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ON EXTENSIONS OF G-VOLUMES AND THEIR UNIQUENESS PROPERTY
ALEKS KIRTADZE!? AND LIKA BERAIA?

Abstract. The method for extending G-volumes on the Euclidean space R® with its applications
is considered. In particular, the uniqueness property of G-volumes is discussed.

The concept of G-volumes for geometric figures is one of the most important in the geometry of
Euclidean space and, more generally, in the theory of G-measures. One of the important topics in the
modern theory of G-volumes is the problem of the existence of a volume in a sufficiently large class
of geometric figures of R? (d > 1). Note that it is impossible to define a volume in the family of all
subsets of RY (see, [3,4,6,7]).

Two possible approaches to the theory of G-volumes should be mentioning:

(a) the approach from the geometrical point of view;

(b) the approach from the measure-theoretical view-point.

The present paper is devoted to certain extensions of G-volumes on the Euclidean space R¢ using
some methods motivated by the techniques of measure theory. In particular, certain profound con-
nections of the theory of G-volumes with general methods of the theory of G-invariant measures are
discussed.

Let Dy denote the group of all isometric transformations of R? and let Sy be the ring generated
by the collection of all coordinate parallelepipeds of RY, i.e., the sets of the forms

[al,bl] X [ag,bQ] X X [ad,bb].

Let G be a subgroup Dy. A functional V; defined on Sy is called an elementary G-volume on R?
if it is normalized, non-negative, finitely additive and G-invariant.

The above-mentioned conditions are usually treated as Axioms of Invariant Finitely Additive Mea-
sure. The ring Sy is called the class of elementary figures in the Euclidean space. Any element X € Sy
is called an elementary figure. If the condition of finite additivity is replaced by the countable additiv-
ity condition, then we obtain the definition of a G-measure (see, e. g., [5]). From a standard course of
mathematical analysis it is well known that the classical Jordan measure on R¢ is a natural example
of G-volume in RY. Respectively, a certain extension of Jordan measure to a sufficiently large class of
subsets of R? is the standard Lebesgue measure. Note that the latter class of sets is maximal, since it
is impossible to extend this class without using an uncountable form of the Axiom of Choice (see [11]).

From the geometrical point of view, there are many interesting and important facts concerning
G-volumes (see, for example, [3,5-7]). The most famous among them is due to Banach.

Theorem 1. In the case d =1 and d = 2, there exists a non-negative additive functional defined in
the family of all bounded subsets of the Euclidean space RY, invariant under the group of all isometries
of R and extending the Lebesque measure \g.

The proof of Theorem 1 can be found in [5,12].

One of the principal problems arising here is to extend a G-volume on the Euclidean space to a
G-volume on the same space defined in a maximally large class of figures. This problem is successfully
solved within the framework of the modern theory of invariant measures and its solution largely
depends on the purely algebraic properties of a basic group of transformations of the Euclidean space.
Note that by using the Kuratowski-Zorn lemma, any G-volume on R can be extended to a maximal
(by the inclusion relation) G-volume on R?, but the descriptive structure of the domain of such a
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maximal G-volume is not known and this problem seems to be of interest. A sufficiently general method

of extending measures was suggested by E. Marczewski. This method is purely set-theoretical because

no specific properties of the given measurable space are used. According to a result of Marczewski,

we can always extend Lebesgue measure to an isometrically-invariant countably additive measure.
The following statement is a Marczewski type theorem for the G-volumes.

Theorem 2. Let V; be a G-volume on R? and let I be a family of subsets of R%, which is closed under
finite unions, invariant under transformations from G and every set X € 15 has Vg-inner volume zero.
Then Vg admits an extension V] such that I; C dom(Vy) and V;(X) =0 for every X € 1,.

Indeed, consider the algebra S of subsets of R¢, generated by I’; U dom(Vy), where I is the ideal
generated by I;. Obviously, any set Z € S can be represented in the form

where X € V; and Y7 and Y5 are the members of 1.
Let us put

Vi(Z) = Va(X).
It can be checked that the functional V is well defined on S and VJ turns out to be a G-volume

on R? extending V. Also, it follows from the definition of V] that V;(X) = 0 for every X € I,.
In our context, let us consider as an example an application of Theorem 2.

Example 1. Let R? be the d-dimensional Euclidean space, jq be the Jordan measure on R¢ and let
{X; : i € I} be an arbitrary finite family of bounded and nowhere dense subsets of R%. Then there
exists a measure j7 on R? extending j, and satisfying the following relations:

{X;:ieI} Cdom(jy), (Vi)(iel= jy(X;)=0).

As a typical example of a bounded and nowhere dense subset of R?, we can consider the well-known
Jordan curve L in RY possessing a positive d-dimensional Lebesgue measure (see [1,8,9]).

For our further purposes, we will need several auxiliary notions.

Let R? be again the Euclidean space, G be a group of isometric transformations of R% and let M
be a class of all G-volumes on R.

We say that a G-volume Vi € M has the uniqueness property, if for every G-volume Vo € M such
that dom(V;) = dom(V2), we have V; = V4.

Remark. If the group G is sufficiently rich, then all elementary volumes on R coincide with each
other. In particular, if G contains everywhere a dense set of translations of R?, then all elementary
volumes coincide with the restriction of the Jordan measure to Sy.

We say that a figure X C R? has the uniqueness property in M, if for every two G-volumes V; € M
and Vo € M such that X € dom(V;) Ndom(V2), we have the equality V3 (X) = Va(X).

We say that a G-volume V' € M has the strong uniqueness property in M if each figure X € dom(V)
has the uniqueness property on M.

In other words, a G-volume V' € M possesses the strong uniqueness property with respect to M,
if for every X € dom(V') and for every two G-volumes V; € M and Vo € M such that X € dom(V;)
and X € dom(V2), we have the following equality V1(X) = Va(X).

The above-mentioned definitions can be found, e. g., in [2,5,10].

It is clear that if a G-volume has the strong uniqueness property, then the same volume has the
uniqueness property, too.

From the definition of G-volumes it trivially follows that the unit cube on R? has the uniqueness
property on M.

Example 2. It is well known that every subset X C RY, measurable with respect to the classical
Jordan measure, has the strong uniqueness property in the class of m4-volumes, where 74 denotes the
group of all translations of R%.
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Example 3. It is well known that a Jordan curve is a homeomorphic image of the unit circle.
According to the Denjoy-Riesz theorem, each compact zero-dimensional set C' in R? is contained in
a Jordan curve. Taking as C' a Cantor-type set in RY with A\g(C) > 0, we get the desired curve
L (see, [1]). According to the Banach theorem, the Jordan curve L does not have the uniqueness
property with respect to the class of all Dg-volumes of R9.

Theorem 3. There exists a mg-volume defined in the family of all bounded subsets of the Euclidean
space on RY which extends the Jordan measure jq of R and which does not possess the strong
uniqueness property in the class of wq-volumes.
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