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Abstract. It is known that there are braids « and § in the braid group Ba, such that the group («, 3)
is a fee subgroup (7], which contains the kernel K of the Burau map p4 : B4 — GL (3,Z[t, t=1]) [3}6].
In this paper we will prove that K is a subgroup of G = (7, A), where 7 and A are fourth and square
roots of the generator 6 of the center Z of the group Bs. Consequently, we will write elements of K
in terms of 7%, i = 1,2,3 and A. Moreover, we will show that the quotient group G/Z is isomorphic
to the free product Z4 * Zs.

1. INTRODUCTION

Let ps 1+ By — GL(S,Z[t,t_l]) be the reduced Burau representation of the braid group Bj.
Consider the matrices A = ps(a) and B = p4(f), where a = Jlagaglalaglofl and 8 = a;;ofl
(04, i =1,2,3 are standard generators of By). It is known that the group («, 3) generated by « and 8
is a free group, which contains the kernel of the Burau map py : By — GL (3, Z[t,t~*]) [3,/517]. Note
that in [5, Theorem 3.19] it is shown that the kernel of the Burau map p4 is a subgroup of the free
group (X,Y) of rank 2, where X = 030, " and Y = 090307 ‘o5 '. On the other hand, since 8 = X
and a =Y 1. X, we have (X,Y) = (a, B).

In the paper [1] it is shown that there exists an order four matrix 7', which satisfies the following
equality:

A=TBT ' A '=77"'BT, B !'=T%BT%
Using these relations, we have shown that the braid 7 = 010903 € B4 has the properties
a=7181, o t=1pr"t, pgl=1pr72

On the other hand, 8 = A~!72, where A = 0,0203010201. Consequently, we will obtain that an
element of K has the form

w=0"T*ATUAT? TR ATE meZ, i; € {1,2,3}).

where 6 is the generator of the center Z of the group By. Since py(6) = t*I, if T = pys(7) and
D = p4(0), then the Burau representation for n = 4 is faithful if and only if the product of the
matrices of the form

t"mT2DTHDT™ .. . T*DT?, meZ, i;c{1,2,3}
is not the identity matrix.
2. SUBGROUP GENERATED BY T AND A

Let 01, 02 and o3 be the standard generators of the braid group B4. Consider the corresponding
Burau matrices:

= = O
o O

0 1
0 B P4 (02) =1 -t ¢ ) P4 (03) =10
1 0 1 0
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Note that there is a minor difference from the standard matrices considered in [5]. Moreover, following
[2] we use the left multiplication of matrices.

In the paper [1, Lemma 2.1] is shown that for a = 010205 ‘o105 oy and 8 = o307 ' and corre-
sponding matrices

0 0 —t1
A=py(a)=10 —t —t"1+¢
-1 0 —t'41

)

—t71 1 0
0 1 —t
there is an order four matrix
-1 1 0
T=|-1 0 1
-1 0 0
such that
A=TBT™ ', A '=77"'BT, B '=T1%BT% (2.1)

Note that, since we use the left multiplication of matrices, using (2.1)) we obtain the following:

Lemma 2.1. The braid 7 = 010903 (see Figure 1) is the element of By, such that

- —t t 0
T=p(r)=|—t 0 ¢ (2.2)
—t 0 0
and the following condition is fulfilled:
a=7181r, at=7pr"t pl=7pr7% (2.3)
01 02 03

FIGURE 1. 7 = g10903.

Proof. The equation (2.2)) can be obtained by the direct calculation. For (2.3]) we will use the following

relations:
0;_110;10“1 = Uia;110;17 Ui+10;10;+11 = Uflof_ﬁlowl
0;_110'1'01'+1 = Ji0i+10';1, 0i+10'7,'0;+11 = U;lUH,lO'Z'Jrl.
Case 1. a = 77137 (see Figure 2 and Figure 3):
181 = (Uglaglafl)(agafl)(010203) = 0510;10;1030203
= 0510510;1020302 = 0§1010§10f10302 = 01051051030;102

= Ulogaglaglaflag = 010203?1010{10;1 = Q.
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o o2 oyt o1 oyt ot

FIGURE 2. a = Jlogaglalaglafl.

-1 -1 -1 -1
O3 Oq oy 03 oy o1 02 03

FIGURE 3. 77 !437.

Case 2. a~! = 74771 (see Figure 4 and Figure 5):

817t = (010203)(030{1)(0510510f1)
1 1 1

= 01020301_102_101_ = 010201_10302_ 01_1 =«

o1 02 01_1 03 02_1 01_1

1

-1 -1 -1 -1

FIGURE 5. 74771

Case 3. 371 = 723772 (see Figure 6 and Figure 7):

720772 = (010203010203) (0307 ) (03 o Loy tay toy oy )

1 1 1 1

—01020301020301_102_101_ O3 0y 01

1 1

= 0'1020301020;1030510510;105 oy

= 0102030;10102051U§1020510;1051

1

-1 _—-1_-1 -1 -1 _—1 —1 —1
= 01020309 03 09 = 01020303 09 03 = 0103 ZB .
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FIGURE 7. 72p772.

The lemma is proved.

Lemma 2.2. The braid A = o109030102071 (see Figure 8) is the element of By, such that

B=A1r2 a=71'AT ot =rAT Bl =12A0N

01 02 g3 01 02 g1

FIGURE 8. A = 010903010207.

Proof. Let us show that 3 = A~172 (see figure 9 and figure 10):

1

A2 = (0;10;10; 03710;10;1)(010203)(010203) = Uflog = Jgafl =4

03 01_1

FIGURE 10. A~172,

On the other hand, Lemma [2.1) and the equality 3 = A~172 imply remaining part of (2.4)).

O
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Theorem 2.1. The kernel K of the Burau representation
pa: By — GL(3,Z[t,t7"])

is contained in the subgroup G of By generated by the elements 7 and A. Moreover, if the kernel K
is not-trivial, then there exists a non-identity element w € K that can be written in the form

w=0"TPATAT T ATE m e Z, i € {1,2,3). (2.5)

Proof. By the corollary 3.2 3] any kernel element can be written as a word in the Bokut—Vesnin
(Gorin-Lin) generators o, 3, a~! and f~!. Let w be a non-identity kernel element, written as an
irreducible non-empty word in letters «, 3, a~! and f~!. We can assume that w has the suffix 8 and
prefix A1, If not we can conjugate it by some power of 5. In this case, by substitution 8 = A=172,
a=7"'AT13 a7 =7A71r, 371 = 72A~! and using the property that 74™ = A?™ = §™ commutes
all elements of B4, we can reduce w in the form . O

Corollary 2.1. The Burau representation for n = 4 s faithful if and only if the product of the
matrices of the form

2 DT DT .. . T*DT?, meZ, i;c{l1,2,3}
is not the identity matriz, where T = py(T) and D = py(A).

Corollary 2.2. Let G be the subgroup of By generated by 7 and A and Z be the center, then a rep-
resentation of G/Z is given by:
(r. Al = A2 =1),

where T = 010903 and A = 010203010207.
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