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A NOTE ON THE BERIKASHVILI FUNDAMENTAL GROUP

GEORGE JANELIDZE

Dedicated to the memory of Nodar Berikashvili

Abstract. We make a comparison between Berikashvili’s group 7(M, ) defined with respect to a
family M of path connected subsets of a path connected topological space (and fixed T € M) and the
Galois groupoid of an appropriate local homeomorphism associated with M. In fact, this compares
Berikashvili’s approach to the notion of fundamental group with the categorical-Galois-theoretic
approach.

1. INTRODUCTION

I should have seen Nodar Berikashvili’s paper [1] forty years ago, when I started to think about a
new categorical approach to Galois theory, but I first saw that paper only a couple of months ago...

Given a set M of path connected subsets of a path connected topological space X and a fixed element
m in M, Berikashvili constructs a certain group 7(M, ), and proposes conditions under which it is
nicely related to the fundamental group of X. Berikashvli’s theory here is seemingly similar to the
known ones, but in fact it is very different and interesting. Most importantly, I immediately thought
that there are easily visible conditions under which the group (M, ™) is equivalent to the groupoid
constructed in the following steps:

e Take p: E — B (I changed the letter X by B) to be the canonical map from the coproduct
of all elements of M to B, but assume B to be locally connected, as well.

e Take the kernel pair Fq(p) of p as an internal category in the category LCTop of locally
connected topological spaces, and apply the connected-component-functor I : LCTop — Sets
to get a precategory I(Eq(p)) (recall that a precategory is a kind of a truncated simplicial
set).

o Take the category L(I(Eq(p))) associated to I(Eq(p)) (which is the same as the fundamental
groupoid of T(Eq(p)) considered as a simplicial set).

But, searching for the “easily visible conditions”, I could not find anything better than two independent
conditions found by Berikashvili for a different purpose, each of which turned out to be sufficient. The
aim of this paper is to show how (each of) these conditions make m(M,77) equivalent to L(I(Eq(p))).

Apart from this Introduction, the paper has three sections; the first two of them recall necessary
material from Berikashvili’s paper [1] and from the author’s papers, respectively; the last section is
devoted to the equivalence w(M,m) ~ L(I(Eq(p))).

2. THE BERIKASHVILI FUNDAMENTAL GROUP

In this section, we only recall Berikashvili’s construction [1], using mostly his notation. There
are places where, I think, Berikashvili means “path connected” but says just “connected”; in those
cases I'll write “(path) connected”. Let us also agree that “path connected” means “non-empty path
connected”.

Let X be a fixed path connected topological space, M a fixed set of path connected subsets of X,
and T a fixed element of M. Then:
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A chain is a sequence (mq,ma, ms,...,my) in M such that m; Nm;41 is path connected for
eachi=1,...,n—1, and m; = m, =m.
A chain (mq,ma, ms, ..., my) is said to be elementary equivalent to the sequence obtained by

removing m; from it if that sequence is also a chain and m;_; Nm; Nm;41 is (path) connected.
The equivalence of chains is defined as the smallest equivalence relation (on their set) contain-
ing the elementary equivalence. The set of equivalence classes of chains is denoted by = (M, m).
It is a group whose multiplication is induced by composing chains via juxtaposition.

For a fixed y € m, let H(X, M) be the subgroup of the fundamental group (X, y) generated
by (the equivalent classes of) paths of the form CDC~!, where C begins at y and ends where
D begins, while D is a loop.

Further, Berikashvili observes:

It is easy to see that the group w(M,m) coincides with the fundamental group 7 (N, (M), m),
where N, (M) is the simplicial complex, in which: the set of vertexes is M; {m,m’} is a
1-simplex if m N'm’ is (path) connected; {m, m’,m"} is a 2-simplex if {m, m’}, {m, m"} and
{m/,m"} are 1l-simplexes, and m N'm’ Nm” is (path) connected; and there are no higher-
dimensional simplexes.

It is also easy to see that H(X, M) is a normal subgroup of 7(X,y), and that it is trivial
whenever so are all the canonical homomorphisms 7(m) — 7(X) (m € X).

Given a chain (mq,mg, m3,...,mg), choose: a sequence (y,z1,Z2,...,%k,y) of points with
x; € m;Nm;41; and then a sequence (Q, Cia, . .., Cr_1, P) of paths, in which C; ;41 connects
x; and x;y1 inside m;y1, @ connects y with x; inside m; = m, and P connects zj with y
inside T = my,. This defines a group homomorphism

(M, m) = 7n(X,y)/H(X, M).

And then Berikashvili proves:

Theorem 2.1 (Theorems 1 and 2 of [1]). Suppose all elements of M are open and | JM = X. Then
the homomorphism (1) is an isomorphism whenever any of the following two conditions hold:

()
(b)

each non-empty intersection of two or three elements of M is path connected;
each (path) component of each intersection of two elements of M belongs to M.

Let us omit his Theorem 3, but recall his several observations, made at various places, as:

Remark 2.2. Assuming again that |J M = X and each element of M is open:

(a)

(b)

()

Under the assumptions of Theorem 2.1(a), N, (M) coincides with the 2-skeleton of the nerve
of M and so, Theorem 2.1(a) says that the group (X, y)/H(X, M) is isomorphic to the
fundamental group of the nerve of M (and Berikashvili suggests: “cf. [8,9]”).

(Corollary of Theorem 2 in [1]) Let X be not just path connected but also locally path con-
nected and locally simply connected, and let L be the set of components of finite intersections
of elements of M. Then L (replacing M) satisfies the conditions of Theorem 2.1(b). Further,
since X is locally simply connected, we can choose the elements of M to be ‘small enough’ to
make the group H (X, L) trivial. For such L, Theorem 2.1(b) gives 7(M,m) ~ 7(X,y).
Everything done above has a simplicial counterpart, where X is an abstract simplicial complex,
the fundamental group is defined combinatorially, M is a set of closed subcomplexes, and the
role of path connectedness is played by combinatorial connectedness.

Note that Remark 2.2(c) is just a copy (well, almost) of the last sentence of [1]; doing that in detail
would be a material for another article....

3. GALOIS THEORY OF LoCALLY CONNECTED SPACES

In this section, we recall a special case of the categorical form of Fundamental Theorem of Galois
Theory (FTGT, for short) from [3] and [4], which will be done in two steps: first at an abstract-
categorical level, and then for locally connected topological spaces.
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A Galois structure consists of an adjunction (I, H,n,e) : C — X and classes £ C Mor(C) and
Z C Mor(X) such that C and X admit pullbacks along morphisms from & and Z (respectively), £
and Z are pullback stable, I(£) C Z, and H(Z) C €.

Assuming such a structure fixed, consider, for any given object B in C, the induced adjunction
(IB,HB nB eP): &(B) — Z(I(B)), in which:

e &(B) is the full subcategory of (C | B) with objects all (A, «) with a € &£, and, similarly,
Z(I(B)) is the full subcategory of (X | I(B)) with objects all (X, () with ¢ € Z;

o [B:&(B) — Z(I(B)) is defined by I?(A,a) = (I(A), I(a));

e HB: Z(I(B)) — £(B) is defined by I?(X,() = (B x5y H(X),m), using the pullback

2

B xgppy H(X) —— H(X)

ml iH(C)
B

HI(B)

nB

(here and below, all pullback projections are denoted by 7’s with indices);
o 1Py o = (@na) : (A ) = (B xus) HI(A),m);
. 55,{,0 =exI(m): (I(B xgrp) H(X)), I(m1)) = (X, ().
When all counits of such induced adjunctions are isomorphisms, the Galois structure is called admis-
sible. If it is the case, given a morphism p : E — B in C, the category Spl;(E,p) of coverings of B
split over p is defined as the full subcategory of £(B) with objects all (4, «) € £(B) for which the
diagram

NEXgA

EXBA4>H(E><BA)

Wll lH(wl)

E HI(E)

ne

is a pullback.
An internal precategory in X is a diagram in X of the form P =

P1
P, —=m= P, == P,
P2 c
in which de = 1p, = ce, dp1 = cp2, dm = dps, and em = cp1. An internal action of P is a triple
F = (Fy,7,€) as in the diagram

(p1,p2)x1 1x¢€ (e,1)
Pa X (ap, ) Fo — =P X(d,e) P1 X (d,7) Fo —= P1 X(4,7) Fo =— Fp

Ml o

Py X(a,4) Fo 3 Fy
y \
Pl PO

(&

which is required to commute; we assume here that all the pullbacks involved do exist. The category
of all internal actions (Fy,~,&) of P with v € Z is denoted by X¥' N Z.

A monadic extension (=an effective descent morphisms in the terminology of [6] and related papers)
in C is a morphism p : £ — B in C for which the pullback functor p* : (C | B) — (C | E) is monadic.

Theorem 3.1 (FTGT, the admissible case). For an admissible Galois structure above and a monadic
extension p : E — B in C, there is a canonical category equivalence Spl;(E,p) ~ X1(EaP) N Z where
Eq(p) is the kernel pair of p considered as an internal category in C.
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Note that, since the functor I is not required to preserve pullbacks, I(Eq(p)) is not an equivalence
relation, but only a precategory in general (internal to X); in fact, it is what is called in [3] an internal
pregroupoid. But, when X = Sets, and assuming for simplicity that Z is the class of all morphisms
in X, for an arbitrary precategory P and then for P = I(FEq(p)), we have:

o X is nothing but the category of precategory morphisms P — Sets;

e the forgetful functor from the category of categories to the category of precategories has a left
adjoint, which we denote by L;

e it easily follows that X* is canonically isomorphic to A4

e it is also easy to see that L(I(Fq(p))) is a groupoid, and we call it the Galois groupoid of
(E,p) and denote it by G(E,p).

Thus, from Theorem 3.1, we obtain

P).

Corollary 3.2. Under the assumptions of Theorem 3.1, if Z is the class of all morphisms in X,

then the category Spl;(E,p) is equivalent to the category SetsG(F:p) of actions of the Galois groupoid
G(E,p).

Consider the special case examined in detail in Chapter 6 of [2], where we take:

C to be the category of locally connected topological spaces;

X = Sets;

I to be defined by I(A) = the set of connected components of A;

accordingly, H carries the sets to themselves equipped with the discrete topology;
£ to be the class of local homeomorphisms of locally connected topological spaces;
Z to be the class of all morphisms in X', that is, all maps of sets.

p: E — B to be a surjective local homeomorphism (of locally connected spaces).

In this case, Corollary 3.2 can be reformulated as follows:

Corollary 3.3. The category Spl;(E,p) of pairs (A, «), where a: A — B is a continuous map such
that for every connected component C of E the pullback projection C xg A — C' is a trivial covering
map (in the classical sense), is equivalent to the category SetsG(EP) of actions of the Galois groupoid

G(E,p).

4. GALOIS-THEORETIC INTERPRETATION OF BERIKASHVILI’S CONSTRUCTION

Putting together the contexts of Sections 2 and 3, let us write B instead of X (for X from Section 2),
and assume this space to be not only path connected, but also locally path connected. Then, in
particular, for the subsets of B, path connectedness becomes the same as connectedness. Let us also
assume that all elements of M are not only connected, but also open, and that |JM = B.

Let E be the coproduct of elements of M and p : E — B be the canonical map, which is obviously
a surjective local homeomorphism. Consider the precategory I(Fq(p)) =

P1 d
I(Exp E xpgE)=mnsI(E xg E) === I(E)
P2 c

and observe:

e I(E) = M, since each element of M is connected.

e A morphism n : m; — mg in I(Eq(p)), that is, an element n of I(E xp E) with d(n) = my
and c(n) = meg, is a connected component of my N ma.

e A triangle t in I(Fq(p)) with the boundary

n
miy ————————————>Mm3

N%
ms
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that is, an element ¢t of I(E xpg E xXp E) with p1(t) = na, m(t) = n, p2(t) = n1, dp1(t) =
ma = cpa(t), dm(t) = my = dpa(t), and cm(t) = ms = dp1(t), is a connected component of
mi1 MNmeg MNMms.

Remark 4.1. Conditions 2.1(a) and 2.1(b) are characterized in terms of I(Eq(p)) as follows:

(a) 2.1(a) is satisfied if and only if I(Eq(p)) is a relation, that is, parallel morphisms in I(Eq(p))
are always equal;
(b) the following conditions are equivalent:
(b1) condition 2.1(b);
(b2) all morphisms in I(Eq(p)) belong to M;
(bs) all triangles in I(Eq(p)) belong to M.

Theorem 4.2. Under the assumptions above and any of the conditions 2.1(a) and 2.1(b), the Galois
groupoid G(E, p) is a connected groupoid, equivalent to the Berikashvili group w(M, ), for any choice
ofme M.

Proof. We have G(E,p) = L(I(Eq(p))), and we use freely the construction of £ described in [4],
since it is just a simplified version of the well-known construction of the fundamental groupoid of a
simplicial set.

We are going to prove that G(E, p) is isomorphic to what we are going to call Berikashvili groupoid
of M and denote it by w(M). Its objects are the elements of M, and its morphisms are equivalent
classes of the chains

(my1, ma, mg, ..., My) 1 M1 — My,
exactly as in Berikashvili’s construction, except that m; = m,, is not required. Of course, w(M) is
equivalent to 7(M, ) as a category. Our proof requires seven preliminary steps:

Step 1: Construction of a functor

~(M) = G(E.p),
which we denote by P.
A chain (mq,ma,ms,...,my,) : Mg — m, determines a morphism in G(FE, p) represented by

mi1Nms moNms My —1MNMy
mq mao ce mpy,

and, having in mind how we compose the morphisms in 7(M) and G(FE,p), all we need to show is:
If a triple (m1, m2,m3) has connected mq N ms, ma Nmg, my Nms, and my N mg Nms, then

mi1MNma maoMms

(ml Mo mg) _ (ml miMNms

ms)
in G(E,p).

However, this follows from the fact that the assumptions on (mi, ma, ms) make m; N mgo Nmg a
triangle in I(Eq(p)) with the boundary

minms
myp —— >ms3 ,

my ﬂk\ %ﬂm?)
ma

where m; N'm; (i < j in {1,2,3}), being connected, can be considered as connected components
of £ xp E, and mj N mg N mg, being connected, can be considered as a connected component of
E XB E XB FE.

That is, P is defined by

P(cls(my, mg,ms3,...,my) : My — my,)

m1Nmo moNms Mp—1M0My,
= cls(mq ma . My).

Step 2. Construction of a precategory morphism
I(Eq(p)) — m(M)
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under condition 2.1(a); we denote this morphism by Q1.

Under condition 2.1(a), a morphism n : m; — mq in I(Eq(p)) must have n = my Nmgy connected
and so it makes (my,ms) a chain. It remains to prove that, for triangle ¢ with the boundary (2),
the chains (my,ms2, mg) and (mq,ms) are equivalent. However, this is the case, since ny = m; N'ma,
ng = mo Nmgz, n = my Nmg, and m; Nmg N mg are connected by 2.1(a).

That is, @1 is defined by

Ql(n A d mg) = ClS(ml,mg).

Step 3. Construction of a precategory morphism
I(Eq(p)) — =(M)

under condition 2.1(b); we will denote this morphism by Q2.

Under condition 2.1(b), a morphism n : m; — mg in I(Eq(p)) must have n in M, which implies
that (my,n,mg) is a chain. It remains to prove that, for a triangle ¢ in I(Eq(p)) with the boundary
(2), the chains (m,n1, ma, ne, m3) and (mq,n, m3) are equivalent. As follows from 2.1(b), ¢ belongs
to M, and since (2) is the boundary of ¢, ¢ C ny N'nNny. This gives us the following equivalences ~
of chains:

(m17n17m2;n2;m3) ~ (mlvnlvtam27n27m3) ~ (m17n17tam27tan2am3)
~ (m17n17t7t5n25m3) ~ (m17n17tan2am3) ~ (mlanlat7m3) ~ (m17t7m3)
~ (mlv n,t, m3) ~ (mlv n,t,n, m3) ~ (mla n,n, m3) ~ (mla n, m3)'
That is, @2 is defined by
Q2(n : mp = ma) = cls(mq,n, ma).

Step 4. Under condition 2.1(a), we have PQ1 = F, where F' is the canonical morphism
I(Eq(p)) = G(E,p).

We need to show that a morphism in G(E, p) represented by n : m; — mq is the same as the one
represented by mjNmsg : mqy — ma, but n = m; Nmy by condition 2.1(a), since n must be a connected
component in m; N ms.

Step 5. Under condition 2.1(b), we have PQy = F.

We need to show that a morphism in G(E,p) represented by n : m; — ms is the same as the one
represented by

my ——>n ——>=mo,
but this follows from the fact that n can be considered as a triangle in I(Fq(p)) with the boundary

n
m; ——————>mg

N A

Step 6. Under condition 2.1(a), the unique functor
Q1 : G(E,p) = m(M)

with Q1 F = Q1 is surjective.
This is the case, since w(M) is generated by the set of equivalence classes of two-component chains
(my, mg) and since for such a chain, we have

cls(my,mg) = Q1(m1 Nmag : My — Ma).
Step 7. Under condition 2.1(b), the unique functor
@+ G(B,p) — n(M)
with Qo F = Q4 is surjective.
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This is the case since w(M) is generated by the set of equivalence classes of two-component chains
(m1, m2) and since for such a chain, we have

cls(my, mg) = cls(mqy,m1 Nma,ma) = Qa2(my Nmg : My — Ma).

Now, we are ready to complete our proof. By the results of Steps 6 and 7, it suffices to prove
that PQ1 = lgg,p) under condition 2.1(a), and PQ2 = lg(gp) under condition 2.1(b). But this

follows from the universal property of F' and the results of previous steps that give PQ;F = PQ; = F
(i=1,2). O

Remark 4.3. In addition to Theorem 4.2 let us briefly mention:

(a) It would be natural to modify Berikashvili’s construction of (M, ) replacing “path con-
nected” with “connected” everywhere. Then Remark 4.1 and Theorem 4.2 could be copied
assuming that B is connected and locally connected instead of assuming it to be path con-
nected and locally path connected.

(b) When, in addition to all our assumptions, B (=X) is locally simply connected, we could choose
M consisting of simply connected (open) subsets of B. In that case, G(E,p) coincides with
the fundamental groupoid of B defined via the Galois theory up to a category equivalence.
According to Theorem 4.2, this agrees with the isomorphism 7(M,m) ~ 7(X,y) mentioned
in Remark 2.2.

(¢) Suppose: B is path connected, locally path connected and locally simply connected, as above;
either 2.1(a) or 2.1(b) is satisfied; p : E — B is chosen using M as before; and ¢ : B — B is a
universal covering map. Then:

(c1) SplI(B7q) is the category of all covering maps with codomain B, and, as follows from
the results of [5], Spl;(E, p) is a full reflective subcategory of SplI(B, q).
(ca) Let (E’,p’) be the image of (B, q) under the reflection

Spl;(B,q) — Spl,(E, p).

Suppose p’ : E/ — B happened to be a regular covering map. Then, suitably choosing
base points, we obtain a surjective homomorphism from the fundamental group of B to
the Galois group of (E’, p’) which can be identified with Berikashvili’s group = (M, m) by
Theorem 4.2. Then Theorem 2.1 tells us that Berikashvili’s H(B, M) (written in Section
2 as H(X, M)) should coincide with the fundamental group of E’. This, together with
some obvious further questions needs to be worked out in detail.

(d) Although Berikashvili mentions the relationship of his construction with simplicial ones (see
the 5th bullet point in Section 2 and Remark 2.2(a)), further comparisons with old and recent
topological, localic, and topos-theoretic Cech-type constructions of fundamental groups would
be interesting: see, e.g., Definition 4 in Section 1 of [7].
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