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DEFERRED STATISTICAL CONVERGENCE AND DEFERRED STRONG
P-CESARO SUMMABILITY ON TIME SCALES

HEMEN DUTTA* AND PALLAV BHATTARAI

Abstract. The concepts of deferred statistical convergence and deferred strong p-Cesaro summa-
bility of A-measurable real valued functions on an arbitrary time scale are introduced via a pair of
increasing functions in the interval [1,00). The relationships between the sets of deferred statistical
convergence and the set of deferred strong p-Cesaro summability on time scales are investigated
under certain conditions. Many inclusion theorems relating these concepts are established. The
obtained results are expected to contribute to viewing deferred statistical convergence as a type of
deferred summability method in the time scale framework.

1. INTRODUCTION

The idea of statistical convergence was studied by Zygmund [20] in 1935. Later statistical conver-
gence of number sequences was formally introduced by Fast [9] and Steinhaus [16] independently in
1951. Agnew [1] defined deferred Cesaro mean in 1932. In connection with the present paper, some
works on statistical convergence can be found in [7,10,11], and there are many interesting works on
statistical convergence and statistical summability in various directions.

A time scale is an arbitrary non-empty closed subset of the real numbers. It is denoted by the
symbol T. The time scale calculus was introduced by Stefan Hilger in his PhD thesis supervised by
Bernd Aulbach in 1988 [13,14]. It allowed to unify discrete and continuous analysis. There are many
applications of time scales in dynamic equations [4]. The notion of statistical convergence on time
scales was first studied in [15] and [17] independently. Turan and Duman introduced the notion of
lacunary statistical convergence on time scales in [19]. Seyyidoglu and Tan [15] put forwarded the
notions of A-convergence and A-Cauchy sequences using A-density and investigated their relations.
Several other studies on time scale calculus have been presented in [2,3,5,6,12,18] and many others.

We first discuss some important terms and notions on time scales [12]:

For t € T, the forward jump operator ¢ : T — T is given by

o(t)=inf {s € T:s >t}
the backward jump operator p: T — T is given by

p(t)=sup {s e T:s <t}
and the graininess function p : T — [0, 00) is given by

wu(t) =o(t) —t.

Here, we put inf ) = sup T (i.e., o(t) = ¢, if T has a maximum ¢) and sup @ = inf T (i.e., p(t) = ¢, if
T has a minimum ¢), where () is the empty set.

A closed interval, open interval and semi-closed (or semi-open) interval on a time scale T are given
by [a,b]p ={te€T:a <t <b}, (a,b)y={teT:a<t<bland [a,b); ={t €T :a<t<b}
respectively.

Next, let S be the collection all left closed and right open intervals of the form [a,b);. Then the
set function m : S — [0, 00) defined by m ([a,b)) = b — a is a countably additive measure. An outer
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measure m* : P (T) — [0, c0) generated by m is defined as follows:

m* (A) = inf {Z m(Ay,) : (An) is a sequence of S with A C U An} .
n=1 n=1

If there exists no sequence (A,) of S such that A C |J A,, then we consider m*(A) = co. Now, the

n=1
family M (m*) of all m*-measurable (or A-measurable) subsets of T is considered, i.e.,

Mm*)={ECT : m*"(A) =m*(ANE)+m*(ANE°) for all A C T}.

The collection M (m*) of all m*-measurable subsets of T is a o-algebra and the restriction of m*
to M (m*) is a countable additive measure on M (m*), which is denoted by pa. This measure pa,
which is the Carathéodory extension of the set function m associated with the family 5, is called the
Lebesgue A-measure on T [12].

We say that a function f : T — R is A-measurable if the set f~!(A) is A-measurable for every
open subset A of R.

Theorem 1.1 ([12]). For each a € T —{max T}, the singleton point set {a} is A-measurable, and its
A-measure is given by
ua(a) =o(a) — a.
Theorem 1.2 ([12]). Ifa, b€ T and a < b, then
pia ([a,0)) = b—a, and pa ((a,b)) = b —o(a).
Ifa,b € T — {max T} and a < b, then
i ((a,8]) = o(b) — o(a) and pa ([a,b]) = o(b) — a.
Definition 1.1 ([17]). Let {2 be a A-measurable subset of T. Then for ¢t € T, we define the set 2(t)
by
20t) ={s € [to, t]y : s € 2}.
The density of the set 2 on T, denoted by dr(£2), is defined as
0t
5 (2) = lim HA20)
t=o0 pa([to, t]y)
provided the above limit exists.
Here, if T = N, then the concept reduces to asymptotic density (or natural density) and if T =
[0,00), then the concept implies approximate density. In this paper, we shall mainly use the Lebesgue

A-measure pa introduced by Guseinov in [12]. Here, T is a time scale satisfying inf T = ¢y > 0 and
sup T = co.

Definition 1.2 ([17]). Let f: T — R be a A-measurable function. Then f is said to be statistically
convergent on T to a real number L if for every € > 0,
o (s €l 1(9) — L] > e
t=00 pa([to, t]y)

Definition 1.3 ([17]). Let f : T — R be a A-measurable function and 0 < p < co. Then f is said to
be strongly p-Cesaro summable on time scale T if there exists L € R such that

: L PAG —
lim . / 1£(s) — LIPAs = 0.

t—o00 MA([t07
[t()!t]'ﬂ'

Let § = (k,) be an increasing sequence of non-negative numbers with kg = 0 and o (k) —o(k,—1) —
oo as r — 00, where 0 : R — T is the forward jump operator defined as o(s) = inf {t € T : t > s}.
Then 6 is called a lacunary sequence with respect to T [17]. Using this definition of lacunary sequence
on T, the following notions have been defined.
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Definition 1.4 ([19]). Let § = (k) be a lacunary sequence on T. A A-measurable function f: T — R
is said to be lacunary statistical convergent to a number L if for every ¢ > 0,

pa({s € (kr—1, krlp = |f(s) = L| > €})

lim =

=00 pa((kr—1, krly)

Definition 1.5 ([19]). Let f : T — R be a A-measurable function and § = (k) be a lacunary
sequence. Then f is said to be strongly lacunary Cesaro summable on time scale T if there exists
L € R such that

1
lm —————— / |f(s) — L|As = 0.
r—00 pA((kr—1, krlp)
(kr—1,kr]y
2. DEFERRED STATISTICAL CONVERGENCE AND DEFERRED STRONGLY p-CESARO SUMMABILITY
ON TIME SCALES

In this section, we define two notions, namely, deferred OPF statistical convergence and strongly
OPF deferred k-Cesaro summability on time scales and discuss some results.

Following [8], we consider a pair of functions (p,q), where p,q : [1,00) — [1,00) such that
p(u) < ¢(u) and ul;ngo q(u) = 0o. The set of all such ordered pairs of functions will be denoted

by OPF, i.c.,
OPF = {(p7 q) : p, q are increasing functions, p(u) < ¢(u) and lim g(u) = oo} .

U—00

We shall also use I, 4(u) = (p(u), q(w)]y-
Definition 2.1. Let (p,q) € OPF be an arbitrary pair of functions and A C T. If the limit
lim M4 (AN Iyq (u))

u=o0  pA (Ipq (u))
or equivalently, the limit

i Mo (€ ((u) q(u)ly - t € A})

11m

u—o0 pa ((p(u), g(w)ly)

exists, then it is called deferred OPF density of the set A, denoted by dp(A).

Let f: T — R be a A-measurable function and L € R. For any € > 0, we denote the sets as
AL ={teT:|f(t) - L| > ¢},
and
Bf ={teT:|f(t) - L| <e}.
Then, clearly, A U B/ =T and A N Bf = 0.
Definition 2.2. Let (p,q) € OPF be an arbitrary pair of functions and f : T — R be a A-measurable
function. Then f is said to be deferred OPF statistical convergent to a real number L if for each
e >0,
Ha (Ag n Ip,q(u))
w00 pa (Ipq(u))

s (€ (pl).a(ly ¢ 50~ L > <)
u—oo pa ((p(u), q(w)ly)
We denote it by [DS%:4] _tlggo f(t) = L. The set of all deferred O PF statistical convergent functions
on T we denote by [DS}].

Remark 2.1. (i) Taking p,q : N — N instead of p,q : [1,00) — [1,00), we get the definition for
deferred statistical convergence introduced in [6].
(ii) f p(u) =to > 1, ¢(u) =1 in Definition 2.2, then we get statistical convergence on T [17].
(iii) If p (u) = kr—1, q(u) = k, in Definition 2.2, where, (k,) is a lacunary sequence, then we get
lacunary statistical convergence on T defined in [19].

:O’

or equivalently,
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Definition 2.3. Let (p,q) € OPF be an arbitrary pair of functions and 0 < k < oco. Then a
A-measurable function f: T — R is said to be strongly OPF deferred k-Cesaro summable to a real

number L if
. 1 k
lim / [f(s) — LI"As =0.
u=oo fin ((p(u), q(u)]y)
(p(w),q(w)]y

We denote it by [DWT] — lim f(s) = L. The set of all strongly OPF deferred k-Cesaro summable
S§—00

functions on T we denote by [DW£].

Remark 2.2. (i) Here we use strongly OPF deferred k-Cesaro summable functions in place of strongly
OPF deferred p-Cesaro summable functions to avoid confusion with the use of OPF function (p, q).

(ii) If we take p, ¢ : N — N instead of p, ¢ : [1,00) — [1,00) and k = 1, then we get strongly deferred
Cesaro summable functions introduced in [6].

(iil) If p(u) = to > 1,q(u) = ¢, then we get strongly k-Cesaro summable functions on T [17].

(iv) If p(u) = kr—1,q(u) = k., where (k,.) is a lacunary sequence, then we get strongly lacunary
Cesaro summable functions on T defined in [18].

Definition 2.4. Let (p,q) € OPF be an arbitrary pair of functions and f, ¢ : T — R be
A-measurable functions. If the set M = {t €T : f(t) # g(t)} has deferred OPF density 0 (zero),
then f and g are called equivalent functions with respect to (p, q), denoted by f ~ g (w.r.t. (p,q)).

Theorem 2.1. Let (p,q) € OPF and f ~ g (w.rt. (p,q)). Then f € [DSR?] if and only if
g € [DSR].

Proof. We assume that f € [DST] and using the fact that f ~ g (w.r.t. (p,q)), the set M =
{t € T: f(t) # g(t)} has zero deferred OPF density. Considering

AT ={teT :lg(t)— LI > <},
and I, 4(u) = (p(u), ¢(u)]y, we have
AL N T q(u) = (AZN M) U (AN M),
where M, , = I, 4(u) " M and My , = I, ;,(u) N M€. Then we obtain
AIN T, 4(u) C(ALN M) U (Ag n Ip,q(u)) ‘
This implies
pa (A2 N1, 4(u)) < pa (AN Myg) | Ha (Ag n Ip,q(u))

pa (Ipg(w) = pa (Ipg(u)) pa (Ip,q(u))
Taking u — oo, we get g € [DST:?]. The converse can also be proved in a similar manner. O

Theorem 2.2. Let (p,q) € OPF and f : T — R be a A-measurable function. Then [DST9] —
tlim f(t) = L if and only if there exists a A-measurable set K C T with deferred OPF density 1 and
e el

li t)=1L.
t—)oolgleK) f( )

Proof. We consider the sets

1 .
K= {t e Gtale O - Ll < | i=128 .,
From the hypothesis, we get dr(XK;) = 1, for each j € N. Also, from the construction of the sets, it
can be seen that for all j € N, K;; C K; holds.
For j = 1, we can choose t; € K;. Since op(K7) = 1, there exists to € Ko with ¢t > t; such that

pa (K2 (t)) 1 > :
i (@ (w).a(w)y) > 3 holds for each t > t3 with £ € T.

For ty € Ky and since d1(K2) = 1, there exists t3 € K3 with t3 > ¢o such that —pal®) o 2
pa((p(w),q(w)ly) ~ 3
holds for each ¢t > t3 with ¢t € T.
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If we continue this repeatedly, we get an increasing sequence t; < t3 < t3 < --- such that t; € K;
and for each ¢t > ¢; and t € T,

pa(K;(1)) = 1, where j € N,
pa ((p(u), q(u)lp) = J
and K (t) ={s € (p(u), tly :se K;}.
Using the sets K, we can construct a set K in the following manner:
Ifte (p(u), ti]y, thent € K.
Ift € Kj n [t17tj+1]T; fOI‘j =1,2,3,..., then t € K.
Hence, we obtain the set K as

K:{tE(p(u),q(u)]T : tE(p(u), tl]'[[‘ or tEan[tl7tj+l]T7 j:1,2,3,}

So,

palE(t) o pa(K(0) g1
pa ((p(w), q(uw)lr) = pa ((p(u), q(u)ly) = 4

holds for each ¢ € [t1,t;41]y, j € N. This gives or(K) = 1. Next, we show that hFl © ft) = L.
t—oo(te

Let € > 0, then 3 j € N such that % < € holds. Let t > t; with t € K. Then 3 n > j such that
t € [tn,tn+1]p. From the construction of K, we see that t € K,, and so, |f(t) — L| < £ <1 <¢ ie,

1
n o= j
|f(t) — L] < e for each t € K with ¢ > t;. This gives lim  f(¢) = L.
t—oo(teK)

Conversely, from the given condition, for a given £ > 0, there exists a number ¢, € (p(u), ¢(u)ly
such that for any ¢ > ¢, with ¢t € K, we obtain |f(t) — L| < .
Hence, if we take A(e) = {t € (p(u),q(w)]y: |f(t) — L] > €} and B = K N (t«, q(u)]y, then we get
A(e) C (p(u), g(u)]p\B. Using the facts that

K = (KN (p(u),tp)UB, o6r(K)=1,

and ot (K N (p(u),t«]p) = 0, for the boundedness, we have é7(B) = 1 and so, dr (A(¢)) = 0. This
completes the proof. O

Theorem 2.3. Let (p,q) € OPF and f,g: T — R be a A-measurable function. Then the following
statements hold:
(i) If [DS%Y] — tlim f(t) =L and c € R, then [DST] — tlim cf(t) = cL,
o0 — 00
(ii) If [DS%Y) — Jim f(t) =Ly and [DST] — Jim g(t) = Lo, then

[DST] — tlggo [f(t) +g(t)] = L1 + Lo,

(iii) If [DWH] — tlim f(t) =L and c € R, then [DWE?] — tlim cf(t) = cL,
— 00 — 00

(iv) If [DWHI] — tlim f(t) = Ly and [DWH] — tlim g(t) = Lo, then
—00 —00

[DW] = lim [f(t) + 9(t)] = L1 + La.
Proof. (i) Since [DSH] — tlim f () =L, so,

i 12 (€ (000 g < F(8) = L] > £})

Jm i ((p(10), (u)]) -0
Therefore
i (€ (). gl ef (1) — cL] > <))
i, i (p(w) (u)])
o Pa (e @) gy [F() — L[> £})
i i ((p(u), (u)])

. . ’ .
Considering £ = ¢, we get our desired result.
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(ii) Since [DST] — tlggo f(t) = Ly and [DS}] — lim g(t) = La so,
a ({t € (p(w), q(w)]y = [f(t) — La| > €})

. 1% ) T | _
i i (1), 9(2)]g) =0
and
i P (€ (p(u) a(uly + lg(t) — Lo| 2 €})
u—¥00 pa ((p(u), q(u)]y) ’

respectively. Therefore

a ({t € (p(u), g(u )] O +9(0)} = (In + Lo)| > €})

S A ((p(w), g(w)]y)

e (e (pw), o >] {F(®) — Li} + {g(H) — Ly} > 2})
a3 A ((p(w), g(w)]y)

BN <p<u>,q<u>1T f() = La| > £})

< Jm, 2 (p(u), g(w)]y)

4 qim HA ({t € (p(u), q(u)]p : [g(t) — L2| > €}) '
A i ((p(w), q(w)]y)

This completes the proof.
(iii) Since [DWH?] — tlim f(t) =L, so,
— 00

. 1 k

1 — LI"At =0.

R S NCIOR S / F(®) ~ LAt =0
(p(u),q(w)]y

Therefore

. 1 k
1 — A
Bty [l - e
(p(u),q(w)]r

k

. ‘C| k

=1 — L|"At.

B N (RS 7(t) = LI" At
(p(u),q(uw)]p

This completes the proof.
(iv) Since [DWH] — Jim f(t) =Ly and [DWH] — Jim g(t) = La, so,

. 1 k
—L|fAt =
ulgI;O/LA((p(u)7Q(u)]T) / F(2) = I[P At =0
(p(w)q(u))e

and 1
lim / lg(t) — Ls|*At =0,
(p(u),q(u)]y

respectively. Therefore

: 1 k

. 1 k

— A

= (), a()ly) / ) = LAt
(p(u),q(u)]y

. 1 k
u—oo ua ((p(u), Q(u)]T) i
(p(u),q(w)]p

This completes the proof.

Next, we need a lemma which gives the Markov inequality in deferred sense on time scales.
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Lemma 2.1. Let (p,q) € OPF and f : T — R be a A-measurable function. For € > 0, consider the
set K = {s € (p(u),q(w)]y:|f(s) — L| > €}, then

1 1
pak) <2 [1rw-pas< s [ 15 - Lias.
K (P(uw),a(w)]y

Proof. For all s € (p(u),q(u)]; and € > 0, we have
0 < exue(s) < 1F(s) — Ll xac(s) < £(s) = L.
This gives
. / as< [l -tass [ 17 - Dias
K K (p(u),q(w)]p

So, we obtain

cnal) < [If6)-Lids < [ 1) - Lias.
K (p(u),q(u)]y

This produces the required result. 0
Theorem 2.4. Let (p,q) € OPF and f : T — R be a A-measurable function, L € R and 0 < k < co.
Then

(i) [DWET] — Jim f(t) =L, then [DS}] — Jim fit)=1,

(i) [DSRI] — tlim f(t) =L and f is a bounded function, then [DWH] — tlim f() =L.

—00 —»00

Proof. (i) Suppose that [DW£57] — tlim f(t) = L. For a given £ > 0, we consider the set
Ede el

K = {s € (p(w). q(w)]y : | f(s) — L| > &}

Then from Lemma 2.1, we get

Fus)< [ 1) - Ll
(p(u),q(u)]p

Dividing both sides of this inequality by pa ((p(u), ¢(u)];) and taking limits as u — oo, we get

b 1y i
SakJ»w((p(u),q(unT)(()/( )] () = LI As.

A0 a (), g()ly)

From the given assumption, the RHS of this inequality vanishes. So, we obtain

lim Ha (K)
u=oo pua ((p(w), q(u)]y)
This implies [DS}7] — tllglo f@®) = L.
(ii) Suppose that [DSP9] — tlggo f(#) = L and f is bounded. Then there exists a real number M
such that |f(s)| < M for all s € (p(u), ¢(u)]y, and

K
lim pa(K) —0,

u—00 [LA ((p(u)7 Q(u)]']l‘)

=0.

where K = {s € (p(u),q(u)]y : |f(s) — L| > e}, which was defined in the previous proof. Now,



202 H. DUTTA AND P. BHATTARAI

[t -ttas= [l -riase [ i) - Lias
(p(u),q(u)]yp K (p(u),q(w)]\N K
g(M+|L\)’f/As+s’f / As
K (p(u),q(w)]y
< (M + 1L pa () + 2 pia (p () q (W)

This gives
. 1 N ¥ lim pa(K) k
Gy ] M Has S ) g B e

T
(p(u),q(uw)ly

€ being arbitrary, the RHS of this inequality vanishes. So, we obtain

. 1 N ALY
S35, uA«p(u),q(u)]T)(()/( )] 7o) = L As = 0.

This proves our theorem. O

Theorem 2.5. Let (p,q), (r,s) € OPF be two pairs of functions such that p(u) < r(u) < s(u) < q(u)
holds for all u € [1,00). Let f : T — R be a A-measurable function. If

i (@, )) L ({0, 0]
u—00 (LA ((r(u), S(U)}T) U200 A ((T(u)a S(U)]’]I‘)
and [ is bounded, then f € [DSy®] implies f € [DWEA].

=0 (2.1)

Proof. Suppose that [DS}"] — tli)m f(t) = L. Since f is bounded, there exists a number M > 0 such
that |f(t) — L| < M. So, we get the following:
1

k
pa ((p(u), g(w)]y) |f(t) = LI"At
(p(u),q(u)]p

< / F k k
- F(t) = LI"At + / F(8) = LI"At + / £(t) = LIFAt
a ((p(w), g(w)]y) 1F(8) = LI £(t) ~ I | |
(p(u).r(wly (r(u),s(u)lr (s(u),q(u)]y

1 . . )
S G T LR S BUCER PR B ORS Z
(p(u),r(u)]: (r(u),s(u)]p (s(u)q(u)],
Mk 1 .
= i ((r(w) 5(w) [ e [ e 7(0) ~ LP A
(p(u),r(u)ly (s(u),q(u)ly (r(u),s(w)]
Mk
- LA ((T(u), S(’LL)]T) {J (T(u)) -0 (p(u)) +o (q(u)) - U(S(u))}
1 L .
* pia ((r(u), s(w)lg) / | |f(t) — LI" At + / |f(t) — L|" At
{te(r(w)s(w)lzlf ()~ LI2e} {te(r(w), syl F(H)—Ll<e}

< M {pa ((p(w), r(w)ly) + pa ((s(w), g(w)]p)}
B pas ((r(u), s(u)ly)
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Mk

* pa (0w, sty (1 € () sl 170) = L1 2 <)
Ek
i (st et

203

Taking limits as u — co and using condition (2.1) and the fact that [DST°] — tli)m f(t) = L, we get

DWW — lim f(t) = L. This completes the proof.
T t—o0

Theorem 2.6. Let (p,q), (r,s) € OPF be two pairs of functions with the condition
p(u) < r(u) < s(u) < q(u)
such that
i g £ (), ()]
u=oe  pa ((p(u), q(u)ly)
holds. Let f : T — R be a A-measurable function. Then
(i) If [DSR1] — tlim f(t) =L, then [DS}®] — tlim f(t) =1L,
— 00 —>00
(i) If [DWE] — 75lim f(t) =L, then [DW°] — tlim f() =L.
— 00 —00

>0

Proof. (i) Suppose that [DST] — tli}m f(t) = L. Using (2.2), for any € > 0, we have

{te (), sy 1f(t) - Ll z e} C{t e (p(w),qw)ly : [f(t) - L| = e}

This implies

pa ((p(w) q(u)]T)MA ({t € (r(u),s(u)ly : [f(t) = L| > €})

1
S o e L€ W), gl < 11(0) ~ L] 2 }),

or

)] 1 TR ({ t e (r(u),s(u)ly: |f(t) — L| > €})

< A G gy te (€ (@), gy 1£() = LI > €}).

Using the assumption [DS7] — tlim f(t) = L and condition (2.3), we get
1 1 . J—
o (), () ™ { te(r),s(wly:[f(t) - LI = e}) = 0.
Hence [DS7°] — tliglo f(t)=L.
(ii) Suppose that [DWHI] — flggo f(t) = L. Since (r(u), s(u)]; € (p(u), ¢(u)]y, we have

[ e -trass [ i - oras
(r(u),s(u)ly (p(w),q(w)]y
This implies
1
pa ((p(w), g(u)]y)

— LA — LA
O S o GRS
(r(uw),s(w)ly (p(u),q(u)]y

O
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pa ((r(w), 5(w)]y) 1 s) — LIFAs
i (P(w), a(w)]y) 12 (), 5()p) £(s) - LA
(r(u),s(u)ly
1 k
= HUA ((p(u)’q(u / |f(8) _Ll As.

T
(p(u),q(w)]y

Using the assumption [DWH9] — tlim f(t) = L and condition (2.3), we get
— 00
1 k
lim / f(s)—L|"As = 0.
2 (G 5] et
(r(u),s(u)ly

Hence [DW3°] — tlim f(t) = L. This proves the theorem. O
— 00

Theorem 2.7. Let (p,q),(r,s) € OPF be two pairs of functions such that
plu) < () < s(u) < g(w)
holds for all w € [1,00). If f : T — R is a A-measurable function such that f € [DS}"] N [DSE*] N
(DS and if f is bounded, then f € [DSY?] and f € [DWTI].
Proof. For any € > 0, we have
{t € (p(u), q(u)ly : [f(t) = L| > e} = {t € (p(u), r(u)ly : [f(t) — L| > €}
U{t e (r( Ip s [f(8) = L| > €}
(

u), s(u) t)
Uft e (s(u),q(u)ly: [f(t) = L[ = &}

)
u),q
From this equality, we get the following:

pa ({t € (p(u), a(uw)y : [f(t) = L] > e}) _ pa ({t € (p(u), r(w))y : [f(t) = L] > })
pa ((p(w), q(u)ly) - pua ((p(w), r(u)ly)

pa ({t € (r(u), s(W)ly : [f(t) = L] > €})
pas ((r(w), s(u)]y)

pa ({t € (s(w), g()ly : |f() = L| > €})
pa ((s(w), q(u)]y)

This is possible because pa ((p(w), q(u)ly) > pa ((p(w), r(u)]lr), pa ((p(w), q(u)ly) = pa ((r(w), s(u)ly)
and pa ((p(u), q(uw)lg) = pa ((s(w), g(u)]y).

From the above inequality, using f € [DSY"] N [DS3°] N [DS3Y], we get f € [DSE).

For the second part of the theorem, we use the boundedness condition of f.

Since f € [DSY"] N [DSE®) N [DSEY), f is bounded. So, f € [DWE"] N [DWZ°] N [DW Y] by
Theorem 2.4. Now,

/ F(t) — LIFAL = / F(t) — LI AL+ / F(6) — LAt + / F(t) — LA
(p(u),q(u)]p (p(u),r(uw)]y (r(u),s(u)]p (s(u),q(u)]p
This implies

1 Tk 1 ok
e e IO e il BUICRE
(p().a(w)le (p()r ()]s

1 k
G ) Vo-ia
(r(u),s(w)ly
1 k
Sroro =N GRS

(s(uw),q(w)]y
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Using f € [DWR"]IN[DW ] N [DW3), we get f € [DWEHI].

w N

10.
11.

12.
13.

14.

15.

16.
17.

18.

19.

20

This completes the proof. O
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