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PROPER EMBEDDING FOR MORREY-LORENTZ SPACES

NAOYA HATANO

Abstract. The embeddings for the Morrey—Lorentz spaces have been previously introduced by
M. A. Ragusa. This paper describes the major differences between these embedding types.

1. INTRODUCTION

In an extant study, Ragusa [5] has described the embeddings for the Morrey—Lorentz spaces. These
function spaces can be defined as follows by recalling the expressions for the Lorentz spaces.

Definition 1.1. When ¢ > 0 and f is a measurable function on R™, the rearrangement function f*(¢)
can be expressed as

@) :=inf{rA>0: [{x e R" : |f(zx)] > \}| <t}

In the above expression, it is understood that inf() = co. Let 0 < p,q¢ < co. The Lorentz space
LP9(R™) can be defined as the linear space comprising all measurable functions f with a finite quasi-

norm given by
oo 1
de\ ¢
(/ [tfl’f*(t)]q> , 0<p,q< oo
- t
1l =4\

sup v f*(1), 0<p<q=o0.
t>0

Notably, the space L>4(R™) for 0 < ¢ < oo (for details, refer to [1, Example 1.4.8]) is not considered
in the above expression.

The Morrey—Lorentz spaces can be expressed as follows.

Definition 1.2. Let 0 < ¢ < p < oo and 0 < r < oo. Accordingly, the Morrey—Lorentz space
MP (R™) can be expressed as the space comprising all measurable functions f with the finite quasi-
norm

1_1
[fllamz, == sup [QP " 7| fxqllper,
QeQR™)

where Q(R"™) is denoted by the set of all cubes in R™ that are parallel to the coordinate axes, and x,,
is an indicator function for a measurable set F.

Additionally, the function spaces can be considered extensions of the Lorentz and Morrey spaces
as follows.

Remark 1.3. By definition, it is observed that
MPL(R") = LP"(R™) and MY (R") = MI(R")

with coincidence quasi-norms for 0 < ¢ < p < oo and 0 < r < co. Moreover, M# (R™) represents a
Morrey space, which is endowed with the quasi-norm

1l o= sup IQIP‘q(/f(x)qux)-
QEQ(R™) 5
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G. Lorentz [3] defined the Lorentz spaces, and the separability of Lorentz spaces is proven. The

Morrey spaces were introduced by Morrey [4] to investigate the solutions of second-order elliptic partial
differential equations.

Ragusa introduced the embeddings for the Morrey—Lorentz spaces (see [5, Theorem 3.1]) as follows.
Proposition 1.4. The following assertions hold:
(1) If0<g<p<ooand0<r <ry<oo,
M (R") — MP

q,TQ(Rn)'
(2) IfO<g@<qg <p<ooand0<ry,ry < oo,
MP(R™) — MP

q1,71 q2,72 (Rn)

The main result obtained in this study can be expressed as follows.
Theorem 1.5. Let 0 < g < p < oo and 0 < r <7 < oo. Moreover, let R > 1, thereby satisfying
(14 R)"/P—n/a97/a = 1. Consider

P, Fni= |J {y+acR":yec(0,1]"}, (1.1)
1 a€A(R,m)

R(1+ R)* ey for some {ex}i, € ({0, 1}”)”}

k=1
and
V=0 P (1.2)
"TY{zeR": 1+R)FreF), keN, '

and define

= 1

Z Xy, 0 T <00,

— kr(1+R)%

T = 00

’; (1 4 R)%c XVk\Vk—l

Thence

fe Mg a(R")\ M7 (R").
We remark the sets A(R,m), F,, and V}, as follows.
Remark 1.6. (1) The set A(R,m) is increasing for the parameter m € N, that is,
A(R,1) C A(R,2) C--- C A(R,m) C---.

(2) It follows from (1) that {F,,}5°_; is also an increasing family, that is,
01"CcCFhCFC---CF,C--.

(3) The family {V;}72, stands for the expansion of F' and satisfies
WwcFcwvwcV,Cc---CVpC---.

The following figure is the family {F,,}2°_; in the case n = 1:

0 1 R | (1+R)E (1+R)BE+R |
\[ F
|

|

F,
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Contrary to what the family {Vj}32, stands for the expansion of F, the family {F;}72,, which is
defined in [9, Proposition 2.1], stands for the reduction of F, that is,

E;={zeR": (1+R)yYz e F;} Clo,1]"
The above Theorem 1.5 represents the proper embedding expressed as
M (B") — MP(R")
for0<g<p<ooand 0<r <7 <oo. The other cases have been explored previously.

Remark 1.7. (1) The embedding LP" (R™) < LP"2(R"™) is proper for the cases, where 0 < p < o0
and 0 <71y <719 < 00 (see, e.g., [1, Exercise 1.4.8]).

(2) Gunawan et al. [2] reported the proper embedding expressed as ME(R") — M?P _(R") for
0<qg<p<oo.

(3) In cases, where 0 < ¢ < ¢ < p < 0o, Sawano [6] revealed that MP?(IR™) represents a non-dense
subspace in MZ(]R"). Therefore, if 0 < g2 < g1 < p < oo and 0 < 71,72 < 00, by virtue of the
embedding

M 3 (B7) = My g (B) = MYy (B) = MG, (),

the embedding M2 (R™) < MP__ (R™) is proper.

q1,71 q2,7T2

From this perspective, this study attempts to validate Theorem 1.5.

Here and below, we employ the notation A ~ B instead of ¢ !B < A < ¢B for some ¢ > 1.

We organize the remaining part of the paper as follows: To prove Theorem 1.5, we prepare two
lemmas in Section 2. In Section 3, we provide the proof of Theorem 1.5.

2. PRELIMINARIES

This section describes the lemma required to prove Theorem 1.5.

Lemma 2.1. Let 0 < ¢ < p < oo. Similar to (1.1) in Theorem 1.5 above, set F C R™. Then
Xr € ME(R™). Moreover, when 7 = oo in Theorem 1.5,

R
L e (L B ) neg

where f can be expressed as described in (1.3).

(2.1)

The set F' introduced by (1.1) in Theorem 1.5 satisfies the fact that x, € ME(R") given in [8].
Moreover, the indicator function x, is not in the M?&(R")-closure of MZ(R™) (see [6]). Especially,
the statement

X € MGR™) \ ME(R™)
holds when 0 < ¢ < ¢ < p < .

Proof of Lemma 2.1. By [9, Proposition 2.1],

X, llagg ~ (1+R)™> .
Then using the Fatou property for the Morrey (quasi-)norm || - [| vz, we obtain
e e = T e, g
and .
e, (L B )llagg = (1 + R F 1, ey ~ 1,
as desired. ]

In addition, to simplify the proof of Theorem 1.5, the Morrey—Lorentz quasi-norms for the functions
f given in (1.3) could be rewritten as follows.



228 N. HATANO

Lemma 2.2. Let 0 < ¢ < p < oo. Similar (1.2) in Theorem 1.5 above, set {Vj}72, and define

oo
9= Z kaVk\Vk—l ’
k=1

where {by}72, is a non-increasing positive sequence, where, for any ro € (0, 00], we have

; 1_1
gl ., ~ joup 0, (X + RYT"[» "4 llgx g 14 pysyn llL270

113

where the implicit constant in “~” is independent of rg.

Proof. 1t is clear from the definition of || - [ x4z~ that

1 1_1
||g||M5,7‘0 Z ]E?\EJI?O} |[O7 (1 + R)]]nl pod HgX[O,(1+R)J‘]n ||Lq"r0 °

If Q@ € Q(R™) satisfies |Q| < 1, based on the monotonicity of {by}72 ;, it follows that

<Z leVk\Vk—l ) Xe

k=1

11 11
QI [lgxgllLare < QP ™7

L2:70
11 i1
<l “HbleHm ro <0, 17 74 [[bax(p 4y [l Laro
= 1[0, 11”77 [lgx,q upe | o (2.2)

Meanwhile, considering j € N, it can be supposed that Q € Q(R") satisfies (1 4+ R)U~D" < |Q| <
(14 R)’™. Note that for each k € NN 1, j],

U U (RO+R)"T e+ V),

I=1ec{0,1}"
where
V] =V no,(1+ R)7™ (2.3)
Considering the simple geometric observation, we see that
tH{k e N QN (Vi \ V1) #0} <.

In fact, since near the set ij is high density, if the cube Q € Q(R"™) takes [0, (1 + R)’]"™, for example,
the left-hand side is larger, that is,

HEEN: QN (Ve \Vii1) #0} <#{keN: [0,(1+R)"N (Vi \ Vi1) # 0} = j.

On the other hand, by the mapping ¢ : R™ — {bx}72; U {0} and the monotonicity of {bx}3>,, we let
a subsequence {by)}2, C {br}32, by

b1y == gleaéig( r) < by,

)

MAXeeQ\g=1 ({by iy Y y) 9(z), Q\g_l({bk(z‘)}ﬁgl) #0 <b
< b1
0

0, Q\ g~ ({by}i,) =

for each [ € N, and then for all [ > j, by = 0 by the previous observation. Therefore,

br41) =

J
lgxqllLar < H (b1X91((bk(1)}) + Zbl—HX 51ty 1D gt ({bkm}éii))XQ

< llgx(o,a+r)i)e | Laros

L3970

where we use the translation invariant for the Lorentz quasi-norm || - ||pa.. It follows that

11
QI #llgxallzar < 110, (1+RY "5 5 lgxjo, 14 ryspe oo (2.4)
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By gathering the estimates described in (2.2) and (2.4), it can be inferred that

1_1 _n,mn i i1
Q" llgxellLar < (L +R)"» T e sup [0,(1+ R)'1*[» 4 |lgxpo, (1t ryapn | v,
JjeNU{0}

for all Q € Q(R™). O
3. PROOF OF THEOREM 1.5

First, the case 7 < oo can be proved as follows. In accordance with Lemma 2.2,

; 1_1
sup [0, (L R "> 7% X0, myape e ~ 1,
J

for all g € (0,00). Next, considering ij as in (2.3) for j, k € N, it follows that
VI = llxr((1+ R) ™ )x0,a+ryim 2 = (1+ R)™ IxrX0,04 m)i—+n 21
— (1 + R)nkZ(j—k)n
for all k € NN [1,7]. In accordance with [1, Example 1.4.2],

. J 1  J
(fx10,(14 Ry (Z)”kxw\ > =Y

J J
I kr(1+R = kr(1+R) B(1+R)Y Xuviabvin

for j € N. Therefore,
1 X 10,14 R)i1 | Lm0 /{tq ok X[V} IVjI)] n
J — k4R Ml
{(1+R)n2(] 1)n}ﬁ§’ +i{ 1—|—R)"k2(3 k)n}j _ {(1+R)"(k Doli— k-&-l)n}f
T0(1+R) k=2 7AOk <1+R>

2" I 124
= 1+ —7 |
R
for all j € N\ {1} and rg € (0,00). Hence

nrg

oo 1 % o0, To =T,
e~ (X )" =8 (N
a;ro k:lkr C(r> , ro =T,
where ((s) (s > 1) denotes the Riemann zeta function. This proves that

fe My (R")\ M} (R™).

Next, we prove the case 7 = co. Similar to the approach followed in the case 7 < 0o, we have

qu _ ot

||fX 0,(14+R)7]™

for all 7 € N. Subsequently,
1/l sz, = oo

Meanwhile, in accordance with (2.1) and [7, Example 17], it follows that
f € Mg (R").

This proves Theorem 1.5.
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