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THE CONTACT PROBLEM FOR PIECEWISE-HOMOGENEOUS VISCOELASTIC
PLATE WITH ELASTIC INCLUSION
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Dedicated to the memory of Professor Elene Obolashvili

Abstract. A piecewise-homogeneous viscoelastic plate, reinforced with a semi-infinite elastic inclu-
sion, which meets the interface of two materials at a right angle and is loaded with normal forces is
considered. The problem is reduced to a two-dimensional singular integro-differential equation with
fixed singularity. Using the methods of the theory of analytic functions, the Carleman type problem
for a strip is reduced to the Volterra integral equation, which is solved approximately by the method
of successive approximations. The normal contact stresses along the contact line are determined and
the behavior of contact stresses in the neighborhood of singular points is established.

INTRODUCTION

Exact and approximate solutions of static contact problems for different domains, reinforced with
elastic thin inclusions, stringers and patches of variable rigidity were obtained earlier, and the behavior
of the contact stresses at the ends of the contact line have been investigated [2,3,17,19-21]. The first
fundamental problem was solved for a piecewise-homogeneous plane, when a crack of finite length
approaches the interface of two bodies at the right angle [14], a similar problem was solved for a
piecewise-homogeneous plane under the action of symmetrical normal stresses at the crack sides [7,22],
and also a contact problem was solved for a piecewise-homogeneous plate with a semi-infinite and finite
inclusion [8,9,12].

1. STATEMENT OF THE PROBLEM

Suppose the body occupies a complex plane z = x + iy, consisting of two dissimilar isotropic half-
planes with viscoelastic properties [2,4,10,18]. The plane is reinforced with a semi-infinite elastic
inclusion which is subjeted to the normal load of intensity po(x,t). The function po(x,t) satisfies
Hoélder’s condition on an arbitrary finite segment of the interval (0, +00) [16].

The half-planes S = {z | Rez >0, 2 € [ = [0,00)} and Sz = {z | Rez < 0} are connected along
the Oy—axis. The quantities and functions related to the half-planes Sy we denote by the index k
(k =1,2), and the boundary values of the functions on the upper and lower edges of the inclusion are
denoted by the signs (4) and (—), respectively (Figure 1).

The contact conditions along the interface are of the form

ag) = 03(52)7 qu‘}!) = T:g), Uy = U2, V1 = V2. (1.1)
On the boundary of interaction of the elastic inclusion and half-plane S7, the following conditions

U?SZH' - O'?Sl)_ = p(z,1), T§;2+ — 7= =0,

’U =
’ 1.2
uf —uy =0, v =v] =v(a,t), (1.2)
d*vy(z,t
Do% = po(x,t) — p(x,t), x>0, (1.3)
vo(x,t) = v(x,t), (1.4)
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/[p(x7t) 7p0(l‘,t)]d:v =0, /x[p(x,t) - po(x,t)]d:c =0, (15)
I I

are valid, where (1.2) represents the jumps of the stress components and displacements of plate points

on the contact line, (1.3) is the equation of bending of an elastic inclusion, (1.4) is the condition of

rigid contact between the plate and the inclusion, (1.5) are equilibrium conditions of the inclusion.

Dy is bending rigidity of the inclusion material.

s2 yA S1

FIGURE 1

In the theory of viscoelatisity we have the formulas of Kolosov—Muskhelishvili’s type [13]:
o) — it = @ (2,t) + i (2,8) + 2P, (2,1) + T (2, 1), (1.6)

(I-1L) [%kcpk (2.1) — Bp, (2,1) — 28, (2,1) — Up, (2, 1) | = 2 () + iv}) (1.7)

t

where (I — L)gi (t) = gi (t) — [ Ex2Ch (t,7) gi (7) d7, 2113, = 15—’:%, s, = 3 — 4vg, (in the case of
to

plane strain) or s, = (3 — v)/(1 4 vi) (in the case of generalized plane stress), k = 1,2. Ci(t,7) =

or(T)(1—e~7*=7)) and E}, are the creep measure and the Young module of the materials, respectively.
Here, ¢ (7) is known as the ageing function, and the function (1—e~7(~7)) characterizes the hereditary
properties of a materials, ¢ is the ageing of the material at the beginning of loading.

Besides, the Poisson plate coefficients for the elastic-instant deformation vy (¢) and creep deforma-
tion v (¢, 7) are the same and constant: vg(t) = v (¢, 7) = vy = const.

From relations (1.6), (1.7), we obtain the following boundary value problems of linear conjugation:

_ 1
(I);r(x’t) - cI)l (.’B,t) = 1 + 1])(1‘,1‘5),
\I/Jr(xt)—‘l/*(:vt):%l_lp(xt)— zp'(z,t), x>0.

1 bl 1 ) A + 1 I 0 + 1 9 )
The general solutions of these problems are represented as follows [15]:

Dy (2,t) = A1(2,t) + Wi(z,t), Wy (z,t) = Bi(z,t) + Q1(z2,1), (1.8)

where
1 Oop(x,t)da: o —1 /Oop(a:,t)dx
1(=1) 277(%1+1)i/ =z B =g | e
0 0

)

1 7:Ep/($, t)dx

27 (51 + 1)i x—z
0
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Wi(z,t) and Q1(z,t) are unknown analytic functions in the half-plane S;, which will be defined from
the contact conditions (1.1) at the interface.

Using the methods of the theory of analytic functions (particularly, using the Cauchy theorems),
the sought analytic functions are represented in the following form:

/
Wl(zvt):_eltl/w+€1t1/w+eltl(%1_1)/ZM’

T+ z gg+z) T+ z
I I I
t)d
(1)2(270 — h3tl/m7
T —z
I
22p/ (z, t)dx x,t)dt zp(z,t)dx
Ql(z,t) = —eity / Lé + mqt; / u + eltl(%l — 1) / 19(7)2
(z+2) Tt (z+2)
1 1 1
t)d t)d
+€1t12/p7(x’ ) f—ﬁ—?eltlz/ixp(x’ )Bx,
(z+2) ) @)
1 1
p(z,t)dx /a:p'(w,t)dm /p(:r,t)dt
o t) = (hg — hy)t — L — hyt —22 "+ (h -1 t —_ 1.9
2(t) = (g =)tz [ RSty [ R (o = 1) gy [ 2202 (1)
1 1 5t
_ 1 e — o pe—
whereti = ————~, 1 =———, e=—"—,
271’2(%1 +1) g + p1 Mol + U2
1 1
my = (20 + 1 - = hg — hy,
1= 0n M%mm+m mm+m} ? !
1 1
mo = (22 +1 — = h3 — hy,
2= (= ) [%2/11 + o %1/~L2+M1} 3 !

sy o+ py ? sy + po K seopiy + p2 : sy +
Relations (1.8), (1.9) and (1.6), (1.7) result in
1 ,t)d ,t)d
(%1+1)<I>1(z,t):—/p(y ) y+€1%1/p(y ) Y

273, Yy—z 271 y+z
Ui U (1.10)

+1)(I — L)Im®y (z,1).

_GetYm _ GatDp , _ CGetDm , _ (GatDu

dv(x,t

x
It is required to determine the law of distribution of normal contact stresses p(¢,x) on the contact
line, the asymptotic behavior of these stresses at the end of the inclusion.

To define the unknown contact stresses from (1.3), (1.10), we obtain the following two-dimensional
integro-differential equation:

24

o0

d* 1 p(t,y dy ersnr [ p(t,y)dy
—Dog—(I - L t,x) —p(t 0. 1.11
de4( ){47_‘_#1 / y—1 47T,u,1 / Y+ pO( ,{IJ) p( 733)7 T > ( )
0 0
The inclusion equilibrium condition has the form
[btt.0) = mo(e.ldy =0, [ slptt.0) = po(t. )y =0, (112)
0 0

Introducing the notation

o(t,2) /%/Mty R e
0 0
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from (1.11) and (1.12), we obtain the two-dimensional singular integro-differential equation with a
fixed singularity

D T (t,y)d T4 (L,y)d
0 (1 1) /w( )y+el%l/w( y)dy
4 — y+zx
0 0
T DO
4m
0
and with the boundary conditions
P(t,0) =(t,00) =0, ¢(t,0) =1'(t,00) = 0. (1.14)
(The constant of integration vanishes, since the rotation at the inclusion end is neglected, i.e.,
% =0 = 0, the integral for y = x is understood in the sense of the Cauchy principal value).

Suppose that the function pg(t,x) is continuous and integrable on the interval (0, 00) and satisfies
the conditions

/po(t,ﬂ?)dl‘ =0, po(t,l’) = O(ms)v x — 0+, po(t,l‘) = O(x_2+6)7 T — 00 (115)
0

(¢ is an arbitrary small positive number).

2. SOLUTION OF THE INTEGRO-DIFFERENTIAL EQUATION

We are going to find a solution of problem (1.13) and (1.14) in the class of functions whose second
derivative may have integrable singularities at the point x = 0 and which vanishes at infinity. The
change of the variables = = ef, y = ¢ yields

oo £
A 1
20-1) [ |+ o w0 - w0l ac = [ et e
+%(1—L)f0(t,£), €] < 00 olt, £00) =0, Wt +00) =0, (2.1)

where ’Lﬂo(t,f) = '(/J(t7€£)a fO(t7€) = f(taef)7 A= ALDTUI

Owing to the generalized Fourier transformation [11] of both parts of equation (2.1), we obtain

As—1i)(s —20)sG(s)(I — L)U(t,s) = V(t,s — 3i) + F(t,s), s=so0+1ic, |[so| < o0, (2.2)
where G(s) = cthrs + §2L,

Ui, 5) = \/% / Vol E)e*de,  F(t,s) = A(s — 20)G(s)(I — L)Py(t, s — 20),

Py(t,€) :Po(t»eg), Po(t,s) = \/% / Po(t,f)ei&df.

It follows from condition (1.15) that the function Py(t, z) is analytic in the strip —2+& < Imz < ¢,
therefore the function F'(t,z) is analytic in the strip e < Imz < 2 4 ¢ and exponentially vanishes at
infinity.

The Carleman type problem for a strip is formulated as follows: find the function ¥~ (¢, z), which
is analytic in the strip =34 ¢ < Im z < 3 + ¢ (with the exception of a finite number of points lying in
the strip € < Imz < 3 + ¢, at which it has the first order poles), continuously extendable to the strip
boundary, vanishing at infinity and satisfying condition (2.2) [5,6].
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If we find the function ¥~ (¢, z), holomorphic in the strip —3 + ¢ < Imz < e and continuously
extendable to the strip boundary, vanishing at infinity and satisfying condition (2.2), then the solution
of the Carleman type problem is the function

(I —L)V(t,2), —3+e<Imz<e,
Wo(t,2) = 4 O (¢, 2 — 3i) + F(t, 2) (2.3)
(e =)z = 20G () e<Imz <3+e.
Representing the function sG(s)(s —i)(s — 2i) in the form
sG(s)(s —i)(s — 2i)

sin(mw/6)(s — 3i) s—1i 28+3i(s2+4) 2s — 3i
sh(ms/6) s+ 2i2s—3i 25+ 3i’
taking into account that the index of the function Go(s) = (cthms + S2L) th(ms/6) Sk 25431 on the

s+2i 2s—31
real axis is equal to zero, Go(£o0) = 1 and the function In Gy(s) is integrable on this axis, we obtain

Gal) = 2 =,

where Xy(z) = exp {é J InG,(s)cthZ(s — z)ds}

=is (cth TS+ eﬁxl ) th(ms/6)

snmws

|s] < o0, (2.4)

The function X(z) is holomorphic in the strip, continuous on this boundary, bounded in the closed
strip —3 < In z < 0 and vanishing at infinity.

Remark. Let us solve the following functional equations:
X(s —ia) = MB +is)x(s), x(s) = (B —is)x(s —ia), «,B,A>0.
By the Fourier transformation, we obtain respectively the first order differential equations

K@)+ (8- 3e)RW) =0, )+ (e —a—B)X) =0,

the solutions of these differential equations and the inverse Fourier transform give

_ Vi LI _ priz ptiz 4 (B + iz
x(z) = M, / exp{ Bs ot zsz}ds = M\ o F(ia ),
7 1 —iz — 1
x(z) = My / exp{ ——e* + (a+)s— isz}ds = Mya™s F(M),
@ a
— 00

oo
where I'(z) = [ e~ 7177 Ldr is the well-known Gamma-function, M; and M, are the constants.
0

As a result from the remark, the function s? + 4 = (2 — is)(2 + is) can be written as follows:

X1(s — 34)

2 1

s°+4= 2.5
iz —2I'((241i2)/3 . . - izU ™ (t,z

where X;(z) = 3(21%/3) QM. Introducing the notation ¥y (t,z) = S BRI sh(‘f(rz/gi)(z+31'/2)’

from (2.2), (2.4), (2.5), we get
AB+1is)(I — L)¥4(t,s)
iF(t,s)(3 +is)

=V, (t,s— 3i) + Xo(s — 31) X1 (s — 3i)ch(ns/6)(s — 3i/2)’

|s| < o0. (2.6)

Considering the relation
X2 (S — 31)

AB+1is) = Xo5)



272 N. SHAVLAKADZE

where Xy(z) = AB+i2)/3312/3D((3 +i2)/3), condition (2.6) will take the following form:
(I — L)\Ifg(t, S) = \Ifg(t, S — 32)
iF(t,s)(3 +1s)
Xo(s —3i)X1(s — 3i)Xao(s — 3i)ch(ms/6)(s — 3i/2)’

where Wy (t, s) = \1;2(?5)

As a result, the Carleman type boundary condition (2.2) is presented in the form

U (t,s) W (t,s—3i)

+ [s| < o0,

(I-1L) X0 © X(s—3) + P(t,s), |s| < oo, (2.8)
where
X(2) = XO(Z)Xl(Z)iQ(Z) shz/6 . 3i/9). Pt s) = ;S(t_sgz)

Since the function X(z) is holomorpic in the strip 3 < Im 2z < 0 and bounded in the closed strip,
using Stirling’s formula for the Gamma function [1], we conclude that the function X (z) for sufficiently
large |z| admits the following estimate:

X(z) = O(\s\_w_l/Q), [s] > 00, z=s4+iw, —-3<w<0. (2.9)

Moreover, by choosing the constants M7, My mentioned in our Remark, the function X (z) satisfies
the condition

Il\lm |X(z )||s|w+l/2:17 z=s+1iw, —3<w<O0.

The function ®(t,z) = \II;(E';)Z) is holomorphic in the strip —3 < Inz < 0, with the exception of the
point z = —3i/2, at which it may have the first order pole. Applying the Fourier transformation to

(2.8), we obtain the Volterra second order integral equation

[e73% 4 (I — L)] ®(t, w) = P(t,w) + A(t)e /2, (2.10)

where (¢, w) = yetvds,  P(t,w) = r f P(t,s)e**%ds, A(t) is an unknown function.

Ve f (t
The Volterra mtegral equation (2.10) is equivalent to the second order differential equation
b (t, w) + yalt, w)d(t, w) = g(t, w) (2.11)
with the initial conditions
d(79,w) = [P(10,w) + A(7o)e */2)(1 + e3) 71,
ci)(7—07w) = [P(me) - ’7E1901( )P<7—07 )(1 + e_Sw)_l](l + e_3w)_1
+[A(70) — YE11(70) A(70) (1 + =**) e /2 (1 4 e73) 7,

a(t,w) =14+ E1p1(t)(1 _,_e—3w)—1’ g(t,w) = [go(t,w) + T(t)e —3w/2](1 n e—3w)—1
go(t,w) = P(t,w) + 1Pt w), T(t) = A(t) + ~A(t),
=92 322
S oot T ot

Integrating the differential equation (2.11) and fulfilling the initial conditions, we obtain the ex-
pression

d(t,w) = {P(t, w) 4+ A(t)e 3% + Fy(t, 70, w) + Fa(t, 70, w)} (1+e3w)1, (2.12)

where

t
Fy (70, w) = 7P (0, w)pr (1) (1 + e 3) 1 / exp(—b(w, 7, 70))dr
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y / exp(—b(w, 7, 70))dr / (aq w) — 1) exp(yb(w, ¢, 70)) B(q, w)da,

t

Fy(t, 70, w) = yA(10)p1(70)(1 + e_?’“’)_le_?’wm/exp(—’yb(wm7 T0))dT

7o

e’gw/zv/exp(*vb(wm To))dT/(a(q,w) — 1) exp(yb(w, ¢, 70)) A(q)dg,
b(w, 7,70) = / a(p,w)dp = (v — 70) + Extba(r, 7o) (1 + e=3) L, 4hy(r, 7o) = / o1 (p)dp.

By the inverse integral transformation of equality (2.12) and using the generalized Parseval’s for-
mula, we obtain

- F(t,s)ds At) X (2)
3i)shm(s—2)/3 chrz/3
+X@neam) [ QP 2)dr - X / dr / Q8 (7,4,2)dq + X()71(r0) Alrg / e

where

/dT/Q2 7,q,2)A(q)dq, (2.13)

(1)(7_’2)7/exp(—'yb(w,T,To))P(To,w)e* dw

2 bl

K (1 + 673“))
le)(T q, ) — 7 exp(—vb(w,T, TO))(a(Q7w) _1 :_)zxgl(l)’Yb(UJ,q,To))ﬁ)(q"w)e_iwzdw ’

22(r,2) = /OO exp(—bw, 7, ) 2= du

' (1+ e=3w)? ’
5(2) [ exp(—b(w, 7, 70)) (g, w) — 1) exp(yb(w, g, 74))e 3/ 2e W2 dw
2 (Ta q, Z) - 1 i @—3111 .

Since the function G(z) has zeros at the points z = f£arccos(—eys1) + 2ki, le150| < 1 and has the
poles at the points z = ki, k = 0,+1,£2,..., therefore the function ¥, (¢, z), represented by (2.3), is
holomorphic in the strip —3 < Im z < 3, with the exception of the points zg = yoi, 21 = (2 — yo)1,
Yo = L arccos(—e1s0), 0 < yo < 1, at which it has the first order poles. It follows from (2.9), (2.13)
that function U (t,z) exponentially vanishes at infinity.

To define the function A(t), from formula (2.3), by satisfying the condition

\I]_(t,i(yo - 3)) = 07 t > 7o,

we obtain the Volterra second order integral equation
t

A(t) + / R(r,q)A(q)dg = Ro(t), (2.14)

70
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where

Yo ~ .
R(t,q) =7 cos =22 Q7 (¢, ¢, i(yo — 3)).

_ ooy 12 T F(t,s)ds
Ro(t) = cos =5 [ 31'\/;_4 X(s — 31)sh(n/3)(5 — iy0)

01 (1) Q1 (8, i (yo — 3)) + A(10)Q% (¢, i(yo — 3))]

t
T ~ )
— cos % /Qél)(t7 q,i(yo — 3))dq. (2.15)
To

Equation (2.14) admits the application of the method of successive approximations.

Accordingly, the function ¥, (¢, z) has the pole (closest to the real axis in the strip 0 < Imz < 3)
of first order at the point z; = (2 — yo)i.

Using the Cauchy formula and the residue theorem, applying the inverse Fourier transformation,
we obtain [11]

0 00
i ;.3
o(t,Inz) = | s t,s)e T ds — i / 5+ 30)W,(t,s + 3i)e N7 ds
dJO( ) /27.r 0( ) \/% ( ) q( )
+v27res [sTo(t, s)e‘i“”]s:@_yo)i =23qy(t,x) + Cy (t)x? ¥,

1 oo

a V2T
— 00
where ¢;(t, ), C;(t) are the known functions and ¢;(¢,0+) = ¢;(t) #0, j = 1;2,

IO (L, s — 34) + F(t, 5)]
[A(s —i)(s — 20)G(s)],

o (t,Inz) = §2Wo(t,8)e M 2ds = 23qo(t, ) + Co(t)x> 0,

<
Il
—_
\’l\D
—~
~.
[\v]
Il
|
—_
~—

C(t) = Var(—1)iit! {S

s=(2—yo)

Based on the formula ¢ (¢, 2) = Y (tIn z);,%(t’lnz) , for the sought function, we obtain the following
estimate:

1#”('5’ l‘) = x—yoé(t) + x(j(t, l‘),
where

- 1
C(t)=Cq(t) — C1(t), q(t,x) =q(t,z) —q1(t,x), yo = = arccos(—eys), 0<yo <l

Therefore, the normal contact stresses in the neighborhood of the point z = 0 have the following
behavior:

p(t,x) — po(t,x) = "///(t’ z) =a " (C(t) +e(t,z)),
where e(t,z) = x1T%0G(¢, z) is a continuous function on the semi-axis z > 0, and

e(t,z) =0T, = —0+.

With a similar reasoning, we can conclude that the normal contact stresses vanish at infinity with the
power greater than three.

Conclusion. The following conclusions are valid:

a) If e; <0, (u2 < p1), then 0 < yo < 1/2, therefore, the normal contact stresses have singularities
of order less than 1/2.

b) If e; < 0, (p2 > p1), then 1/2 < yg < 1, therefore, the normal contact stresses have integrable
singularities of order greater than 1/2.

c)If e; =0, (2 = p1), then yo = 1/2 and the normal contact stresses have singularities of square
root order.
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