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SOLUTION OF THE BOUNDARY VALUE PROBLEM OF THE COUPLED
THEORY OF ELASTICITY FOR A CIRCULAR RING WITH
DOUBLE-POROSITY

GURANDA CHARKSELIANI! AND BAKUR GULUA:2

Abstract. This paper concerns the coupled linear static theory of elasticity for materials with
double porosity. In these materials, a coupled phenomenon of the extended Darcy law and the volume
fraction concepts, is proposed. A two-dimensional system of equations of the plane deformation is
written in a complex form and its general solution is represented by means of three analytic functions
of a complex variable and three solutions of the Helmholtz equations. The specific boundary value
problem for a circular ring is solved.

INTRODUCTION

The proposed applications of the theories of elasticity for double- and multi-porosity media are
related to geological materials such as rocks and soils, manufactured porous materials such as ceramics
and pressed powders, and biomaterials such as bone (for details, see the books by Straugan [19] and
Svanadze [20] and references therein).

The first theory of poroelasticity based on Darcy’s law was proposed by Biot in paper [1] in which
a coupling effect between fluid pressure and mechanical stress is introduced. Later, Biot’s classical
model was generalized and the mathematical model of double porosity materials based on Darcy’s law
was developed by Wilson and Aifantis [27]

In [5,18], on the basis of the volume fraction concept, Cowin and Nunziato introduced an alternative
linear and nonlinear coupled theory of elasticity for deformable porous materials, respectively. Using
the mechanics of materials with voids, Iesan and Quintanilla [10] presented the theories of elasticity
and thermoelasticity for materials with a double-porosity structure.

Recently, the coupled linear theories of elasticity and thermoelasticity for materials with single and
double porosity have been presented by Svanadze [21-23,25], in which the coupled effect of Darcy’s
law and the concept of the volume fraction are developed. This coupled phenomenon is extended
to double-porosity elastic and viscoelastic materials [24]. Moreover, the basic BVPs of the coupled
quasi-static theories of elasticity and thermoelasticity for solids with single porosity are studied by
Mikelashvili [13,14]. More recently, in papers [15, 16], the same author has investigated the BVPs
of steady vibrations of the coupled quasi-static theory of elasticity for double porosity materials by
using the potential method. The basic boundary value problems are studied by Bitsadze [2,3] and
Tsagareli [26] in the series of papers (see [6-9,11,12]). The Dirichlet type quasi-static boundary value
problem of the simple coupled theory of elasticity for a porous circular ring is solved by Bitsadze [4].

In the present paper, the linear mathematical model of double-porosity materials is introduced
in which the coupled phenomenon of the Darcy law and volume fractions concepts of two levels of
(macro-pores and micro-pores) is proposed [21,22]. The governing system of plane strain equations is
rewritten in a complex form, and its general solution is represented by using three analytic functions of
a complex variable and three solutions of the Helmholtz equations. The constructed general solution
allows us to solve analytically the problem for a circular ring.
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1. BASIC EQUATIONS FOR MATERIALS WITH DOUBLE VOIDS

Let x = (w1;2;23) be a point in the Euclidean three-dimensional space R?. In what follows, we
consider an isotropic, homogeneous elastic solid body with double voids occupying a region of Q € R3.
We assume that the subscripts preceded by a comma denote partial differentiation with respect to
the corresponding Cartesian coordinate, repeated indices are summed over the range (1;2;3). The
governing equations of the theory of elastic materials with double voids can be expressed in the
following form [23,25]:

e Equations of equilibrium

tji,j + Psz = 07 17] =1,2,3,
0jj +&+ pog =0, (1.1)
Tjj + ¢+ pol =0,
where ¢;; is the symmetric stress tensor, f; is the body force per unit mass, py is the mass density,
o; and 7; are the equilibrated stress vectors, £ and ( are the intrinsic equilibrated body forces, g
is the extrinsic equilibrated body force per unit mass associated to macro pores, [ is the extrinsic

equilibrated body force per unit mass associated to fissures.
e Constitutive equations

ti; = Xexrdij + 2p€:5 + (bip1 + bawa)di; — (Bip1 + Bap2)dij,

0; = a11,; + azp2,

Ty = agp1,; + a2024, (1.2)
& = —bierr — 11 — azpa + mipr + Mmspa,
¢ = —baepr — azp1 — aapa + mapr + mapa,

where A and p are the Lamé constants, by, ba, 81, B2, a1, ag, as, ai, as, az, my, my and mg are
the constants characterizing the body porosity, d;; is the Kronecker delta, ¢; is a change of volume
fraction corresponding to pores (macro pores), yo is a change of volume fraction corresponding to
fissures (micro pores), p; and py are the changes of the fluid pressure in macro- and micro-pore
networks, respectively, e;; is the strain tensor and

1
€ij = 3 (wij +uji), (1.3)

where u; are the components of the displacement vector.
In the stationary case, the values p; and po satisfy the following system:

k1 Apy + k3Aps — 7o(p1 — p2) = 0,

k3Ap: + k2Aps +v0(p1 — p2) = 0,

where ' is the fluid viscosity, k1 = %, ko = %, ks = %, k1 and Ko are the macroscopic intrinsic
permeabilities associated with matrix and fissure porosity, k3 is the cross-coupling permeability for
fluid flow at the interface between the matrix and fissure phases, 7y is the internal transport coefficient
corresponding to a fluid transfer rate respecting the intensity of the flow between macro and micro

pores, vo > 0, A = 011 + 92 + 033 is the three-dimensional Laplace operator, 9; = a%.

The constitutive equations also meet some other conditions following from physical ‘considerations:
p>0, 3X+2u>0, a >0, ajay—a3 >0,

k1 >0, kiky— k3> 0.

2. BasiCc (GOVERNING) EQUATIONS OF THE PLANE STRAIN

From the basic three-dimensional equations, we obtain the basic equations for the case of plane
strain. Let € be a sufficiently long cylindrical body with generatrix parallel to the Oxs-axis. Denote
by V the cross-section of this cylindrical body, thus V' C R2. In the case of plane deformation, uz = 0,
while the functions w1, us, @1, w2, p1 and ps do not depend on the coordinate xj.
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As follows from formulas (1.2) and (1.3), in the case of plane strain
trs =1t3. =0, 03=0, 73=0, k=1,2.
Therefore the homogeneous system of equilibrium equations (1.1) takes the form

O1t11 + Oatag = 0,  Oit12 + Oataz = 0,

(2.1)
Okor +6=0, O +(=0.
Now, relations (1.2) are rewritten as
t11 = A0 + 2u01uy + b1y + baa — Pip1 — Papa,
tog = A0 + 2002uz + +b1o1 + baa — B1p1 — Bape,
ti2 = to1 = p(O1ug + Oour),
ts3 = o(t11 +ta2) + %(51901 + bao — P11 — Pap2),
H (2.2)

ok = a10kp1 + azOkp2,

Tk = a30kp1 + 20y p2,
§ = —bierr — a1p1 — azp2 + mip1 + mapa,
¢ = —baegr, — azp1 — aaps + m3p1 + Mapo,

where 0 = is the Poisson ratio, 8 = dyuq + Oaus.

A
23 +p)
Substituted relations (2.2) into system (2.1), we obtain the following system of governing equations
of statics with respect to the functions i, usz, @1, @2, p1 and py
pAug + (A + 1)Ok0 + b10kp1 + baOkpa — B1Okp1 — B20kp2 =0, k= 1,2,
(a1A —a1)pr + (a3A — az)pz — b1 +myp; +mape = 0,
(a3A — az)pr + (a2A — o) — bal) +mapy + mape = 0, (2.3)
k1Ap1 + k3Apa — yo(p1 — p2) =0,
ksApy + k2 Aps 4+ vo(p1 — p2) = 0.
Note that A = 011 + 022 is the two-dimensional Laplace operator.
On the plane Oziz2, we introduce the complex variable z = x1 + iz = ret?, (i2 = —1) and the
operators 0, = 0.5(0y — i02), 0z = 0.5(01 +i02), Z = x1 — ix9, and A = 40,0;.

To write system (2.1) in the complex form, we multiply the second equation of this system by 4
and sum up with the first equation

0. (t11 — tag + 2it12) + 0z (t11 + t22) = 0,
6ZO'+ + 826'+ +£ = O, (24)

327'+ + 857_'4_ +< = 0,
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where o = 01 4+ i09, T4 = 71 + iT9, we rewrite formulas (2.2) as follows:

tll — t22 + 2it12 = 4/1,65’[1,4_,
t11 4 taz = 2(A + )0 + 2019 + 2by0 — 2B1p1 — 22p2,

oy = 2&182@1 + 2&382@2,

(2.5)
T4 = 2a30z01 + 2020302,
§=—b10 — a1p1 — azpa + mip1 + mzp2,
¢ = —b20 — azp1 — azp2 + map1 + map2,
0 =0, uy +0zty, Uy =uy+ ius.
Substituting relations (2.5) into system (2.4), we rewrite system (2.3) in the complex form
2u050;u+ + (A + p)0z0 + b10501 + b20502 — 10:p1 — B205p2 = 0,
(1A — )1 + (azA — as)pz — b10 + mupy + mapz = 0,
(a3A — az)p1 + (a2A — ag)pa — bad + map1 + maps = 0, (2.6)
k1Ap1 + k3Aps — yo(p1 — p2) =0,
k3Ap1 + kaApa + v0(p1 — p2) = 0.
3. KOLOSOV-MUSKHELISHVILI’S ANALOGUES OF FORMULAS FOR SYSTEM (2.6)
Theorem. The general solution of system (2.6) is represented as follows [7,11,17]:
2uuy = xf(2) — 2f'(2) = h(2) + q1(9(2) + 2¢'(2)) — @20:x1(2, 2) — @30:x2(2, 2) + quan (2, 2),
p1=lxi(z 2) + li2xa(z, 2) — en(f'(2) + f/(2)) — es(9'(2) + ¢ (2)) — esn(z, 2),
@2 = l2a1x1(2, 2) + laaxa(z, 2) — e2(f'(2) + f'(2)) — ea(q'(2) + ¢/ (2)) — een(z, 2), (3.1)

pr=9'(2) +9'(2) + (k2 + k3)n(2, 2),

p2=9'(2) +¢(2) = (k1 + k3)n(z, 2),

where f(z), h(z) and g(z) are the arbitrary analytic functions of a complex variable z, 1n(z,Zz) is an
arbitrary solution of the Helmholtz equation

An—vPin =0,

L2 k1 + ko + k%
- kle—kg ’V()v

Xx1(z,2) and x2(z,Z) are general solutions of the Helmholtz equations

AXl(ZaZ)_%IXI(zvg) :07 AXQ(Z’Z)_}QXQ(Z?E) =0.
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», are eigenvalues and (l11, l21), (12, l22) are eigenvectors of the matrix C' and, owing to (2.2),

they are positive numbers:

B  biby
Cc— (% @ ! A+ 2u A+ 2p
as ag . blbz o — b%
U x+2w P A+ 2
%, q1, g2, g3 and g4 equal
_ A+ 3p 4 2p(brer + baea) o= p(bres + baeq + 1 + P2)
A+ p—2u(brer + baes) T A+ 24 ’
o = 4p(brliy + bala) g — 4p(bylia + balaz)
’ K1 (A +2p) ’ Ko(A+2u) 7
_ 4p(bres + baeg + P1(k2 + K3) — B2(k1 + K3))
o (A + 24) ’
e1, €2, €3, €4, €5 and eg equal
2(A+2p)

— A* = A7 A =
el €1, €2 €2 A+ = 2M(b161 + bgeg)’

biaz — baaz
2((arop — a3) (A +2u) — a1b3 — ab? + 2a3b1bs)’
biar — bias
2((araz — a2)(A + 2u) — b3 — asb? + 2ai3b1b2)’
es =111 + T3, es=T7,+ 1,
es = X11(k2 + K3) — Xi2(k1 + K3),
eg = Xo1 (k2 + K3) — Xoa(k1 + K3),

€] =

€9 =

where 17, T}, and T3, are elements of the matrix 7" = C7I'T, X11 , X12, Xo1 and Xy are elements
of the matrix X = (¢?I — C)~!7T,

bpr bif

T_<a1 a3>_1. A+ 2u L WY 3
C\az a» bafr bafa

At2n % o ™

Substituting formula (3.1) into the first equation of (2.6), we obtain

t11 — tog + 2it10 = —22f"(2) — 20/ (2) + 2¢q129" (2) — 2q28§2><1 (2,2)
—26138,;5)(2 (Z, 2) + 2Q46,§E (Zv 2) )
tin +tag = 201 (f'(2) + f/(2)) +202(9'(2) + ¢'(2)) — 203x1(2, 2)
—204x2(2, 2) + 205m(2, 2),

where
A+ p)(x—1 A+
8 = (@#_blel_bwg% 0y = w—bleg—bQ&L—ﬁl_ﬂ%
7 2p
A+ ) At )
(53 = % — bllu — bglgl, 64 = w - b1l12 - b2122a
7 ap
A+ u)?
55 = (45) —bies — boeg — B (ko + k3) + Ba(k1 + ks3).

Assume that mutually perpendicular unit vectors 1 and s are such that

I xs=es,
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where es is the unit vector directed along the z3-axis. The vector 1 forms the angle o with the
positive direction of the xq-axis. Then the displacement components u; = u-1, us = u-s, as well as
the stress and moment stress components acting on an area of arbitrary orientation are expressed by
the formulas

up +iug = e Yuy,

. 1 . iy
ty —its = 3 [t11 4 tao + (t11 — tog + 2it1z)e”>*],

) ) 3.3
o= % lope " + o€, (3.3)
1 —iQ = (16
T = 5 [T+e +T1e ] .

4. A PrROBLEM FOR A CONCENTRIC CIRCULAR RING

Let a porous elastic body with double porosity occupy the domain V' which is bounded by the
concentric circumferences Ly and Lo with radii R; and Rg, respectively, (R; < Rg) (see Figure 1).
The origin is located at the center of the circle.

A
N

FIGURE 1

We consider the following problem:

. A/a r= Rla
trr +1lrq =

AN7 r= R27
B', r=R;y, C', r=Ry,
= = 4.1
- {B//a r= R27 . {0/17 r= R?a ( )
P D/ T‘:Rl, Py = El, T:Rl,
YT\DY, r=Re, T\ E', r=Re

where A’, A”, B, B”, C’, C", D', D", E' and E" are sufficiently smooth functions.
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The analytic functions f'(z), h'(z), ¢’(z) and the metaharmonic functions xi(z,z), x2(z,2),
1(z, Z) are represented as the series

fl(z)=A"Inz + ianz", B (z) = ibnz", g (z) = icnz",

+oo
X1(2,2) = Y (o In(v7ar) + ol Ky (y/7ar)) €,

oo (4.2)
X2(2,2) = Y (BuIn(/7ar) + Bl Kn(y/z2ar)) e,

— 00

—+o0
0(2,2) = > (YaIu(vr) + ) K (vr)) e,

—0o0

where I,,(-) and K,(-) are the modified Bessel functions of the first and second kind of n-th order.
Expand the functions A’, A”, B’, B”, C', C"”, D', D", E' and E”, in a complex Fourier series given
onr =Ry, and r = Ry,

o0 o0 o0 o0
r_ ! _ina " o__ 1" _ino ! _ ! _ina " o__ I _ina
A = g Apene, AT = g Ape, B'= g Bem*, B"= g Bje™m,
—0o0 — 00 —0o0 — o0
oo oo oo o0
! ! _ina " __ 1 _ina !’ ! _ina " __ I _ina
C—E C, e, C—g C,em, D—EDne , D—g D, e,
— 00 — 00 — 00 — 00

o] o0
E = Z E;Leina’ B = Z E;{Bina.
— 00 —0o0
The condition of single-valuedness of the displacements in the present case is expressed as

A = 0, »a_q1+ 6_1 4+ qic_1 =0. (43)

Substituting (4.2) in (3.1)—(3.3), taking into account the boundary conditions (4.1) and assuming
that the series converge on the circumference r = Ry, r = R3, one finds

00 00 oo 0o
51 E ra, e + § ((51 o n)rnanefzna o § Tnbnefz('rH»?)oz + 3y § re, e
—o0 —o0 —o0 —o0

oo oo
+ Z((Sg + ngy)r" e — 63 Z (L, (v/7e1im) e, + K (\/7er)all) e
—81 Y (In(v/32r) B, + Kn(V3r)B) €™ 465 ) (In(vr)ay, + Ka(vr)ay) €™
q2711 . ’ "y ino
- Z (Lny2(\/rar)a,, + Knio(\/7ar)ar) e
2y 4
_q34 : Z (Int2(V/721) By, + Kpp2(V/2r)By) €
2 1
qqv i A ) r= R17
+ 4 2 ([n+2(z/r)fy; + Kn+2(1/’r)fyg) e = {AN, r—= RQ, (44)

lll Z (In(\/ZT)Ox; + Kn(mT)ax) eina —e1 Z (,’.naneiﬂa + rnane—ina)

— 00
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+l12z or Bn+K (\/77,) //) ino 632 PR cne 'ma+7, ene 'ma)

—0o0

s i (o + Kl erne = {20 m = At (45)
’ — 00 " " " " Bl’v r= RQa
o1 Z !+ K (yzar)al) e — ey Z (r"an,e™ + r"a,e” ")
+l99 Z s9r) Bl A K (y/220r) BY) e — ¢y Z (rcpe™™ + r'e,e” ")
na Cl? r= Rl?
—eg Z (vr)y), + Ky (vr)vyy) e = {C”, r— R, (4.6)
Z (rc e +1r"e,e ™) + (ko + k3) Z (L (vr)y), + Kn(vr)y!) e
oo —o0
/ _
_ D , r = Rl, (47)
DH, r= R27
Z (rcne™™ +r"c,e” ") — (k1 + ks) Z (I (vr)v), + K (vr)vyy) e™™
B, r=
— ) T Rl? (4.8)
E”, T = Rg.
Comparing in (4.4)—(4.8) the coefficients of ¢, we have
" 61 —n_ 1 - qo
o1 RYan + 1R’f a—pn — FRE bon—2 — ( n(Voa Ry) + 2= n+2(\/%1R1)) o
n d2 +ng1 _ P
+02RY ¢y, + QTn(hC—n - ( n(Vr Ry) + q2 . n+2(\/%1Rl)> o,
» V2
— ((54In(w/%2R1) Q3 2 n+2(\/%2R1)) ((55In(VR1) + q44[n+2(VR1)> 7,
3%2 17 Q4V2 " /
( n(V/22Ry) + n+2(\/%2R1)) B+ | 05 Kn(vR1) + TKn-l—Q(VRl) Yn = Ay,
(4.9)

0 —n 1 - >
0 Rya, + 1R” a—p — R,H_Qb—n—Q—( n(v71 Ra) + Q2 ! n+2(\/%1R2)>06
2 2
0o +
e, + e (s

Q2 1

w(VoRy) + WWZRQ)) a
~(aah R + B () B+ (6sfn<uR2>+q§ffn+2<uR2>)v

V2
- (541{”(.@1%2) qi”f M(,@Rg)) <65Kn(uR2) + q44Kn+2(1/R2)) N
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il (VraRy)al, + 11 Ky (V7 Ry ol + Loy (/302 R1) B, + 12 K (V222 R1) Bl

1
—e1Rla, —e;j—a_, —esRYc, — e3— —esl, (VR )Y, — esK,(vRy)v) = By,
)

RY Rl
lin L, (Vo R2)a, + i1 Ky (V3 Ra) oy + oL, (V322 R2) B, + L2 K (v/722R2) B,

—e1RYan — e1——G_p, — e3R5 ¢y — e3——C_y — 51, (VR2)7y;, — €5 K (VR2)Y, = By,
= 3 (4.10)
121] (y/%lRl)O{ + l21K (\/ Rl)OL + 1221 (\/%2R1)6 + l22K (\/%gRl) '
1 1
—esRYa, — egﬁ&,n —egRY e, — e4R —esln(VR1 )Y, — e Kn(VRy )7 = C,
1
I 1, (\/%1R2)0¢ + K, (\/%1R2)Oé + loo I (v/ 2R2)5 + 10K, (\/%2R2)
1
—esRYa, — egﬁ@_n —egRYc, — ey R”E —esl, (VRo)Y), — e Kn(VR2)Y) = C,
2 2
1
1n + grCon + (kg + k3) In(VR1)y,, + (k2 + K3) Ky (VRy) Yy, = Dy,
1
1
5Cn + TnCon + (g + k3) In(VR2)7y,, + (k2 + K3) Ky (VR2) vy, = Dy,
2
(4.11)

1
Ten + ﬁé_” — (k1 + K3) (VR )Y, — (k1 + k3)Kn(VR1)7) = EJ,,
1

1
5Cn + ﬁé—n — (k1 + f‘”v3)In(VR2)%,¢ — (k1 + ’93)Kn(VR2)'Y;Z = E;’L/
2

From (4.3) and (4.9)—(4.11), we can find all coefficients ay, by, ¢, o, o, Bl,, BI [17].

n? TL’

It is easy to prove the absolute and uniform convergence of the series obtalned in the circular

ring (including the contours) when the set of functions on the boundaries has sufficient smoothness,
in particular, when the function defined on L; and Lo has second-order derivatives satisfying the
Dirichlet condition [17].

The procedure of solving a boundary value problem remains the same when the displacement vector,

the equilibrated stress vectors, the change in volume fractions and the fluid pressures on the boundary
of the domain are defined arbitrarily, but the condition of equality to zero of the principal vector and
the principal moment of external forces is satisfied.

10.
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