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FK-SPACES CONTAINING ABSOLUTELY k-SUMMABLE SERIES SPACE AND
MATRIX OPERATORS

FADIME GOKCE'* AND MEHMET ALI SARIGOL?

Abstract. In a later paper [34], the Banach space of all absolutely k-summable series has been
introduced and studied by Sarigol and Agarwal. In the present paper, we introduce a paranormed
space containing this space, following the Maddox papers [19-21], and show that it is an F K-space
and isometrically isomorphic to the well-known space [(1). We also establish the Schauder basis and
«, 3,7 duals of this space and qualify the related matrix operators. Our results include, as particular
cases, a number of the well-known results in [3,6-15,24,25,28,31, 33, 34].

1. INTRODUCTION

A vector subspace of the space w, the set of all sequences of complex or real numbers, is called a
sequence space. We write ¢ to denote the set of all convergent sequences, and e = (1,1,...). Let A
and I' be two sequence spaces and U = (uy,) be an infinite matrix of complex entries. The matrix
U defines a matrix operator from A to I' if, for every sequence A = (),), the U-transform of A, i.e.,
UA\) = (Un (N) in T, where

Un (\) = f: Uno o
v=0

provided that the series converges for n > 0. We mean the class of all such matrices by (A, T).
The sequence space
Ay={A=0\,) ew:TU\) € A} (1.1)

is called the matrix domain of an infinite matrix U in a sequence space A.
The a—, 8— and y— duals of the space A are defined by

A® :{e = (€p) Ew: Z lenAn| < 0o, for all A € A},

n=0

AP {e = (en) Ew: Z €n\n converges for all X € A},

n=0

A7 z{e = (€y) € w :sup Zen)\n < 00, forall A € A},
m =0

respectively.

A subspace A is called an F'K space if it is a Frechet space with continuous coordinate functionals
pn : A — C given by p,(A) = A, for all A € A and for all n > 0, where C is the field of complex
numbers; an F'K space of which metric is defined by a norm is called a BK space. An F K space A,
consisting of all finite sequences, has an AK property if

m— o0 m—00 4

lim A = Tim )" Ae0) =),
7=0
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for every sequence A € A, where e) is the sequence of which only the non-zero term is 1 in jth place
for each j. For example, the Maddox space

1) = {A= () i_oj b <o

is an F'K space with AK under the natural paranorm
1/M
o )

oo
Wy = (3 I
n=0
where M = max {1, sup,, u,} [19-21].

Throughout the paper, we suppose that 7' and R are the triangles, ¢ = (¢,,) is a positive sequence
and p = (uy) is a bounded sequence of strictly positive real numbers, unless otherwise stated. Also,
uk is the conjugate of p,, i.e., 1/p, +1/pk =1, pp, > 1, and 1/ =0 for p, = 1.

We state the product of any infinite matrices A and B, denoted by AB, as

(ab),,, = i Anpbur-
v=0

We require the following conditions:

(i) limuy,, exists for each v.
n

122% < 00.

(ii) sup |ty
n,v

(iii) There exists an integer C' > 1 such that

oo
sup E ’umC’_1
n
v=0

(iv) There exists an integer C' > 1 such that

sup { i Z Upp O 1

v=0"'neN

Hj’<oo.

0
:NCN ﬁnite} < 00. (1.2)

(v) There exists some C such that
o0
sup Z
Y n=0

Lemma 1.1 ([5]). The following statements hold. For all v € N:
(a) If up <1, then U € (I(p),c) iff (i) and (ii) hold.
(b) If puy, > 1, then U € (I(u), c) iff (i) and (iii) hold.
(¢) If o > 1, then U € (I(w),1) iff (iv) holds, where | = i(e).
(d) If py <1 and my > 1, then U € (I(p),1(n)) iff (v) holds.

Note that the following lemma provides ease of applications and gives the equivalent condition to
condition (1.2).

Lemma 1.2 ([32]). Let

Mn

Upy O 1/ P < 0.

o ) B
U, (U)=>" (Z Ium,l>
v=0 n=0
and

Ho

:NCN ﬁmte}.

oo

Lu(U)=Sup{Z

v=0

E unv

neN

Then
(2K) U, [U) < L, [U] < U, U],
where K = max {1, 2H_1} and H = sup, -
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Lemma 1.3 ([22]). Let A be an FK space with AK, T' be an arbitrary subset of w, T be a triangle

and S be its inverse. Then we have U € (Ap,T) if and only if U € (A,T) and V™ € (A,¢) for all n,
where

(o]
Upj = E UniSij; M, J =0,

=7
m
(n) _ Z SijUni, 0<j<m,
mj — ) I
0, j>m.

The summability theory is a major field of mathematics, which has various applications in analy-
sis, applied mathematics and engineering sciences, specially quantum mechanics, probability theory,
Fourier analysis, approximation theory, fixed point theory, etc. It deals with the generalization of the
concept of convergence of sequences and series, and purposes to assign a limit value for non-convergent
sequences and series using an operator described by an infinite matrix. The reason why matrices are
used for a general linear operator is that a linear operator from a sequence space to another can
generally be given with an infinite matrix. This reveals the importance of sequence spaces and ma-
trix operators in summability theory. In recent times, a large literature has appeared devoted to the
characterization of all matrices operators that transform one given sequence space into another (see,
[1,3,4,6-16,18,23-29,31,33-35)).

In the recent paper, the Banach space [Ty|, of all absolutely k- summable series has been introduced
and studied by Sarigol and Agarwal [34], which includes many known sequence spaces. In the present
paper, we define a general paranormed space |Ty| (1) , following Maddox paper [19-21], and show that
it is an F'K-space and isometrically isomorphic to the well-known space [(u). Also, we establish the
Schauder basis and the a-, 8- and y-duals of the space, and qualify certain matrix operators related
to this space. Finally, we have some important results as special cases.

2. FK SPACE |Ty| (1)

In this subsection, using the summability |7, ¢| (1) , we define the series space |Tj| (1) following the
Maddox paper [19-21].
Let ¥\, be an infinite series with the sequence of n-th partial sum s,. Also, let (¢,) and () be
two sequences of positive numbers. Then the series X\, is said to be summable |T', ¢| (u) if [7]
o
S (60 T (5) = Tus (5) " < o0,
n=1
The absolute summability |7, ¢| (1) includes various summabilities which were intensively investi-
gated. Some examples and applications can be seen from references [6-15,24,25,29,31,33, 34].
Let T be an infinite triangle matrix, i.e., t,, = 0 for r > n, and t,, # 0 for n > 0. Then, we
introduce the space |Ty| (1) as the set of all series X\, summable by |T, ¢, | (1), or equivalently,

oo . n Hn
0 = {A= ) €0 3| 0075 3 (o = taa) | <o),
n=0 r=v
If T,T and T are the triangular matrices defined by
n
i:nv = (b:L/Mn%\nva %\nv = Env - En—l,vv (En,n—l = 0)7 %nv = Ztnia (21)

1=v

then, using the notation (1.1), it can be redefined by |Ty| (1) = (I(1))5 , i-e.,

ITy) (1) = {A — () ew: S |Tm|" < oo}.

n=0

Note that the space |Ty| (1) includes various known sequence spaces depending on a variable ma-
trix T' and the sequences u, ¢. For example, one can observe that when u, = k > 1 for all n > 0, the
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space |Ty| (1) reduces to the space [Ty, studied by Sarigdl and Agarwal [34]. For other references,
we refer to the papers ( [3,6-15,23,25, 28,30, 31, 33)).

Also, |Ty| (e) = |T| for all sequence ¢.

On the other hand, since each triangle matrix has a unique inverse, so the inverse matrices T’l,
T and T exist and can be expressed as follows:

—1_ ,-1 -1 -1 _
tnv - tnv - tnfl,lﬂ tfl,O - 07

— —1/pt
tnz} = v /#Ut,wl,
and also T = ET, or T-1 _ T_lEfl’ ie.,
n
1L St —t,11), 0<wv<n,
(t),, =9 =v ’

0, v >n,

where the matrix E = (e,;) is given by

-1, i=n-1,
eni = 41, i=mn,
0, otherwise.

We begin with the theorem on some topological structures of this space.

Theorem 2.1. The set |Ty| (1) is @ linear space with the coordinatewise addition and scalar multi-
plication, and also it is an F K-space under the paranorm

>~ i 1/M
Wi = (S [0 ) (2.2

v=0

where M = max {1, sup,, fin}.

Proof. The proof of the first part is a routine verification, so it is omitted. On the other hand, since the
matrix given by (2.1) is triangle and /() is an F'K-space, by Theorem 4.3.2 in [36], |Ty| (1) = (I(1)) 7
is also an F'K-space.

Theorem 2.2. The space |Ty|(p) is isometrically isomorphic to the Maddox space l(p), i.e.,
Tl (1) = Up).-

Proof. Define the mapping T : |Ty| (1) — () by T\ = (fn()\))7 where the matrix T is given by
(2.1). Clearly, T is a linear bijection. Also, by (2.2), HAH|T¢|(H) = HT(A)HZ(M), so it preserves the
paranorm. Thus |Ty| (1) = I(p). O

Since T : |Ty| (1) — () is an isomorphism, so the inverse image of the basis (/) of the space
(1) constitutes the basis of the space |T| (1) . Therefore we get the following result.

Theorem 2.3. Leta; = fj(m) for each j > 0. Define the sequence bl) = (bg)) of the elements of the
space |Tg| (1) for each fized j by

~ 1 .
" 0, j>n.

Then the sequence (b\9)) is a Schauder basis of the space |Ty| (1) and every x € |Ty| (1) has a unique

representation of the form
o0
xr = Z ajb(j).
j=0

Theorem 2.4. The space |Ty| (1) is separable.
Proof. The proof is obtained by Theorem 2.1 and Theorem 2.3. O
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Theorem 2.5. Define the sets DV, D@ DG D@ gnd DOG) by

DM ={e:3C > 1, Z(Z|C ert_l )M <oo},

T=v

rT=v
oo

DB ={¢. Z et} converges for each v},

r=v

s

D@ :{e :3C > 1, supC’l/““ Z ‘Grt ’ < OO}

T
Z c™ ertml

rT=v

<oo},

DW ={e:30 > 1, supz

v=0
E €nlry

o
D®) :{e : sup o< oo}.

m,v

(i) If py > 1 for all v, then
{ITs] (10} = DO, {|Ty| ()}’ = DD DD, {|Ty] ()} = DW.
(il) If py <1 for all v, then
{ITs] (1)} = DP, {|Ty| ()}’ = DO n DD, {|Ty] ()} = DO,
Proof. We prove only the f— dual of the space since the other parts can be proved similarly. Now,

e € {|Ty] (1)}? if and only if (X &A) €cforall A€ [Tyl (n). Let y = T(X). Then y € I (). So, it
r=0

follows from the inverse of the matrix 7 that

ZGT)\ —ZZGT :Z;)bmvyva

v=0r=v

where

0, V> m.

Since y = T'(\) € I(y) for every A € |Ts| (1), € € {|T] (1)}’ if and only if B = (bpy) € (I(1), ¢). So,
it is deduced from Lemma 1.1 that e € D® N D®) when p, > 1 for all v, and € € D®) N D) when
Ly < 1 for all v. O

3. MATRIX OPERATORS

In this subsection, we characterize some matrix operators on the space |Ty|(u) and give their
applications.

Theorem 3.1. Assume that p = (u,) s a bounded sequence of positive numbers such that p, > 1
for all n. Further, let UY) = UT~ and BY = RUM. Then U € (|Ty| (1), |R|) if and only if there
exists C > 1 such that forn=0,1,...,

oo

ull) = Zum?fvl converges for each v, (3.1)
#2
supz ZC’ Un,t, < 00, (3.2)
v=0"'r=v
3 <Z ’C’ Lp(1) ) < . (3.3)
v=0 =
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Moreover, each U € (|Ty| (1), |R|) defines a bounded operator Ly such that Ly (A) = U(X) for all
A€ [Tyl ().

(1)), it follows from Lemma 1.3 that U € (|Ty| (1) , |R|)

Proof. Let p, > 1 for all n. Since |Ty| (1) = (I
(1), c) , where V(™) is given by

if and only if UM € (I(u),|R|) and V™) € (

m ~
> iy ung, 0<w<m,

n) __ h
vl = § =0

0, v >m.

If we apply Lemma 1.1 (b) to the matrix V(™) then we get that V(") € (I (u),c) if and only if the
conditions (3.1) and (3.2) hold. On the other hand, since UM ()\) € |R| for all A € [ (i), therefore
BW(X\) = RUMW(N)) € 1, and it is seen that UM € (I(u), |R|) if and only if BV € (I(u),1). Now,
using Lemma 1.1 (c) with the matrix B(, we have B € (I(u),1) if and only if (3.3) holds, which
completes the proof of the first part.

Further, since the spaces |Ty|(u) and |R| are the FK-spaces, the proof of the second part is
immediately seen from Theorem 4.2.8 of Wilansky [36]. O

Theorem 3.2. Let (¢,,) and (1,) be two sequences of positive numbers. Let = (uy,) andn = (n,) be
bounded sequences of positive numbers with p, <1 and n, > 1 for all n. Besides, let U'Y) = UT~'and
BW = RUM. Then U € (|Ty| (1), |Ry| () if and only if there exists an integer C' > 1 such that for
n=0,1,..

*

ull) = Z Un,t,) exists for all v (3.4)

T=v

m |
Sup | 3 unr )| <00 (3.5)
m,v r=v
> n

sup » ’C—l/uubgv)‘ < oo, 36)

Y n=0

Moreover, each U € (|Ty| (1), |Ry(n)|) defines a bounded operator Ly such that Ly (N) = U(N) for
all X € |Ty| ().

Proof. Let p, < 1 and 7, > 1 for all v. Since |Ty|(n) = (I(n))5 and [Ry|(n) = (I(n)z, U €
(ITs] (1) , |Ry(n)]) if and only if BM € (I(u),1(n)) and V™ € (I(u), c), where the matrices U?) and
V() are defined as in Theorem 3.1. Now, using Lemma 1.1 (b) and (d) with the matrices V(™ and
B respectively, we obtain V() € (I(u),c) if and only if, for n > 0, the conditions (3.4) and (3.5)
hold, and BM € (I(u),1(n)) if and only if the condition (3.6) holds, which concludes the first part of
the proof.

The second part of the theorem follows immediately from Theorem 4.2.8 of Wilansky [36]. g

It may be noticed that Theorem 3.1 and Theorem 3.2 have many consequences and applications
for some particular matrices. We give some of them as follows. If u, = k > 1 for all n > 0, then
|Ty| (1) = |T4],, - So, one has the following results of Sarigdl and Agarwal [34] which also include some
known results in [2,11,13,15,23-25,27, 28,31, 33, 35].

Corollary 3.1. Let 1 < k < oo and define UV = UT~" and BY = RUM Then U € (|Ty|, ,|R|) if
and only if
Z umt~;v1 converges for each v,n,

r=v

m
sup Z

m
v=0

m k*
1
g Uy < 00,

rT=v
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%) 0o k*
Z(zybgg) < 0.

v=0 “n=0

Corollary 3.2. Suppose that 1 < k < oo and (¢,) are the sequences of positive numbers. Define
UM =0T~ and BY) = RUW. Then U € (|T|,|Ry,) if and only if, forn=0,1,...,

o0
Z Un,t,) exists for allv,

r=v
m
§ -1
um”trv

TOZO”U
supz |b§ll7j)|lC < 00.
Y n=0

Further, choose T' and R as the weighted mean matrices, i.e., t,; = p;/P, and r,; = q;/Q, for
all n € N, where P, =pg+---+p, > 00 and @, = qo+ -+ ¢, — 00 as n — oo. Then, a few
computations reveal that

< 00,

sup
m,v

1/”’:1 Pjipn .
D L e
0, j>mn,
/05 _Qjdn :
Fnj _ n Qnén—l’ 1 <j<n,
0, j>mn,
and
Pn/pnv Jj=mn,
by = Pa2/Poo1, G =n,
0, otherwise.
Also, [T (1) ‘Wﬁ’(u) and |Ry| (n) = ‘N:ﬂ(n) Thus Theorem 3.2 reduces to the following result

of the authors [7].

Corollary 3.3. Let (¢,) and (v,) be the sequences of positive numbers. Further, let u = (uy) and
1N = (1) be the bounded sequences of positive numbers such that p, <1 and n, > 1 for all n. Then

Ue ({Nﬁ‘(u), |N:f’(n)) if and only if there exists an integer C' > 1 such that

Phu
sup‘W’<oo, n >0,
m A om " Pm
P _ Mo
sup ’1/;« (unv - %un,iwkl) < oo, n Z 07
v ¢v Y Dy v
X Ny, =1/ n T
[ g C P, Py
sup Z n n T v ZQ‘j71 (U/]’U — %Uj7v+1> < 00.
Y o n=1 QnQn—1¢v "D j=1 v

Now, put 7" and R as the Nérlund mean matrices, i.e., tn; = pn—;/Pn and ry; = ¢,—;/Qy for all
n € N, where pg, go # 0. Then it follows due to [10] that
o/, j=n=0,

=~ 1/pl (Paoj  Pa_j_ .
By = o (B = Bmt), 1<i<,

0, Jj>n,
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o/, j=n=0,
~ 1/n, ( Qn—j Qn_j— .
Tnj = ”n ( Qn Qn_ll)a ].SJSTL,
0, Jj>n,
and
l/uj
L X CniPsy 0<j<m
ot = =
0, j> n
where CoPy = 1 and Ch_iP; =0 for n > 1. Also, |T, = N¢ ) and |R = Nd’
= O ¢7 P

So, Theorem 4 reduces to the following result, which includes the result of [24] for pu = n =e.

Corollary 3.4. Let (¢,) and (v,) be the sequences of positive numbers. Further, let = (uy) and
1 = () be the bounded sequences of positive numbers such that p, <1 and n, > 1 for all n. Then
Ue ({Ng" (1), |N;Z” (n)) if and only if there exists an integer C' > 1 such that for n > 0,

all) = Zum ezists for all v,

T=v

sup < 00,

< 00.

g 1/ i (ani - Qn717¢)u(1) n
—~\ Qn Qn-1 /"

Also, for the case u = n = e, |Ty| (1) = |T| = l7 and |Ry|(n) = |R| = l5. So, Theorem 3.1
immediately reduces to the following result due to Djolovi¢ and Malkowsky [3].

Corollary 3.5. Let T and R be the triangle matrices as in (2.2). Then U € (l7,15) if and only if
m e
D wnrty

sup < 00

and

oo n
Y ST S R <

n=0"'j=v =0
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