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THE TAUTNESS PROPERTY FOR HOMOLOGY THEORIES

ANZOR BERIDZE AND ‘ LEONARD MDZINARISHVILI ‘

Dedicated to the memory of Academician Nodar Berikashuvili

Abstract. The tautness for a cohomology theory is formulated and studied by various authors.
However, the analogous property is not considered for a homology theory. In this paper, we will
define and study this very property for the Massey homology theory. Moreover, we will prove that the
Kolmogoroff and Massey homologies are isomorphic on the category of locally compact, paracompact
spaces and proper maps. Therefore, we will obtain the same result for the Kolmogoroff homology
theory.

1. INTRODUCTION

Let A be a closed subspace of a topological space X and {U} be a system of neighborhoods U of A,
directed by inclusion. Then for each cohomology theory h* there is a natural homomorphism

i* lim A" (U) — h*(A). (%)

It is said that A is tautly embedded in the space X if the homomorphism ¢* is an isomorphism [15]
§6.1]. The Alexander—Spanier cohomology on the category of paracompact Hausdorff spaces and
continuous maps [15, Theorem 2 §6.6] and the Massey cohomology H} on the category of locally
compact Hausdorff spaces and proper maps |10, Theorem 6.4, §6.4] are the examples of cohomologies
for which any closed subspace A is tautly embedded in X. It is natural to ask whether an analogous
property holds for the exact homology theory, as well. Therefore, our aim is to investigate a natural
homomorphism

ix  hye(4) — l(iinh*(U) (%)

for the homology theory. In this paper, it is proved that for the Massey homology HM, there exists

an infinite exact sequence on the category of locally compact Hausdorff spaces X, which includes the
homomophism i,. In particular, we have the following main

Theorem 2.2. The system {N} of closed neighborhoods N of closed subspace A of a locally compact
Hausdorff space X, directed by an inclusion, induces the following eract sequence:

N IE@HUH%M(N) SN @(3)Hﬁ2(N) — {iLn(l)Hﬁl(N) —

)

— HM(A,G) - @H%(N) — 1}31(2)1{311(]\7) — {iLn(%)H,%k(N) —

where HM(N) = HM(N,G) is the Massey homology |10, §4.6] of closed neighborhood N with a
coefficient in an abelian group G.

It is natural to study the same property for other exact homology theories [3)8,1416]. Consequently,
in the second part of the paper, it is proved that the Kolmogoroff [8|11] and Massey [10] homologies
are isomorphic on the category of locally compact, paracompact spaces and proper maps. Using the
obtained result, we will show that for the Kolmogoroff [8], Milnor |14] and Steenrod [16] homology
theories the following properties hold:
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Corollary 3.5. a) If X is a locally compact, paracompact Hausdorff space, then for the system
{N} of closed neighborhoods N of a closed subspace A of X, there is an infinite exact sequence

= I GV (N) — - — I O HE (V) — {iin(l)Hfﬂ(N) — H(A,G) —
— —

z—>1<£T11[I£((N) —>1}£1(2)H5+1(N) — —>1<i£1(2k)Hf+k(N) —

where HE(N) = HE(N, G) is the Kolmogoroff homology.
b) If X is a compact Hausdorff space, then for the system {N} of closed neighborhoods N of a
closed subspace A of X, there is an infinite exact sequence

s lim GV EE (V) — - lim O H S (N) — Lim WH (N) — HY(A) —

2 T () — i O HY (V) — -+ — lim GO (V) — -
where HMY(N) = HM{(N,G) is the Milnor homology |14].

Corollary 3.6. a) If X is a locally compact Hausdorff space with the second countable aziom, then
for each countable system {N;} of closed neighborhoods of a closed subspace A of X, there is a short
exact sequence

0 — lim W H, (Ny) — H)' (A4, G) — lim H}Y (N;) — 0,

where HM is the Massey homology |10].

b) If X is a locally compact, paracompact Hausdorff space with the second countable aziom, then
for each countable system {N;} of closed neighborhoods of a closed subspace A of X, there is a short
exact sequence

0— {iin(l)HfH(Ni) — HX(4,6) — {iian(Ni) — 0,

where HE is the Kolmogoroff homology [8].
¢) If X is a compact Hausdorff space with the second countable axiom, then for each countable
system {N;} of closed neighborhoods of a closed subspace A of X, there is a short exact sequence

0 — lim W AHM (N;) — HM(A,G) — lim HM*(N;) — 0,
— —

where HM? is the Milnor homology [14].
d) If X is a compact metric space, then for each countable system {N;} of closed neighborhoods of
a closed subspace A of X there is a short exact sequence

s (1) st . st 3 st )
0—>1{£1 H' (N) — Hy' (A G) —>1<£an (N;) — 0,
where HE is the Steenrod homology [16].

2. TAUTNESS

In the book [10, §1.1], W. Massey defined the cochain complex C¥(X,G) for any locally compact
Hausdorff spaces X and any abelian group G. By Theorem 4.1 10, §4.4], for each locally compact
Hausdorff space X and each integer n, the cochain group C?(X,Z) with integer coefficient is a free
abelian group. The chain complex C,(X,G) = Hom(C?(X), G) is completely defined by the cochain
complex C*(X) with the coefficient group Z of integers and therefore, by Theorem 4.1 |10, §4.4] and
Theorem 4.1 (Universal Coeflicients) [9, §II1.4], there is an exact sequence |10, Corollary 4.18, §4.8]

0 — Ext(H"(X),G) — HM(X,G) — Hom(H™(X),G) — 0, (2.1)
where HM (X, G) is the Massey homology group and H?T!(X,G) is the Massey cohomology group,
respectively [10, §4.6], i.e., HM(X,G) = H,(Hom(C}(X),q)) and H?*1(X) = H,(C}(X,Z). More-
over, this sequence is split. However, the splitting is natural only with respect to the coefficient
homomorphisms.

Let X be a locally compact space and A be a closed subspace of X. In this case, for each closed
neighborhood N of A, there is a homomorphism iy : h"(N) — h™(A). If Ny C Na, then there is a
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homomorphism iy, n, : K" (Nz) — h™(Ny). Therefore, there is the direct system {h"™(N)} of abelian
groups and homomorphisms {in, n,}. Consequently, there exists a natural homomorphism

"t lm A"(N) — A" (A).

—

If h* = H! is the Massey cohomology [10, §4.6], then (see Theorem 6.4 [10, §6.4]) there is an isomor-
phism
i" 2 lim HY (N, G) — H(A,G). (2.2)
—
In this case, a subspace A is said to be taut with respect to the cohomology theory HX(—,G).
Let h, be a homology theory on the category of some topological spaces. Let A be a closed subspace
of X. In this case, for a neighborhood N of A, there is a homomorphism iy : hy,(A) = h,(N). If
N; C N, then there is a homomorphism iy, n, : hn(N1) = hy(N2). Therefore, there is the inverse

system {h,,(IN)} of abelian groups and homomorphisms {ix, n,}. Consequently, there exists a natural
homomorphism

inthp(A) — {inhn(N).

Definition 2.1. A closed subspace A of a space X is said to be tautly embedded in X, if for some
set IV of neighborhoods there exists a long exact sequence

RN h£1(2k+1)hn+k+1(N) IO, —)h;n(?’)thrg(N) N @(1)hn+1(N) N

— hp(A, G) 225 lim Ay (N) — lim @k (N) — -+ — Tm CF hy (V) — -+
G — —

which contains the homomorphism h,,(A) Zny Tim hn(N).
—

Let HM(X,G) = H,,(Hom(C}(X), G)) be the Massey homology group of locally compact Hausdorff
spaces. Let A be a closed subspace of X and N be the set of all closed neighborhoods of A. Then
each homomorphism iy, n, : N1 — N3 is a proper map (a map is proper if it is continuous and if an
inverse image of any compact subspace is compact) and induces a homomorphism in, n, : HM(N7) —
HM (N,), which defines the homomorphism

iv: HY (A, G) — lim HM (N, G).
—
Since the short exact sequence (2.1)) is natural, there is a commutative diagram

0 — > Ext(H"'(A),G) ——= HM(A,G) Hom(H"(A), G)

S

0 — lim Ext(H"(N), @) — lim HM (N, G) — lim Hom(H"(N),G) ——
— — —

0

— lim W Ext(H"(N), G) — lim W HM (N, G) — lim Y Hom(H?(N),G) — - -- (2.3)
— — —

with exact arrows.
Using isomorphism (2.2)) and the properties of functors Hom(—, G) and lim , there is an isomorphism
—

Hom(H]}(A),G) =~ Hom(li;n H}(N),G) ~ 1{£n Hom(H!(N),G). (2.4)

Therefore, a homomorphism p” is an isomorphism.
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Using the isomorphism (2.4]) and the commutative diagram (2.3)), we obtain the following commu-
tative diagram:

0 0 (2.5)

Ker o/ Ker i,

0 —— Ext(H"+'(A),G) HM(A,G)

n

0

Hom(H!(A),G)

o’ in ~

0 — lim Ext(H?*1(N),G) ——= lim HM (N, G) — lim Hom(H"(N),G) —=0
«—

— —

Coker p/ —————— Cokeri,

0 0.
By Lemma 1 [13], if a complex C, is free, then there is an exact sequence
0 — Hom(B,-1,G) — Z" — Hom(H,,,G) — 0,

where B,,_1 = Im 0, 0 : C, — C,_1 and Z" = Keré™t!, "+l : ¢ — C™t! where C* =
Hom(C,,G). In our case, we have a dual version. In particular, the cochain complex C*(—) is free
and hence there is an exact sequence

0 — Hom(B""(-),G) — Z, — Hom(H"(-),G) — 0,

where Z,, = Kerd,, 0, : C,, = C,,_1 and B?*! =Imd", §" : C* — C**1, where C, = Hom(C?,G).
Consequently, using |13, Lemma 2], for each A C N, there is a commutative diagram with exact arrows

0 — Hom(B"'(N),G) Zn Hom(H?(N), G) —= 0 (2.6)

| |

0 — Ext(H**Y(N),G) — H,(N,G) — Hom(H"(N),G) —=0.

Theorem 2.1. Let {C*(N)} be a direct system of free chain complexes C*(N) of closed neighborhoods
N of a closed subspace A of locally compact Hausdorff spaces X and let G be an abelian group. In
this case, for each n € Z and i > 1, there is a short exact sequence

0 — lim @ Ext(H" 1 (N), G) — lim W HM(N,G) — lim ® Hom(H} (N),G) — 0, (2.7)
“— — —
which splits for i > 2.
Proof. Using the split sequence (2.1) and commutative diagram (2.6)), we obtain the following com-
mutative diagram with the exact arrows

oo ——1im  Hom(B2*'(N), G) ——1im Y Z,, ——1lim  Hom(H}(N),G) — ---  (2.8)
— — —

| |

- ——1lim @ BExt(H?TY(N), G) —— lim W HM (N, G) — lim ) Hom(H?(N),G) — - -
—

— —
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In the paper [6], it is shown that for each direct system {A,} of abelian groups A,, there exists a
short exact sequence

0 — lim M Hom(A,, G) — Ext(lim A4, G) — lim Ext(A,, G) —
— — —

— lim @ Hom(A4,,G) — 0, (2.9)

—

and for each ¢ > 1, there is an isomorphism
lim @ Ext(Aq, G) ~ lim 2 Hom(A4,, G). (2.10)

— —

Consider a direct system {B?*1(N)} of free groups B?T(N). In this case, by the exact sequence

(2.9) and the isomorphism (2.10)), we have
lim ) Hom(B?1(N),G) =0 for i > 2. (2.11)
—
By diagram (2.8)) and equality (2.11)), we have
a) an isomorphism lim ) Z,, ~ lim ) Hom(H?(N), G) for each i > 2;
— —
b) an epimorphism lim W HM (N, G) — lim ) Hom(H?(N), G) for each i > 1;
— —
¢) a monomorphism lim ) Ext(H?*'(N),G) — 1<£n O HFM(N,G) for each i > 2;
—
d) the trivial homomorphism {iLn(i) Hom(H?(N),G) — lim OtY Ext(H?*1(N),G) for each
—
i>1.
By b) and c), for each i > 2, we have a short exact sequence
0 — lim @ Ext(H"(N), G) — lim O HM(N,G) — lim D Hom(H*(N),G) — 0. (2.12)
— — —
On the other hand, by a), for each ¢ > 2, we can define a homomorphism
lim @) Hom(H™(N), @) = lim ¥ Z,, — lim ) Hom(H"(N), G).
— — —
It is clear that the composition
lim @ Hom(H(N), G) =5 lim ¥ Z,, — lim W HM (N, G) — lim @ Hom(H"(N), G)
— — — —
is the identity map. Therefore, for each ¢ > 2, the sequence (2.12]) splits. O

Theorem 2.2. The system {N} of closed neighborhoods N of closed subspace A of a locally compact
Hausdorff space X, directed by an inclusion, induces the following exact sequence

T hﬁl(%ﬂ)HﬁkH(N) — @(B)H%Q(N) — lgn(l)H%rl(N) —

s HY(A) 5 lim HY (V) — lim @ HY (V) — -+ — lm COHM (V) — -
where HM (=) = HM (—, G) is the Massey homology with a coefficient abelian group G.
Proof. By diagram ([2.5)) and the property d) from Theorem we have the following exact sequence:
0 — lim Ext(H"™(N),G) — lim HM (N, G) — lim Hom(H"(N),G) —
— — —
— lim W Ext(H'(N), G) — lim W HM (N, G) — lim M Hom(H?(N), G) — 0.
— — —

By isomorphism (2.4)) and exact commutative diagram (2.3), we will obtain the following exact se-
quence:

0 — lim W Ext(H"*(N), G) — lim W HM(N) — lim ™ Hom(H? (N), G) — 0, (2.13)
— — —

where by Theorem the sequence ([2.13)) splits for each i > 2.
Note that by (5) and (9), there is an exact sequence

0 — lim M Hom(H""'(N),G) — HM(A,G) — lim HM (N, G) —
— —

— lim @ Hom(H"*1(N),G) — 0. (2.14)
—
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By the exact sequences (2.7)), (2.13]) and (2.14)), for ¢ > 1, isomorphism (2.10)) and Theorem we

have the exact sequence

|
|
|
Y
0 ——lim ) Ext(HI3(N),G) —1lim O HM ,(N) —— lim ) Hom(H?*2(N),G) —=0

i ;

I
I
A
0 < lim ® Hom(H?*(N),G) =<— lim WHM | (N) <—— lim ) Ext(H*2(N),G) =<——0
— —

«—

[
‘
\

O—>hm(1) Hom(H!Y(N),G) ——— HM(A,G)

lim HM (N, G) — lim ® Hom(H"*!(N),G) —=0
— —

I
I
Y
0 <—— lim @ Ext(H?*2(N),G) =<—— lim @ HM | (N) <— lim ® Hom(H?*!(N),G) <—0
— — —

|
|
Y
0 ——1lim ® Hom(H?*?(N),G) ——=lim WHM ,(N) —— lim ¥ Ext(H*3(N),G) ——0
— — —

\
Y

The theorem is proved. O

3. THE KOLMOGOROFF HOMOLOGY

Our aim is to study the tautness property for other exact homology theories [3/8.14,/16]. Among
them, one of the main places is taken by the Kolmogoroff homology, which was defined as early as in
1936 [8,/12]. A. N. Kolmogoroff defined homology on the category of locally compact Hausdorff spaces
and proper maps with a compact coefficient group [8/12]. Using the homology defined by all finite
partitions, G. S. Chogoshvili in his paper [3] proved that the Kolmogoroff homology and Alexandroff-
Cech homology groups are isomorphic on the category of compact Hausdorff spaces for a compact
coefficient group [12]. Since the Steenrod and Alexandroff-Cech homologies are isomorphic on the
category of compact metric spaces for a compact coefficient group [16], we have the isomorphisms

HE(X,G) ~ H™(X,p,G) & H (X, sp, G) & H.(X,G) ~ H(X, G), (3.1)

where HE(—,G) is the Kolmogoroff [8, [12], H(—,p,G) is the Chogoshvili projective
[3,[12), H"(—,sp,G) is the Chogoshvili spectral [3,[12], H.(—,G) is the Alexandroff-Cech [4] and
H:'(—,G) is the Steenrod [16] homology theory. Later, the Kolmogoroff and Chogoshvili homology
theories were generalized and defined even for a discrete coefficient groups [12]. However, there are
no isomorphisms 2 and 4 as in [12]. Consequently, there was a natural interest in finding the
connection between the Kolmogoroff and Steenrod homology groups for any discrete groups. Using the
Uniqueness Theorem given by Milnor [14], it is proved in [11] that on the category of compact metric
spaces the Kolmogoroff and the Steenrod homologies are isomorphic even for any discrete coefficient



THE TAUTNESS PROPERTY FOR HOMOLOGY THEORIES 367

groups [12]. Therefore, to study the tautness properties for an exact homology theory, it is crucial to
find a connection between the Kolmogoroff and Massey homology theories.

By Theorem 2.8 [10, §2.2], if X is a locally compact Hausdorff oncompact space and X is its
one-point Alexandroff compactification, then the inclusion p: X — X induces an isomorphism

p' i HI(X,G) =5 HI(X, %, Q). (3.2)

Corollary 3.1. The inclusion p: X — (X, ), where X s the one-point Alezandroff compactification
of a locally compact Hausdorff space X, indices an isomorphism

pe s HY(X,G) = HM(X,%,G). (3.3)

Proof. The inclusion p : X — (X ,*) induces a commutative diagram with the exact sequences

OHEXt(H(?—Fl(X)vG) Hrjyj(XaG)

)

P
0 — Ext(H" (X, %), G) — HM(X,*,G) — Hom(H(X,*),G) —=0.

Hom(H(X),G) 0
%), G

By isomorphism (3.2)), the homomorphisms p’ and p” are the isomorphisms, as well. Therefore, by
the Lemma of Five Homomorphisms, we obtain the required statement. O

Now, we will define the Kolmogoroff homology theory and, using the isomorphism , we will
find its connection with the Massey homology theory.

Let X be a locally compact Hausdorff space. A subset A of space X is called bounded if A is
compact [4, Definition 6.1, §X.6].

Definition 3.1. Let X be a locally compact space, Ex be the set of all bounded subsets F; of X,
and let G be an abelian group. Denote by E?(H = FEx x Ex X --- x Ex - a direct product of Ex.
An n-dimensional Kolmogoroff chain of the space X is called a function f,, : E;L(H — @ satisfying the
following conditions:

K1) If E; = E/UE! and E; N E! = @, then
fn(E07-~-aEia---7En) :fn(E(),,E,Z,,En)—f—fn(Eo,,E;/,,En),

K2) f, will not change under even permutation and changes just the sign under odd permutation
of argument; f,, = 0, if two arguments are the same;
K3) If Fgn---NE, =, then f,(EFy,...,E,) =0.

The sum f] + f7 of two f/, f/ functions is defined by the following equation:
(fu + F)(Eo, ... Ep) = fi(Eo, ..., Ep) + fi/(Eo, ..., En).
It is clear that the set of all n-dimensional functions f, is an abelian group, which is denoted by
K, (X,G). The boundary operator A : K,,(X,G) — K,,_1(X, G) is defined by the equation
Afn(Eo, ..., En_1) = fu(U,Eo,...,En_q),

n—1__
where U is an open bounded subset which includes |J E;. Since the space X is locally compact, such

i=1
U exists and the boundary operator A does not depend on the choice of U.
The homology of the chain complex K, (X, G) = {K,(X,G), A} is called the Kolmogoroff homology
of a locally compact space X and it is denoted by HX (X, G).

Definition 3.2. A locally finite system of bounded subspaces e; of space X, which are pairwise
non-intersecting and their sum gives the whole space X = Ue;, is called a regular partition.

Lemma 3.1. For each locally compact, paracompact space X there exits a reqular partition.
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Proof. Since X is a locally compact space, for each point x € X, there exists a bounded neighborhood
U,. Since the space X is paracompact as well, an open covering {U, } . x has a locally finite refinement
{O,}, which is contained in bounded subspaces O,. If we write the elements of the covering {O,} as

a transfinite sequence O1,Os,...,0,, ..., then we construct a regular covering in the following way:
01,02\ O1,...,0,\ U Oy, where O; runs through all the ordinal numbers preceding . O
<A

Denote by S = {S,} the system of all regular partitions S, of a space X.

Lemma 3.2. Fach compact subspace F' of a locally compact space has a nonempty intersection only
with a finite number of closures e € S,,.

Proof. Since S, is a locally finite system, for each point x € F, there exists a neighborhood U, which
has a nonempty intersection only with finitely many elements e € S,. From the collection {U,}ser
of the neighborhoods a finite subsystem can be chosen whose union covers the space F'. Since for each
open subspace U and subspace B there is an equivalence U N B # @ < U N B # @, we obtain the

validity of the lemma. O
Denote by N, the nerve of a regular partition S, € S, which consists of simplexes o™ = (e§, ..., e%),
for which Me® # @. By Lemma[3.2] the nerve N, is locally finite [3,[12].

If So < Sg, ie., Sg is a refinement of S, and if for each vertex ef € N3 we take the uniquely

defined vertex e € N, which contains ef, then we obtain a simplicial map 7g, : Ng — N,. By
Lemma the map mg, will be locally finite |4], i.e., an inverse image of each simplex contains only
finitely many numbers of simplexes.

If we take for each S, € S the group of infinite chains Ci"/(N,, G) of the nerve N, and homomor-
phisms 75, : Ci* (Ng, G) = C}* (Na, G), induced by simplicial maps 74, then we obtain an inverse

system {C"f(N,,G), The ), the inverse limit group of which is denoted by
Cn (X? G) - hHIH{Cn (NOM G)vﬂﬁa}'
The boundary operator 9 : Ci* (X, G) — Cf;bn_fl(X ,G) is defined by the boundary operators d, :

Cinf(N,,G) — C" (N, ), which commute with homomorphisms T, The homology group of the

obtained complex cint (X, @) is called the Chogoshvili projection homology group and denoted by
HM"(X,p,G).

Definition 3.3. Let A = {A;} and B = {B,} be finite systems of sets such that B = {B;} consists
of pairwise non-intersecting sets. We say that a system B is a mosaic of the system A if for each
Bj € B, there exists A; € A such that B; C A; and A; = UBZ-J., where B;; € B.

J

Lemma 3.3. For each finite system A ={A;}, 1 =0,...,n of sets A;, there exists a mosaic.

n n
Proof. The system consisting of the subspaces (| 4;, (| A\ U A, whereiq,... i, — p are different
=0t

=1 Gy

indices from the system i = 0,...,n, 1 < p < n and i, obtains all the value in the same system, except
i1,...,1%p, IS @ Mosaic. ]
Lemma 3.4. Iffn s a function on the directed system eq, ..., e, mutually non-intersecting bounded

subspaces e; of locally compact space X , which satisfies the conditions K1)-K3), then it can be extended
to the function f, € K,(X,G).

Proof. By Lemma for each directed system Ey, ..., E, of bounded subspaces E;, there exists a
mosaic {e;, } such that E; = Ue;,. Therefore, the function f,(Eo,...,En) = > ful(eo;,---,¢n;)

05,0y
does not depend on the choice of mosaic. Indeed, let {egj} be another mosaic of the system Ey, ..., E,
and fy,(Eo,...,En) = > fale,,. -, en;). It is clear that the intersection {ei, } A{ef,} ={ef }is

0jyeeesmj
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a mosaic not only for {E;}, but for each mosaic. Therefore, we have
fn(E()’"'aEn):an(eojv"'aenj an 607 ] nj)

= Z.ﬁ(eéja .- '76nj) = fn(eoa .. '7en)'
Thus, the defined function f,, satisfies the conditions K1)-K3) and so, f, € K, (X,G). O

Theorem 3.1. Let X be a locally compact, paracompact Hausdorff space. Then the Kolmogoroff
homology HX (X, G) is isomorphic to the Chogoshvili projection homology HS" (X, p, G).

Proof. We will prove much stronger statement. In particular, there is an isomorphism of chain com-
plexes K, (X,G) and Ci" (X, G), ‘
K.(X,G) =~ C"" (X, Q). (3.4)
For each S, € S, define a homomorphism &, : K, (X,G) — C"/(N,,G) by the formula &, f, (e,
ed) = fn(es, ..., e), where f, € K,,(X,G), (e,...,e%) € N,. Therefore

gaAfn(eOw"v Cn— 1) Afn(607 s 1) fn(Uaeo"", Cn— 1)
By Lemma and the property of the uniqueness of a function f, (property K1)), we have

fTL(UeO7"'7gl):fn(uei‘xt?egr'wnl an €1 € 7~-~>70:1)

Therefore

Eallfulel, et ) =Y falef ef,. .. en 1) = Oafulel, .. e0 1),
ie., oA = 05éa-

A homomorphism &, induces an isomorphism
£ K (X,G) — C"(X,G).

Let ¢, = {Can} € CM(X,G) and Ey,...,E, be a system of mutually non-intersecting bounded
subspaces. If we add to this system the subspace X \ |J F;, then we obtain a finite partition D of
i

space X. Let S, € S, then DA S, = S, € S for each F; = Ueg‘“j/, where ef‘j/ € Sy
Let fn be a function of the system Ej, ..., F, which is defined by

Fa(Eoy By = Y carmle, . ef),

0iyeesmj
where 0;,...,n; get all values, where (eg‘;, s€n, ) denotes a simplex in N,/. It is easy to show that

such defined function fn does not depend on the choice of S, and it satisfies the properties K1)—

K3). By Lemma a function ﬁ can be extended to a function f, € K,(X,G). If we define a
homomorphism

n:C"(X,G) — K.(X,G)
by n(cn) = fn, then it will be inverse of the homomorphism &. O

Theorem 3.2. Let {G,pgataca be a direct system of free abelian groups G, which satisfies the
following conditions:

1) For each group G, there exists a base B = {g%,95,...,9%,... };

2) For each pair o < B, a, B € A, a set of indices {1,2,...,7(8),...} of elements of a base Bg

I°? . such that

can be decomposed with non-intersecting finite subspaces Ilaﬁ, IZO‘B, SRR Byt

Y g if IV #o,
pozﬁ(gia) = je}z‘aﬁ
0, if 1% =g,
fori=1,2...,7(a),... .
Then the limit of the direct system {Gu,Pastaca 5 a free group.
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Proof. Denote by B, the set of all finite subspaces a; of a base B, of a group G, and by G, a
subgroup of group G, generated by all elements a; € B,. It is possible to prove that such a group
G, is the direct limit group of the direct system of subgroups G, .

Let Abeaset {(a,t) | o € B, }. It is considered that (o/,t") > (a,t),if o/ > a and paa'Ga, C G,
It is clear that A is a directed set and if we take G, = G4, for each pair (a,t) € A, we obtain a
direct system {Gq,1), Pap} Which satisfies the condition of Theorem 3 [7]. Therefore, the direct limit
of the given system is a free abelian group.

Let Goo = lim Gy and G, = lim G, 4). Define a homomorphism ¢ : G35, — Gs. Since (o/,t') >

— —

(a, t), we have the following commutative diagram:

Pa,t
Ga,t > Ga

Ga’,t’ e GO/

Pal t/
A homomorphism ¢ is induced by ¢a.t = DapPa,t-
a) ¢ is an epimorphism. Let € G and z, € G4 be their representatives. Since G = im Gy 4,
—

there is a representative z,: € Gy of an element x,. It is clear that a class z* € G, whose

o0
representative is o, satisfies the properties p(z*) = z.

b) ¢ is a monomorphism. Let ¢(z*) = 0. Since pypa.t(a,:) = 0, where z,, is a representative of
an element z*, there is 8 > a such that pag(pai(Za)) = 0. Let G be the subgroup of a group
Gp generated by all gf € Bg such that pag(g8) = ng, when g¢* runs through the base G, . Since
P8 'Pap(Zat) = PapPa,t(Ta,t) =0 and pgy are monomorphisms, pag(zq¢) = 0 and so, * = 0. O
Remark 3.1. Theorem is a generalization of Theorem 3 (7] proven in the case where the base B,
is finite.

Theorem 3.3. Let X be a locally compact, paracompact Hausdorff space, then there exists the uni-
versal coefficient formula for the Kolmogoroff homology group

0 — Ext(H"*1(X,%),G) — HE(X,G) — Hom(H"(X,*),G) — 0.
Proof. 1t is easy to see that the direct system {C}(Na), Wfﬂ} of the groups C}(Ny) of cochains with

an integer coefficient group of nerves N,, where S, € S, satisfies the condition of Theorem
Therefore, the direct limit C7(X) = lim (C}(Na), 727) is a free group. By Theorem 4.1 |9, §1IL.4], for
—

the homology group H,(Hom(C}(X),G)), there exists the Universal Coefficient Formula

0 — Ext(H}*(X),G) — H,(Hom(C}(X),G)) — Hom(H}(X),G) — 0. (3.5)
Since Hom(C}(X), G) ~ C" (X, @), by isomorphism (3.4) and Theorem there exists an isomor-
phism

H,(Hom(C}(X),G)) ~ H*(X,G) ~ HX (X, G). (3.6)

On the other hand, by Theorem 2.1.1 3] and Theorem 6.9 [4, §X.6], we obtain the isomorphisms
H}(X,G) ~ HA(X,G) ~ H*(X,*,G), (3.7)
where HJ is the Alexandroff homology with proper subcomplexes. Using the exact sequence (3.5),
by isomorphisms (3.6 and , we obtain the required statement. O

Corollary 3.2. An inclusion p: X — (X, ), where X is the one-point Alezandroff compactification
of locally compact, paracompact Hausdorff space X, induces an isomorphism

HE(X,G) ~ HE(X,*,G).
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Corollary 3.3. Since the Kolmogoroff and the Massey homology theories satisfy the condition of
uniqueness, in particular, the Universal Coefficient Formula |2, Theorem 4.4], [1, Theorem 1.5], they
are isomorphisms on the category of compact spaces.

Corollary 3.4. By Corollaries[3.1] and[3:2] the Kolmogoroff and Massey homologies of locally compact,
paracompact Hausdor[f spaces are isomorphic to the Kolmogoroff and Massey homologies of a compact

space, which is the one-point Alexadroff compactification of the given space. Therefore, by Corollary
there is an isomorphism

H(X,G)~ H}(X,G)

on the category of locally compact, paracompact Hausdorff spaces and proper maps.

Corollary 3.5. a) If X is a locally compact, paracompact Hausdorff space, then for the system {N}
of closed neighborhoods N of a closed subspace A of X, there is an infinite eract sequence

= I GV (N) — - — I O HE (V) — {iin(l)Hfﬂ(N) — H (A,G) —
—

—

z—>1<£T11[I£((N) —>1<i£1(2)H5+1(N) — —>1<i£1(2k)Haf+k(N) —

where HX(N) = HE (N, G) is the Kolmogoroff homology.
b) If X is a compact Hausdorff space, then for the system {N} of closed neighborhoods N of a
closed subspace A of X, there is an infinite eract sequence

S @(2k+1)HrJL\fk+1(N) — @(S)H%JN) — {iin(l)HrJz\fl(N) — H""(A) —
in @Hyi(]\f) BN @(2)]{%1(]\[) N 1{131(276)}]%]6(]\[) NG
where HMY(N) = HM{(N, G) is the Milnor homology |14].

As it is known [6], for each countable inverse system { A3} of abelian groups Ay, there is lim V{4, } =
pin
0 for i > 2. By virtue of this fact, Theorem [2:2] and Corollary [3.5] we have

Corollary 3.6. a) If X is a locally compact Hausdorff space with the second countable axiom, then
for each countable system {N;} of closed neighborhoods of a closed subspace A of X, there is a short
exact sequence

0 — lim WHM (N;) — HM(A,G) — lim HM(N;) — 0,
— —

where HM is the Massey homology [10].

b) If X is a locally compact, paracompact Hausdorff space with the second countable axiom, then
for each countable system {N;} of closed neighborhoods of a closed subspace A of X, there is a short
exact sequence

0 — lim WHE (N,) — HE(A,G) — lim HE (N;) — 0,
P —

where HE is the Kolmogoroff homology [8).
c) If X is a compact Hausdorff space with the second countable axiom, then for each countable
system {N;} of closed neighborhoods of a closed subspace A of X, there is a short exact sequence

0 — lim WAEM (N;) — HM(A,G) — lim HM'(N;) — 0,
“— —

where HM? is the Milnor homology [14].
d) If X is a compact metric space, then for each countable system {N;} of a closed neighborhoods
of closed subspace A of X, there is a short exact sequence

s (1) st . st 3 st i
0—)1(&1’1 Hn+1(NZ)—>Hn (A7G)—>1<E1Hn (Nl)—>07

where HE' is the Steenrod homology [16].
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