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APPLICATION OF A PROBABILISTIC-STATISTICAL METHODS OF
SCATTERED RADIO WAVES IN TURBULENT PLASMA

GIORGI JANDIERI!, ZAZA SANIKIDZE?* AND NINO MCHEDLISHVILI3

Abstract. The scintillation effects in a randomly varying equatorial terrestrial ionosphere are in-
vestigated for the first time. Second order statistical moments of the phase fluctuations of scattered
ordinary and extraordinary radio waves in the turbulent alongatingconductive collision ionospheric
magnetized (COCOIMA) plasma are calculated by using a probabilistic-statistical method contain-
ing complex geometrical optics approximation and a smooth perturbation method considering the
diffraction effects. Polarization coefficients of these waves in the equatorial ionosphere are obtained
for the first time. The scintillation level includes the variance and the correlation functions of scat-
tered radio waves (RW). Statistical characteristics contain: complex refractive index, anisotropy
factor characterizing elongated electron density irregularities, tilting angle of anisotropic plasmonic
structures with respect to the geomagnetic lines of forces, complex permittivity components of
the equatorial ionosphere including the Hall, Pedersen and longitudinal conductivities. Numerical
calculations are carried out using the hybrid anisotropic correlation function of electron density
fluctuations containing both exponential and power-law spectral functions having arbitrary spectral
index, applying the experimental data. A new feature of the “Fountain Effect” in the equatorial
ionosphere is revealed. The anisotropy parameters of electron density irregularities has an influence
on the scintillation index of both the ordinary and extraordinary waves shifting maxima of Sy curves
in opposite sides at weak and moderate scintillations.

1. INTRODUCTION

The statistical characteristics of scattered RWs in a randomly inhomogeneous media are well stud-
ied [4,5]. Ionospheric irregularities are the perturbations in electron density or total electron content
(TEC) from a few meters to several tens of kilometers [3,11]. The evolution of elongated plasmonic
structures can be studied with a spatial fluctuation of TEC (SFT) maps containing the size, shape,
orientation and intensity distribution of these inhomogeneities at lower latitudes. Several anisotropic
structures are elongated mainly in the north-south direction. The geomagnetic field leads to the bire-
fringence of RWs leading to the excitation of both ordinary (O-) and extraordinary (E-) waves. The
error of the radio signal phase radiating by satellite radio navigation systems consists of the variance
of the phase fluctuation of the radio signal, the variance of thermal noise and the variance of the
generator’s noise. Ionospheric scintillation leads to the enhancements and fading of the radio signals
propagating in the night-time F-region at equatorial latitudes. Calculation of the statistical charac-
teristics of RWs propagating in the equatorial ionosphere and investigation of scintillation phenomena
will be widely used in the Global Navigation Satellite System (GNSS). The error of the phase of the
navigation radio signal radiating by satellite radio navigation systems consists of the variance of the
phase fluctuation of the radio signal, the variance of thermal noise and the variance of the generator’s
noise. Ionospheric scintillations are caused by a root-mean square deviation (RSD) of the electron
concentration fluctuation in the ionosphere on the fluctuation of the phase of the navigation radio
signal.

The scintillation phenomena of electromagnetic waves propagating in the polar ionosphere were
considered in [6-8]. Statistical characteristics of scattered RWs in the equatorial ionosphere have
been investigated in [9,10]. The morphology of scintillations was described by the second order
statistical moments of scattered RWs.
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Tonospheric irregularities and scintillations of radio signals near the geomagnetic equator were
observed [15] by three identical Swarm satellites. These studies are based on weak scintillation theory.
Equatorial phase scintillations were used to obtain information on the power spectrum of the electron
density irregularities that cause scintillations, as well as on the drift speed irregularities across the
signal path. The linear scale of the irregularities causing scintillation can be determined directly from
the basic dependence of the scintillation index.

Radar backscatter and AE-C satellite observations show that in low-latitude regions near the mag-
netic equator after midnight electron density, the irregularities in the topside ionosphere are the
field-aligned plasma density depletion structures with sizes ranging from a few meters to several tens
of kilometers. Statistical characteristics of the phase fluctuations and the equatorial scintillation phe-
nomena are based upon rocket (bottomside) and satellite (topside) irregularity measurements (for
example “plume-like” and wedge) and large-scale equatorial plasma bubbles (EPBs) [12,15]. The
detrended TEC with a specific window size is used to capture the characteristic depletion signatures,
indicating the possible presence of the EPBs. The TEC depletions, amplitude and phase scintillation
indices from multi-constellation GNSS signals were probed to verify the vulnerability of the signals
towards the scintillation effects over the region.

For a sufficiently thin layer of irregularities, the amplitude fluctuations within the layer are neg-
ligible, while the phase variation on the incident radio wave is significant. The application of the
Wentzel-Kramers—Brillouin method to the equatorial bubble is used to obtain the amplitude and
phase variations on the ground. This theory allows one to investigate statistical peculiarities of irreg-
ularities such as mean square fluctuations of electron density and power spectra of the irregularities.

In Section 2 of this paper, we consider the signal statistics, that is, calculation of the root-mean
square deviation (RSD) of the phase fluctuations by using the stochastic differential equation for a 2D
spectral function of phase fluctuations taking into account diffraction effects. Polarization coefficients
of O- and E- waves for the equatorial ionosphere are calculated for the first time. Second order
statistical moments are obtained for an arbitrary correlation function of electron density fluctuations.
Section 3 presents numerical calculations carried out for the “hybrid” mutual coherence function
(MCEF) of the complex phase of a radio signal received on the ground, using experimental data. The
scintillation level is estimated for different anisotropy factors and the slope angle of elongated electron
density irregularities with respect to the geomagnetic force lines. Conclusions are given in Section 4.

2. METHODS

2.1. Probabilistic-statistical method for calculating the corresponding characteristics of
scattered radio waves in the equatorial ionosphere. The electric field satisfies the wave equa-
tion:

(Vivj — A(SU — k%éz])Ej(I‘) = 0, (21)
where kg = w/c is the wavenumber of an incident wave with frequency w; A is the Laplacian, §;;
is the Kronecker symbol, &;; = &;; — i6;; and &;; = 0;;(4m/koc) are the second rank tensors of,

respecively, permittivity and conductivity of the COCOIMA plasma. The wave field is given by
E(r) = Egexp{®(r)}, where ®(r) is the complex phase of the RW: ®(r) = ¢g + ¢1 + @2 + ---. The
term, ¢y = ikoz + ik y, corresponds to an incident wave, taking into account the diffraction effects,
k1 < ko; other terms are random functions of the spatial coordinates.

The normalized conductivity tensor & = 476 /koc of ionospheric plasma at equatorial latitude [2]
contains the Hall oy, Pedersen o and longitudinal o) conductivities:
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where e and m, are the charge and mass of an electron, v, = v, +v;, is the effective collision frequency
of electrons with other plasma particles; w. and w; are the angular gyrofrequencies of an electron and
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ion, respectively; electron density n.(r) is a fluctuating term, v, = ve, + vy, is the effective collision
frequency of electrons with ions and neutral particles
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From equation (2.1), we obtain

o i
% + kw(EOz/EOa:) ko [kx(ky + kL)(EOy/EOI) + kka(EOZ/EOm) - ky(ky + QkJ_)] 1/)

_ kg =) iz Fos\
k:c (EOZ/EOZL’) - 2kO e v EO(I?

Here, 1) is the Fourier transform of ®, or its fluctuations.

Let a homogeneous external magnetic field lie in the YOZ plane and the wave vector k be directed
along the Y —axis, and let § be an angle between these vectors. The components of the dielectric
permittivity for the equatorial ionosphere can be written as follows:

Epp =61 — 101, Eyy=1i(ee+pg)sing, &, =i(ee+0m)cosl, Eyp=—Cry, E.p = —Eaz,
Eyy = (61 + pou cos? ) — i(o) cos? 0 + &, sin? 6), Eyr = — [pou +i(6L — 5H)] sin f cos 6,
Ery = Eyzy €22 = (€L + pousin? 0) — i(a sin?0 + &, cos? 0),

2 are the non-dimensional magneto-ionic

where €] = 1 —po, po = v/(1 —u), u = (eHp/mec w)
parameters of the COCOIMA plasma, w,(r) = [47rne(r)62/me]1/2 is the plasma frequency. They
contain both regular and fluctuating terms (nq).

The complex refractive index of the COCOIMA plasma in the conductive equatorial ionosphere
can be written as N2 = I'g + iI'; [9]; polarization coefficients of scattered RWs at s < €44, 045 aTe

written in the form

E E,
Prae B iy, (S

T (Ea) (Ex)
The right part contains electron density fluctuations; the angular brackets denote an ensemble average,
the indices 1 and 2 refer to O- and E- waves, respectively. Below, the indices in the polarization
coefficients are omitted for brevity.
Taking into account the geometry of the task, for the polarization coefficients we obtain
(U105 — UaWy) — i(UaUs + U, 0y)

Py = ing =P —iP"
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where
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Us=(e+oqg) [(UH — JL)Sin29+pOUCOSQQ+EL] , VUy=¢(e+on).
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where
Fy =Ty — (1 + pousin®), F, =T+ (o) sin? @ + o, cos? 6),
s = pouP/ - (O’” - O'L)P”, F, = (89—|— O'H) cosf — P”pou - PI(CTH - O'L).
As a result, from equation (2.1) we obtain the stochastic differential equation
99
Ox
where OO = albofaobl, Cl = aob0+a1b1, apg = 2+G/Z‘, a; = GHI, bo = [G/ — P’(y + ,UJ)] z+(y2+2,uy),
by = [G"+ P"(y+ w)]x, p = ki/ko is the diffraction parameter, eg = aydp + aods = 2dy + (G"dy +

G'dy)x =2d1+ayx,dy = e, —G'(+0p)cosb, e = agdg—ar1d; = 2do+ (G'do—G"dy)x = 2dg+ as,
di =0, +G"(e+o0pg)cosl, v = ky/ko and y = k, /ky are nondimensional wave parameters.

k k
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Taking into account the boundary condition ¥(k,,k,,L = 0) = 0, from equation (2.2), for the
phase fluctuations we obtain

L
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The MCF of the phase fluctuation of a radio signal received on the ground and containing useful
information about ionospheric irregularities looks as follows:

W (e ny, L) = whg L / dw/dy(e?ﬁe?)‘/n(kox, koy, koMo) exp(—in.x — iny,y). (2.3)
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Here: Ay = (hoz? + hiz + ha)/4, ho = (G + G"?) + (G"P" — G'P")(y + p), ha = 2(y* + 2uy),
hy = G'y? +2(G'u— Py +2(G' — P'u), L is a distance the radio wave propagates in the ionosphere,
Va(ks, ky, k.) is an arbitrary correlation function of electron density fluctuations, 7, and 7, are small
distances between observation points in the XOY plane.

Small-scale plasmonic structures (from hundreds of meters up to kilometers) mainly affect the
amplitude scintillation of radio signals, while the large-scale irregularities contribute to phase fluctu-
ations. The spatial correlation function (2.3) and the scintillation index Sy, describing an expected
diffraction pattern on the ground are related to the phase auto-correlation function [7, 8]

52 = /dw/dwa(x,y)f /dm / dyW(z,y) [cos(TxQ)cos(TyQ)fsin(TxQ)sin(Ty2)].

— 00 — 00

Here: Y = 2kZ/k?%, ky = \/4w/Az is the Fresnel wavenumber, X is the signal wavelength, z is the
average height of a scattered layer. From this function it is possible to derive the experimental
parameters of the scintillation phenomenon in the receiving plane.

3. RESULTS

3.1. Numerical calculations. Numerical analyses are performed for an incident radio wave with
a frequency of 40 MHz (A = 7.5 m). Plasma parameters at an altitude of 300 km : u = 0.0012,
v = 0.0133; the Fresnel radius and Fresnel wavenumber are 1.5 km and 2.4 km~!.

The full set of equatorial F' propagation phenomena, namely, the occurrence of 3-m plume-like,
wedge structures and VHF /GHz scintillations, was recorded. The height-integrated root-mean-square
electron density deviation of ~200-m scale irregularities causing 1.7-GHz scintillations maxima was
determined in extended 3-m plume structures [12]. SFT with the GNSS Earth Observation Network
of Japan (GEONET) is sensitive to small-scale ionospheric irregularities with horizontal scales of
~ 15 =90 km. In the equatorial ionosphere, the small-scale ionospheric irregularities range from a
few meters to several tens of kilometers.

Measurements of signal parameters of a satellite moving in the ionosphere show that in the F-region
of the ionosphere, irregularities have power-law spectrum with a spectral index p. It is associated with
the irregularity power spectrum and can be determined from the power spectra of weak scintillations
[14]. Most values of the spectral index, p, are in the range of 0.5 to 2.5. Magnetic field measurements
using the High-Resolution Challenging Minisatellite Payload (CHAMP) show [1,13] that the spectral
indices were in the range of 1.4 to 2.6. The index interval p = 2.0 — 2.2 has been established by
the Stretched Rohini Satellite Series (SROSSC2). Equatorial phase scintillations were used to obtain
information on the power spectrum of the electron density irregularities that cause scintillations.

Scintillation usually occurs when the Fresnel dimension of the propagating radio wave is of the
order of the scale of irregularity in the ionosphere. Scintillation activities were classified [1] as weak
0.17 < 54 < 0.3, moderate 0.3 < .54 < 0.5, and strong S; > 0.5. Under a weak scattering assumption,
only the observed values of the index Sy > 0.3 were used; the values Sy > 0.3 up to 0.45 were recorded
by the GPS satellites. For very weak scintillations, Sy < 0.2. For low latitudes, the scintillation easily
reaches the strong regime (S4 > 0.7).
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We use a “hybrid” spectral function of electron density irregularities containing both anisotropic
Gaussian and power-law spectra [7]

l|?|’ 1 k2lﬁ kilﬁ kzlﬁ )
Vo(k) = Apo? " 73 exp( e P — P2y pgk:ykzll)7 (3.1)
[1 12 (K24 k2) + zﬁkg]

where
p1 = (sin® g + x? cos® 7o) 7! 1+ (x* — 1)%sin® 5g cos® 'YO/XZ] . p2 = (sin®yo + x? cos® 7o) /X%,

5 — -3
p3 = (x* — 1) siny cos vo/2x?; Apzl"(g)l"( 2p)sin(p2 ﬂ'),

I'(z) is the gamma function. The anisotropy factor x = I /lL is the axial ratio of the longitudinal
and transverse characteristic linear scales of elongated ionospheric irregularities, 7y is the inclination
angle of extended ionospheric irregularities with respect to the geomagnetic field, o2 is the dispersion
of electron density turbulence. Anisotropic shape of the ionospheric plasmonic structures is a result
of the diffusion processes in the longitudinal and perpendicular to the field directions.

Substituting (3.1) into (2.3), we obtain
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B 3 2 koL eO—I—el
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The variance of the phase fluctuations for n, =7, = 0 can be written as

2 h2 + payhs.
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Substituting (3.2) into equation (3.3), we obtain

3/2 3
I i 25 k‘oL 1
<901> - 2 On XQ / /dy A2+A2

— 00

2 2
X [(A1A3 + A2A4) + i(AgAg — A1A4)] exp <—§4J0 + Zijl) y



252 G. JANDIERI, Z. SANIKIDZE AND N. MCHEDLISHVILI

where
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FIGURE 2. Root-mean-square (RMS) deviation of the phase fluctuations for different
power-law spectral index p.



APPLICATION OF A PROBABILISTIC-STATISTICAL METHODS OF SCATTERED RADIO WAVES 253

0,4 T T T T
54 Alo
0.3

0.2

0.1 MMWM W

040 1 1 1 1
20:40 20:50 21:00 21:10

Time (UTC+3)

FIGURE 3. Monitoring of the scintillation index Sy for different observation time intervals.

Figure 1 shows the random phase correlation function as a function of distances 7, and n, between
the observation points. Unlike the polar ionosphere, in the equatorial region this function oscillates
in the valley due to scintillations.

Figure 2 illustrates the dependence of randomly varying phase variance on the root-mean-square
deviation of electron density fluctuations for different spectral index p. The power-law spectral index
p of the phase correlation function is associated with the scintillation index. For weak and moderate
scintillations, spectral index p varies in the interval 1.4 — 2.6. Numerical calculations are carried out
by using the experimental data at p = 1.5.

Figure 3 illustrates mainly weak temporal variations of the scintillation index Sy = 0.7 — 0.3 for
different observation time intervals. Scintillation level reaching its maximum value at night: 21:00
hour, then gradually decreases. Frequency of the navigation satellite PRN2 GPS SRNS signal is
about 1 GHz.

005

1 10 20 30 40 X 50

FIGURE 4. Scintillation index versus anisotropy factor of elongated electron density irregularities.

Figure 4 illustrates the dependence of the weak scintillation index S4 on the anisotropy parameter
x of extended irregularities for different slope angle vy for weak and moderate scintillations in the
equatorial ionosphere. Black curves correspond to the O- wave, purple curves to the E- waves. Curves
1 and 4 relate to the tilt angle ~§, curves 2 and 5— to the tilt angle v = 10°, and curves 3 and 6
to the tilt angle 79 = 30°.The maximum of the S; curves related to the O-wave, is shifted to the
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right x = 15.66 — 16.4; the maximum relating to the E-wave is shifted to the left in the interval
x = 18.7 — 18.5.

4. CONCLUSION

This paper examines the influence of ionospheric scintillations caused by RSD of the electron den-
sity fluctuations in the equatorial ionosphere on the phase fluctuation of the navigation radio signal.
Polarization coefficients and the second order statistical moments of scattered RWs are calculated
analytically for the first time. Analytical calculations are performd by using the Wentzel-Kramers—
Brillouin method for small-scale electron density irregularities. The correlation function of the phase
fluctuations is obtained for an arbitrary MCF of electron density fluctuations containing complex per-
mittivity and conductivities (Hall, Pedersen and longitudinal) of the equatorial ionosphere for both O-
and E- waves, as well as anisotropy parameters characterizing elongated electron density irregularities.
Using the experimental observations of the GNSS radiating radio signals with the frequency 1GHz,
new features of the “Fontan Effect” in the equatorial ionosphere are revealed. The crests occur at
the geomagnetic equator corresponding to the O- and E- waves. Using the experimental data, the
spectral index of the “hybrid” power-law spectrum of electron density fluctuations is applied. GPS
observation data are analyzed. It is shown that weak and moderate scintillations arise in the equatorial
ionosphere during the propagation of radio signals through small-scale electron density irregularities.
A new feature of the “Fountain Effect” in the equatorial ionosphere at weak and moderate scintilla-
tions is discovered due to the parameters of anisotropy of electron density fluctuations. The angle of
inclination of elongated electron density irregularities shifts maxima of the O- and E- waves in the
opposite directions.

Investigation of the scintillation effects and ionospheric irregularities is an actual problem for the
propagation of electromagnetic waves in the terrestrial ionosphere, plasma turbulence, development
and application of observation systems.

The obtained results are quite encouraging. Indeed, one of the deficiencies of the scintillation theory
is the vague link between the observable scintillation parameters and the physics of the processes
that are responsible for producing the irregularities in conducting polar ionosphere. The general
morphology of ionospheric scintillation is reasonably well known. The results presented in this paper
suggest that a careful study of the scintillation statistics might reveal some new insight into the
mechanisms that are involved. The obtained results will have wide applications both in natural and
in laboratory plasmas.
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