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CHARACTERIZATION OF G-LIPSCHITZ SPACES VIA COMMUTATORS OF
THE G-MAXIMAL FUNCTION

ELMAN J. IBRAHIMOV! AND SAADAT A. JAFAROVA1:2

Abstract. Let Mg be the Gegenbauer maximal (G-maximal) function and b be a locally integrable
function. Denote Mg the G-maximal commutator of Mg with b. In this paper, we consider the
boundedness M(b; on the Lebesgue and G-Morrey spaces when b belongs to the Gegenbauer—Lipschitz
(G-Lipschitz) space, by which some characterizations of the Gegenbauer—Lipschitz spaces are given.

1. INTRODUCTION, DEFINITION, NOTATION AND RESULTS

The boundedness of the fractional maximal operators, fractional integral and its commutators
plays an important role in harmonic analysis and their applications. In recent decades, many authors
have proved the boundedness of the commutators with BMO functions of fractional maximal and
fractional integral operators on some function spaces. The reader can find detailed information in
papers [3,23,25,26,30].

The fractional integral operator I, and fractional maximal operator M, are defined as follows:

Iaf(m)::/uﬂyyﬁlady, n>1 0<a<n,
R‘H.

1
Maf(2) = s i é £l dy, (L)

where the supremum is taken over the cubes @ C R™ containing z.
Let b € Lioc(R™), then the commutator generated by the function I, and a suitable function b, and
also b and M, are defined as follows:

1) 1(0) = o)L () — T 6)) = [ D= fpay,
A |
1
Mo f(2) = sup i é () — (o) 17 ()| dy. (12)

The commutators [b, I,] were introduced by Chanillo [2].

Definition 1.1 (John-Nirenberg space). BMO(R™) is the John-Nirenberg space. That BMO(R™)
is a Banach space, modulo constants, with the norm |-||, defined by

1
18], = sup—~ / Ib() — bg| d,
o Q| /

where
1
b i= 105 | 1)l dy
“T el
Q
and the supremum is taken over all cubes ) in R™.
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Theorem 1.2 (Chanillo [2]). Let0 < a<n, 1 <p<n/a, % - %
operator [b, I,] is bounded from LP(R™) to LY(R"), i.e.,
I16: Lol £l Lagrny < CHIOIL AN 2o ey -

Conversely, if n — « is an even integer and [b,I,] is bounded from LP(R™) to LY(R™), then b €
BMO(R™).

= % and b € BMO(R™). Then the

The results obtained in [27] (see Theorem 3.5.1 and Theorem 3.5.2) strengthen Theorem 1.2.

Theorem 1.3 ([27]). Let 0 < a < n, 1 < p < n/a and % -
bounded from LP(R™) to LY(R"™) if and only if b € BMO(R").

= 2. Then [b,1,] and [b, M,] are

1
q

In fact, the statement of Theorem 1.3 remains valid for M} , and for the operator

b1 = |b(z) — bgy)l
|z —y[n—e

f(y)dy,

(see [5, Theorem 2.2]).
Further, in works [25] and [31], the results of Theorem 1.3 were obtained in the Morrey spaces.
Morrey spaces were originally introduced by Morrey in [28] to study the local behavior of solutions
to the second-order elliptic partial differential equations. Many classical operators of harmonic analysis
were studied in Morrey-type spaces during the last decades. We refer the readers to Adams [1] and
references therein.

Definition 1.4. Let 1 < p < oo and 0 < 6 < n. The classical Morrey spaces are defined by
1P R") = {f € Lo R™) ¢ |l oy < 0}

where

1 1/17
Flsmsa = sup( —re [15@Pas)
CANTREYS

The weak Morrey space is defined by
WLP(R™) = {f € L{,.R™) : || flly oo ny < 00},

loc

where

{reQ:|f@]>rH)".

It is well known that if 1 < p < oo, then LP°(R") = LP(R™) and LP""(R") = L>°(R").
The next theorem is a generalization of Theorem 1.2 to the Morrey space.

_9
1w o, = supr sup (¢
r>0 zeR™,t>0

Theorem 1.5 (Di Fazio and Ragusa [4]). Let0 < a<n,1 <p<n/a, 0 <0 <n—ap, %— 1o

If b € BMO(R™), then the commutator [b, I,] is bounded from LP:Y(R™) to L%%(R™).

Conversely, if n — « is an even integer and [b, I,] is bounded from LP?(R"™) to L%?(R"), then
b€ BMO(R™).

The LP? theory about the fractional integral operator I,, and its commutator [b, I,] is based of the
following theorems:

Theorem 1.6 (Adams [1]). Let 0 < a<n,0<f0<nandl <p< "T*O.

(i) Ifl1<p< ”T_e, then % - % = 25 is a necessary and sufficient condition for the boundedness
of I, from LP?(R™) to LY (R™).
(ii) If p =1, then 1 — % = %5 1is a necessary and sufficient condition for the boundedness of I,

from LYY (R™) to WL%Y(R™).
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Theorem 1.7 (Spanne, but published by Peetre [29]). Let 0 < a<n, 1<p<2,0<60<n—ap.
Moreover, let 1 % = % and p=nb/(n — ap) (i.e., g =1

(a) Forp > 1, 1, is bounded from LP®(R™) to LY*(R™) if and only if 5 f = L.

(b) Forp =1, I, is bounded from L*%(R™) to WLS*(R™) if and only zf,u = fq.
Theorem 1.8 (Komori and Mizuhara [26]). Let 0 < o < n, 1 < p < n/a, 0 < 0 < n—ap and
1

1 «

» q " na
Then the following conditions are equivalent:
(a) b€ BMO(R™).
(b) [b,1,] is bounded from LP%(R™) to LI9(R™).

Note that Theorem 1.8 is a strengthening of Theorem 1.5.

Theorem 1.9 (Satori Shirai [31]). Let 0 < a <n, 1 <p <n/a, 0 <0 <n—ap, % - % =% and

p=nb/(n—ap) (i.e, 0/p=p/q).

Then the following conditions are equivalent:

(a)b € BMO(R™).

(b) [b, 1] is bounded from LPY(R™) to LT+ (R™).

In [31], analogues results are obtained in a Lipschitz space. In the classical analysis, the Lipschitz
space is defined as follows.

Definition 1.10. Let 0 < 8 < 1. The Lipschitz space AB (R™) of order f is defined by
AR = {5 |f(z+y) - fl@) < Clyl’},

and the smallest such constant C' is called the A,g (R™) norm of f and denoted || f ||A )
5 (R7

The above definition implies that if f € Ag(R"), then by 8 > 1, f(z) = const. Therefore, it makes
sense to consider a case for 0 < 8 < 1.
The following results were obtained in [31].

Theorem 1.11 ([31]). Let 1 < p<g< o0, 0 <a<n(l/p—1/9),0< 8 <1, 0<a+p =
n(l/p—1/q) <n,0< 8 <n—(a+p) and p/q=0/p.

Then the following conditions are equivalent:

(a) be Ag(R™).

(b) [b, 1] is bounded from LP%(R™) to L%+ (R™).
Theorem 1.12 ([31]). Let 1 <p<g<oo,0<a<n(l/p—1/9),0< 8 <1, and0 < a+p =
n(1/p—1/q) <n.

Then the following conditions are equivalent:

(a) be Ag(R™).

(b) [b,1,] is bounded from LP:Y(R™) to L%9(R™).

Further research in this direction can be found in work [27]. According to (1.1) and (1.2), for a
locally integrable function f, the Hardy—Littlewood maximal function M is given by

the maximal commutator of M with a locally mtegrable functlon b is defined by

. M)/ @) = Mo (z) = oo / b(z) — b(w)| 17 (v)] dy,

where the supremum is taken over all cubes Q C R" contammg z.
The following theorems were proved in [32].
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Theorem 1.13 ([32]). Let b be a locally integrable function and 0 < B < 1, then the following
statement are equivalent:

(1) be Ag(R™);

(2) My is bounded from LP(R™) to LY(R™) for 1 <p <n/B and % - % = %;

(3) My satisfies the weak-type (1,n/(n — B)) estimates, namely, there exists a positive constant C
such that for all 6 > 0,

B n/(n—B)
{z € R™ : Myf(z) > 0}| 30(9 1Hf||L1(Rn)) :

Theorem 1.14 ([32] Adams type result). Let b be a locally integrable function and 0 < < 1.
Suppose that 1 < p < n/B, 0 < 0 < n— Bp, % — % = %. Then b € Ag(R™) if and only if My is
bounded from LP%(R™) to L%%(R™).

Theorem 1.15 ([32] Spanne type result). Let b be a locally integrable function and 0 < 8 < 1.
Suppose that 1 <p <n/B,0< 80 <n—Sp, %—%zg and%:%.

Then b € Ag (R™) if and only if M, is bounded from LPY(R™) to L%*(R™).

The purpose of this paper to receive the results of the type of Theorems 1.13, 1.14 and 1.15 in the
G-Lipschitz spaces.

2. SOME INFORMATION FROM THE GEGENBAUER HARMONIC ANALYSIS

In 2011, in the paper [15] new integral transformation that formed the basis of theory of Harmonic
analysis of the Gegenbauer differential operator were constructed. Later, this theory was intensively
developed in various directions: approximation theory, embedding theory, transformation theory,
theory of maximal functions and potential theory (see [9-14,16,18-22,24]). The basis of this theory
was the Gegenbauer differential operator G,

d? d 1
— — 2_ - - —
G=G)=(x 1)dx2 + (2X + 1)mdx, z €[l,0), A€ (0, 2)

introduced in [7].
The generalized shift operator associated with the operator G is of the form (see [15])

T(A+21) 7
( +(21)) /f (chxchy — shashy cos ) (sin ) ~Ldp.
2
0

A)\ f(ChJ?) = W

chy

The properties of this operator are described in [9].

One of the important directions of the Gegenbauer harmonic analysis is the boundedness of maximal
operator and potential, generated by the Gegenbauer differential operator G.

In what follows, the expression A < B will mean that there exists a constant C' such that 0 <
A < CB, where C may depend on some inessential parameters. If A < B and B < A, then we write
A ~ B and say that A and B are equivalent.

For a locally integrable function f, the Gegenbauer maximal function Mg (G-maximal function) is
given by (see [16])

r>0

1
Mo f(eha) = sup i [ A2, 1F(cha)| s (v)
rla
H,

where H, = (0,r) and (see [19])
— [ shPrde ~ (shh)
|H, |, = /sh rdx ~ (sh2) ,
0
where

2A+1, if re(0,2),
7=w(7‘)={ (0,2

4\, if r € [2,00).
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The Gegenbauer potential (G-potential) is defined in [16] as follows:

12 f(cha) = F(;mz (Zra/Q_lh,.(cht)dr> AN (cha)dpn(b),

where

h,.(cht) = /e_“(“+2’\)TP1’L\(cht)(u2 — 1) 2du, 0< o <2X+1,
1

and
[ (u+ 2\) cosmA

AT (A+1)
is an eigenfunction of the operator G, o F1(a, B;y;x) is a Gau551an hypergeometric function.

The Hardy-Littlewood-Sobolev type theorem for the I holds (see [14, Theorem 3]).

Let L,(Ry,G) = Ly (Ry), Ry = [0,00) be the space of a p(z) = sh?*z— measurable function
on R} with the finite norm

P)(cht) = (2cht)*“*”2F1( + A= + A + su+ A+ 1 (cht)*)

1
1, e = ( / Fleha)lPdus(e)) s 1< p < oo, dunle) = shPad,

||f||LoM(R+) £l = esssup|f(cha)|, p=oc.
zeR

For f € L10C S(R4), the G-fractional maximal operator MM and the G-fractional integral operator
J& are defined in [18] as follows:

2 f(cha) = sup—— / Ay |fcha) dpa(y), 0 < a <7,

r>0 |H |)\
M2, = Mg, and
A, f(chz)
T ftehe) = [ZE D dps ), 0 <a<n,
| (sh3)
respectively.

Let b € Lloc S(R4), then the commutator generated by the function b and the M as well as J& are
defined as follows

Qﬁgaf(chx) = 51>11:0)|H T / |Achy (chz) (chx)| A?hy |f(chx)|dux(y), 0<a<-n,

moreover, zm’go = Mg, and also

A> b(chz) — by (chz
I f(cha) = / Loy ((Shf,)vf”( T
0 2

chy |f(0h$)‘ d/,l,)\( )7 0<a< 7>

where

by, (chx) = /A[,hyf(chx)d,m\( ).

H,

[H[y
By the definition (see [18]), the Gegenbauer -BMO space (G-BMO space) is denoted as

BMOG(R,) = {f € LYS(R:) : Ifllparones) < 0}
where )
3300 = 0 g [ 143 (eha) = i (cha)ldua ).
LEPN

reER
r>0 Hy

The next theorem is analogous of Theorem 1.3.
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Theorem 2.1 ([18]). Let 0 < a <7, 1 <p< I and %
from Ly (R™) to Lo (R™), if and only if b € BMOg(R

% = % Then 93?2’1 and Jg’a are bounded

The space Ag(R™) was introduced by the German mathematician Rudolf Lipschitz in 1864 in
connection with the study of the question of the convergence of Fourier series to its sum. More
precisely, the Lipschitz conditions turned out to be sufficient for the convergence of Fourier series in a
trigonometric system to their sum. Currently, the Lipschitz conditions are used in direct and inverse
theorems (Jackson and Bernstein) in a system of functions, as well as in various questions of Fourier
harmonic analysis. This indicates the relevance of studying the classes of functions satisfying Lipschitz
conditions.

It is known that every continuously differentiable function on a compact subset of Euclidean space
is Lipschitz. On the other hand, any Lipschitz function defined on an open set of Euclidean space is
differentiable almost everywhere on this set. It is also known that if a function f(z) has a bounded

derivative, then f € Al(R”).

The above allows us to suggest a close connection between the functions from Ag(R™) and their
differentiability.

It was this circumstance that gave us the idea to introduce a space of functions associated with
the Gegenbauer differential operator. We called this space the Gegenbauer—Lipschitz space in honor
of two remarkable German mathematicians Gegenbauer and Lipschitz.

By analogy with the classical case, we introduce the G-Lipschitz space as follows.

Definition 2.2. Let 0 < 8 < 1, we say a function f belongs to the G-Lipschitz space Aﬂ (R4, G) if
there exists a constant C' such that for all z,y € R,

As(R,G) = { : |42, F(ch) — f(cha)] < Clehy — 1)}, (2.1)
and the smallest such constant C' we call the AB (R4, G) norm of f and denote it by Hf||A .G
s(Ry,

The naturalness of the G-Lipschitz space introduced by us is substantiated as follows. For the
equality (see [8], Lemma 1)
Ag\hyf(Chx) — f(chx)  sh’z G f(chz)

f"(ch) + (cha) f'(chw) = = ===,

li =
430 chy —1 220 +1

(2.1) implies that for § > 1,
| b, (cha) — f(cha)

< Clim(chy —1)~1 =0
y—0

y—0 chy — 1
A, f(chz) — f(chz)
. cny _ _
@ig% hy 1 = |Gf(chz)| =0,

which means that this G-Lipschitz space for 5 > 1 consists of f(z) = const. If |G f(chz)| < M — const,
then f € A;(R™). Therefore, we consider the cases where 0 < 8 < 1.

3. THEOREMS

Our first result can be stated as follows.

Theorem 3.1. Let b be a locally integrable function and 0 < 8 < 1. Then the following statements
are equivalent:
(1) be AB(R+7G>7

(2) Mg is bounded from L, (R4, G) to Lya(Ry) forl<p< 3 and

S =
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(3) Mg satisfies the weak-type (1, ﬁ) estimates, namely, there exists a positive constant C' such
that for all v > 0,

_ 5
[{z e Ry : MY f(cha) > v}|, < C (u 1 |\f||L1,A(R+)> T (3.1)
The following definition was introduced in [19].

Definition 3.2. Let 1 < p < co and 0 < v < 7. We denote by L, x ., (Ry) the Gegenbauer-Morrey
(G-Morrey) space associated with the Gegenbauer differential operator G as the set of locally integrable
functions f(chz), x € Ry with the finite norm

" 1
1flln ey = sup | [Hyly " [ Ad, |f(cha)[? dpa(y)
poaw (Ry) cR
zE€RY

>0 0

Thus by the definition,
Lyaw(Ry) = {f € LESRY) < £, quy) < 0}

Let f € L, x(R4+),1 < p < oo, then for any y € Ry, the following inequality (see [23], Lemma 2)

||A2\hyf||Lp,>\(R+) < Hf”Lp,X(R‘F) (32)

holds.

Note that Ly 0(R4) = L, »(R4). This follows from inequality (3.2), since A; f(chz) = f(chz).
Theorem 3.3 (Adams type result). Let b be a locally integrable function and 0 < 8 < 1. Suppose
that 1 <p < %, O0<v<~vy—ppand % — % = WEV. Then b € Ag(Ry, G) if and only if MY is bounded
from Ly x,(Ry) to Ly (Ry).

Theorem 3.4 (Spanne type result). Let b be a locally integrable function and 0 < 8 < 1. Suppose
that 1 < p < %, 0< 1/<’y—ﬁp,%—% = g and% = %. Then b € Ag(Ry, G) if and only if MY, is
bounded from Ly x ., (Ry) to Lgx . (Ry).

This paper is organized as follows. In Section 1, we recall some basic definitions, known results,
and also some auxiliary statements. In Section 2, we give some information from the Gegenbauer
harmonic analysis. In Section 3, we give the wording proven theorems. In Section 4, we provide some
technical lemmas to prove our theorems. In Section 5, we give proofs of the theorems.

4. PRELIMINARIES AND LEMMAS
For a measurable set E, by |E|,, we denote E |, = [sh**zdz, absolutely continuous with respect
E

to the Lebesgue measure and by x g the characteristic function of E . For p € [1, 00|, we denote by p’
the conjugate index of p, namely, p’ +p = ppr. To prove the theorems, we need some auxiliary results.
To characterize the G-Lipschitz space, by analogy with [4], we introduce the following operator:

Fif(cha) = sup | H 5 [ 143, fcha) = fu, (cha)| dua(o)
H,

for all locally integrable functions on R, .
Ifl<p<ooand >0, let
cy = {f € Lya(Ry), Fj € Lp,A(R+)}-

If f € Cf, we define the seminorm

|f|05 = HF(B;f‘

LP,A(RJr)
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and the norm
1llep =11, ey + 1 Fles -
Introducing the Gegenbauer—Lipschits space, we consider it important to prove that it is a Banach

space.
The following statement is analogous to Lemma 6.1 in [6].

Proposition 4.1. For 1 <p < oo and > 0, C’g is a Banach space.

Proof. We prove that C{f is complete.

Suppose {fmn} is a Cauchy sequence in Cg. Since Ly z(Ry) is complete (see [11], Proposition
5.1), there exists an f € L, x(Ry) such that f,, — f in L, x(Ry). Let H, = (0,7) C R4 and
f(chz) = Ai‘hlhm(chx), where Ay, = hin L, »(R4) and v > 0. Then fg, (cha) = (A’\ 1 hm) (chz).
Using the commutativity of the operator Ap,, (see [12]) A%, A%, = A}, A, and also méquahty
(3.2), we obtain

1
ﬁ/ ‘Achy (chx) — er(Ch$)| dpx(y)
\Hely ",
= 7,12“007 / [ A2y (A o) () = (A o) - (el dan)
H 13
= 7,}1_IPOOW/‘A (A%hyhm) (cha) — (A?hghm)m (Chx)‘d/u(y)
Hyly " 3,

1
< li_I}n 7#/ ’Ai‘hyhm(chx) = (hm) a1, (cha) | dpx(y) = li_r>n thm(chx), x € R;.
m OO‘HTL\ WHT m—oo

Taking a supremum over all interval H, containing x, we get
FSh(chz) < n}iinoothm(chm), reR,. (4.1)

Applying this inequality to the sequence {f,,}, taking p-th povers, and applying Fatou’s lemma,
we deduce

1
P

521, o, < ([ s )
H

T

< tim |l

and so, f € C’g. Similar reasoning shows that inequality (4.1) applied to the sequence {fn, — fn} -,
gives

FO(f— ¢, < lim HF 3 .
[Eas =5l ., < Jm [ FEGn =],

But the right-hand side converges to zero as n — oo since {f,,} is a Cauchy sequence in C’g. Since
fm — fin Ly \(Ry) has already been established, f,, — f in CJ. O

From the direct and inverse Holder’s inequality, we get the following statement (see [26]).

Lemma 4.2 ([26]). For all 1 < ¢ < oo, the relation

1

(|H7-|;1 / 420, Feha) = fu, chio)|" s )

~ / A o) = Fn cho)| dia )

1s valid.
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Lemma 4.3. Let 0 < <1 and 1 < g < 0. Define

Apa(Ry, G) = {feL‘“( D00

Aﬁ,q(]R+,G)
1 i
= sup (|H )\/ |Achyf chx) — fu, (chz) | dux(y > < oo}.

rERL |H ‘w
r>0

Then for all0 < <1 and 1 < g < o0, Ag(RJr, G) = Ag,q(R+, G) with equivalent norms.

Proof. Using Lemma 4.2, we have

sup 1+B/|Achy Ch.’E fHT(Chx)|d/u,/\(y)

zeR+|H |
r>0
1 1
A sup ( T /|Achyf (chz) — fu,(chx ‘ dpx(y >
w€R+|H |’Y | |)\
r>0
Sl o I g 0

Lemma 4.4 ([18], Corollary 3.3). Let0 <a <7y, 0<v<y—af and1 <p < =X

(i) Ifl<p< =, % = ,ny is necessary and sufficient for the boundedness
of Mg from Ly xp(Ry) to Loy (Ry).
(ii) Ifp=1< ==, ; = ny is mecessary and sufficient for the boundedness of

M from L1 x(Ry) to WLo o (Ry).

Lemma 4.5. Let 1 <p < oo and 0 < v <7, then

HXHTHLPYA’V(R” S |H7"‘>\IT
Proof. Let H, = (0,7) C R4. Then we have

1
iy S (VR [ A8 o)) )

r

z 1 —y
< (1057 [anw)" = (8170 = 1117

r

The following strong— and weak-type boundedness of M& are well known (see [9, Corollary 5.6]). O

Lemma 4.6 ([9]). Let 0 < a <~ . Then:
(1) If1<p< %, then the condition Il] -1 % is necessary and sufficient for the boundedness of

q
Mg from Ly A(Ry) to Lo (Ry).
(2) If p =1, then the condition 1 — % = % is necessary and sufficient for the boundedness MG from

LL)\(R+) to WLq’)\(R+).

Here, WL, A(R4) is the weak space L, »(R.) defined as the locally integrable functions f(chx),
x € Ry with the finite norm

1

Hf”WLP,A(]RJr) = Sggﬂ{x €Ry : [f(chz)| > r}[}
1

= supr( / dm(y)>

r>0
{weRy:|f(cha)|>r}
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5. PROOF OF THEOREMS

Proof of Theorem 3.1. If b € Ag(l&m G), then
1
T [ [Ableha) = b cho)] A, 1 cha) (1)
A

M f(cha) = sup———
r>0 r
ey [, ) dns )

< su
o ||AE(R+7 )T>IO)|H ‘1 EH
A r
B
=10l TS ). 6.

Obviously, (2) and (3) follow from Lemma 4.6 and (5.1)
(2) = (1) : Assume M is bounded from Ly »(R+), 1 <p < } and 5
: =

1):
For any interval H, C R, by Holder’s inequality and noting + +
1
/ |Achy (chz) — by, (ch:r)} duy(y
H

1
~ 1+ﬁ/‘Achy chx)—bH,,,(chx)’AﬁhyXH,,,(chx)d,uA( )
L
1
B / A2, ch) b, i) [ A (cha)din () ) i)
‘H | +3 | Tl)\
A H,
1 1 \
= 1+2 |H| |Achy Ch.’E) bHr(Chx)‘AchyXHr(Chx)dM)\(y) d/‘L)\( )
\HrlA EAEYA
. :
L M, (o) < HB( [ [t (cha) o 0))
St PAREAY
)

v 1
X (/XHT»(Chw)dMA($)> S " [0
|Hr|/\

r

<

~

1,1 B
+i,1,,
T <1.

~

1
142 X, ||L,) A(Ry) x|l oA (Ry) ~ S H L

| Hx |\
This, together with Lemma 4.3, gives b € Ag(R4, G)
(3) = (1). We assume that (3.1) is true and verify b € Ag(Ry, @) . For any fixed Hy

R, since for any = € Hy,
|H0 / |Achy (cha) — b, (cha)| dua(y)

‘Achy (cha) — b, (cha)|
then for all z € Hy,
Mé’;XHO(chx) = sup —— /’Achy (chx) —b 7,(cha?)‘AéhyXHo(chx)du>\( )
z€H, |H |>\

/ | A, blcha) — b, (cha)| dux (y)
7],

/|Achy (chz) —b T(chx)’du,\(y)

Z\/

IHo

= (077’0) (-
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|Achy (chx) — b, (chw)|.
This, together with (3.1), gives
|{z € Hy : |Achy (chx) — by, (chx)| > l/}|>\
< |{z € Ho: ME X, (chz) > u}|>\

_ 5 - 5
<C (v Nl wyy) = C 0 L) T

Let ¢ > 0 be a constant to be determined later, then

/ | A, b(cha) = b, (cha)| dux(y)
Ho
= / |{x € Hy : ‘A;\hyb(chm) - bHO(chx)| > V}’)\dy

t
:/|{xEH0 ‘Achy (cha) — by, (chz)| >V}’/\dy
0

o0

—|—/ |{z € Hy : }A;\hyb(chx) — bu,(cha)| > V}|>\dl/
¢

oo

< t|Holy + 0/ (v 1Hol) 77 ) av

t
oo

< t|Ho|y 4+ C|Ho|;~ /m Fdy < <t|Ho|,\+|Ho\” 7t *ﬁ)
t

8
Set t = |Ho|; in the above estimate, we have

)< 1+2
’Achy (cha) — b, (cha)| dux(y) < [Holy 7,

it follows from Lemma 4.3 that b € Ag(]R_s_7 G), since Hj is an arbitrary interval in R .
The proof of Theorem 3.1 is completed, since (2) = (1) follows from (3) = (1).

Proof of Theorem 3.3. Assume b € AB(RJ” G).
By (5.1) and Lemma 4.4 (i), we have

b B
181, S0l [,

A

< .
S I

Conversely, if Mg is bounded from Ly x ,(Ry) to Ly x,(R4), then for any interval H, C Ry,

1

1 1 q
ﬁ/(|H|/ |Aé\hyb(0hx) - bHTr(Chfﬂ)’quA(y))
|H |3 A

H:

1
q

|H1|” <|H1IA/ [|H| [t C’“@—bHichw)!Aﬁhny,,(chmdm(y)}qduw&)

|le ( | Hl - / (ML, (cher)] duy m) 1
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N |H1|w (||II§ ||§>;(|Hl|A / (M, (Chx)]qdmw));

_B_1, v
S |HT|)\"I q+"r<1 |

,ﬁ,l+i
o ST ),

poa v (Re)

_B_ 14 v  a-v
§|H’r‘|A’Y q+"fq+ Py 51’
where on the last step we have used % — % = 75 and Lemma 4.5.

It follows from Lemma 4.3 that b € AB (R4, G) which completes the proof.
Proof of Theorem 3.4. Assume b € Ag(Ry,G). By (5.1) and Lemma 4.5, we have

IVE sy 5 P[P8, W, W0

Conversely, Mg is bounded from Ly » ,(Ry) to Lq’,\,M(RQ, then for any interval H, C Ry,

1
q

— /|Achy (chx) bHT(chx)quhQAd,uA(y)
K [Z2N

L4 1

1 Hq|y\« 1 a

< B<|H||A>q( :/ [M?;XHAchw)]qsh”d““x))q
(3 NN

—8_lipp ooy
S Hyly " TS
where on the last step we have used Lemma 4.5, % — % = g and ¥ = %
This completes the proof.
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