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MULTILINEAR EXTRAPOLATION IN GRAND LEBESGUE SPACES
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Dedicated to the memory of Professor Elene Obolashvili

Abstract. In this note, we present multilinear Rubio de Francia’s extrapolation theorem in grand
Lebesgue spaces. The mapping properties of some operators of harmonic analysis are also discussed.

1. PRELIMINARIES

The Rubio de Francia’s extrapolation theorem (see [15]) is one of the powerful tools in harmonic
analysis. It states that if a given operator 7' is bounded in a weighted Lebesgue space L2 for some
fixed pg and all weights w from A, , then T" is bounded in all L? for all 1 < p < oo and all w € A,,.
For the perfection of the extrapolation theory in the classical Lebesgue spaces as well as in various
function spaces, we refer, e.g., to the monograph [5].

The grand Lebesgue spaces Lp)(G), 1 < p < oo, for a constant exponent p and a bounded domain
G, were introduced in 1992 by Iwaniec and Sbordone [10] in the context of finding a minimal condition
for the integrability of the Jacobian, while the more general space Lp)’e(G) is related to the study of
the inhomogeneous n—harmonic equation div A(x, Vu) = p (see Greco, Iwaniec, and Sbordone [9]).

The theory of these spaces is currently one of the intensively developing directions in modern
analysis (see, e.g., the recent monograph [12] and the references therein).

We are interested in generalized grand Lebesgue spaces Lg)’“’(')(G) with a weight function p on G

(ie., p is an integrable function on G). The norm in L£*)(G) is defined as follows:

1/(p—e)
o=, sw_ (55 [Ir@P <o)
G

0<e<p_—1

where ¢(-) is a measurable function on (0,p — 1) which is non-decreasing on some small interval
(0,p — 1) such that }irr(lJ @(x) = 0. We denote the class of such functions by the symbol A®).
—

If o(x) = 2% and p = const, where 6 is a positive number, then we have the class LP(G) of
Greco, Twaniec and Sbordone [9]. In particular, if § = 1 in LP)?(G), then we have the space LP)(G)
of Iwaniec and Sbordone.

Recall that (see, e.g., [12]) the space Lz)’w(')(G) is a Banach space and that the following continuous
imebeddings:

LB(G) = LE#O(G) = LP5(G), 0<e<p-—1,
hold.

For the history and properties of grand function spaces we refer, e.g., to [12].

To define the product of a grand Lebesgue space, we first note that for a grand Lebesgue space,
the following holds (see also [11]): let 1 < r < oo and let p be a weight function on G. Then

.
1oy =, 5w @™ Wllze(y = s (olr/a ) Wl ey

where
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Taking this note into account, we define the class EH;.n:l Egj)’ga(‘)(G) of vector-functions 7 =
(f1,. .., fm) and vector weight 7 := (p1, ..., pm) as follows: ? € LH;"ZI Lﬁj:)’“D(')(G), if

r M
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||7||L1‘[;’;1L£§)’“"(')(G)_ b {@(r,) jI;[leJHLﬁjI”(G)}

1<r

m
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= s {TTo(5) P10} < 0
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1<r<p

where p is defined by
m

can be rewritten in the form
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0<n<p—1

where p is defined by (1.1), a
1
=> —. (1.2)
— 1)

It is easy to see that (1.1) and (1.2) imply the identities

n_»r
; pi—nm b

appearing in the definition of ||?|| )0 ()

LTI o) 7 @)
Further, let p := min{py,...,pm}. It is easy to check that if ¢ € AP then

T g ey < 1T e e oy

where

m
||?||1_[§n:1 120 ) = 1:[ Hfj”Lﬁj:)»w(-)(G)

This follows from the fact that n <n;, j =1,...,m (see condition (1.2)).
If p(z) = 29, where 6 is a positive number, then we denote LT, Lﬁgj)’@(')(G) by L[], £§j)’9 (@).
In particular, obviously,
171

If m = 1, then the grand product space H;n:l Eﬁj:)“P(')(G) coincides with the grand Lebesgue space

) @).

To formulate the main statement of this work, we need to recall the definition of the multilinear
Muckenhoupt class A5. Let 1 < p; < oo for each 1 < j < m and 0 < p < oo, where p is defined by
(1.1). We say that @ := (wy,...,w,) belongs to the class A5 (X) if

@y = sup (i3 / vawr) 1T (3 | w;"’%m)dx)p/pg <o,
J=1 B

o ST )
LTI, £727°(G) = 171 g SR (e)
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where the supremum is taken over all balls B in R". For p; =1, the expression (ﬁ I wjl-_p / (x)dm) 1P

B
is understood as (infp w;)~!.
If m =1, then this class is the well-known Muckenhoupt A, class.

It is known that (see [13]) the multilinear Hardy—Littlewood maximal operator

M(fla'-'7fm SupH |B|/|fJ |dy7

is bounded from [, L, (R™) to LP_(R™), where p is defined by (1.1), if and only if W e Ap.
The multilinear version of Rubio de Francia’s extrapolation theorem in the classical Lebesgue spaces
is written as follows:

Theorem 1.1 ([14]). Let F be a collection of m+1-tuple of non-negative functions on R™. Assume that
we have exponents P = (p1y--sDm), with 1 < pq,...,pm < 00 such that for any W = (wi, ..., wy) €
Ag the inequality

£y, < C([w]a) H | £l

holds for every (f, f1,..., fm) € F, where p is defined by (1.1), and

w = Hwﬁ)/p". (1.3)
=1

Pq
LY,

Then for all exponents ? = (q1,--+,qm), wWith 1 < q1,...,qm < 00, and for all weights v e Az,
where

U= (1., Um), (1.4)

the inequality
m
£l < C(] ]A‘q?) H 1 fill Los
i=1

holds for every (f, fi,..., fm) € F, where

Z— = 7. (1.5)
=1 j=1
Moreover, for the same family of exponents and weights, and for all exponents § = ($1,--+,Sm)

with 1 < 81,...,8, < o0,
. \1/s
[(Zwr
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J
for all {(fj,ff, o JI)}Y; C F, where

é = Zsi (1.6)

2. MAIN RESULTS

To formulate our main results, we need to introduce the following notation:

PO = () " () ). (2.)

where s is defined by (1.6).
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. 1/r . 1/r
PO = () () ), (22)
J J
where s is defined by (1.6), and r is a constant such that 1 < r < occ.

The symbol A < B means that there is a positive constant C' such that A < CB. Our main result
is the following statement:

Theorem 2.1. Let F be a collection of m+ 1-tuple of non-negative functions defined on R™. Assume
that we have the exponents ? = (p1,.--yDm), with 1 < p1,...,pm < 00 such that for any W =
(w1, ..., wm) € Ag, the inequality

Ly ®n) < O([E?]Ay) H ”fi”iji(R")

=1

/1

holds for every (f, fi,..., fm) € F, where the mapping - — C(-) is non-decreasing, and w is defined
by (1.3). Then for all bounded domains G C R", for all exponents 7 = (q1y-+sqm), with 1 <
q1s- - GQm < 00, for all weights U € A5 (R™) and for any ¢(-) € AW | the inequality

£ Lo-e0r @y S ML fdll e | oo

holds for every (f, fi,..., fm) € F, where q is defined by (1.5) and v is defined by (1.4).
Moreover, for the same family of exponents and weights, and for all exponents § = ($1,--+,Sm)
with 1 < 81,...,8, < o0,

()

J

<
@)

Lf,)’“"(')( LI, ﬁgi)m(‘)(G)

for all {(f7,f1,..., fi)}; C F, where s is defined by (1.6) and F*(s3 is defined by (2.1).

Now, we apply this statement, for example, to derive appropriate weighted estimates for the bilinear
operators (for the classical Lebesgue spaces, see [14] and references therein).

Let
M(f,9)(x) = sup <|Q1|/|f(y)|dy) <|Ql|/lg(y)dy>,
Q Q

where f and g are the locally integrable functions on R™, and the supremum is taken over all cubes
with sides, parallel to the coordinate axes.
Further, given a bilinear operator T defined a priori from S x S into S’ of the form

7(£,9)w) = | [ K2 f(0)g(:)dud
R~ R™
we say that 7' is a Calderén-Zygmund bilinear operator if it can be extended as a bounded operator
from LP* x LP2 to LP for some 1 < p1,pa < oo with 1/p; + 1/pa = 1/p, and its distributive kernel
K coincides, away from the diagonal {(m, y,2) ER3" . x =y = z}, with a locally integrable function
K(xz,y, z) satisfying the estimates of the form

o —2n—|a
0°K (z,9,2)] S (Jo —yl + |z — 2| + |y — 2771, o] < 1.

The Calderén—Zygmund bilinear operators and M are known to satisfy the weighted norm inequal-
ities of the classes A (see [13]). As a consequence of Theorem 2.1, we easily obtain the following
vector-valued inequalities.

Theorem 2.2. Let m = 2 and T be a Calderén-Zygmund bilinear operator on R"*2. Let G be
a bounded domain in R™. Then for every ? = (p1,p2), ST = (81,82) with 1 < p1,pa, $1,82 < 00, for
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every W = (w1, wy) € A, for every ¢(-) € AP)
1
H (ZM(H, fﬁ')S)
J
for every non-negative fZ] with compact supports G, and

(s, <l

. P P
for every f] € C§°(G), where % = p% +L1 1= i + i, w=w;" wy>, and m is defined by (2.1).

p2’ s

<

Oy

LTI, 2270 (6)

Lﬁ,)’“’(')(G) ‘C’H?:I Lﬁfi)’W(')(G)

We can also formulate the Marcinkiewicz—Zygmund inequalities for the Calderén—Zygmund multi-
linear operators in the frame of grand Lebesgue spaces (see [2,3,8] for the case of classical Lebesgue
spaces).

Corollary 2.1. Let m = 2, T be a Calderon—Zygmund bilinear operator. Let 1 < r < 2 and 1 <
q1,q2 < 0o. Then for W = (w1, wa) € Ag and ¢ € A | the inequality

[(sfrosf)

. a a
holds for every f] € C§°(G), where % = q% + q%? w = w wy?, and FO) g defined by (2.2).

T(fi 1)

< HF(T
~Y
L:Iu)«kﬂ(')(c) lll_l?zl Lz;ii)ﬂp(-)(c,)
q

Using extrapolation, we can remove the restriction ¢1,q2 < r for 1 < r < 2 (for a version of the
following result in the context of the Muckenhoupt product classes, we refer the reader to [4]).
Now we give an example for a class of rough bilinear singular integrals given by

Tao(f1, f2)(z) = P~V-//f1(33 — 1) falz — yz)Q ((yl(iﬂy/l;ygl; v2)) dy1dys,

R R

where Q € L™ (SQ"_l) has a vanishing integral. All this was introduced by Coifman and Meyer and
further studied by Grafakos, He and Honzik [7].

We now discuss the weighted norm inequalities for the bilinear rough singular integral operators Tq
introduced above. The unweighted and weighted cases in the classical Lebesgue spaces were studied
in [1,6,7,14].

We have

Corollary 2.2. Let m = 2, G be a bounded domain in R™, Tq be a bilinear rough singular integral
operator with Q) € L (SQ"_l) and [ Qdo = 0. Further, suppose that for every 7 = (p1,p2),

§2n—1

T = (s1,82) with 1 < p1,pa, 51,52 < 00, for every W = (w1, ws) € Az and for every ¢(-) € AP one

has )
(2l anf)

that holds for every f; € C§°(Q), where 11) = p% + p%‘, % = i + i, w= wfﬁlw;f“, and Fm 1s defined
by (2.1).

< HFT;
LZ)»%(‘)(g)

LTI, )79 6
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