
Transactions of A. Razmadze
Mathematical Institute
Vol. 179 (2025), issue 1, 73–83

ON THE CONTINUITY OF SOLUTION OF ONE CLASS CONTROLLED

NEUTRAL FUNCTIONAL-DIFFERENTIAL EQUATION WITH RESPECT TO

INITIAL DATA

GIVI BERIKELASHVILI1,2, IA RAMISHVILI2, TEA SHAVADZE3,5∗ AND TAMAZ TADUMADZE4

Abstract. For the neutral functional-differential equation, whose right-hand side is linear with

respect to the prehistory of the phase velocity and depends on a control function, the theorem on

the continuous dependence of a solution with respect to perturbations in the initial data is proved.
Such type theorems play an important role in studying the neutral type optimization problems,

in proving formulas for the analytic representation of solutions, in constructing an approximate

solution, and in analyzing the sensitivity of mathematical models. Under the initial data we imply
the set of delay parameter contained in a nonlinear addend of the right-hand side of the equation,

the initial vector, and the initial and control functions.

1. Introduction

The neutral functional-differential equation is a mathematical model of such system whose behavior
at a given moment depends on system’s past velocity. Many real processes are described by neutral
functional-differential equations [1, 3, 6, 7, 12, 15] and many works are devoted to the investigation of
such type equations, including [1–4,6,7,9,10,12,15,16]. In the present paper, for the controlled neutral
functional-differential equation

ẋ(t) = A(t, x(t), u(t))ẋ(t− σ) + f(t, x(t), x(t− τ), u(t)), t ∈ [t0, t1],

with the initial condition

x(t) = φ(t), t < t0, x(t0) = x0 (1.1)

the theorem on the continuous dependence of a solution on the initial data is proved. Theorems of this
type play an important role in studying neutral type optimization problems, in proving formulas for
the analytic representation of solutions, in constructing an approximate solution and in analyzing the
sensitivity of mathematical models [1,9,10,12,15]. Under the initial data we mean the set of the delay
parameter τ , the initial vector x0, the initial function φ(t) and the control function u(t). Condition
(1.1) is called the discontinuous initial condition, since φ(t0) ̸= x0. The discontinuity at the initial
moment may be due to an instantaneous change in a dynamic process, such as shifts in investment
or environmental factors. Finally, we note that the case A(t, x, u) = A(t) is considered in [2,4,15,16],
and the case A(t, x, u) = 0 is considered in [5, 8, 13,14].

The paper is organized as follows: in Section 2, the main theorem is formulated, in Section 3, the
auxiliary assertions are given, in Section 4, the main theorem is proved.

2. Formulation of the Main Result

Let Rn be the n-dimensional vector space of points x = (x1, . . . , xn)T , where T is the sign of
transposition; let I = [t0, t1] be a fixed interval and let σ > 0, τ2 > τ1 > 0 be the given numbers, with

max{t0 + σ, t0 + τ2} < t1. (2.1)
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The n × n-dimensional matrix-function A(t, x, u) and the n-dimensional vector-function f(t, x, y, u)
are continuous and bounded on the sets I × Rn × Rr and I × Rn × Rn × Rr, respectively. Moreover,
there exist the numbers LA > 0 and Lf > 0 such that the following conditions

|A(t, x1, u1)−A(t, x2, u2)| ≤ LA

(
|x1 − x2|+ |u1 − u2|

)
∀t ∈ I, (xi, ui) ∈ Rn × Rr, i = 1, 2

and

|f(t, x1, y1, u1)− f(t, x2, y2, u2)| ≤ Lf

(
|x1 − x2|+ |y1 − y2|+ |u1 − u2|

)
∀t ∈ I, (xi, yi, ui) ∈ Rn × Rn × Rr, i = 1, 2

hold.
Let us introduce the notations: denote by Φ and Ω the sets of continuous differentiable initial

functions φ(t) ∈ Rn, t ∈ I1 = [τ̂ , t0], where τ̂ = t0 − max{σ, τ2} and piecewise continuous control
functions u(t) ∈ Rr, t ∈ I, with the set clu(I) is compact; the initial data is called the set of the delay
parameter τ , the initial vector x0, the initial function φ(t) and the control function u(t). This set we
denote by w and the set of such elements w = (τ, x0, φ(t), u(t)) we denote by W = (τ1, τ2)×Rn×Φ×Ω.
Further,

|w| = |τ |+ |x0|+ ∥φ∥1 + ∥u∥,
where

∥φ∥1 = sup{|φ(t)|+ |φ̇(t)| : t ∈ I1}, ∥u∥ = sup{|u(t)| : t ∈ I}.
To each element w = (τ, x0, φ(t), u(t)) ∈ W we assign the controlled neutral functional-differential

equation

ẋ(t) = A(t, x(t), u(t))ẋ(t− σ) + f(t, x(t), x(t− τ), u(t)), t ∈ I (2.2)

with the discontinuous initial condition

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0. (2.3)

Definition 2.1. Let w ∈ W. A function x(t) = x(t;w), t ∈ [τ̂ , t1], is called a solution of problem (2.2),
(2.3) or a solution corresponding to the element w, if it satisfies condition (2.3) and x(t) is absolutely
continuous on the interval I and satisfies equation (2.2) almost everywhere on I.

Theorem 2.1. For each element w = (τ, x0, φ(t), u(t)) ∈ W, there exists the unique solution x(t) =
x(t;w) of problem (2.2), (2.3). Let w0 = (τ0, x00, φ0(t), u0(t)) ∈ W be a fixed element and let x0(t) =
x(t;w0) be the corresponding solution. For an arbitrary ε > 0, there exists a number δ = δ(ε) > 0
such that for ∀w = (τ, x0, φ(t), u(t)) ∈ W, the inequality

|x0(t)− x(t)| < ε, ∀t ∈ I

holds, when

|w − w0| = |τ − τ0|+ |x0 − x00|+ ∥φ− φ0∥1 + ∥u− u0∥ < δ.

3. Auxiliary Assertions

Theorem 3.1. For any w ∈ W, there exists the unique solution x(t) = x(t;w), t ∈ [τ̂ , t1].

Proof. The existence of the unique global solution will be proved by the step method from the left to
the right with respect to σ.

Step 3.1. Let t ∈ [t0, t0 + σ] ⊂ I (see (2.1)), then we get the following delay functional-differential
equation

ẋ(t) = A(t, x(t), u(t))φ̇(t− σ) + f(t, x(t), x(t− τ), u(t)) (3.1)

with the initial condition

x(t) = φ(t), t ∈ [τ̂ , t0), x(t0) = x0. (3.2)

It is clear that the functions A(t, x, u(t)) and f(t, x, y, u(t)) satisfy the Lipschitz condition on the
spaces with respect to x ∈ Rn and (x, y) ∈ Rn × Rn, respectively. Therefore, the existence of the
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unique solution x1(t), t ∈ [τ̂ , t0 +σ] of problem (3.1), (3.2) (see Definition 2.1) can be proved by using
the method of successive approximations and the Arzela–Ascoli lemma.

Step 3.2. Let t0 + 2σ < t1, then on the interval [t0 + σ, t0 + 2σ], we have the problem
ẋ(t) = A(t, x(t), u(t))ẋ1(t− σ) + f(t, x(t), x(t− τ), u(t)),

t ∈ [t0 + σ, t0 + 2σ],

x(t) = x1(t), t ∈ [τ̂ , t0 + σ].

(3.3)

Analogously can be proved the existence of the solution x2(t), t ∈ [τ̂ , t0 + 2σ] of problem (3.3).
Thus, the function

x(t) =


φ(t), t ∈ [τ̂ , t0),

x1(t), t ∈ [t0, t0 + σ],

x2(t), t ∈ (t0 + σ, t0 + 2σ]

will be the solution of problem (3.1), (3.2) on the interval [τ̂ , t0 + 2σ]. Continuing this procedure, we
establish the existence of the unique solution x(t) on the interval [τ̂ , t1]. □

Theorem 3.2 ([11]). The solution x(t), t ∈ [τ̂ , t1] of problem (2.2), (2.3) can be represented on the
interval I in the following integral form:

x(t) = x0 +

t0+σ∫
t0

Y (ξ; t, x(·), u(·))A(ξ, x(ξ), u(ξ))φ̇(ξ − σ)dξ

+

t∫
t0

Y (ξ; t, x(·), u(·))f(ξ, x(ξ), x(ξ − τ), u(ξ))dξ, t ∈ I, (3.4)

with the condition

x(ξ) = φ(ξ), ξ ∈ [τ̂ , t0), (3.5)

where Y (ξ, t, x(·), u(·)) is the matrix-function satisfying the difference equation

Y (ξ; t, x(·), u(·)) = E + Y (ξ + σ; t, x(·), u(·))A(ξ + σ, x(ξ + σ), u(ξ + σ)) (3.6)

on (t0, t) for any fixed t ∈ (t0, t1] and the condition

Y (ξ; t, x(·), u(·)) =

{
E, ξ = t,

Θ, ξ > t.

Here, E is the identity matrix and Θ is the zero matrix.

Theorem 3.3. The solution of the difference equation (3.6) can be represented by the following for-
mula

Y (ξ; t, x(·), u(·)) = χ(ξ; t)E

+

k∑
m=1

χ(ξ +mσ; t)

1∏
q=m

A(ξ + qσ), x(ξ + qσ), u(ξ + qσ)), (ξ, t) ∈ I2, (3.7)

where

χ(ξ; t) =

{
1, t0 ≤ ξ ≤ t,

0, ξ > t,
(3.8)

and k is a minimal natural number satisfying the condition t1 − kσ < t0.

Theorem 3.3 is proved by the step method from the right to the left.
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Remark 3.1. Using formula (3.7) and applying (3.8), we obtain

|Y (ξ; t, x(·), u(·))| ≤ M, (3.9)

where

M =
√
n+ ∥A∥

k∑
m=1

m!, ∥A∥ = sup
{
|A(t, x, u)| : (t, x, u) ∈ I × Rn

x × Rr
u

}
.

Expression (3.4) under condition (3.5) is referred to as the functional-integral equation correspond-
ing to problem (2.2), (2.3). It is not difficult to see that representation (3.7) is not dependent on the
initial function φ(t), t ∈ I1.

Theorem 3.4 ([11]). Problems (2.2), (2.3) and (3.4), (3.5) are equivalent.

Theorem 3.5. Let x0(t) = x(t;w0), t ∈ [τ̂ , t1] and x(t) = x(t;w), t ∈ [τ̂ , t1], where w0 = (τ0, x00, φ0(t),
u0(t)) ∈ W and w = (τ, x0, φ(t), u(t)) ∈ W. For ∀(ξ, t) ∈ I2 the following inequality

|Y (ξ; t, x(·), u(·))− Y (ξ; t, x0(·), u0(·))|

≤ LA

k∑
m=1

χ(ξ +mσ; t)∥A∥m−1
( 1∑

q=m

[
|x(ξ + qσ)− x0(ξ + qσ)|

+|u(ξ + qσ)− u0(ξ + qσ)|
])

(3.10)

holds.

Proof. Using formula (3.7), we get

|Y (ξ; t, x(·), u(·))− Y (ξ; t, x0(·), u0(·))|

≤
k∑

m=1

χ(ξ +mσ; t)
∣∣∣ 1∏
q=m

A(ξ + qτ, x(ξ + qσ), u(ξ + qσ))

−
1∏

q=m

A(ξ + qτ, x0(ξ + qσ), u0(ξ + qσ))
∣∣∣.

Now, we estimate every addend in the right-hand side of the last inequality and shown some regularity
in the evaluations. For the first addend, we obtain

χ(ξ + σ; t)
∣∣∣A(ξ + σ, x(ξ + σ), u(ξ + σ))−A(ξ + σ, x0(ξ + σ), u0(ξ + σ))

∣∣∣
≤ χ(ξ + σ; t)LA

(
|x(ξ + σ)− x0(ξ + σ)|+ |u(ξ + σ)− u0(ξ + σ)|

)
= LAχ(ξ + σ; t)∥A∥1−1

1∑
m=1

(
|x(ξ +mσ)− x0(ξ + qσ)|

+|u(ξ +mσ)− u0(ξ +mσ)|
)
.

For the second addend, we have

χ(ξ + 2σ; t)
∣∣∣A(ξ + 2σ, x(ξ + 2σ), u(ξ + 2σ))A(ξ + σ, x(ξ + σ), u(ξ + σ))

−A(ξ + 2σ, x0(ξ + 2σ), u0(ξ + 2σ))A(ξ + σ, x0(ξ + σ), u0(ξ + σ))
∣∣∣

≤ χ(ξ + 2σ; t)
[∣∣∣A(ξ + 2σ, x(ξ + 2σ), u(ξ + 2σ))−A(ξ + 2σ, x0(ξ + 2σ),

u0(ξ + 2σ))
∣∣∣∣∣∣A(ξ + σ, x(ξ + σ), u(ξ + σ))

∣∣∣
+
∣∣∣A(ξ + 2σ, x0(ξ + 2σ), u0(ξ + 2σ))

∣∣∣∣∣∣A(ξ + σ, x(ξ + σ), u(ξ + σ))

−A(ξ + σ, x0(ξ + σ), u0(ξ + σ))
∣∣∣ ≤ LAχ(ξ + 2σ; t)∥A∥

[
|x(ξ + 2σ)− x0(ξ + 2σ)|
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+|u(ξ + 2σ)− u0(ξ + 2σ)|+ |x(ξ + σ)− x0(ξ + σ)|

+|u(ξ + σ)− u0(ξ + σ)|
]
= LAχ(ξ + 2σ; t)∥A∥2−1

( 1∑
q=2

[
|x(ξ + qσ)− x0(ξ + qσ)|

+|u(ξ + qσ)− u0(ξ + qσ)|
])

.

Continuing this process for the k addend, we obtain the following estimation:

χ(ξ + kσ; t)
∣∣∣ 1∏
q=k

A(ξ + qσ, x(ξ + qσ), u1(ξ + qτ))

−
1∏

q=k

A(ξ + qσ, x0(ξ + qσ), u0(ξ + qσ))
∣∣∣

≤ LAχ(ξ + kσ; t)∥A∥k−1
( 1∑

q=k

[
|x(ξ + qσ)− x0(ξ + qσ)|

+|u(ξ + qσ)− u0(ξ + qσ)|
])

.

After summarizing the evaluations, we get formula (3.10). □

Remark 3.2. It is not difficult to see that after elementary transformations on the right-hand side
of inequality (3.10), we obtain the following formula:

|Y (ξ; t, x(·), u(·))− Y (ξ; t, x0(·), u0(·))|

≤ LA

k∑
m=1

k∑
q=m

(
χ(ξ + qσ; t)∥A∥q−1

)(
|x(ξ +mσ)− x0(ξ +mσ)|

+|u(ξ +mσ)− u0(ξ +mσ)|
)
. (3.11)

4. Proof of Theorem 2.1

For any w = (τ, x0, φ(t), u(t)) ∈ W, there exists the unique solution x(t) = x(t;w) of problem
(2.2), (2.3) on the basis of Theorem 3.1. Let w0 = (τ0, x00, φ0(t), u0(t)) ∈ W be a fixed element and
let x0(t) = x(t;w0) be the corresponding solution. By virtue of Theorems 3.2 and 3.3 we have the
following functional-integral equalities:

x(t) = x0 +

t0+σ∫
t0

Y (ξ; t, x(·), u(·))A(ξ, x(ξ), u(ξ))φ̇(ξ − σ)dξ

+

t∫
t0

Y (ξ; t, x(·), u(·))f(ξ, x(ξ), x(ξ − τ), u(ξ))dξ, t ∈ I,

x0(t) = x00 +

t0+σ∫
t0

Y (ξ; t, x0(·), u0(·))A(ξ, x0(ξ), u0(ξ))φ̇0(ξ − σ)dξ

+

t∫
t0

Y (ξ; t, x0(·), u0(·))f(ξ, x0(ξ), x0(ξ − τ0), u0(ξ))dξ, t ∈ I,

with

x(ξ) = φ(ξ), x0(ξ) = φ0(ξ), ξ ∈ [τ̂ , t0).
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Consequently, for any t ∈ I, we obtain

|x(t)− x0(t)| ≤ |x0 − x00|+ α[t] + β[t]

≤ |w − w0|+ α[t] + β[t], (4.1)

where

α[t] =

t0+σ∫
t0

∣∣∣Y (ξ; t, x(·), u(·))A(ξ, x(ξ), u(ξ))φ̇(ξ − σ)

−Y (ξ; t, x0(·), u0(·))A(ξ, x0(ξ), u0(ξ))φ̇0(ξ − σ)
∣∣∣dξ

and

β[t] =

t∫
t0

∣∣∣Y (ξ; t, x(·), u(·))f(ξ, x(ξ), x(ξ − τ), u(ξ))

−Y (ξ; t, x0(·), u0(·))f(ξ, x0(ξ), x0(ξ − τ0), u0(ξ))
∣∣∣dξ.

We now estimate α[t]. We have

α[t] ≤
t0+σ∫
t0

|Y (ξ; t, x(·), u(·))A(ξ), x(ξ), u(ξ))||φ̇(ξ − σ)− φ̇0(ξ − σ)|dξ

+

t0+σ∫
t0

|Y (ξ; t, x(·), u(·))A(ξ), x(ξ), u(ξ))

−Y (ξ; t, x0(·), u0(·))A(ξ, x0(ξ), u0(ξ))|φ̇0(ξ − σ)|dξ

≤ σM∥A∥∥φ− φ0∥1 + ∥φ0∥1α1[t] ≤ σM∥A∥|w − w0|+ ∥φ0∥1α1[t], (4.2)

where

α1[t] =

t0+σ∫
t0

|Y (ξ; t, x(·), u(·))A(ξ, x(ξ), u(ξ))

−Y (ξ; t, x0(·), u0(·))A(ξ, x0(ξ), u0(ξ))|dξ

(see (3.9)). Further,

α1[t] ≤
t0+σ∫
t0

∣∣∣Y (ξ; t, x(·), u(·))
∣∣∣∣∣∣A(ξ, x(ξ), u(ξ))−A(ξ, x0(ξ), u0(ξ))

∣∣∣dξ
+

t0+σ∫
t0

∣∣∣Y (ξ; t, x(·), u(·))− Y (ξ; t, x0(·), u0(·))
∣∣∣∣∣∣A(ξ, x0(ξ), u0(ξ))

∣∣∣dξ
≤ LAM

t∫
t0

(
|x(ξ)− x0(ξ)|+ |u(ξ)− u0(ξ|

)
dξ + ∥A∥α2[t]

≤ LAM

t∫
t0

|x(ξ)− x0(ξ)|dξ + LAM(t1 − t0)|w − w0|+ ∥A∥α2[t], (4.3)
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where

α2[t] =

t∫
t0

∣∣∣Y (ξ, x(ξ), u(ξ))− Y (ξ, x0(ξ), u0(ξ))
∣∣∣dξ.

Using formula (3.11), we get

α2[t] ≤ LA

k∑
m=1

k∑
q=m

t∫
t0

(
χ(ξ + qσ; t)∥A∥q−1

)(
|x(ξ +mσ)− x0(ξ +mσ)|

+|u(ξ +mσ)− u0(ξ +mσ)|
)
dξ ≤ LA

k∑
m=1

k∑
q=m

t+mσ∫
t0+mσ

(
χ(ξ + (q −m)σ; t)∥A∥q−1

)
(
|x(ξ)− x0(ξ|+ |u(ξ)− u0(ξ)|

)
dξ ≤ LAα3[t]

+LA

( k∑
m=1

k∑
q=m

∥A∥q−1
)
(t1 − t0)|w − w0|, (4.4)

where

α3[t] =

k∑
m=1

k∑
q=m

t+mσ∫
t0+mσ

(
χ(ξ + (q −m)σ; t)∥A∥q−1

)
|x(ξ)− x0(ξ)|dξ.

Obviously,

α3[t] ≤
k∑

m=1

k∑
q=m

t∫
t0

(
χ(ξ + (q −m)σ; t)∥A∥q−1

)
|x(ξ)− x0(ξ)|dξ

+

k∑
m=1

k∑
q=m

t+mσ∫
t

(
χ(ξ + (q −m)σ; t)∥A∥q−1

)
|x(ξ)− x0(ξ)|dξ.

It is clear that if ξ ∈ (t, t+mσ), then ξ + (q −m)σ > t, i.e., χ(ξ + (q −m)σ; t) = 0 (see (3.8)). Thus,

α3[t] ≤
k∑

m=1

k∑
q=m

t∫
t0

(
χ(ξ + (q −m)σ; t)∥A∥q−1

)
|x(ξ)− x0(ξ)|dξ

≤
k∑

m=1

k∑
q=m

∥A∥q−1

t∫
t0

|x(ξ)− x0(ξ)|dξ. (4.5)

According to (4.3)–(4.5), inequality (4.2) implies

α[t] ≤ α4|w − w0|+ α5

t∫
t0

|x(ξ)− x0(ξ)|dξ, (4.6)

where

α4 = σM∥A∥+ ∥φ0∥1LA(t1 − t0)(M +

k∑
m=1

k∑
q=1

∥A∥q)

and

α5 = ∥φ0∥1LA(M +

k∑
m=1

k∑
q=1

∥A∥q).
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Now, let us estimate β[t]. We have

β[t] ≤
t∫

t0

∣∣∣Y (ξ; t, x(·), u(·))− Y (ξ; t, x0(·), u0(·))
∣∣∣∣∣∣f(ξ, x(ξ), x(ξ − τ))

∣∣∣dξ
+

t∫
t0

∣∣∣Y (ξ; t, x0(·), u0(·))
∣∣∣∣∣∣f(ξ, x(ξ), x(ξ − τ), u(ξ))

−f(ξ, x0(ξ), x0(ξ − τ0), u0(ξ))
∣∣∣dξ ≤ ∥f∥

k∑
m=1

k∑
q=m

∥A∥q−1

t∫
t0

χ(ξ + qσ; t)

×
(
|x(ξ + qσ)− x0(ξ + qσ)|+ |u(ξ + qσ)− u0(ξ + qσ)|

)
dξ

+MLf

t∫
t0

(
|x(ξ)− x0(ξ)|+ |x(ξ − τ)− x0(ξ − τ0)|+ |u(ξ + qσ)− u0(ξ + qσ)|

)
dξ

≤
(
∥f∥

k∑
m=1

k∑
q=m

∥A∥q−1 +MLf

)
(t1 − t0)|w − w0|+MLf

t∫
t0

|x(ξ)− x0(ξ)|dξ

+

k∑
m=1

k∑
q=m

∥A∥q−1β1[t] +MLfβ2[t], (4.7)

where

∥f∥ =
{
|f(t, x, y, u)| : t ∈ I, (x, y, u) ∈ Rn

x × Rn
x × Rr

u

}
β1[t] =

t∫
t0

χ(ξ + qσ; t)|x(ξ + qσ)− x0(ξ + qσ)|dξ

and

β2[t] =

t∫
t0

|x(ξ − τ)− x0(ξ − τ0)|dξ.

Further,

β1[t] =

t+qσ∫
t0+qσ

χ(ξ; t)|x(ξ)− x0(ξ)|dξ ≤
t∫

t0

|x(ξ)− x0(ξ)|dξ (4.8)

and

β2[t] ≤ β3[t] + β4[t],

where

β3[t] =

t∫
t0

|x(ξ − τ)− x0(ξ − τ)|dξ, β4[t] =

t∫
t0

|x0(ξ − τ)− x0(ξ − τ0)|dξ.

Now, let us estimate β3[t]. We have

β3[t] =

t−τ∫
t0−τ

|x(ξ)− x0(ξ)|dξ.

It is clear that if t− τ < t0, then

β3[t] ≤ ∥φ− φ0∥1(t1 − t0) ≤ (t1 − t0)|w − w0|,
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if t− τ > t0, then

β3[t] =

t0∫
t0−τ

|φ(ξ)− φ0(ξ)|dξ +
t−τ∫
t0

|x(ξ)− x0(ξ)|dξ

≤ τ∥φ− φ0∥1 +
t∫

t0

|x(ξ)− x0(ξ)|dξ ≤ τ2|w − w0|+
t∫

t0

|x(ξ)− x0(ξ)|dξ.

Thus

β3[t] ≤ (t1 − t0 + τ2)|w − w0|) +
t∫

t0

|x(ξ)− x0(ξ)|dξ.

We introduce the notations

s1 = min{t0 + τ, t0 + τ0}, s2 = max{t0 + τ, t0 + τ0}.

It is clear that

s2 − s1 < |τ − τ0| < |w − w0|.
If t ∈ [t0, s1], then t− τ ≤ t0 and t− τ0 ≤ t0; if t ∈ [s2, t1], then t− τ ≥ t0 and t− τ0 ≥ t0. Moreover,
there exists a number K > 0 such that

|ẋ0(t)| ≤ K almost everywhere on I,

[9, Lemma 3.4]. Therefore,

β4[t] ≤
s1∫

t0

∣∣∣ ξ−τ0∫
ξ−τ

|φ̇0(ς)|dς
∣∣∣dξ + s2∫

s1

|x0(ξ − τ)− x0(ξ − τ0)|dξ

+

t∫
s2

∣∣∣ ξ−τ0∫
ξ−τ

|ẋ0(ς)|dς
∣∣∣dξ ≤ ∥φ0∥1|τ − τ0|(t1 − t0) + 2∥x0∥(s2 − s1)

+K|τ − τ0|(t1 − t0) ≤
(
∥φ0∥1|(t1 − t0) + 2∥x0∥+K(t1 − t0)

)
|w − w0|,

where

∥x0∥ = sup{|x0(t)| : t ∈ [τ̂ , t1]}.
On the basis of estimates β3[t] and β4[t], we get

β2[t] ≤
(
t1 − t0 + τ2 + ∥φ0∥1(t1 − t0) + 2∥x0∥+K(t1 − t0)

)
|w − w0|

+

t∫
t0

|x(ξ)− x0(ξ)|dξ. (4.9)

From (4.7), by virtue of (4.8) and (4.9), we obtain

β[t] ≤ β5|w − w0|+ β6

t∫
t0

|x(ξ)− x0(ξ)|dξ, (4.10)

where

β5 =
(
∥f∥

k∑
m=1

k∑
q=m

∥A∥q−1 +MLf

)
(t1 − t0) +MLf

(
t1 − t0 + τ2 + ∥φ0∥1(t1 − t0)

+2∥x0∥+K(t1 − t0)
)
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and

β6 = 2MLf +

k∑
m=1

k∑
q=m

∥A∥q−1.

From (4.1), according to (4.6) and (4.10), we get the following estimate:

|x(t)− x0(t)| ≤ (1 + α4 + β5)|w − w0|+ (α5 + β6)

t∫
t0

|x(ξ)− x0(ξ)|dξ, t ∈ I.

By the Gronwall–Bellman inequality, from the last expression, we obtain

|x(t)− x0(t)| ≤ (1 + α4 + β5)|w − w0|e(α5+β6)(t1−t0).

It is clear that if

|w − w0| < δ(ε) =
ε

1 + α4 + β5
e−(α5+β6)(t1−t0),

then

|x(t)− x0(t)| < ε, ∀t ∈ I.
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