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THE THIRD AND FOURTH BOUNDARY VALUE PROBLEMS OF
CONSOLIDATION THEORY WITH DOUBLE POROSITY

LEVAN GIORGASHVILI AND SHOTA ZAZASHVILI

Abstract. In this paper, we consider the boundary value problems of statics of a three-dimensional
version of the Aifantis equations of the theory of consolidation with double porosity for a half-space,
when either the limiting values of the tangential components of a stress vector and the normal
component of a displacement vector are given on the boundary, or the limiting values of the normal
components of a stress vector and the tangential components of a displacement vector are given on
the boundary. A new approach is developed which is based on the explicit solutions of the Dirichlet
and Neumann problems for the Laplace equation for a half-place. The solutions of the boundary
value problems are constructed explicitly in quadratures.

1. INTRODUCTION

The theory of consolidation with double porosity was proposed by E. C. Aifantis. The physical
and mathematical foundations of the theory were considered in papers [4,8,12]. Namely, in [12], the
detailed physical interpretations of the phenomenological coefficients appearing in the model are given
and several particular boundary value problems (BVP) are solved.

In [4], the uniqueness of solution for some standard boundary value problems is proved and the
variational principles for the equations of double porosity are considered. In [8], for the Aifantis equa-
tions, the finite element formulation is employed to obtain numerical results. The basic bibliographical
review concerning the theory of porous media can be found in R. De Boer’s paper [5].

The Dirichlet and Neumann type BVPs of the theory of consolidation with double porosity for
a half-space are solved explicitly in [3] by using the potential method and the theory of integral
equations.

For a wider overview of the subject area of applications we refer to [1,2,6,7,9,11].

In this paper, we consider the so-called third and fourth BVPs of the theory of consolidation with
double porosity for a half-space.

In the case of the third problem, the limiting values of the tangential components of a stress
vector and the normal components of a displacement vector are given on the boundary along with the
Neumann conditions for the pleasure functions.

In the case of the forth problem, the limiting values of the normal components of a stress vector
and the tangential components of a displacement vector are given on the boundary along with the
Dirichlet conditions for the pleasure functions.

We offer an approach for solving the mentioned boundary value problems based on the Poison type
formulas for the Dirichlet and Neumann boundary value problems for the Laplace equation in the case
of a half-space. The solutions are represented explicitly in quadratures.

2. BASIC DIFFERENTIAL EQUATIONS AND FORMULATION OF BOUNDARY VALUE PROBLEMS

Let Q= be a half-space, Q= := {x : » € R3 w3 > 0}, whose boundary 9Q~ is a plane
00" ={z: 2z € R 23 =0} By n = (0,0,1)7 we denote the unit normal vector to 9Q~.
The symbol ()T denotes transposition operation.
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The homogeneous system of partial differential equations of statics of the theory of consolidation
with double porosity reads as [4,12]:

pAu(z)x + (A + p) grad div u(z) — grad(B1p1 () + Bap2(z)) =0, (2.1)
(m1A = 3) p1(x) + 2 p2(x) =0,
xp1(x) + (maA — ) pa(x) =0,

where u = (u1,us,u3) " is the displacement vector, p; is the fluid pressure within the primary pores
and py is the fluid pressure within the secondary pores, m; = k;/u*, j = 1,2, ki and ky are the
permeabilities of the primary and secondary systems of pores; p* denotes the viscosity of the pore
fluid, constant s measures the transfer of fluid from the secondary pores to the primary pores, A
and p are the Lame constants, 81 and [y are measures of the change of porosities due to an applied
volumetric strain. The quantities A, u, s, 85, kj, j = 1,2, and p* are positive constants; A is the
tree-dimensional Laplace operator.

Definition 1. A vector-function U = (uy, us, us, p1, p2) " is said to be regular in a domain Q~, if
U e C*Q7)NCHQ™) and at infinity satisfies the following conditions:

oU;
Uy(a) = Ollal ), 92 = Ol ), 23>0, Ja] = oo,
Uiw) =o(1), 92 =0(al ™), w3 =0, [] = oo,

j=1,2,...,5, i=1,2,3; |z|* = 2% + 22 + 3.
Here, we use the notation U; = u;, j =1,2,3, Uy = p1, Us = pa.
For the system of equations (2.1)—(2.3) we consider the following boundary value problems.

Problem (III7). Find a regular vector-function U = (u1, us, us, p1, p2) ' satisfying the system of
differential equations (2.1)—(2.3) in @~ and the boundary conditions

{P(0,n)U(2)} —n(z) {n(z) - P(O,n)U(2)} " = F(z), {n(2)-u(2)}" = fs(2), (2.4)

{?912((5)) }_ = fal2), {%Z:((zz)) }_ = fslz), €007 (2.5)

We assume that the vector-function F' = (fy, f2,0) " and the functions fi, j =3,4,5, are given on
the boundary 9Q~; moreover, f; € C%*(9Q7), j =1,2,4,5, and f3 € C1H*(9Q7) satisfy at infiniy
the following decay conditions:

A

|fj(z)|<T\z|2’ j=1,2,4,5, |fs(2)] < z€0Q7, A=const>0.

A
1+ |2’

Problem (IV™). Find a regular vector-function U = (u1, ug, us, p1, p2)' satisfying the system of
differential equations (2.1)—(2.3) in Q~ and the boundary conditions

{u(z)}” —n(2){n(z) -u(z)}” = F(2), {n(2)-PO,n)U(2)}" = f3(2), (2.6)
{p1(2)}” = fa(2), {p2(2)}” = fs(2), 2€0Q7, (2.7)
where P(0,n)U is the stress vector of the form [12]

P(0,n)U = 2#% + Andivu+ p[n x rot u] —n (Bip1 + B2p2),
0 0
PP I e
j=1

n = (n1,n2,n3) " is a unit vector; the vector-function F = (f1, f2,0)" and the functions f;, j =
3,4,5, are given on the boundary dQ~; moreover, f; € CH*(9Q7), j = 1,2,4,5, f3 € C¥*(9Q7),
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0 < a < 1, satisfy at infinity the decay conditions

|fi(2)] i=1,2,45 |f3(2)] 2€9Q", A=const>0.

<A <
142" L4 [2*

Here and in what follows, the central dot denotes the real scalar product a -b = 22:1 axby for
a,b € R3, and the symbol [a x b] denotes a cross product of two vectors in R®. The symbol {-}~
denotes the limiting value on the boundary 9Q2~ from Q)

ow(z) )~ ow(z) .

- _ li D Qi S22 G li . j=1,2,3.
{w(=)} - 50€0 0 w(z) { Ox; } O-502c00- Oz, J

First of all, we will construct the fundamental matrix for the system of equations (2.2) and (2.3).

Introduce the following operator:

L(9) = {

miA — ¢ P ]
> Mo\ — 9y2

Denote by
[(z) = [Tk (2)]2x2
the matrix of fundamental solutions of the operator L(9),
L(O)T(x) = d(z) L. (2.8)

Here, (- ) is the Dirac delta distribution and I5 is the second order unit matrix.
Let F,—¢ and ]:g_—lm denote the generalized direct and inverse Fourier transforms. Then for an
arbitrary multi-index a = (ay, a9, 3) and a tempered distribution g, we have

Faosel0%9(@)] = (=€) Fonelg(@)],  FL[6°9(0)] = (10)*F3,[9(6)], (2.9)
where G(§) = Faselg(@)], || = a1 + ag + az, £ = {2657, and 0% = 97" 0,72 05" with
0; = a%j. Perform the Fourier transforms of equation (2.8) using the first formula in (2.9) and the
equality F[0(-)] =1 to get

L(=i§)T(¢) = I, (2.10)
where f({ ) is the Fourier transform of fundamental matrix I'(z).
If det L(—i &) # 0, than from equation (2.10), we obtain

[(€) = L7 (-i¢)

mo n 1 1 n 1 1
1 1w+%+%Qw+%‘mJ %Qw+ﬁ‘mﬂ 2.11)
myms x 1_1) _ml+%(1_>
A5G+ (€2 €2 +A5 A5 \IEP+AS (€12 ] axa
where

Using the relations

1 1 1 —Xolz|
‘F§_~1>z T2 | T ’ ‘7:§_~1>a: 2| = - ’
E17] 4l €12 + A5 Al
from (2.11), we get the following representation of the fundamental matrix:

M(2) = 7oL, [T©)]

e Mol s e Molzl — 1 s e Molzl — 1
TR TR R 2 Jal
- m 2 e—Xolzl _ 1 e~ olzl 3 e—Nolzl _ 1
N TR TR T Wl e
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3. SoLuTION OF PROBLEM (III)~.

Let’s start solving problem (III)” by defining a vector p = (p1,p2) " that satisfies equations (2.2)
and (2.3) in 2~ and the Neumann type boundary condition (2.5) on 9 Q. We look for the vector

p = (p1,p2) " in the form of a single layer potential
p@)= [ T~ ph)dyde (31)
o0~

where h = (hy,hs) " is a two-dimensional unknown density vector.

Using the jump relations for the single layer potential [10] and taking into consideration the bound-
ary conditions (2.5) for the unknown density vector function h = (hy, ho)', we get the Fredholm
integral equation of the second kind

2m1m2 { 7782 77(1)1 } h(z) + / {%F(I*y)hzzh(y) dyr dy2 = { ;:EZ } ) (3.2)
a0~

z = (z1,22,0) € 00

Since 5
|:87$3F(I - y):| ez = 07
from (3.2), we conclude
_ o |m1fa(2)
o =2 [ ]
Therefore (3.1) takes the form
p(z) =2 / 'z —vy) Fmﬂgggzﬂ dyy dya, ©€ Q. (3.3)

o0~

Thus, to determine the solution U = (uy, ug, u3, p1, p2)' of problem (IIT)”, it remains to find the
displacement vector u = (uy,usz,us)".

Substitution p; (z) and p2(z) into equation (2.1) leads to the non-homogeneous differential equation
with respect to u(x),

pwAu(z) + (A + p) grad divu(z) = grad(Bip1(x) + Bap2(x)). (3.4)

Denote by u(?(x) a particular solution of equation (3.4). Then a general solution of equation
(3.4) can be represented in the form u(z) = v(x) + u(®)(z), where v(z) is a general solution of the
homogeneous equation

pwAv(x) + (A + p) graddive(z) =0, (3.5)
and u(9) () is the particular solution of equation (3.4). We can construct u(®)(z) explicitly [10] as
u® () = /rﬂ)(m —y)grad (Bip1(y) + Bapa(y)) dy, = € Q7 (3.6)
o
where
01 0%z —y|
]_"(1) _ _ ]_'\(1) _ F(l) _ =\ lj o
(=y) [ 5 y)}sxg’ 5 @ =) |z — y K 0x0x;
p_ A3 W= Atn
AN+ 2u) Arp( N+ 2u)

The vector grad (81p1(x) + Bap2(z)) is continues in Q~ along with its first order derivatives and satisfy
at infinity the following decay conditions:

grad (Bip1 () + Bopa(z)) = O(|z|7*7%), a > 0.



THE THIRD AND FOURTH PROBLEMS OF CONSOLIDATION THEORY WITH DOUBLE POROSITY 225

The boundary conditions (2.4) we can transform as follows:

- Quj()\ "~ _ 1, + Ofs(z) . _ _
{us(2)}~ = f3(2), {3263} —;f](z) oz, , j=1,2, 2€9Q7, (3.7)

The boundary conditions (3.7) for the vector v(x) take the following form:

- v;(2) | z oul(z))
== 0} (T2 < e 252 {20

j=1,2 z€o0 .

From these conditions we find that

{lrotv(2)];} = ¢;(2), j=1,2, (3-8)
{8i;3[r0t ’U(Z)]?,} =p3(z), 2€0Q7, (3.9)

where

1 ofs(z)  [ou’(x) | | foul(2)|
‘Pl(z)—_;fZ(z)‘FQ 929 _{ 522 } +{89€3 )
1 ofs(z)  [ouz) |  [oul”)]
p2(2) = 2 1(2) -2 832:1 +{ gzl } { :

8333

1 (8fa2(2)  Ofi(2) o (04" o [ou()]
503(2)M< (921 B 82’2 )+822{ 81303 7872’1 82903

From equation (3.5), we get

Arotu(z) =0, x € Q™.

Taking into consideration the boundary conditions (3.8) and (3.9), we obtain the Dirichlet problem
for the functions [rotv(z)];, 7 = 1,2, and the Neumann problem for [rot v(x)]s.
The solutions of the Dirichlet and Neumann problems can be written explicitly as [7]

1 0 1
t = —— ——i(y)dy1 d j=1,2 3.10
rote(e); = —5= [ e i, =12 (3.10)
00~
roto(@ =5 [ ey d (3.11)
r =—— — . :
ot v(x)[3 o |x_y|<p3y Y1 ay2
a0~
From equalities (3.10) and (3.11), for the vector x x rot v(z), we have

1 LL‘l(ng — l'g(slj

[z x rotv(z)]; =5- v =yl ©3(y) dy1 dy2
Q-
1 . — .
+ 5= / r3 i 61]¢2(y) 52_7(101(?4) dyl dy27 j = 13 27 (312)
2 Oxs |z — y|
o0~
1 9 2p1(y) — 2102(y)
[z x Tot v(z)]3 5 o P dy1 dys (3.13)
90~

Using the identity grad divv = Av + rotrot v, from (3.5), we get
(A +2p)Av(z) + (A + p) rotrot v(z) = 0. (3.14)
Since Arotv = 0, the equality A [z X rotv] = 2rot rot v holds, and from equation (3.14), we deduce
Aw(z) =0, z€Q,
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where

w(z) = 2(A+2u) v(z) + (A + p)[x X rotv(x)]. (3.15)
Using the boundary conditions (3.7), (3.8) and (3.9), for the vector w(x), we obtain the following
boundary conditions:

{ws(2)}" = pal2), 2€097,

{imu@) =m0, {fmue} —we), zcon

where

ea() =200+ 20) (A1) = {0} ) + O 1) Cagas) = 20 (2).

z W) ]
CPF)(Z) - 2(/\ M 2M) (llifl(Z) B agz(l ) B {a 01333( ) } ) + (>‘ + N) (22903(2) - 902(2)) ,
_ 1 ofs(2)  [oul(2) |
v6(2) = 2(A\ + 2p) ('uf2(z) - 83,22 - { D3 } )

+ (A +p) (p1(2) — z193(2), 2€0Q.

As we see, for the components of the vector w(x) we have the Dirichlet and Neumann problems in
the domain ~. The solutions to these problems can be written explicitly:

1 0 1
s(@) = —— | —————ou(y)dy d
w3(9c) o 6x3 |x_y|@4(y> Y1 ay2,
o0~
1 1
=—— S dyi d 1
wi (@) = — 5 ‘m_y|s05(y) Y1 dyz, (3.16)
o0~
1 _
wa(w) = we(y) dyr dy2, =€ Q.

2 ) eyl
Q-
From equation (3.15), we get

v(z) = 2 ! At p [z x rot v(x)]. (3.17)

2@ T s 2
Let a function v satisfy the following conditions: v € C'1*(9Q~) and, at infinity, v(z) = O(|z| %),

2%) =O(|z|717%), @ > 0, j = 1,2. Then, for z € Q~, the following identities hold:

1 Jv(y) 0o 1
_ [ 9 1
/ |£17 _ y| ayl dyl dy2 / axl |.’L' _ y| V(y) dyl dyQ; (3 8)
o0~ o0~
0 1 ov(y) |z —y| ,
—y) ——————dy1dys = —_— dy; d l,j=1,2 3.19
/ (z1 —u1) Bus o — ] ay; W2 921 03, axgl/(y) yidyz, 1,j=1,2, (3.19)
80~ o0~
I L / O 1 dnd (2), 2€00" (3.20)
1m -— —— TV = —V(z z . .
Q-32-2€00Q- 2T O3 |z — vy 47 Y1 642 ’

Q-
With the help of formulas (3.12), (3.13), (3.16), (3.17), (3.18) and (3.19), for the vector v, we get the
following final expression:

v(z) = % / K(z,y)f(y) dy: dys + % / M(2,y)a (y) dy; dys, =€ Q7 (3.21)

o0~ o0~
where
K(xay) = [Klj(mvy)]3><37 M(xvy) = [Mlj(xvy)}?,xgv
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81; 0*z —y| |z —y|
Kij(z,y) = ——24 Kai(z,y) =a 22—
lj (ﬂ?, y) /14|£E — y| a 0x13x] 3 3j ('Ta y) a 3x38x] 5
9 |z —y|
K, —(1—4 9
l3(337y) ( au) 895; |.’E — y| + Zap 895;896% )
0 1 03—y
K =—(1+4 — 2
33(3:,3/) ( + a’p’) 6.’1,'3 |.’L' _ y| + ap 8(Eg )
Ml](x7y) = —,uKl](x,y), M3]<x7y) = _IU’K?)j(xay)? l7] = 1727

10 1 1
-2 - K 1=1,2,3
281‘[ ‘x_y| 9 l3(xay)7 s Ly Iy

03~ 0y~ _
f_(f17f27f3) ) a_2‘u(>\+2u)7 U — (91'3 ) 81’3 ,{U3 }

Using relations (3.3), (3.6), (3.20) and (3.21), one can prove that the vector U = (u,p)', where
w=v+u® and p = (p1,p2)", is a regular solution of problem (III)~.

Mz(z,y) =

4. SOLUTION OF PrROBLEM (IV)~.

We can solve problem (IV)™ in a quite similar way. We start with finding an explicit form for the
vector p = (p1,p2) |, satisfying differential equations (2.2) and (2.3) in 2~ and the Dirichlet boundary
conditions (2.7). We look for the vector p = (p1,p2) " in the form of a double layer potential

/ a—wdf x—y)g(y)dy1 dy2, z€Q, (4.1)

o0~

where g = (g1, 92) " is a two-dimensional unknown vector.
Passing to the limit Q= > 2z — z € 9Q ™, for the unknown vector g, we obtain the following
Fredholm integral equation of the second kind:

_2m1m2 { ”82 7731 ]g(z)+ / [%F@U— )L:Zg(y) dy1 dyz = { ;252 ] , €007, (4.2)
a0~

Taking into account that

0 -
[a—mgf(ax - )} o = 0 forye o,
from (4.2), we find that
o= ]

and (4.1) implies
o) =2 [ vt |40 e

o0~

So, it remains to find the displacement vector u = (uy,us,u3)'. Remaind that the vector u satisfies
the non-homogeneous equation (3.4). We already know that a particular solution u(®)(z) to equation
(3.4) is given by formula (3.6). Then a general solution of equation (3.4) can be represented in the
form u(z) = v(x) + u®(x), where v(z) is a general solution of the homogeneous equation (3.5). To
find the vector v(x), we proceed as follows.

From equation (3.5), we have

Adivo(z) =0, z€Q. (4.3)
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From the boundary conditions (2.6), we deduce:

e} =he) - {7@}) . e} =Le - {d"@)} , seo0, @
dvs(z)]
{ ai;(?, )} =i(2), 2€00Q, (4.5)
where
A (0h() , 0h(=)Y [ow ()|
Yi(z) = /\+2 (f3(2) + B1fa(2) + B2 f5(2)) — N2 ( I )—{ ng
From these conditions, we get
{divo(z)}” = 9¥a(2), 2€9Q7, (4.6)
where
0 0 -
Yale) = 1 7 (Fo(2) + Bufa(2) + Bafol2) + 5 _2:‘2“ ( gf) + J;”) ~{av ()}
The Dirichlet problem (4.3), (4 6) with respect to divv(z) has the following solution:
divo(z / 92a |x7y| Ya(y)dyr dy2, j=1,2, z€Q. (4.7)

BQ*
By the relation A(z divv(z)) = 2 grad divv(z), from equation (3.5), we obtain

Aw(z) =0, z€Q, (4.8)
where
w(z) = 2uv(x) + (A + p)[z div o(z)]. (4.9)
For the components of the vector w, from (4.8), we have
Aw;j(z) =0, j=1,2,3, 2€ Q. (4.10)
On the other hand, bearing in mind the boundary conditions (4.4) and (4.6), we find
{w;(2)}” =9¢,(2), j=1,2, z€0Q7, (4.11)
where

65(2) = 20f5(2) + (At ) 25 va(2) — 20 {u” (2)} L j=1,2, z€ 00,

The Dirichlet problems (4.10), (4.11) with respect to the components w;(z), j = 1, 2, have the following
solutions:

1 o 1
- = —— ——¢i(y)dy1 d =1,2 Q. 4.12
W (Z‘) ot / 85U3 l.’E — y| (b] (y) Yy1ayz, Jj y4, T € ( )
o0~
Using relations (4.5) and (4.6), for ws(x), we get the following Neumann boundary condition:
ows(z) )~ _
et A0 QR Q
{ D25 ¢3(z), €007,

where
93(2) = 2mpn () + A+ 1) ¥a(2), 2 € 9O

Therefore, for w3, we have the following explicit form:

ws(x) = / y) dy1 dya, © € Q~ (4.13)
Com lz—y|
aQ-
From (4.9), we have

v(z) = —w(z) — Q—LM xdivue(z), € Q™. (4.14)
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(4.12), (4.13), (3.18) and (3.19), from (4.14), we get

7),
1 — _
/ K (z,y)f(y) dys dy2 + — / M(2,y)a (y) dy: dys, =€ Q7
27r 2
o0~ 00—

where

K@) = [Ky(ey)], . My = |[My(e,y)]

x5 3x3’

Kij(z,y) = 8%53 <—|$5ijy +2ua a(;za_xjy') . Ki(z,y) = a(mv
Ku(z,y) = a51a;:|:la;3y|, Ki5(z,y) = aﬁ2m7

Rton = g (g 2 ).

Kas(z,y) = _% ‘xim +a82|gx§ yl,

I?34($, y) = 51[?33(1:7 y)7 I?35('T’a y) = 52[?33('1:’ y)7

~ 0 1 At p 3|z —y|
Mis(w,y) = Oxs <6lj |z — vyl 2u  Ox0z;

~ A p O3z —y
M = _2ATRIETY
13(.%‘7 y) 2# al’zafﬂg
— Atp @ ( 2 82|x—y|) .
M (z, - D lj=1,2,
% (@ y) = 2 dx; \ |z —y ox3 J
~ A+2u 1 A+ 1 &%z —y
M - -
33('1:’?!) 1 |x—y| 2,“/ 8x§ )
T ~0) oy [ o [ous”
F= b fodfo)T @0 = ({ul”} ("} G

As in the previous case, one can prove that the vector U = (u,p) ", where u = v +u®, p = (py,p2) 7,
is a regular solution of problem (IV)~

10.
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