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TRIPLE WEAK SOLUTIONS FOR A KIRCHHOFF-TYPE PROBLEM

MOHAMMAD REZA HEIDARI TAVANI!" AND ABDOLLAH NAZARI2

Abstract. The aim of this work is to investigate the existence and multiplicity of solutions for a
second order Kirchhoff-type problem. Under appropriate conditions, we prove the existence of an
open interval of positive parameters under which the problem admits at least three distinct weak
solutions. Three weak solutions follow from a recent G. Bonanno variational principle.

1. INTRODUCTION

The aim of the present paper is to investigate the existence of at least three positive weak
solutions for the following second-order Kirchhoff-type problem

b
—K(f |u’(x)|2dx)u”(x) =X a(z)f(z,u(z)) + h(z,u(z)), € (a,b),
u(a) =0, u(b) = Bu(y),

where A is a positive parameter, K : [0, +oo[— R is a continuous function such that there exist positive
numbers mg and m; with mg < K(z) < m; for all x > 0, a,b € R with a < b, f : [a,0)] x R = R
is a non-negative L!-Carathéodory function, a € L*([a,b]), a(z) > 0, for a.e. = € [a,b], a # 0,
h:]a,b] x R — R is a non-negative Carathéodory function , there exists L > 0 such that h(z,t) < L|t|
for each x € [a,b] and t € R, f € R and v € (a,b).

In recent years, due to the widespread application of boundary value problems in engineering, the
study of three-point boundary value problems has become the subject of research by many authors.

For example, Gupta [8], under natural conditions on f, using degree-theoretic arguments, obtained
the existence and uniqueness theorems to the three-point nonlinear second-order boundary value
problem

(1.1)

v’ = f(z,u(z),v'(z) —e(z), 0<z<1,
u(0) =0, u(n) = u(l),
where f : [0,1] x R? — R is a function satisfying Carathéodory’s conditions, e : [0, 1] — R is a function
in L1(0,1) and n € (0,1).
He and Ge in [9], based upon the Leggett—Williams fixed-point theorem, provided the conditions
for the existence of three positive solutions to the nonlinear boundary value problem
u’ + f(t,u) =0, te(0,1), (12)
u(0) =0, au(n) = u(1), '
where 0 < < 1, 0 < a and an < 1. Also, f : [0,1] x [0,00) — [0,00) is a continuous function
and f(t,.) does not vanish identically on any subset of [0,1] with positive measure. Recently, Lin
in [15] by using variational methods and a three-critical-point theorem, considered the existence
of at least three solutions for problem (1.2). Different types of Kirchhoff equation are expressed
in [14]. It was proposed as an extension of the classical D’Alembert’s wave equation for free vibrations
of elastic strings. The Kirchhoff’s model takes into account the length changes of the string produced
by transverse vibrations. Some interesting results can be found in [4,7,20]. Many researchers have
studied the problems of Kirchhoff-type (we refer the reader to the papers [3,10,11,18,19] and the
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references therein). Also, a for three-point boundary value problem of Kirchhoff-type we refer the
reader to papers [1,2,12]. For example, in [2], the authors, based on variational methods and a critical
point theorem, established the existence of at least one weak solution for the problem

b
K ([ [ (&) Pdt)u" () = f(t,u(t)) + h(u(t), € (a,b),
u(a) =0, u(b) = au(y),

where K : [0, 4+00[— R is a continuous function such that there exist positive numbers m and M with
m< K(x) <M forallz >0, a,b€ Rwitha<b, f:[a,b x R—Risan L'-Carathéodory function,
h:R — R is a Lipschitz continuous function with the Lipschitz constant L > 0, « € R and 7 € (a, b).

In this paper, using a three critical points theorem obtained in [5], we establish the existence of at
least three weak solutions for problem (1.1).

2. PRELIMINARIES

In this section, we recall some basic facts and introduce the necessary notations.
Definition 2.1. A function f : [a,b] x R — R is said to be a Carathéodory function if:

(Cy) the function x — f(z,t) is measurable for every ¢ € R;

(C2) the function ¢ — f(x,t) is continuous for a.e. = € [a,b]. And f : [a,b] x R — R is said to be
an L'-Carathéodory function if, in addition to conditions (Cy) and (C3), the following condition is
also satisfied:

(C3) for every p > 0, there is the function I, € L'([a,b]) such that sup, <, |f(z,t)] < I,(z) for
almost every z € [a, b].

Denote

X = {ue W'(a,b)|ula) = 0, u(b) = Bu()},

b 1/2
= ( [ wwpar)

Theorem 2.1 ([15, Theorem 3.2]). X is a separable and reflexive real Banach space.

endowed with the norm

Theorem 2.2 ([6, Theorem 8.8]). If I is a bounded subset of R, then the injection WP (I)C C(I)
is compact for all 1 < p < oco.

Remark 2.1. From Theorem 2.2, we see that the embedding X — C([a, b]) is compact.
The following lemma is required in the proof of the main theorem of this paper.

Lemma 2.1 ([2, Lemma 2.4]). For all u € X, we have

max |u(z)| < % vb=a . 2.1)

z€[a,b]

Remark 2.2. If {u,}nen is a bounded sequence in X, then from the compact embedding X —
C([a, b]) it has a subsequence that pointwise converges to some u € X (it comes from the definition of
compact embedding) . Also, since X is a reflexive space, then there exists a subsequence that weakly
converges in X (see [6, Theorem 3.18]) and so, according to continuous embedding, X — L ([a, b])
weakly converges in L ([a, b]).
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In accordance with the functions f, K and h, we introduce the functions F : [a,b] x R — R,f{ :
[0,00) = R and H : [a,b] x R — R, respectively, as follows:

F(z,t) = /f(m,f)d§ for all (z,t) € [a,b] x R,
0

t
K(t) = /K(g)dg for all t>0
0

and
t

H(z,t) = /h(m,{)df for all (z,t) € [a,b] x R.

0

Moreover, set
b

Fo = / sup F(z,&)dx for all > 0.
|§1<6

a

In this paper, we assume that the following condition
4mo > L(1 + |B))*(b — a)?
holds. Let @, ¥ : X — R be defined by
b

®(u) = 3K (ulf) - [ Ho,ulz))ds

a

and
b
W) = /a(x)F(a:,u(x))dm,

for every u € X.
Now, according to (2.1), we observe that

(4mo — L(1 +|8])*(b — a)?) (4m1 + L(1 +[B])*(b — a)*)
8 8
for every u € X. ¥ is a differentiable functional whose differential at the point v € X is
b
V() = [ @) u@)u@ds

a

lull* < @(u) < ], (2.2)

and @ is a continuously Gateaux differentiable functional whose differential at the point u € X is

&' (u)(v) = K(/b|u’(x)|2> </bu’(x)vl(x)dm) —/bh(x,u(a:))v(m)d%

for every v € X.

Definition 2.2. Let ® and ¥ be defined as above and put I, = ® — AU. We say that u € X is
a critical point of Iy when I} (u) = 0y x+y, that is, I} (u)(v) = ®'(u)(v) — A¥'(u)(v) = 0 for all v € X.

Definition 2.3. A function u € X is a weak solution to problem (1.1) if

K(/b|u’(x)|2> (/bu’(x)v’(m)dx) - /bh(m,u(x))v(x)da: - )\/boz(a:)f(x,u(x))v(x)da: =0,

for every v € X.
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Remark 2.3. We observe that the weak solutions of problem (1.1) are exactly the solutions of the
equation If(u)(v) = 0.
Lemma 2.2. If ug £ 0 is a weak solution for problem (1.1), then ug is non-negative.

Proof. From Remark 2.3, one has I} (up)(v) = 0, for all v € X. Choosing v(x) = max{—ug(x),0},
putting F = {x € [a,b] : up(xz) < 0} and arguing by contradiction, we assume that E is a nonempty

set. Then we have
K( / ugJ(x)?dx)( / u6(a:)v’(x)da:)

EUE*® EUE

b b
= )\/a(x)f(:r,uo(x))v(x)dx—l—/h(x7u0(x))v(x)dm >0,

that is,
—my /v’(x)v'(m)dm >0
E
which means that —m;|[v[|? > 0 and one has ||v|| = 0, therefore v = 0. But this is absurd and so, E
is an empty set. Hence —ug < 0, that is, ug > 0 and the proof is complete. (]

Definition 2.4. A Géatuax differentiable function I satisfies the Palais-Smale condition (in short,
(PS)-condition) if any sequence {u,} such that
(a) {I(un)} is bounded,
. p -
(b) tim [ F'(un)x- =0,
has a convergent subsequence.
Below, we will present a non-standard state of the Palais—Smale condition that is introduced in [5].

Definition 2.5. (see [5]) Fix r €] — 00, +00]. A Géteaux differentiable function I : X — R satisfies
the Palais-Smale condition cut off upper at r (in short, (P.S)[-condition) if any sequence {u,} C X
such that

(a) {I(un)} is bounded,

o N
(b) T [[7'(un)[x- =0,

(c) ®(un) <r1,¥n €N,
has a convergent subsequence.

Our main tool is the following critical point theorem.

Theorem 2.3 ([5, Theorem 7.3]). Let X be a real Banach space and let ®,¥ : X — R be
two continuously Gateaux differentiable functions with ® bounded from below and convex such that
infx ® = ®(0) = (0) = 0.

Assume that there are two positive constants 1,12 and @ € X, with 2r; < ®(u) < % such that

SUP,cd—1(]—oc0.r ) (U 2V (u

(by) Pued—1(]—o0,m[) (u) <z (3)7
1 3d(u
SUPyed—1(]—o0,ra[) \Il(u) 1 \IJ(
b < =
( 2) T2 3 (I)(
Assume also that for each
3@(m) . { ! 32 } [
ST - N ) )
2V(u) SUP a1 (]—oco,m[) Y(U) " SUPyea—1(]-oo,m() ¥ (W)
the functional ® — AU satisfies the (PS)"2!-condition and

inf W(t 1—1¢ >0
ok (tug + (1 = t)ug) > 0,

r2

AeA:]
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for each uy,us € X which are local minima for the functional ® — AV and such that ¥(ui) > 0 and
Then, for each A € A, the functional ® — AV admits at least three critical points which lie in
o=1(] = o0, 72[).
Now we present a proposition that will be needed to prove the main Theorem of this paper.

Proposition 2.1. Take Iy = ® — AU as in Definition 2.2. Then I satisfies the (PS)[")-condition for
any r > 0.

Proof. Consider the sequence {u,} C X such that {I)(u,)} is bounded, EIE 115 (un) || x= = 0 and

®(u,) < r, Yn € N. Since ®(u,) < 7, from (2.2), we see that {u,} is bounded in X. Therefore
passing to a subsequence, if necessary, we can assume that w, (x) — u(z), and there is s > 0 such that
|un(x)] < s for all x € [a,b] and for all n € N and also, {u,} weakly converges to u in L*([a,b]) (see
Remark 2.2). Now, according to Holder’s inequality and Lebesque’s Dominated Convergence Theorem,
since a(z) f (2, un(2)) < aa). maxg<s f(z,€) € L*([a,b]) for all n € N and f(z, un(x)) — f(z, u(z))
for a.e. @ € [a,b] (f is L'-Carathéodory function), one has o f(x,u,) is strongly converging to af (x,u)
in L'([a,b]). Now, since u,, — u in L*([a,b]) and af(x,u,) — af(x,u) in L*([a,b]) C (L>([a,b]))*,
from [6, Proposition 3.5(iv)], one has

n—-+o0o

b
lim /oz(x)f(a:,un(x))(un(a:) —u(x))dz = 0. (2.3)

Similarly, we have

n——+oo

b
lim /h(x,un(ac))(un(x) —u(x))dz =0. (2.4)

From lixf [l74 (un)|| x = 0, there exists a sequence {e,}, with €, — 0T such that
n—-+0oo

’K(/bm;(x)ﬁ) (/bu;(x)v'(x)dx> - )\/ba(x)f(x,un(:c))v(x)dx

b
—/h(x,un(x))v(a:)dx < eén, (2.5)

un(z)—u(z)

T —ul from (2.5), one

for all n € N and for all v € X with ||v|| < 1. Taking into account v(z) =
has

|K( / (o)) / (@) 0y (@) — o () — X / ) £ (0 10n ()) () — ()

a a

< en|ltn — ull, (2.6)

b
- / h(@, tn (2)) (tn (&) — u(z))dz

for all n € N. Now, according to the inequality |a||b| < $|a|> + £[b|?, one has

K / en / (@)l () — ()

b

=5 ( [u@r)( /b ()Pl — /b o )i
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> o fual? - /b (3@l + 3o/ @))as )

a

1 1 1 1
= mo (Tl = Sl = S0l ) = mo 3ll? = 5lul?).

Hence from (2.6), we have

b
mo(lhul® = S1%) 2 [ 01110 @) — o)t

b
+ / h(z, un () (un(x) — u(x))dx + ep|wn — ul|,

a

that is,

b
T unl < Tl 4 A [ (@) e un (@) (o) — )

b
+ / B, (2)) () — (@) + e, — ul].

Now, according to (2.3), (2.4) and (2.7), when &, — 0T, we have

lim sup ||wy, || < [Jull.
n——+oo

Thus [6, Proposition 3.32] ensures that w,, — u strongly in X, and the proof is complete.

3. MAIN RESULTS
In this section, we formulate our main results. Put
1 2(8 —1)2
L 28-1)
y—a b—n

e \/ 4o — L(1+ [8]2(b — a)?
T\ LA (820 02

7 =

)

and
o . Amo — L+ |B)*(b— a)?
' 21+ |8))2(b—a)

Now, we express the main results.

Theorem 3.1. Assume that there exist three positive constants §, 681 and 0 with

2\&01 \/57'92
<<
(L+[8DVZ(b—a) (L+1[8DvZ(b—a)

such that

HT’Y
O / a(z)F(x,d)dx
AT :
0, 3 [laflos (4m1 + L(L+ |B])2(b — a)?) 262

(i)
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) fa(x)F(x,é)dx

. F%2 8
(11) 972 < - By 2 57
22 3 |aflo (4m1 + L(1 + |B])2(b — a)?) Z6
where ||a|loco = ||@||Lee. Then, for each
4 L(1 2(b—a)?) Z8* 2 2
e A= i(m1+ (L+ 18D a)) ,min 50 , 90, ,
16 o5 leloc FO7 2]|al[oc F2

/a(m)F(m,é)dm
B

problem (1.1) admits at least three non-negative weak solutions w; for i = 1,2,3, in X such that
0 <wu(x) < b2, Yz € [a,b], (i =1,2,3).

Proof. Our aim is to apply Theorem 2.3 to problem (1.1). Fix A, as in the conclusion. Take X, ® and
¥ as in the previous section. We observe that the regularity assumptions of Theorem 2.3 on ® and ¥
are satisfied. Also, according to Proposition 2.1, the functional I, satisfies the (PS )[T]—condition for
all 7 > 0.

Put
r =067 ry = O 62
and
Wfa(x —a) if x € [a,7)
w(z) =448 if z € [y, HTV]
(2 y — B2y if g e (M2 0],

We observe that w € X and

b
1 2(B—1)
2 _ T2y — 2 _ 52
[l = [ o' @)Pde = (— + 2= ) = 26"

In particular, from (2.2), one has

(4mo — L(1 +|8])%(b — a)?) 26> - (4mq + L(1+|8])%(b — a)?) 26> '

d < 2
. < a(w) < - (32)
Therefore, from (3.1), one has 2r; < ®(w) < 2.
Now, for each u € X and bearing (2.1) in mind, we see that
(] —oo,rm[) ={ue X; ®(u)<r}
4mg — L(1 2(b—a)?
cfuex; Um KOO0 o )
C{ue X;lu(z)| <6; foreach z € [a,b]},
and it follows that
b
sup U(u) = sup (/a(sc) F(x,u(x))da:)
ueP—1(]—o0,r;[) wEP—1(]—o00,r;[) J
b
< /a(:c) sup F(z,8)dzr < ||lalls F¥.
1€1<0;
Hence, we have
SUDyed—1(]—oo.r () (U Fohoo1
] 991 A
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On the other hand, from (3.2) and since A € A, one has

b

+

~

b
/a(m) F(z,w(x))dz

2 A
3(w) — 3 (dmy 4 L1+ B2 — a)) 25% ~
8

Now, from (3.3) and (3.4), we have

a(z)F(x,d)dx

2 \N‘

16 1
3 amr L+ po—arze x OY

SUPye—1(J—com ) Y(U) 2 T(w)

T <3 D(w)”
Analogously, from (3.4), we get
) -7 06, A 3D(w

which means that
SUD Y1 (]—oco,r]) Y(U) 1 W(w)
<=z .
ro 3 P(w)
Hence, (b1) and (bg) of Theorem 2.3 are established.
Now, if uy,us € X are the two local minima of the functional Iy = ® — AU, with ¥(u;) > 0 and
U(uz) > 0, then according to Lemma 2.2, u; and ug are nonnegative, and we get

inf W(t 1—t > 0.
o (tug + ( Jug) >

G n 2/
20 (w)’ sup U(u)’ sup U(u) (|’

u€P—1(]—o00,r1[) w€P—1(]—o0,r2[)

Finally, for every

AeAC

since the weak solutions of problem (1.1) are exactly the solutions of the equation I} (u) = 0, therefore
Theorem 2.3 (with @ = w) and Lemma 2.2 will guarantee the conclusion. O

Remark 3.1. In Theorem 3.1, if f(z,0) # 0 or h(z,0) # 0, then problem (1.1) has at least three
non-trivial and non-negative weak solutions.

¢
Remark 3.2. According to F(z,t) = /f(m,f)df, for all (z,t) € [a,b] x R, we can consider F(t) =
0

t
/ f(€)de for all t € R. When f is a continuous and non-negative function, then F € C*(R), and since
0
F'(t) = f(t) > 0, for all t € R, we get that F(¢) is non-decreasing and so,
b
F? = / sup F(¢)dx = (b—a) sup F(&) = (b—a) F(0) forall 0> 0.
|€1<6 |§1<6

a

Hence, when f does not depend on z, hypotheses (i) and (ii) in Theorem 3.1 take the following
forms:

F(6,) 16 5
<3 = a)llalloe (@mr + L1 820 — a)?) 262
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(o 8
m )3

0.7~ 3 (b a)flalle (A1 +
and the interval becomes

3 (4m1 + L1+ |8)*(b — a)?) Z5® 1mm{ 06,2 06,2 }
16 b "b—a leloe F(61) 2llallec F(02) J |

=

(L+1B)20 - a)?) 26>

F(5) / o(z)dz

As an example, we give the following consequence of Theorem 3.1.

b+~
2
Corollary 3.1. Assume that / a(x)dx #0 and let f : R — [0,400[ be a continuous and nonzero
8!
function such that
lim @: lim &:0.
£E—0+ { §—+o0 f

Then for each A > \*, where
s
4 L(1+ b— Z 2
A" mf{ (4ms + (b )b~ a)7) 0 :5>07/f(§)d§>0},
0

bty 4
/ O/ £(6) de

+

the problem

admits at least three distinct non-negative weak solutions.

Proof. Since / a(z)dx # 0 and f £ 0, we see that
v
3 3 (4my +L(b; B2 —a)?)Z : 52 < 4o
/ JEGLG
5 0

5
Suppose that A > A* is fixed. Let § > 0 such that /f (&) d¢ > 0 and
0

(4m1—|—L(1 +18)*(b—-a)?)Z &2

bty 4 :
! 0/ F(€)de

A>
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t
Also, we can consider F(t) = /f(f)dg for all t € R, and hence from Remark 3.2, we have
0

F®=(b—a)F(h) forall 6>0.

£
/ Ft)dt

Now, from lim @ = 0, we have lim ——— = 0 and so, there is §; > 0 such that
e—o+t & £—0+ 52
2v/260
V20, < 4 and
(1+18)VZ(b—a)
01
/ F(t)dt
0 _F(6)  F% - )
6, 6.2 (b—a)f® " Alb—a)lall
9
/ Ft)dt
Also, from lim @ = 0, we have lim 8 =0 and so, there is 63 > 0 such that
E—+o0 f £—+o0 62
270
< V276, and
I+ 18NV Z(b—a)
02
/ Ft)dt
0 _ F(6)  F° - S
% 027 (b— a)922 2A(b—a)[le
Now, we can apply Theorem 3.1 and the conclusion follows. 0

In the following, we will present an example to illustrate Corollary 3.1.

5
1
Example 3.1. Let f(t) = t4e=t" and hence /f(f)d{ = 5(1 — 6_55) for all § > 0. Also, suppose that
0

2 : bty
— ifz € (v, ,
a(z) =7 ('y )
1 otherwise

bty
2

and hence / a(zx)dr = 1. Put K(t) =2+ tanht for all ¢ > 0 with mo = 1 and m; = 3.

v
Now, as an example, we can consider h(z,t) = 67|t\ for each z € [a,b] and ¢ € R with
2(b—a)2eb
1
L= 20—a) We see that the condition 4mg > L(1 + |8])%(b — a)? is satisfied with 8 = 1. Then,
-a

according to Corollary 3.1, for each

105 62
A > inf —, 0>0,,
-m {8<w—a><1—eé°> ~ }
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the problem
- (2 + tanh (f; |u/(ac)|2dx))u”(x)
2A 4 — ( )5 ez . b+
u(x f bty
_ b_’yu(x) e + 2gb_a)zeb|u(ac)| if z € (v, 5%),
)\u(x)‘le’“(m)s +
u(a) =0, u(b) =u(y)

admits at least three non-negative weak solutions.

¢ i bty
2(b — a)2eb |u(z)] if z € (a,7] U [Z5, D),
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