asws + az)xs + g akué ) + ws(x1, z2),
k=1



372 S. DE CICCO

4
=3 a4,
k=1

(k), o) w; and 1 are unknown functions which are independent of x3, and a;, are unknown

J
constants. We denote by T(Ej;), :“:(fﬁ)w O'((lk), and ¢, (k = 1,2,3,4) the stress tensor, the dipolar

stress tensor, the microstretch stress vector and the intrinsic body force associated with ugk) and @)

respectively. Moreover, we denote by ., Mmagi, To and y the stress tensor, the dipolar stress tensor,
the microstretch stress vector and the intrinsic body force corresponding to w; and 1, respectively.
The equilibrium equation (2.4) takes the form

where u

To(j;,)oc - fokﬁ)j,aﬁ + <g\J(k) =0, U((x]fgz - g(l{) + 1" =0 on 2, (3:2)
tai,a — MaBi,a = 0, Ta,a =7 = 0.
where
3 4
T =285, FP =0, F =0, 1) = ~dz,, 1 =—d, 1D =0, (3.3)
The boundary conditions (2.5) become
Pi(k) = ﬁz(k)a ng) = Egk)7 U(()(k)na = E(k) on F1> (34)
where
k k k k k
Pi( ) (Téi) _ “E)B)i,p)nﬁ — Dp(n,gugp)i) + ngna,uéozi(Dpnp), (3.5)
R = upmona,
and
Pl(l) = —Az1n1 + (0 — 202)e300 (N112) L N0,
~ 1 ~
Pz(l) = —Ax1ns + 5(011 — 2a2)53ap(n? — ng),anp7 Pél) = 2fng,
R =203 — a1 + (a1 — 2a0)n?, RS = (a1 — 2az)nins,
Eél) = 0, 5(1) = (61 - 2&2)711,
~ 1
P1(2) = —\xang + §(a1 — 2a2)53ay(n% — ng),o‘nl,7
152(2) = —Azong + (1 — 2a2)e300 (N1N2) LN, ﬁg(2) = —2fnq,
EP = (a1 — 2a)n1 N2, ééz) =203 — ay + (a1 — 202)03, (3.6)

R =0, 5@ = (81 — 28:)ns,
PP = -xn, P =0, RY =0, ¥ =0,

- 1
P1(4) = §f[5n1 + D1(zan2) + Da(xony — 2x1ng) — 2(xaning — xlng)(DPnp)],

~ 1
P2(4) = 5f[5n2 + Dy(x1ng — 2x9n1) + Da(x1n1) — 2(z1N109 — xQn%)(DPnP)L
15354) = HE3BTLNE, §§4) = f(z1n} — wan1ng),
RY = f(zon? —wimins), RS =0, 5@ =o.
The functions tq;, mag: and m; must satisfy the boundary conditions
Pf=0, R =0, mone =0 on Iy.

where
PP = (tgi — mppi,p)ng — Dp(ngmppi) + ngnampai(Dynp),

*
Ry = mpainyng, on I'i.
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The constants ay, are determined by the boundary conditions (2.9)—(2.12) on the end ¥;. Condition
(2.9) is identically satisfied and conditions (2.10)—(2.12) reduce to the following system:

where

E Dspap = —F3,
=1
4

> Dakax = e3ap Mg,
k=1

> Durax = —M;,

k=1

[e3

Dak:/( oSS +2NEL — N Yda,

n (3.7), we have used the notations

and

P
Dai = /S§’§>da, Dy = /ggaﬁ(a:as(’“ +2N &) da,
> > (3.7)
Fg = /tggdCL,M; = €308 /(xﬂtgg + 2m533 — ’I’I”Lg;gg)da7
21 E1
M; = /€3a5(a?at33 +2ma3ﬂ)da.
¥
SE = A+ 2u)z, + 1), S = A+ 2+ 7Y,
S§8 =Af + 753, S =2feaps + 75,
2 =8, S = peapnz + 75,
i 1 i )
N9y = 5 (202 — a1 +daq)dia + il (i=1,2,3),
1 i i
NG = —5fTa+ 1 Nibh = (a1 — 203 — 204 + a5)dia + 1y,
4 4
N:§3L = fra+ /1’1(33)a7 Nig)g = e3apfTp + :“‘(:Qﬁa
N3y = esapf + nlas Nigs = e0p(200 — as) + il
k k 1 k k
785 = xell) + dp®), ), = Qo‘l’fﬁ)p)s%@ + aso T fespaetys
P, = 50 168+ ankll) + fspa:se + Bagp®),
S = are®) 4 20368 1 810 + 2fezapell),
k k k
psis = (a1 + 205)K 0%, 08" = Birlh,
t3z = Mj,p + dip — bT, (3.8)

1
msapB = §a15pp36a[3 + a5£ﬁa3 + f§Bp377ap7

1
ms3a3 = §a1€ppa + 042£app + fgpa3773p + ﬂ2¢,a7
ms33aq = algapp + 2a3£pp0¢ + Blw,a + 2f€3o¢p773p7

ms333 = (011 + 20&3)£PP3§pp37ﬂ'3 = ﬂlfpp:s-
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By the solution of problem P() we conclude that the thermal field (3.1) produces axial extension,
bending and torsion. The results of this Section were applied to study the deformation of a chiral
porous circular cylinder [6].

4. DEFORMATION PRODUCED BY THERMAL FIELD THAT IS A POLYNOMIAL IN THE AXIAL
COORDINATE

In this section, we study the problem when the thermal field is given by (2.1). The solution of
problem P is assumed to be known for any function 7}, so that we know the solution of the problem
when T' = T, 41(z1, x2)2}. Thus, the problem reduces to finding the functions w;, ¢, €5, Kijk, Tij,
Wijk, 04, and g that satisfy equations (2.2)—(2.4) on B and the boundary conditions (2.5)-(2.9), when
T = Tn+1(a:1,x2)xg+1, assuming that we know the functions u;, ¢*, e}, K1, 7/, 17, and g* that
satisfy equations (2.2)—(2.4) on B and conditions (2.7), (2.9)—(2.12) with null mechanical data and
temperature T = Ty, 11 (21, z2)z}. Following the method used in the theory of loaded cylinders [14],

we seek a solution in the form
x3
e = (n+1) [/UZd.’Eg —do®3 + €3p0dszpTs + deu +Va ($1,$2):| ,
k=1
xr3 4
. * (k)
Uz = (n + ].) u3dl'3 + (dl.’ﬂl + d2(E2 + dg)xg -+ deu3 —+ ‘/3(.%1,1'2) y (41)
k=1

3

4
e=(Mn+1) |:/g0*d$3 + dego(k) + \I/(asl,xg)],

0 k=1
where (u;k), ) are the solutions of problems A®) (k= 1,2,3,4), V; and ¥ are unknown functions,
and d; (j = 1,2,3,4) are unknown constants. From (2.2) and (4.1), we find that

x3

eap = (n+1) U e pdrs + dee + gaﬁ]

€33 = TL + 1 |: 633(1333 + dix1 + doxo + ds + U3(171,I2, 0):|,
0

1

eas = (n+1) a3dx3 + €3ﬁad4$ﬁ + deea3 + gaz + 3l w(x1,22,0) ],

k=1
4
n+1 |: .133+de§07(§)+\1]701:|7
k=1
p3=(n+1) {/¢3d$3+<ﬁ ($17$2,0)],

4
Kapj = (n+1) [/n* gjdxs + delﬁ&kﬁ)j + yaﬁj},
k=1

Kaszz = (n+1 [/ Knasdrs +u3 o (71, 72,0) + da} ,
0
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z3

K3ap = (n+1) [/ Kiapdrs +uj o (T1,72,0) + €3aﬂd4:| ,

0
3

K33a = (n+1) {//ﬁg?)adxg +u}, 5(21,22,0) — da} ,
0
3

K33z = (n+1) [/ K333dw3 + U3 3(T1, T2, 0)] ,
0

where

1
Gap = §(Va,5 + Vﬂ,a)7 29&3 = VS,om YaBj = ‘/j,aﬁ-

(4.3)

We consider the isothermal plane problem corresponding to the displacements V; and microdilatation
function W. In this problem, we denote the stress tensor, the dipolar stress tensor, the microstretch
stress vector and the intrinsic body force by p;;, ¢i;k, v; and p, respectively. Then from the constitutive

equations and (4.1)-(4.3), we get

z3

4
Tap = (n+ 1){ /rgﬁdxg + 3 dim) + pap + N(drzy + dowa + d3) — 2fds) Sag + /caﬁ},

k=1

4
Tag = (n+1) [ Togdxs + deﬂg@) + Pa3 + €380 (Hdaxg — 2fdg) + /Ca?,] ;
k=1

4
T33 = (n+1) [ ngdl‘:’, + degf’;) + p3z + (A4 2u)(dyzy + dazg + d3) +4fdy + /C33} ,
k=1

n—i—l{ Ud$3+2dk0'(k)+ya (62_/61>da+1-a:|a
k=1

03:(n+1){/03d$3+2dk03 +V3+I3:|
0 k=1

z3

4
g=(n+1) {/g:’;dx;; + deg(k) +p+ (dizy + doxo + d3)d + Q] .
5 k=1

The dipolar stress tensor is given by

] 4
pin = (n+ 1) /lfflldl“:% + deﬂglﬂ +qui1 + 2di (a2 — az) + 7'[111} )
L k=1
] 4
_ * (k) .
pa22 = (n+ 1) /M222d96’3 + ) dipisgh + gaza + 2da (02 — az) + /H222} )
Ly k=1
_ 3 4
_ * (k) . .
po21 = (n+ 1) /M221d$3 + deuzgl + 221 + (@1 — 2003)dy — fdazy + 7'[221],
Ly k=1
_ T3 4
_ * (k) . .
p112 = (n+ 1) /andfﬂs + deum + qui2 + (a1 — 2a3)de — fdazo + 7'1112],

"9 k=1
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i : 1 1
pa21 = (n+1) |:///[:>{21d.r3 + deug)l + qi21 + (a2 — ial)d2 + 5 fdawa + 7'[121} ;

T - 1 1
paze = (n+1) |:/M>{22d$3 - deuﬁ)g + qi22 + (a2 — §a1)d1 + 5 fdazy + 7'[122} )

0 k=1

4 (45)
* k

pzap = (n + 1){ /MSaﬁdx?) + Z dk,u:(ga)g + 43a8

+ €3O¢3[(2a4 — Ckg)d4 + f(dll'l + dgxg + dg)] + Hgaﬁ},

xr3 4
o = (4 D [ s+ 3l + o+ o .
4 k=1
xrs3 4
Hass = (n+1) {/Mzggdxg + Z Aoy + qass + (a2 — %al + 204)d, — %fdﬁa + 'Hagg} ;
o k=1
T3

4
* k
pssz = (n+ 1) /M333d~’03 + Z dk/ig)p)g + q333 + 7‘1333] .

>
|

4
Hisades + > dupSh + gzsa + (@1 — 205 — 204 + 205)da + fdiza + H?}SQ} .
k=1

In (4.4) and (4.5), we have used the notations
Kag = [Mapuz + f(€3patty, g + €3p5u; o)](1, 2, 0),
Kas = [pu3 + fesap(us , — up 3)](21, 22,0),
K3z = [(A + 2u)us + 2fezpauy, gl(71, 2, 0),
To = [Brug, 3 + Baug o] (71, 72, 0),
I3 = [Biu3 3 + PBauy. ] (71, 22,0),
G = duj(x1,22,0)

and

Hir = [(@1 + 2a3)u] 3 + (a1 + 202)u3 1 ](21, 22,0),
Hazo = [(a1 + 2a3)us 3 + (a1 + 2a2)uj o](21, 2, 0),

Hirz = [oqug 5 + 2a3us 5 + fuil(z1,72,0),

1 1
Hio1 = [5041113,3 + 042“;,,2 - ifuﬂ(ﬂfh 2,0),

1 * * 1 *
Hizo = [501%,3 + aug g + §fu2](331, 2,0),
Hoor = [qug g + 2031 3 — fus](21, 72,0), (4.6)

1
Hsap = [(§a1u§,3 + aauj ; + Ba¢™)0ap + 204uf o, + asuy, g + feapzuzl(z1, T2,0),

Haszz = [(a2 + 204 + as)uz , + §(OZ1 + 2a5)uy 5 + §f€3paup]($1, r2,0),
Haps = [(a1u] ; + 205u3 3 + B19")0ap + as(ug g + uj o)) (21, 22,0),

Hazz = [(a1 + 2a2)uj ; + (1 + 203 + 204 + 205)uz 5 + (B1 + 262) "] (21, 22, 0),

Hsza = [(a1 + 2a5)u§’a +2(as + aa)uy, 3 + fsgapu;;](xl,x270).
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With help of (3.2), (3.3), (4.4) and (4.5), we find that equations (2.4) become
DPaj,a — 4apj,ap + ]:j =0, Voo — P+ L= 0, (47)

on Y1, where

Fj=Kpjp — Kagjap + [ng - M;Sj,i’) - 2/~L§aj,a](m1» 72,0),

4.8
L=o05(x1,22,0) +Zaa — G. (48)
In view of (3.4), (3.5), (3.6), (4.4) and (4.5), conditions (2.7) reduce to
Pi=P), Ri=RY% vena=1" on T, (4.9)
where
Pi = (Pai — Gjai,j)na — Dj(npqp5i) + (Dpnp)nsnatigai,
Ri = Gpainpna; P? = (Hppip — Kpi)ng + Dr(npHpyi) (4.10)

- (DPnP)HlXﬂinanﬂ + 2”6”;61' (.2?1, T2, 0)7

RY = —~Hapinang, v°=—-Tun,.

Thus, the functions V; and ¥ are components of the displacement vector and and microstretch function
in a generalized plane strain problem defined by the equilibrium equations (4.7) and the boundary
conditions (4.9). Using (4.8), (4.10) and the method from Section 3, we obtain

/}"jda—&—/P]st:—/dea—/Q;ds,
21 Fl 21 1_‘1

/63a[3$afgda+/€3aﬁ($a7jg —&-naR%)ds = —/5a53xa77§da— /aagga:aQ};ds.
21 Fl 21 1—‘1

(4.11)

In problem P the functions P; and Qj are equal to zero, so the necessary and sufficient conditions
for the existence of the functions V; and ¥ are satisfied. As in Section 3, we can show that conditions
(2.9) are identically satisfied. Conditions (2.10)—(2.12) reduce for the unknown constants dy (k =
1,2,3,4) to the following system:

> Dijd; = —0;, (4.12)

where

Oo = /{2(%33 +Has3) — @330 — H3za + Ta[(A + 2p)u3
b3}
+2fesppuy gl(21,22,0) + 2a(p3z — piss) Hda,

b3 = /{P33 — 33 + [(A +2p)u3 + 2fesppuy, gl(21,22,0) }da,
pIEY

01 = / €ap3i{Ta(pap + Ksp — 1335) + 2qasp + 2Hasp Hda.
3

As in the classical elasticity, the positive definiteness of the potential energy implies that [13]
det(Dy,y) # 0. (4.13)

Relation (4.13) shows that system (4.12) determines the constants d; (j = 1,2, 3,4).
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10.
11.

12.

13.

14.

15.
16.
17.
18.

19.
20.
21.
22.

23.

24

5. CONCLUSIONS

The results presented in this paper can be summarized as follows:

The basic equations of the strain gradient theory of chiral porous thermoelastic solids are
presented and the equilibrium problem of a homogeneous and isotropic cylinder is formulated.
The cylinder is subjected to a temperature field that is polynomial in the axial coordinate.

e The porosity and chirality are introduced in the constitutive equations by means of a scalar
function and a material constant, respectively.

e The strain gradient theory of chiral porous materials is constructed by adding the second-
order partial derivative of the displacement components and the first-order partial derivative
of the microdilatation function to the set of independent constitutive variable.

e First, the problem of a cylinder subjected to a temperature field independent of the axial
coordinate is solved and then the case of a cylinder deformed by a temperature field that is
polynomial in the axial coordinate is considered.

e The analytical solution is obtained by the method of induction and is expressed in terms of

solutions of the same plane strain problems.
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