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Abstract. In this paper, the problem of a viscous liquid flows through two rotating permeable

cylinders in the presence of a transverse pressure gradient is considered. The existence of flows in
the case of a large gap between the cylinders for an infinitely distant outer cylinder is established.

1. The well-know Georgian scientist D. Dolidze in his work (see [2]), when considering the flows
of a viscous incompressible fluid in the exterior of a rotating porous cylinder under the condition of
velocity damping at infinity, has come to the paradoxical conclusion that a laminar flow is violated
for certain values of the problem parameters when the unique solvability of the initial-boundary value
problem is proved. As is known, these flows are of particular interest, as the study of the interaction of
a fluid and a permeable porous cylinder is important for many applications such as filtration systems,
complex engineering devices, and also for biomedical applications. 40 years later, after the publication
of D. Dolidze’s work (after his death), the famous Russian mathematician and mechanic V. Yudovich,
studying the flow of an incompressible viscous fluid in a circular ring, as well as in the limiting case
of a circle exterior (see [10]), noted that the flows of a viscous fluid in a circle exterior considered
first by D. Dolidze, calling these flows “Dolidze’s flows”, are real under certain conditions and can be
observed in experiments.

The aim of this paper is to show the existence of viscous fluid flows in the outer part of a rotating
permeable cylinder by using the statements proposed by V. Yudovich when considering Dolidze’s
problem, taking into account the influence of a transversal pressure gradient maintained by pumping
the fluid through an annular space of the cylinders. In the case of a large gap between the cylinders,
the pressure gradients may lead to complex interactions between internal and external flows, which in
turn may lead to unexpected effects onto an external flow, strengthening or suppressing certain flow
regimes.

The viscous incompressible flow with a constant transverse pressure gradient between rigid and
permeable cylinders and their stability have been studied by many authors (see, [1,3–9] and references
therein).

2. We consider the viscous, incompressible fluid between the permeable cylinders of radii R1, R2

(R2 > R1), rotating with constant angular velocities Ω1, Ω2, respectively. It is assumed that the flow
is under the action of a constant transverse pressure gradient in the azimuthal direction and the fluid
inflow through one cylinder is equal to the fluid outflow through the other one.

We use the two-dimensional system of Navier–Stokes equations and the equation of continuity in
the cylindrical coordinates r, θ. Let us assume that the following boundary conditions:

R1u
∣∣
r=R1

= R2u
∣∣
r=R2

= s, s = const,

v
∣∣
r=Ri

= ΩiRi (i = 1, 2)

are satisfied, where V (u, v) is a velocity vector, 2πs is the liquid flow through the cylinders walls for
r = R1 or r = R2.
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This problem admits an exact unique solution V0(u0, v0) and pressure p0 (see e.g., [5–7]):

u0 =
s

r
, (1)

v0 =


K

κ

(
− r + arκ+1 +

b

r

)
+Arκ+1 +

B

r
, κ ̸= −2,

K

2

(
r +

a′

r
ln r +

b′

r

)
+

A′ ln r

r
+

B′

r
, κ = −2,

(2)

∂p0
∂r

=
s2

r3
+

v2

r
, (3)

where κ = s
ν is a radial Reynolds number (for κ > 0, the liquid flows through the inner cylinder,

while for κ < 0, through the outer one), ν is the kinematic viscosity, K = 1
2ρν (∂p∂θ )0, (

∂p
∂θ )0 is the

constant transverse pressure gradient, v0 is the solution of the inhomogeneous parabolic equation:

d2v

dr2
+

1− κ
r

dv
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− 1 + κ

r2
v =

1

ρνr

(∂p
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)
0
, (4)
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2
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2

lnR
, b′ =

R2
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1 lnR2
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, (6)
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1
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2
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1
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A′ =
Ω2R

2
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2
1

lnR
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Ω1R
2
1 lnR2 − Ω2R

2
2 lnR1

lnR
. (8)

Solution (1)–(3) itself is a stationary flow when the liquid flows over the surfaces of cylinders with
a constant pressure gradient along the cylinder circuference.

Consider the external boundary value problem for equation (4) with the boundary conditions

v
∣∣
r=R1

= Ω1R1, v
∣∣
r=∞ = 0. (9)

If κ+1 > 0, the flow is divergent or convergent, but for low intensity, it follows from the condition
at infinity that in (2) A = 0 and K = 0. In this case, taking into account condition (9), we find that

v =
Ω1R

2
1

r
as r → ∞. (10)

Therefore, as in D. Dolidze’s problem, we have no interaction between the radial and azimuthal velocity
components.

If κ + 1 < 0, then from conditions (9), we obtain

v =
K

κ

[R2
1 − r2

r
+ aRκ+1

1

(( r
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r

)]
+

Ω1R
2
1

r
+ARκ+1

1
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, κ ̸= −2, (11)
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K

2

(r2 −R2
1

r
+

a′

r
ln

r

R1

)
+

Ω1R
2
1

r
+

A′

r
ln

r

R1
, κ = −2.

Thus, for κ + 1 > 0, the external boundary value problem for equation (4) under conditions (9)
has, like Dolidze’s problem, one unique solution (10), where for κ + 1 < 0, there exists a family of
solutions (11) with arbitrary parameters A and a, while for κ = −2, there is a family of solutions (2)
with arbitrary parameters A′ and a′.

3. As V. Yudovich noted [10], the flows in unbounded domains have physical meaning, if and only if
they are obtained as limits under an unlimited extension of bounded domains, and it is fundamentally
important to understand which boundary condition on a part of the boundary tending to infinity is
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responsible for the given external flow. There are the cases for which the influence of the infinitely
distant part of the boundary does not disappear during the passage to the limit.

Following the reasoning of V. Yudovich [10], we pass in (2) to the limit as R2 → +∞ and assume
that all the remaining parameters R1, Ω1, Ω2, κ, K and the argument r are fixed. In (5)–(8), assuming
R2 → ∞ for κ > 0, we have

v(r) → K

κ

(
− r +

R2
1

r

)
+

Ω1R
2
1

r
.

Consequently, unlike D. Dolidze’s problem, we have the interaction of the radial and azimuthal com-
ponents of velocity.

Thus we have obtained the limiting profile that changes the intensity of linear vortex formed by
the rotation of the interior cylinder;

Consider the case for κ < 0 (converging flow) and pass to the limit, as R2 → ∞ in the coefficient
(5)–(8). We have the following asymptotics:

A ∼ Ω2R
−κ
2 , B ∼ −Ω2R

−κ
2 , a ∼ R−κ

2 , b ∼ −R−κ
2 (−2 < κ < 0),

A ∼ −Ω2R
2
2, B ∼ Ω2R

2
2, a ∼ −R2

2, b ∼ R2
2 (κ < −2).

Respectively, asymptotically as R2 → ∞, for large r, we have

v(r) ∼ K

κ

[
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(
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(
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)
, κ + 2 > 0,
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(12)

In case κ = −2, as R2 → ∞, we have

v(r) ∼ K

2

(
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R2
2

r lnR
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)
+
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2
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. (13)

As is seen from (12), (13), the behavior of the limiting profile depends on the following parameters:

γ−κ = R−κ
2 rκ+1

(K
κ

+Ω2

)
, κ + 2 > 0, (14)
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2
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(K
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)
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γ1
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(K
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)
, κ = −2. (16)

If these parameters remain constant as R2 → ∞ (here, Ω2 → 0 and K → 0), then there exists a
finite limit v∞(r) of a solution of the boundary value problem. We have

v∞(r) =


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r
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κ
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K

2
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(17)

Therefore, the limit behavior of the profile v∞(r) (17) depends on the parameters γ−κ for κ+2 > 0
(14), γ2 for κ + 2 < 0 (15) and on the parameter γ1

2 for κ = −2 (16). Different regimes differ in the
values of the parameters γ−κ , γ2, γ

1
2 . Just as for the Dolidze’s problem, the values of these parameters

describe the influence of the infinitely distant boundary; each time, with the chosen limit transitions,
a unique limit regime is obtained.
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